POINTWISE HOLDER EXPONENTS OF THE COMPLEX ANALOGUES
OF THE TAKAGI FUNCTION IN RANDOM COMPLEX DYNAMICS

JOHANNES JAERISCH AND HIROKI SUMI

ABSTRACT. We consider hyperbolic random complex dynamical systems on the Riemann sphere with sep-
arating condition and multiple minimal sets. We investigate the Holder regularity of the function T of the
probability of tending to one minimal set, the partial derivatives of T with respect to the probability parameters,
which can be regarded as complex analogues of the Takagi function, and the higher partial derivatives C of T.
Our main result gives a dynamical description of the pointwise Holder exponents of 7' and C, which allows us
to determine the spectrum of pointwise Holder exponents by employing the multifractal formalism in ergodic
theory. Also, we prove that the bottom of the spectrum o is strictly less than 1, which allows us to show
that the averaged system acts chaotically on the Banach space C% of o-Holder continuous functions for every
o € (a—,1), though the averaged system behaves very mildly (e.g. we have spectral gaps) on Ch for small
B>0.

1. INTRODUCTION AND STATEMENT OF RESULTS

In this paper, we consider random dynamical systems of rational maps on the Riemann sphere C. The study
of random complex dynamics was initiated by J.E. Fornaess and N. Sibony ([FS91]). There are many new
interesting phenomena in random dynamical systems, so called randomness-induced phenomena or noise-
induced phenomena, which cannot hold in the deterministic iteration dynamics. For the motivations and
recent research of random complex dynamical systems focused on the randomness-induced phenomena,
see the second author’s works [Sum11a, Sum13, SumilS5a, Sum15b]. In these papers it was shown that for
a generic i.i.d. random dynamical system of complex polynomials of degree two or more, the system acts
very mildly on the space of continuous functions on C and on the space C “((E) for small o € (0,1), where
c® (@) denotes the Banach space of o-Holder continuous functions on C endowed with a-Holder norm,
but under certain conditions the system still acts chaotically on the space CP (@) for some f € (0,1) close

to 1. Thus, we investigate the gradation between chaos and order in random (complex) dynamical systems.

In order to show the main ideas of the paper, let Rat denote the set of all non-constant rational maps on
C. Thisis a semigroup whose semigroup operation is the composition of maps. Throughout the paper, let
s> 1andlet (f1,...,fss1) € (Rat)**! with deg(f;) >2,i=1,...,s+ 1. Letp= (p1,...,ps) € (0,1)* with
i pi<landlet pgy:=1-Y7  p;. We consider the (i.i.d.) random dynamical system on C such that
at every step we choose f; with probability p;. This defines a Markov chain with state space C such that
for each x € C and for each Borel measurable subset A of C, the transition probability p(x,A) from x to A
is equal to ):‘?*11 pila(fi(x)), where 14 denotes the characteristic function of A. Let G = (fi,..., fs, fs+1)
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be the rational semigroup (i.e., subsemigroup of Rat) generated by {f1,..., fs+1}. More precisely, G =
{fo, 0 0fw, :neEN,0,...,0, € {1,...,5+ 1}}. We denote by F(G) the maximal open subset of C on
which G is equicontinuous with respect to the spherical distance on C. The set F (G) is called the Fatou
set of G, and the set J(G) := C \ F(G) is called the Julia set of G. We remark that in order to investigate
random complex dynamical systems, it is very important to investigate the dynamics of associated rational
semigroups. The first study of dynamics of rational semigroups was conducted by A. Hinkkanen and G.
J. Martin ([HM96]), who were interested in the role of polynomial semigroups (i.e., semigroups of non-
constant polynomial maps) while studying various one-complex-dimensional moduli spaces for discrete
groups, and by F. Ren’s group ([GR96]), who studied such semigroups from the perspective of random
dynamical systems. For the interplay of random complex dynamics and dynamics of rational semigroups,
see [Sum00]-[Sum15b], [SS11, SU12, SU13, JS15a, JS15b].

Throughout the paper, we assume the following.

(1) G={f1,.-.,fs+1) is hyperbolic, i.e., we have P(G) C F(G), where

PG):= [ g(Uit! {critical values of f; : C — C}). Here, the closure is taken in C.
geGU{id}
() (f1,---,fs+1) satisfies the separating condition, i.e., £, (J(G)) ﬂfj_l(J(G)) = @ whenever i, j €
{1,...,s+1},i#j.
(3) There exist at least two minimal sets of G. Here, a non-empty compact subset K of Cis called a
minimal set of G if K = m foreachz € K.

Note that by assumption (2), [Sum97, Lemma 1.1.4] and [Sum11a, Theorem 3.15], we have that there exist
at most finitely many minimal sets of G. Moreover, denoting by S the union of minimal sets of G and
setting 7 := {1,...,s+ 1}, we have that for each z € C there exists a Borel subset A, of IN with Pp(A;) =1
such that d(fe, - fw,(2),S6) — 0 as n — oo for all ® = (@;)7>; € A;, where py := ®;_ pp denotes the

product measure on I given by Pp = Zl‘ill p;0; with §; denoting the Dirac measure concentrated at i € I.

Throughout, we fix a minimal set L of G (e.g. L = {eo} when G is a polynomial semigroup). Denote
by 7p(z) the probability of tending to L of the process on C which starts in z € C and which is given
by drawing independently with probability p; the map f;. More precisely, Tp(z) := pp({® = ()7, €
1N d(fg, 00 fo, (z),L) — 0as n — oo}). It was shown by the second author in [Sum13] that, for each

P=(p1,-..,ps) there exists & € (0, 1) such thatx = (x1,...,.x¢) = Ty 1-53 m) € C%(C) is real-analytic

in a neighbourhood of p, where C*(C) denotes the C-Banach space of a-Holder continuous C-valued
functions on C endowed with at-Holder norm I |le (Remark 1.17). Thus it is very natural and important to
consider the following. For Ny := NU {0} and n = (ny,...,n,) € Nj we denote by C,, € C* (C) the higher
order partial derivative of T}, of order |n| := Y.}_, n; with respect to the probability parameters given by

~

AT, iy (2
T ey (@) zeC.

Cala) = ox|19xp? - Ix®

These functions are introduced in [Sum13] by the second author. We introduce the C-vector space

Y
X=p

% :=span{Cy | n € Nj} € C*(C),

which consists of all the finite complex linear combinations of elements from {Cn Ine Nf)}. The first order
derivatives are called complex analogues of the Takagi function in [Sum13]. Note that Cy = Tp,.
For an element C € € and z € C the Holder exponent Hol (C,z) is given by

Ho61(C,z) :=supq a € [0,00) : limsupw < oo p €[0,09],
V—=Z,Y#2 d (Y> Z)



where d denotes the spherical distance on ([A: It was shown in [JS15a] that the level sets
H(Cp,a):={z€C:Hol(Cy,z) =}, a€cR,

satisfy the multifractal formalism. In particular, there exists an interval of parameters (0o, &, ) such that
the Hausdorff dimension of H(Cy, @) is positive and varies real analytically on (o, ¢, ) (see Theorem 1.2

below).

The first main result of this paper gives a dynamical description of the pointwise Holder exponents for an
arbitrary C € €. We say that C = ZneNg BnCn € € is non-trivial if there exists n € N with B, # 0. It turns
out in Theorem 1.1 below that every non-trivial C € ¢ has the same pointwise Holder exponents. To state

the result, we define the skew product map (associated with (f;);c;) (see [Sum00])
FNxT—P%C, f(0.2):=(c(0),fu (),

where o : IV — I denotes the shift map given by 6 (@1, @, ...) := (@, @s,...), for ® = (@), @n,...) € I'.
For every © = (@;)jeny € I and n € N, let fo|, = fw,© - © fo, and we denote by Fy, the maximal open
subset of C on which {f|, }sen is equicontinuous with respect to d. Let Jg := C\ Fyp. The Julia set of fis
given by J ( f ) = m where the closure is taken in the product space I™ x C. Note that denoting
by m: N x C — C the canonical projection, 7 : J(f) — J(G) is a homeomorphism ([Sum11a, Lemma 4.5],
[Sum97, Lemma 1.1.4] and assumption (2)) and 7o f = ¢ o 7. We introduce the potentials @, ¥ : J(f) — R
given by

¢ (0,2) :=—log||fp, @),  W¥(®,z):=logpe,,
where || - || denotes the norm of the derivative with respect to the spherical metric on C. Note that f~! J(f) =
J(f) = f(J(f)) ((Sum0O0]). We denote by S, the n-th ergodic sum ):’]1.;(1) iio f/ of the dynamical system
(J(f), f) with respect to a function i on J(f).

Theorem 1.1. For every non-trivial C = ):neNf) BuCn € € we have

(1.1) HG](C,z):liminfM, forall (0,z) € J(f).

koo Sp@ ((D,Z)

Combining Theorem 1.1 with our results from [JS15a, Theorem 1.2] on the multifractal formalism, we
establish the multifractal formalism for the pointwise Holder exponents of an arbitrary non-trivial C € €.

To state the results, for any non-trivial C € € and a € R we denote by
H(C,a):={yecC:Hsl(C,y) = a}
the level set of prescribed Holder exponent . The range of the multifractal spectrum is given by
o_:=inf{lacR:H(C,a) #0} R and oy :=sup{aeR:H(C,a)#o}cR.

By Theorem 1.1, the sets H (C, o) coincide for all non-trivial C € €. Thus, o and o do not depend on
the choice of a non-trivial C € €. Also, a— > 0 ([Sum98, Theorem 2.6], see also Corollary 1.11).

Theorem 1.2 (For the detailed statements, see Theorem 6.1). All of the following hold.

(1) Let C € € be non-trivial. If o._ < 04 then the Hausdorff dimension function o — dimy (H (C, ot)),
o € (a_, ), defines a real analytic and strictly concave positive function on (Q_, 04 ) with max-
imum value dimg (J(G)). If o = oy, then we have H (C,a_) = J(G).

(2) We have a— = oy if and only if there exist an automorphism 6 € Aut (@) complex numbers (a;)
and A € R such that foralli € I and z € ((A:,

iel

00 fi00 ' (2) =aiz"%)  and logdeg(f;) = Alog p;.



In the next theorem we determine the actual Holder class of every non-trivial C € €.

Theorem 1.3. For every non-trivial C € € and for every @ < 0., the function C is q-Hdélder continuous

on C. Moreover, Cy is a_-Holder continuous on C.

To prove Theorem 1.3 we develop some ideas from [KS08, JKPS09] for interval maps. The relation between
the Holder continuity of singular measures and their multifractal spectra has been first observed in [KS08],
where it was shown that the Holder continuity of the Minkowski’s question mark function coincides with
the bottom of the Lyapunov spectrum of the Farey map. In [JKPS09] a similar result has been obtained for

expanding interval maps.

In the following Theorem 1.4 we prove that o < 1. This result allows us to give a complete answer to
two important problems raised in [Sum13], which greatly improves the previous partial results in [Sum1 1a,
Sum13, JS15a]. The first implication is that, under the assumptions of our paper, every non-trivial C € € is
not differentiable at every point of a Borel dense subset A of J(G) with dimg (A) > 0. Secondly, we obtain

~

in Theorem 1.5 that the averaged system still acts chaotically on the space C*(C) for any a € (a_,1),
although the averaged system acts very mildly on the Banach space C (@) of C-valued continuous functions
on C endowed with the supremum norm and on the Banach space C “(@) for small o¢ > 0 (see [Sum97,
Lemma 1.1.4], [Suml1la, Theorem 3.15] and [Sum13, Theorem 1.10]). We recall that if H61(C,z) < 1 then

C is not differentiable at z. If Ho1(C,z) > 1 then C is differentiable at z and the derivative of C at z is zero.

Theorem 1.4. We have o < 1. Moreover, for every o. € (0—,min{o.y,1}) there exists a Borel dense
subset A of J(G) with dimgy (A) > 0 such that for every non-trivial C € € and for every z € A, we have
HoI(C,z) = a < 1 and C is not differentiable at z.

The proof of Theorem 1.4 will be postponed to Section 7. In the proof, we combine the result that Cj is
a_-Holder continuous on C (Theorem 1.3), the multifractal analysis on the pointwise Holder exponents of
Co (Theorems 1.2 and 6.1), an argument on Lipschitz functions on C and the fact that dimg (J(G)) < 2,

which follows from our assumptions (1) and (2) ([Sum98]).

~

To state Theorem 1.5, let M : C(C) — C(C) be the transition operator of the system which is defined by
M(9)(z) = Z;ill pj0(fj(z)), where ¢ € C(@),z e C. Note that M(C“(@)) C C"‘(((AI) for any a € (0,1].

~

Theorem 1.5. Let o € (o, 1) and let ¢ € C*(C) such that ¢|;, = 1 and ¢|;; = 0 for every minimal set
L of G with L' # L. Then ||M"(9)||q — o as n — . In particular, for every & € C*(C) and for every
a € C\ {0}, we have |M"(E+a9) —M"(E)||q — 0 as n — oo.

Proof. Recall from [Sumlla] that Cp = lim,_,. M"(¢) in C(@) Suppose for a contradiction that there
exist a subsequence (n;) and a constant K > 0 such that |M"i (¢)(x) —M"i(§)(y)| < Kd(x,y)* for all j,x,y.

~

Letting j — oo we have Cy € C*(C). But, this would imply that &_ > o which is a contradiction. O

We now present the corollaries of our main results. The first one establishes that every non-trivial C € €
varies precisely on the Julia set J(G). This follows immediately from Theorem 1.1 because the right-hand
side of (1.1) is always finite ([Sum98, Theorem 2.6], see also Corollary 1.11). This generalizes a previous

result from [Sum11a] for Cy = T}, and a partial result for the higher order partial derivatives from [Sum13].

Corollary 1.6. Every non-trivial C € € varies precisely on J(G), i.e., J(G) is equal to the set of points
20 € C such that C is not constant in any neighborhood of zg in C.In particular, the functions Cy,n € NJ,



are linearly independent over C and € has a representation as a direct sum of vector spaces given by

¢ = P CG.

s
neNy

We remark again that 0 < dimg (J(G)) < 2 ([Sum98]).

By combining Theorem 1.1 with Birkhoff’s ergodic theorem we obtain the following extension of [Sum13,
Theorem 3.40 (2)]. Recall that a Borel probability measure v on J(f) is called f-invariant if v(f~'(A)) =

v(A) for every Borel set A C J(f).

Corollary 1.7. Let v be an f-invariant ergodic Borel probability measure on J (f) Letw: 1N xC — C

~

denote the canonical projection onto C. Then there exists a Borel subset A of J(G) with (m.(v))(A) = 1
such that for every non-trivial C € € and for every z € A, we have

—J1 dv(o
Hol(C,z) = J10g py dv(©,x) where ® = (0, 0,,...) € I".

- Jlogllfe, () ldv(w,x)’

By combining Corollary 1.7 with [Suml1la, Theorem 3.82] in which the potential theory was used, we
obtain the following result (Corollary 1.8) on the pointwise Holder exponents and the non-differentiability
of elements of . To state the result, when G is a polynomial semigroup, we denote by i, the maximal
relative entropy measure on J(f) for f with respect to (o,Pp) (see [Sum00], [Sumlla, Remark 3.79]).
Note that fip is f-invariant and ergodic ([Sum00]). Let up = 7, (fip). For any (@,z) € I' x C,let 9y (z) :=
lim,, o0(1/ deg(fy|,)) 108" | fo|, (2)|, where log* (a) := max{loga,0} for every a > 0. By the argument in
[SesO1], we have that %, (y) exists for every (@,z) € IN x C, (@,z) € I x C + %(z) is continuous on I x
C, 9, is subharmonic on C and ¥, restricted to the intersection of C and the basin A  of e for { fol, ol
is the Green’s function on A, ¢, With pole at eo. Let A(®) = Y. %, (c), where ¢ runs over all critical points
of fo, in Aw o, counting multiplicities. Note that p, = [;n dd°Yydpy(®) where d© = (v/—1/27)(d — d)
([Sumlla, Lemma 5.511), supp up = J(G) and pp is non-atomic ([Sum00]). Also, we have dimy (up) =
(Yics pilogdeg fi — Yicr pilog pi)/(Lics pilogdeg fi + [y A(w)dpp(®)) > 0 ([Sumlla, Proof of Theorem
3.82]). Here, dimy () := inf{dimy (A)} where the infimum is taken over all Borel subsets A of J(G) with
tp(A) = 1.

Corollary 1.8. (1) Suppose that fi,..., fs+1 are polynomials. Then there exists a Borel dense subset A of

J(G) with pp(A) = 1 and dimp (A) > (Le; pilogdeg fi — Yic; pilog pi) /(Lics pilogdeg fi+ [in A(@)dpp(®))
> 0 such that for every non-trivial C € € and for every z € A, we have

) —Yic1 pilogpi
Hol(C,z) = — .
(€3) Yicr pilogdeg fi+ [in A(@)dpp(®)
(2) Suppose that f1,..., fs+1 are polynomials satisfying at least one of the following conditions:

(a) Lierpilog(pilog fi) > 0.
(b) G={f1,...,fs+1) is postcritically bounded, i.e. P(G)\ {e=} is bounded in C.
(c) s=1.

Then there exists a Borel dense subset A of J(G) with y(A) = 1 such that for every non-trivial C € €
and for every 7 € A, we have Hol(C,z) < 1. In particular, every non-trivial C € € is non-differentiable
Up-almost everywhere on J(G).



Note that if we assume that every f; is a polynomial and P(G) \ {e=} is bounded in C, then A(®) = O for

every @ € IV, thus Corollary 1.8 implies that there exists a Borel dense subset A of J(G) with
—Yicrpilogpi

Lies pilogdeg(fi)

such that for every non-trivial C € € and for every point z € A, we have

1p(A) = 1, dimy (A) > 1+

— Yier pilogpi

Lies pilogdeg(fi)

The following is one of the other important applications of Corollary 1.7. In order to state the res-
ult, let & := dimy(J(G)) and let H® denote the 8-dimensional Hausdorff measure on C. Note that by
[Sum05], we have 0 < H®(J(G)) < oo. Let C(J(G)) be the space of all continuous C-valued functions
on C endowed with supremum norm. Let L : C(J(G)) — C(J(G)) be the operator defined by L(¢)(z) =
Yict L= 9O IF () |~ where ¢ € C(J(G)),z € J(G). By [Sum05] again, we have that y = lim,,_,. L"(1)
€ C(J(G)) exists, where 1 denotes the constant function on J(G) taking its value 1, the function ¥ is pos-

Hol(C,z) =

itive on J(G), and there exists an f-invariant ergodic probability measure ¥ on J(f) such that 7, (V) =
yH% /H%(J(G)) and supp,(v) = J(G). By Corollary 1.7 and [Sum11a, Theorem 3.84 (5)], we obtain the

following.

Corollary 1.9. Under the above notations, there exists a Borel dense subset A of J(G) with H%(A) =
H%(J(G)) > 0 such that for every non-trivial C € € and for every z € A, we have

—Yierlogpi fflfl (G)) Y(y)st (y>
Lier [-1((6)) YO) log 17 W) ldH? (y)

Remark 1.10. We remark that a non-trivial C € ¥ may possess points of differentiability. In fact, by

Hol(C,z) =

choosing one of the probability parameters sufficiently small, we can deduce from Corollary 1.9 that for
every non-trivial C € % and for H®-almost every z € J (G), we have Hol(C,z) > 1, C is differentiable at
z and the derivative of C at z is zero. Note that even under the above condition, Theorem 1.4 implies that
there exist an @ < 1 and a dense subset A of J(G) with dimg (A) > 0 such that for every non-trivial C € C
and for every z € A, we have H61(C,z) = o < 1 and C is not differentiable at z. In particular, in this case,
we have 0 < 1 < a4 and we have a different kind of phenomenon regarding the (complex) analogues of

the Takagi function, whereas the original Takagi function does not have this property.

We also have the following corollary of Theorem 1.1. To state the result, by [Sum98, Theorem 2.6] there
exists ko € N such that for every k > ko and for every @ = (a;)_, € I¥, we have min__ 1), /6@ > 1,
where fo = fo, 00 fo,- Let po 1= pa, -+ Po, for ® = (wi){'(:l eI~

Corollary 1.11. For every k > ko, we have

—lo —lo
0 < min £Po <o- <oy <max EPo

wert logmax.c 156 [l fa ()l wert logmin.c 21 5(g)) 1o ()

In particular, if p; minzef_,l (6) | f{(2)|| > 1 for every i € I, then for every non-trivial C € € and for every
z € J(G), we have that HOl(C,z) < oy < 1 and C is not differentiable at z.

Remark 1.12. Under assumptions (1)(2)(3), suppose that the maps f;,i € I, are polynomials. Then J(G) C
C. Since the spherical metric and the Euclidian metric are equivalent on J(G), it follows that we can replace
|| || in the definition of ¢, Corollaries 1.7, 1.9, 1.11 by the modulus |- |.

Remark 1.13. The function Cy = T}, is continuous (in fact, it is Holder continuous) on C and varies precisely
on the Julia set J(G). Note that by assumptions (1)(2) and [Sum98], we have that J(G) is a fractal set with



0 < dimy (J(G)) < 2. The function Cy can be interpreted as a complex analogue of the devil’s staircase
and Lebesgue’s singular functions ([Sumlla]). In fact, the devil’s staircase is equal to the restriction to
[0,1] of the function of probability of tending to +oo when we consider random dynamical system on R
such that at every step we choose fj(x) = 3x with probability 1/2 and we choose f>(x) = 3x — 2 with
probability 1/2. Similarly, Lebesgue’s singular function L, with respect to the parameter p € (0,1),p #
1/2 is equal to the restriction to [0, 1] of the function of probability of tending to +eo when we consider
random dynamical system on R such that at every step we choose gi(x) = 2x with probability p and we
choose g,(x) = 2x — 1 with probability 1 — p. Note that these are new interpretations of the devil’s staircase
and Lebesgue’s singular functions obtained in [Sumlla] by the second author of this paper. Similarly,
it was pointed out by him that the distributional functions of self-similar measures of IFSs of orientation-
preserving contracting diffeomorphisms 4; on R can be interpreted as the functions of probability of tending
to +oo regarding the random dynamical systems generated by (hfl) ([Suml1a]). From the above point of
view, when G is a polynomial semigroup and L = {oo}, we call Cp = Tp a devil’s coliseum ([Suml1a]). It
is well-known ([YHK97]) that the function 1 2220

dp
Yoo %minmez |2"x — m| (also referred to as the Blancmange function), which is a famous example of

|p=1/2 on [0, 1] is equal to the Takagi function ®(x) =

a continuous but nowhere differentiable function on [0, 1]. From this point of view, the first derivatives
C € € can be interpreted as complex analogues of the Takagi function. The devil’s staircase, Lebesgue’s
singular functions, the Takagi function and the similar functions have been investigated so long in fractal
geometry and the related fields. In fact, the graphs of these functions have certain kind of self-similarities
and these functions have many interesting and deep properties. There are many interesting studies about
the original Takagi function and its related topics ([AK11]). In [AKO6], many interesting results (e.g.
continuity and non-differentiability, Holder order, the Hausdorff dimension of the graph, the set of points

where the functions take on their absolute maximum and minimum values) of the higher order partial

9"Lp(x)
ap"

of the Takagi function was given by the second author in [Sum13]. In particular, some partial results on

derivatives Ip=1 pof L, (x) with respect to p are obtained. The first study of the complex analogues
the pointwise Holder exponents of them were obtained ([Sum13, Theorem 3.40]). However, it had been an
open problem whether the complex analogues of the Takagi function vary precisely on the Julia set or not,
until this paper was written. The results of this paper greatly improve the above results from [Sum13]. In
the proofs of the results of this paper, we use completely new ideas and systematic approaches which are
explained below. For the figures of the Julia set J(G) and the graphs of Cy and C; which we deal with in

this paper when s = 1, G is a polynomial semigroup and L = {e}, see [Sum11a, Sum13].

Remark 1.14. The results on the classical Takagi function on [0, 1] give some evidence that the results stated

in Theorem 1.3 are sharp. Indeed, let us consider the function L;/, and ¢,(x) = anaLi;,fx)\ =

1/2 forn > 1.
Note that %(])1 is equal to the original Takagi function. Since we have L;3|(,1(x) = %, L /2](—e,0)(x) = 0
and Lj /|(1 «) (x) = 1, the function L, /, is 1-Holder (Lipschitz). However, in [AK06] it is shown that the
functions ¢, on [0, 1] are a-Holder for every a < 1, but not 1-Holder continuous. It would be interesting to

further investigate this phenomenon for the complex analogues of the Takagi function.

Remark 1.15. We endow Rat with the topology induced from the distance distr, which is defined by
distrat(f,8) := sup,.zd(f(z),8(z)). Then by [Sum97, Theorem 2.4.1], the fact J(G) = Uierf, 1(J(G))
([Sum97, Lemma 1.1.4], [Sum11a, Remark 3.64], and [Sum13, Theorem 3.24]), we have that the set

{(f)ies € (Rat)" : deg(f;) > 2 (i € I) and the conditions (1)(2)(3) hold for (f;)ics}

is open in (Rat)!. Also, we have plenty of examples to which we can apply the main results of this paper.

See Section 2.



Remark 1.16. We remark that by using the method in this paper, we can show similar results to those of
this paper for random dynamical systems of diffeomorphisms on R (or RU {#-ec}). Note that the case of
the classical Takagi function ® corresponds to the degenerated case a— = o4 in Theorem 1.2, though in
the case of ® we have the open set condition but do not have the separating condition. We emphasize that

in this paper we also deal with the non-degenerated case, which seems generic.

Remark 1.17. We remark that under assumptions (1)(2)(3), the iteration of the transition operator M on

~ ~

some C?(C) is well-behaved (e.g., there exists an M-invariant finite-dimensional subspace U of C?(C)

~

such that for every h € C*(C), M"(h) tends to U as n — oo exponentially fast) and M has a spectral gap
on C“(([AI) ([Sum97, Lemma 1.1.4(2)], [Sum11a, Propositions 3.63, 3.65], [Sum13, Theorems 3.30, 3.31]).
Note that this is a randomness-induced phenomenon (new phenomenon) in random dynamical systems
which cannot hold in the deterministic iteration dynamics of rational maps of degree two or more, since
for every f € Rat with deg(f) > 2, the dynamics of f on J(f) is chaotic. Combining the above spectral

~

gap property of M on C*(C) and the perturbation theory for linear operators ([Kato80]) implies that the
map X = (x1,...,X) = Ty o 1-¥8 x) € C“(@) is real-analytic in a neighborhood of p in the space W :=
{(gi)i_, € (0,1)* : X7 gi < 1} ([Suml13, Theorem 3.32]). Thus it is very natural and important for the
study of the random dynamical system to consider the higher order partial derivatives of 7, with respect to
the probability vectors. Moreover, it is very interesting that Cy, is a solution of the functional equation (Id —
M)(Cn) = F, where F is a function associated with lower order partial derivatives of 7, (Lemma 4.1). In
fact, by using the spectral gap properties of M on C* (((AI) and the arguments in the proof of [Sum13, Theorem
3.32], for any n € Nj) \ {0}, we can show that (I) G, is the unique continuous solution of the above functional
equation under the boundary condition Cp|s; =0 and (Il) Ch = X7 MI(F) in C(C) and in C%(C) for small
a > 0. Thus, we have a system of functional equations for elements Cy, (see Lemma 4.1). Note that this is
the first paper to investigate the pointwise Holder exponents and other properties of the higher order partial
derivatives Cy of the functions 7, of probability of tending to minimal sets with respect to the probability
parameters regarding random dynamical systems which have several variables of probability parameters.
This is a completely new concept. In fact, even in the real line, there has been no study regarding the
objects similar to the above. Even more, in this paper we deal with the complex linear combinations of
partial derivatives C,, which are of course completely new objects in mathematics coming naturally from
the study of random dynamical systems and fractal geometry. We also remark that the original Takagi
function is associated with Lebesgue’s singular functions, but there has been no study about the higher

order partial derivatives of the distribution functions of singular measures with respect to the parameters.

The key in the proof of the main results of this paper is to consider the system of functional equations
satisfied by the elements of 4 (Lemma 4.1). The composition of these equations along orbits is best
described in terms of an associated matrix cocycle A(®,k). By using combinatorial arguments, we show a
formula for the components of the matrix A(®, k), and we carefully estimate the polynomial growth order
of these components, as k tends to infinity (Lemma 4.8). Combining this with some calculations of the
determinants of matrices which are similar to the Vandermonde determinant (Lemma 4.10), we deduce
the linear independence of the vectors (Cy(a) — Cr(b))r<n for certain points a,b € J(G) which are close
to a given point xg € J(G) (Proposition 4.11). Here, r < n means that r; < n; for each i. From the linear
independence of these vectors we deduce that a certain linear combination of vectors (Cy(a) — Cy(b) )r<n is
bounded away from zero (Lemma 5.2). This gives us the upper bound of the pointwise Holder exponents
of C € €. Note that this argument is the key to prove Theorem 1.1 and it is the crucial point to derive that

the elements C € ¥ are not locally constant in any point of the Julia set (Corollary 1.6). We emphasize



that those ideas are very new and they give us strong and systematic tools to analyze random dynamical

systems, singular functions, fractal functions and other related topics.

In Section 2, we give plenty of examples which illustrate the main results of this paper. In Section 3
we give some fundamental tools of rational semigroups and random complex dynamics. In Section 4 we
describe the system of functional equations for the elements of 4 and we estimate the growth order of
components of associated matrix cocycles. In Section 5, we give the proof of Theorem 1.1, by using the
results from Section 4. In Section 6, we present the detailed version Theorem 6.1 of Theorem 1.2 and we
give the proof of it by using Theorem 1.1 and some results from [JS15a, Theorem 1.2]. Also, we give
the proof of Theorem 1.3 by using the argument in the proof of Theorem 1.1 and by developing some
ideas from [KSOS8, JKPS09]. In Section 7, we give the proof of Theorem 1.4 by combining that Cy is o_-
Holder continuous on C (Theorem 1.3), the multifractal analysis on the pointwise Holder exponents of Cy
(Theorems 1.2 and 6.1), an argument on the Lipschitz functions on C and the result 0 < dimy (J(G)) < 2,
which follows from the assumptions (1) and (2) ([Sum98]).

2. EXAMPLES

In this section, we give some examples which illustrate the main results of this paper.

For f €Rat, we set F(f) := F({f)),J(f) :=J((f)), and P(f) = P({f)). We denote by & the set of poly-
nomials of degree two or more. For g € &2, we denote by K(g) the filled-in Julia set. If G is a rational
semigroup and if K is a non-empty compact subset of C such that g(K) C K for each g € G, then Zorn’s
lemma implies that there exists a minimal set L of G with L C K ([Sum11a, Remark 3.9]).

The following propositions show us several methods to produce many examples of (fi,..., fs+1) € (Rat)**!
which satisfy assumptions (1)(2)(3) of this paper. For such elements (fi,...,fs+1) and for every p =
(pi)f:] € (0,1)* with Y7 ,pi <1, we can apply the results Theorems 1.1, 1.2, 1.3, 1.4, 1.5 and Corol-
laries 1.6, 1.7, 1.9 and 1.11 in Section 1.

Proposition 2.1. Let (g1,...,g,11) € (Rat)**! with deg(g;) >2,i=1...,5+ 1. Suppose that (g1,...,g511)
is hyperbolic, J(g;) NJ(g;) = @ for every (i, j) with i # j, and that there exist at least two distinct minimal
sets of (g1,...,8s+1). Then there exists m € N such that for every n € N with n > m, setting f; = gt,i =
1,...,s+1, the element (f1,..., fy+1) satisfies assumptions (1)(2)(3) of this paper.

Proof. Let H ={(g1,...,8s+1)- Since J(g;),i = 1,...,s+ 1 are mutually disjoint and since attracting cycles
of g; are included in F(H) = C \J(H), there exists m € N such that for every n > m, setting f; =g/,i=1,...,
the sets flfl (J(H)),i=1,...,s+1, are mutually disjoint. Let G = (f7,..., fy+1). Then G is a subsemigroup
of H. Thus F(H) C F(G) and P(G) C P(H). Hence P(G) C P(H) C F(H) C F(G). Therefore G is hyper-
bolic. Moreover, since J(G) C J(H), the sets f;' (J(G)),i = 1,...,s+ 1, are mutually disjoint. Let L; and
L, be two distinct minimal sets of H. Then for every g € H and for every i = 1,2, we have g(L;) C L;. In
particular, for every f € G and for every i = 1,2, f(L;) C L;. By [Sumlla, Remark 3.9] it follows that for
every i = 1,2, there exists a minimal set L; of G with L, C L;. Hence (fi,..., fs4+1) satisfies assumptions
(1H)(2)(3) of this paper. (|

Proposition 2.2. Let (g1, ...,g5+1) € (Rat)*™! with deg(g;) >2,i=1,...,s+ 1. Suppose that U*| P(g;) C

i=

ﬂf;’llF(gi), that J(én) NJ(gj) = @ for every (i, j) with i # j, and that there exist two non-empty compact
subsets K1,K> of C with Ky K> = & such that g;(K;) C K; for everyi=1,...,5s+1 and for j =1,2.
Then there exists m € N such that for every n € N with n > m, setting f; = gt,i=1,...,5s+1, the element

(f1y---, fs+1) satisfies assumptions (1)(2)(3) of this paper.



Proof. Let € > 0 be so small that B(UST| P(g;),2¢) C N1 F(g;) and B(J(g:),2€) NB(J(g;),2¢) = @ for
every (i,j) with i # j. Let m € N be a sufficiently large number. Let n > m and let f; = g/'. Let G =
(fiy--+sfst1). Let Ay := B(Uf.illP(g,-),ks) for each k = 1,2. Then taking m so large, we have f;j(A;) C A;
foreveryi=1,...,s+1.Itimplies P(G) C A C A, C F(G). Hence G is hyperbolic. Moreover, by [Sum1 1a,
Remark 3.9], there exists a minimal set L; of G with L; C K;, for every j = 1,2. By Proposition 2.1, the
statement of our proposition holds. (|

Combining [Sum11a, Remark 3.9] with [Sum11a, Proposition 6.1], we also obtain the following.

Proposition 2.3. Let fi € & be hyperbolic, i.e., P(fi) C F(f1). Suppose that Int(K(f1)) # &, where Int
denotes the set of interior points. Let b € Int(K(f1)) be a point. Let d € N with d > 2. Suppose that
(deg(f1),d) # (2,2). Then there exists a number ¢ > 0 such that for each A € {1 € C:0 < |A| < c}, setting
fr4(2) := A(z—b)4 + b, we have the following.

(1) (f1,f2.2) satisfies assumptions (1)(2)(3) of this paper with s = 1.
(2) If J(f1) is connected, then P((f1, f2.2)) \ {o°} is bounded in C.

Thus combining the above with Remark 1.15, we obtain that for any (f1, f, ;) in the above, there exists a
neighborhood V' of (fi, f, ) in (Rat)? such that for every (g1,g2) € V, assumptions (1)(2)(3) of this paper
are satisfied and Theorems 1.1, 1.2, 1.3, 1.4, 1.5 and Corollaries 1.6, 1.7,1.9 and 1.11 in Section 1 hold.
Also, endowing & with the relative topology from Rat, we have that there exists an open neighborhood W
of (f1,/>.1) in 22 such that for every (g1,8>) € W and for every p = p; € (0, 1), Corollary 1.8 holds.

Example 2.4. Let (f1, f2) € 222 be an element such that {fi, f>) is hyperbolic, P((f1, f2)) \ {e} is bounded
in C and J({f1,f2)) is disconnected. Note that there are plenty of examples of such elements (fi, f2)
(Proposition 2.3, [Sum11b, Sum15b]). Then by [Sum09, Theorems 1.5, 1.7], we have that f; ' (J(G))N
f{l(J(G)) = & where G = (f1, f2). Thus (f1, f2) satisfies assumptions (1)(2)(3) of this paper with s = 1
and all results in Section 1 hold for (fi, f2) and for every p = p; € (0,1).

Example 2.5. Let g1(z) = 2> — 1,82(z) = z%/4, and let f; = gjogi, i=1,2. Letp=p; = 1/2. Let G =
(f1, f2). Then (f1, f») satisfies the assumptions (1)(2)(3) of this paper with s = 1 and P(G) \ {eo} is bounded
in C ([Sumlla, Example 6.2],[Sum13, Example 6.2]). Thus for this (fi, f2), all results of Section 1 hold.
In particular, every non-trivial C € % is Holder continuous on C and varies precisely on the Julia set J(G)
(Corollary 1.6). Moreover, by Corollary 1.8, there exists a Borel dense subset A of J(G) with uy(A) =
1, dimy(A) > dimg (up) = % such that for every non-trivial C € % and for every z € A, we have a_ <
H61(C,z) = 4 < o and C is not differentiable at z. For the figures of J(G) and the graphs of Co,C; with
L = {0}, see [Sum13, Figures 2,3,4]. Note that Theorem 1.2 implies that a_ < a for every probability
vector (parameter) p’ € (0,1).

Example 2.6. Let A € C with 0 < |A| <0.01 and let fi(z) = z> — 1, f2(z) = Az>. Then by [Sumil5a, Exam-
ple 5.4], the element (f, f>) satisfies assumptions (1)(2)(3) of this paper with s = 1 and P((fi, f2)) \ {eo}
is bounded in C. Thus all results in Section 1 hold for (f}, f>) and for every probability vector (parameter)
p = p1 €(0,1). Thus, setting p; = % G = (f1,/f2) and L = {eo}, every non-trivial C € ¥ is Holder contin-

~

uous on C and varies precisely on J(G), and Corollary 1.8 implies that there exists a Borel dense subset A

of J(G) with pip(A) = 1 and dimg (A) > 1 + 282 — 17737 such that for every non-trivial C € € and
P log2+log3

for every z € A, we have a_ < Ho1(C,z) = 10;210%(':, 0.7737) < oty and C is not differentiable at z. Also,

by Theorem 1.2, we have o < @ for every p’ € (0,1).

10



Example 2.7. Let g1,82 € & be hyperbolic. Suppose that (J(g1) UJ(g2)) N (P(g1)UP(g2)) =2, K(g1) C
Int(K(g>)), and the union of attracting cycles of g, in C is included in Int(K(g;)). Then by [Sumlla,
Proposition 6.3], there exists an m € N such that for each n € N with n > m, setting f| = g', /2 = g;, we
have that (f1, f2) satisfies assumptions (1)(2)(3) of this paper with s = 1. Thus all statements of the results
in Section 1 hold for (fi, f») and for every p = p; € (0,1).

The following proposition provides us a method to construct examples of (fi,..., fi+1) € 2! for which
(1)(2)(3) hold and P({f1,-..,fs+1)) \ {eo} is bounded in C. For such elements (fi,..., f;+1) and for every
p € (0,1)* with Y3, p; < 1, we can apply all the results in Section 1.

Proposition 2.8. Let g1,...,85+1 € & be hyperbolic and suppose that J(f;) is connected for every i =
1,...,s+ 1. Suppose that J(f;) C Int(K(fi+1)) for every i = 1,...,s. Suppose also that U") P(g;) \ {e} C
Int(K(f1)). Then there exists an m € N such that for every n € Nwithn > m, setting fi=g},i=1,...,s+1,
the element (f1,..., fyr1) satisfies assumptions (1)(2)(3) and P({f1,..., fsx1)) \ {e°} is bounded in C.

Proof. Let n € N be large enough and let f; = g7. Then there exists a compact subset A of Int(K(f;)) such
that U] fi(K(f1)) C A. Also, U, fT(AUP(f1) \ {e}) C Int(K(f1)). Hence P(G) \ {e} C Int(K(f1)),
where G = (fi,..., fs11). In particular, P(G) \ {e} is bounded in C. Since US*! fi(K(f1)) C K(f1), we
obtain that Int(K(f1)) C F(G). Hence, P(G) C F(G) and G is hyperbolic. Let B = K(gy+1) \ Int(K(f1)).
By taking n large enough, we may assume that Ufillfi_l(B) C B and the sets f; ' (B),i=1,...,s+1, are
mutually disjoint. Since Ufjll £ Y(B) C B, [HM96, Corollary 3.2] implies that J(G) C B. Hence, the sets

£ YJ(G)),i=1,...,s+ 1, are mutually disjoint. Since USt] fi(K(f1)) C K(f1), [Sumlla, Remark 3.9]

implies that there exists a minimal set L of G with L C K(f1). Thus, there exist at least two minimal sets of
G. Hence, (fi,..., fs+1) satisfies assumptions (1)(2)(3) of our paper and P(G) \ {e} is bounded in C. [

Example 2.9. Let g1(z) = z> — 1 and let g;(z) = lioizz,i =2,...,5+ 1. Then (gi,...,85+1) satisfies the
assumptions of Proposition 2.8. Note that z> — 1 can be replaced by any hyperbolic element f € & with
connected Julia set such that J(f) C {z€ C:|z| < 10} and 0 € Int(K(f)).

From one element (g1,...,8m) € (Rat)” which satisfies assumptions (1)(2)(3) (with s+ 1 = m), we obtain

many elements which satisfy assumptions (1)(2)(3) of our paper as follows.

Proposition 2.10. Let (g1,...,8m) € (Rat)” with deg(g;) > 2,i =1,...,m, and suppose that (gi,...,8m)
satisfies assumptions (1)(2)(3) of this paper. Let n € N with n > 2 and let f1,..., for1 be mutually distinct
elements of {8, - 08w, | (01,...,@,) €{L,...,m}"} where s > 1. Then we have the following.

M (fi,--.,fs+1) satisfies assumptions (1)(2)(3) of this paper. Thus all statements in Theorems 1.1,
1.2, 1.3, 1.4, 1.5 and Corollaries 1.6, 1.7, 1.9 and 1.11 in Section 1 hold for (fi,...,fs+1), for
every minimal set L of (f1,..., fsx1) and for every p = (p1,...,ps) € (0,1)* with ¥'3_, pi < 1.

() If, in addition to the assumption, (f1,...,fsi1) € P, then statement (1) in Corollary 1.8 holds
Jor (fi,...,fs+1) and for every p, and statement (2) in Corollary 1.8 holds for (fi,...,fs+1) and
for every p provided that one of (a)(b)(c) in the assumption of Corollary 1.8 (2) holds.

(D) 1f; in addition to the assumption of our proposition, (g1,...,8m) € P™ and P({g1,...,8m)) \ {o}
is bounded in C, then P({f1,..., fs+1)) \ {e°} is bounded in C. Thus, statement (2) in Corollary 1.8

holds for (fi,...,fs+1) and for every p.

Proof. Let H = (g1,...,8m) and let G = (f1,..., fy+1). Then G is a subsemigroup of H. Hence, F(H) C
F(G) and P(G) C P(H). Since H is hyperbolic, we have P(G) C P(H) C F(H) C F(G). Thus, G is hyper-

bolic. Hence, (fi,..., fs+1) satisfies assumption (1) of our paper. Since the sets gi_l(J(H)) ii=1,...,m,are
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mutually disjoint, we have that the sets (g, 0+ 08w, )~ (J(H)), (@1, ...,®,) € {1,...,m}", are mutually
disjoint. Since J(G) C J(H), it follows that the sets £, (J(G)),i = 1,...,s+ 1, are mutually disjoint. Hence
(f1,---,fs+1) satisfies assumption (2) of our paper. Since (g1,...,8m) satisfies assumption (3) of our paper,
there exist at least two distinct minimal sets L; and L of (g1, ...,gmn). Therefore for every g € (g1,...,8m)
and for every i = 1,2, we have g(L;) C L;. In particular, for every f € (fi,..., fs+1), f(L;) C L;. By [Suml1a,
Remark 3.9] it follows that for every i = 1,2, there exists a minimal set L of (fi,..., fy+1) with L} C L;.

Hence, (fi,...,fs+1) satisfies assumption (3) of our paper. If, in addition to the assumption of our proposi-
tion, (g1,...,8m) € ™ and P(H) \ {e} is bounded in C, then since P(G) \ {eo} C P(H)\ {eo}, we obtain
that P(G) \ {eo} is bounded in C. O

Regarding Remark 1.15, we also have the following.
Lemma 2.11. Lets > 1 and let I = {1,...,5s+ 1}. Then the set
{(f)ier € P (fi)ies satisfies assumptions (1)(2)(3) and P({f1,..., fs+1)) \ {e} is bounded in C}

is open in 2.

Proof. By [Sum10, Lemma 5.4], we have that the set of elements (f;);c; € ! for which assumption (1)
holds and P({fi,..., fs+1)) \ {e} is bounded is open in /. Combining this with Remark 1.15, we see that

the statement of our lemma holds. O

We remark that the above examples, propositions and lemma in this section and Remark 1.15 imply that we

have plenty of examples to which we can apply the results in Section 1.

We give examples to which we can apply Corollary 1.11.

Lemma 2.12. Let (g1,...,85+1) be an element which satisfies assumptions (1)(2)(3). Let p = (p;)i_, €
(0,1)* with ):;Ll pi < 1.Let por1 =1—=Y7_| pi. Then there exists an m € N such that for every n € N with
n>m, setting f; =gl,i=1...,5+1, and setting G := (fi,..., fs+1), we have that (fi,..., fs41) satisfies
assumptions (1)(2)(3) and p; minzeﬁlu(c)) Il f{(2)|| > 1foreveryi=1,...,s+1. Thus, for every minimal set
Lof{fi,..., fs+1), and for every z € J(G), we have that every non-trivial C € € satisfies Hol(C,z) < oy < 1
and C is not differentiable at z.

Proof. By Proposition 2.10, there exists an m € N such that for every n € N with n > m, setting f; =
gl.i=1...,5+1, we have that (fi,..., fi1) satisfies assumptions (1)(2)(3). Since H := (gi,...,8s+1) i8
hyperbolic, the expanding property of H on J(H) ([Sum98, Theorem 2.6]) implies that if » is large enough,
then pimin__ 1)) |l fl(z)]| > 1foreveryi=1,...,s+1, where G = (fi,..., fy+1). Combining this with
Corollary 1.11, we obtain that, for each minimal set L of G, and for every z € J(G), we have that every
non-trivial C € ¥ satisfies Hol(C,z) < o < 1 and C is not differentiable at z. O

3. PRELIMINARIES

In this section, we recall some fundamental facts on rational semigroups and random complex dynamics

which are needed in the proofs of the main results of this paper.

Let G be a rational semigroup and let z € C. The backward orbit G- (z) of z and the set of exceptional
points E(G) are defined by G~ (z) := Ugegg ! (z) and E(G) := {z € C: card(G™ (z)) < oo}. We say that a
set A C C is G-backward invariant, if g~ (A) C A for each g € G, and we say that A is G-forward invariant,
if g(A) C A, foreach g € G.
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The following was proved in [HM96] (see also [Sum00, Lemma 2.3], [Stal2]).

Lemma 3.1. Let G be a rational semigroup which has an element of degree two or more. Then we have the

following.

(a) F(G) is G-forward invariant and J(G) is G-backward invariant.

(b) J(G) is a perfect set,

(c) card(E(G)) <2.

(d) Ifz € C\E(G), then J(G) C G~ (2). In particular, if z € J(G) \ E(G), then G—(z) = J(G).

(e) J(G) is the smallest closed subset of C containing at least three points which is G-backward in-

variant.
® J(G)={z¢€ C:zisa repelling fixed point of some g € G} = UgegJ(g).

The following lemma ([Sum97, Lemma 1.1.4]) is easy to see but important.

Lemma 3.2. Let G be a rational semigroup generated by { f1,..., fm}. Then J(G) = U?:lffl (J(G)).

We remark that by [Sum98] and [SumO05, Remark 5], assumption (1) of this paper is equivalent to the prop-
erty that the associated skew product map is expanding in the sense of [Sum05] and [JS15a]. Combining
assumptions (1)(2) of our paper and [SumO1, Theorem 2.14 (2), Lemma 2.4], we obtain the following.

Lemma 3.3. Suppose that (fi,....fs11) satisfies assumptions (1)(2) of our paper. Let G = (f1,..., fs+1),
let 1 =1{1,...,s+ 1} and let f be the skew product map associated with (fi,...,fs1). Then J(f) =
Upen ({0} X Jp) and J(G) = |y Jo, where || denotes the disjoint union. Also, for every @ = (@y)ien €
IN, we have fo, (Jo) = Jo(w) and fajll Us(w) = Jo-

We remark that 7o f = com and f~1(J(f)) = J(f) = F(J(f)) ([Sum00]). We also remark that by Zorn’s

lemma, there always exists a minimal set of G.

For the fundamental tools and recent results of complex dynamics, see [Suml1la, Sum13].

4. SYSTEM OF FUNCTIONAL EQUATIONS AND ESTIMATES

In this section, we describe the system of functional equations for the elements of ¢ and we estimate the
growth order of components of associated matrix cocycles A(®, k). More precisely, in Lemma 4.8 we show
that every component of A(, k) is of polynomial order with respect to k. Also, in some special cases we

determine the precise polynomial growth rate.

Let (fi,...,fs+1) € (Rat)“rl be an element satisfying assumptions (1)(2)(3) of this paper and let p =

(pi)i_; € (0,1)° with ¥}, pi < 1. Let psy1 = 1 — Y pi. Recall that the transition operator M : C((E) —
C(C) of the random dynamical system generated by (f1,..., fy+1) and p in Section 1 is defined by M(h) :=
Zfill pi-(hofi), he C(@) Recall from [Suml1a] that M(Cp) = Cp. Next lemma gives a system of func-

tional equations for the elements of & .

Lemma 4.1. For everyn = (n;);_; € Nj we have
N
4.1) Cn:M(Cn)+zni(cn—eiofi_Cn—e,-Ofs—H)z
i=1

where €; denotes the element of N such that the i-th component is 1 and all the other components are 0.
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Proof. The proof is by induction on the order n := |n| > 0. The case n = 0 follows because Cy =T, is a
fixed point of M. Now suppose that the lemma holds for derivatives of order n > 0. Let j € {1,...,s}. By
taking the partial derivative with respect to p; on both sides of (4.1) we see that

Cn+e_/ = M (Cn-&-ej) +Cho fj—Cno fir1+ Zni (Cn—e,'+e,- ofi— Cn—e;+e_; Ofs+1>
i=1
N
M (Cn+ej) + (nj +1)(Ca ofj—GCn o for1) + Z n; (Cn—ei+ej ofi _Cn—e,-+e.,~ Ofs-&-l) .
i=TL,itj

Hence, the equation (4.1) holds for n+ e; and the lemma follows by induction on 7. (|

In the following, any element A € RNo*MNo is represented as A = (Ax7y)(xvy)€N(s) «Ng» Where Ay y € R, and such

an element A is called an (Nj-)matrix. Ay y is called the (x,y)-component of A.
Definition 4.2. For » € I we define the matrix Ag(®, 1) € RNo*No given by
5 Inn+7e lnn- ,01 #s+1
AO(QL 1) — ZneNO (Pcol n,n aﬁ n,n ewl) 1 7é
ZneNé (pwl 1n,n - Z?:l niln,n—e;) ,01 =541,

where 15 m € RNo*No denotes the matrix such that for every (x,y) € Nj) x N, the (x,y)-component (1nm)xy

of Iym is given by

1 ,n=x and m=y,
(4.2) (Inm)xy =
0 ,else.

For o € IN and k € N we define the matrix Ag(®,k) € RNo*No given by
Ao(@,k) :=Ag(®,1)Ag(0w,1)---Ag(c¥ @, 1) € RNo*No,
where the matrix product Ao(7,1)-Ag(v, 1) € RNo*MNo is for 7,0 € I and I, m € N given by

(4.3) (AO(T’ 1) 'A()(D, 1))].m = Z (AO(Tv 1))l,k ’ (AO(D’ 1))k,m :
keNy

Moreover, let Py i= PoyPoy """ Pa, and define
A(0,K) = (pa,) ' Ao(,k) € RN,
Also, for a,b € C we define

U(a,b) = (tn(a,b)) peryg eRY,  where up(a,b) := Cq(a) — Ca(b).

Finally, for n,m € Nj we write n <mif n; <m; forall 1 <i<s.

Remark. Note that (4.3) in Definition 4.2 is well defined, since there exist only finitely many non-zero
entries in each row of the matrix Ag(7,1) € RNo*No - n the following we will frequently make use of
the product of matrices with an infinite index set, which requires explanation. These matrix products will
always be well defined, since either the first factor of the product possesses at most finitely many non-zero

entries in each row, or the second factor contains at most finitely many non-zero entries in each column.

To state the next lemma, we introduce the following matrices.

Definition 4.3. Fori € {1,...,s} we introduce the N§-matrix D; given by

D; = Z nilpn—¢-

S
neNy
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Next lemma shows that the matrix cocycle A is commutative.

Lemma 4.4. Let k € N and iy,ia,...,ix € {1,...,s}. Putty=card{j<kl|ij=1}, | =1,...,s and let
t = ()1<s € N Then for every u,v € N}, we have

TRy - (=)o (= 1+ 1), if v =u—t,

0, else.

(4.4) (Di| """ Dik)u \

)

Here, we put uj(uj —1)---(ui —t; + 1) = 1 if ; = 0. In particular, the matrices (D;)i—1,. s commute.
Moreover, for all w,7 € IN we have

A(@,DA(1,1) =A(t, DA(0,1) and Ao(@,1)Ao(t,1) = Ao (T, 1)Ag(@, 1).

Proof. We only consider the case when k = 2. The general case is left to the reader. Let i, j € {1...s}. The
following calculation proves (4.4). See (4.2) for the definition of 1y y,. We have

(Di*Dj)uy

Z niln.n—ei Z njln,n—ej = Z Z niln,n—e,- Z njln,n—ej

neNy neNJ reN§ \ neNJ neNJ
0 0 uv 0 0 wr 0 r,v

ui-(u—e)j, ifv=u—e —e;
0, else.

We see from (4.4) that the matrices (D;); commute. By the definition of Ay we have Ag(®,1) = pg,id+
Dg,, if @y #s+1, where id =Y. 1pn, and Ag(®,1) = pgr1id — Y| Dy, if @ = s+ 1. Consequently, the
commutativity of Ag(w, 1) and Ag(7,1) follows. Thus, the commutativity of A(®, 1) and A(z,1) follows.
The proof is complete. ]

The following lemma is easy to show by using the definition of A(®,k) and induction on k (see also the

argument in the proof of Lemma 4.4).

Lemma 4.5. Let ® € I and k € N. Then A(®,k)nn = 1 for every n € N§. Also, A(®,k)nm = 0 unless
m<n.

The following lemma is easy to see by assumption (2) of our paper.

Lemma 4.6. There exists € > 0 such that if z € f; '(J(G)) and j # i then f;(B(z,&)) is included in a

connected component of F(G).

In the following, we fix an element & > 0 given in Lemma 4.6.

Lemma4.7. Let o € IN, z € J,, and ko € N. Let a,b € C and suppose that Jol,(@); fo|, (P) € B(fo|,(2),€)
forall 0 <k <ko—1, where fa)\o =1id. Then

U((l,b) :Ao(ka)U(fw‘k (a)7fw‘k (b))7 1 SkSkO
That is, for each n € Nj we have

un(a,b) = Z Ao(@,k)nm um(fw‘k (a) s Jo, (b))

S
meNj

Z Ao(w,k)n,m ”m(fa)‘k (a) ,fw‘k (b))

meNg:mgn
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Moreover, if ug(a,b) # 0 then

(n(a.2))™ Ua.6) = (o(fn, @) . o, (5))) " A@.K)U (S (@) . fa, (5).

Proof. To prove the first assertion, it suffices to consider k = 1. Then general case then follows by induction
on k. By Lemma 4.1 we have for n € N§),

un(a,b) = Cn(a)—Ca(b)

= M(Ca)(a) =M(Ca)(b) + Z{n, (Co—e (fi(@)) = Cogy (fi(0))) —

-

n; (Cnfei (fs+1 (a)) - Cn*ei (fSJrl (b))) .

1

Now first suppose that @; # s+ 1. Since Cy and hence all its partial derivatives C € € are locally constant
on F(G) (see [Suml1a, Theorem 3.15 (1)]), by the choice of &, we have

un(a;b) = pay, (Ca(fo, (@) = Ca(fo, () + ney (Coeo, (foo, (@) = Caey (fo, (B)))
= (Ao(@, U (fo, (@), fay (D)),

Similarly, if @; = s+ 1 then we have

N

n(a,b) = po, (Ca(fo, (@) = Ca(fay (b)) = Y i (Cae (fi1(a)) — Coes (fi+1(P)))

i=1
= (Ao(@, DU (fs+1(a), fi11(b)))n-

The second assertion follows from the first by using ug(a,b) = po,uo(fa, (@), fo, (b)). O

We now prove the key lemma in which we estimate the polynomial growth order of the components of
A(@,k) as k — oo.

Lemma 4.8. Let ® € I and k € N. Put m; := m;(k) :=card{1 < j<k:w; =i} for | <i<s+1. Let
m = (m;){_, € Nj. Let q, r € N} with 0 <r < q. Then we have

—[t] { Ms+1 gi!
A0 K)qr = 0 (T, )
ar qrmz<t<qr< +1 |t‘ H Qt_rz_tz (ti)!r,'!p?’ Titi

0<|t|<myyy
s

_ (—1)p 1 mspr! m;\q;
- PR 7] 9
q-r-m<t<q-r Psti ( Mgy _‘t|)! i=1 (mi_(Qi_ri_ti>)!(Qi_ri_ti)!ti!ri!p?l i

0<[t|<my

where t = (t;)1<i<s. In particular, there exists a constant K > 1 which depends on q and the probability

vector p but not on k such that

A(0,K)qr| <K (H 70~ ) w9 and |A(@,K) g < KK,
where iij :=max{1,m;} for | < j<s+1.Ifw;#s+1forall1 < j<kandm;>q;—r;forall1 <i<s,
then there exists K' > 0 depending only on q such that
S
A0, k)qe > K'[mi".

i=1

Proof. By Lemma 4.4 we have
R

s Mgy |
(4.5) A(w.k) =[] (id+p;'D;)™ <id ) ZD,) .
=1

i=1
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To expand the right-hand side, we use the multinomial coefficient, which is given by (tl 12" . ) = = !(t,),
5025 e sls i=1 .
and which satisfies

n
(xi+xa+-+x)' = Z (t , t>x’1‘xt22...x§§.
It|<n 1,02 -y
By (4.5) and Lemma 4.4 we obtain, for each q, r with 0 <r < q,
A, _ ;!
(A((D,k))q’r _ Z Z ( | s+l‘ ) \t\ tH( )'Zl—n—t,
q-1-m<t<q-r.7_  C{1,..,mg} I, B2, s —r,—t, rilp;
0<[t|<my, |21 |=t]

Note that, to deduce the above formula, when we expand the term (id — ps;ll Y D,-)m”l on the right hand
side of (4.5), for any t withq —r—m <t <q—r, 0 < [t| < myy, and for any subset .7 C {1,...,mzy1}
with | 11| = |t|, we picked the factor — p;+11 Y.\, D; for any element j € ., and we picked the identity
for any element j € {1,...,mg1}\ #1. Finally, a simple calculation finishes the proof of the first assertion
of the lemma.

For the upper bound of |A(®,k)qr| we observe that with some constant Ky which depends on q and the

probability vector p but not on k we have
—t| Msy! . m;!q;! < kot - gi—ri—ti
P ( —|tD! ll:! (m; — ( gi—ri—ti = oty H

M1 qi —ri —1:))!(qi — ri — 1:)1t;!ri! p;
II~% ri | s lal =l
KO( ) s+l .

IA

- _gi—ri—t;
Since Y3t m; = k we see that i ‘ | $ mdiTT <

Now suppose that @; # s+ 1 forall 1 < j <k and m; > g; —r; for 1 <i <s. Then we have
s P
m;!q;!
A(@,k)qr = —.
g(mi—(Cli—ri))!(qz‘—"i)!ri!l?i’ '

Clearly, with some constant K’ > 0 which depends only on q we have that

milg;! 1 qi—ri
A — W (g — Vet i T K'm; ?
(ml (gi—ri))! (i rl)'rl'p[
which finishes the proof of the lower bound. ]

Lemma 4.9. Let xo € J(G) and let € > 0. Let n € N} and set n := |n|. Then there exists a constant K > 0
such that for every k € N there exist points a; € (B(xo,€) NJ(G)) \ {xo} and by € B(xp,€) \ {xo} with
ug(ay,by) # 0 such that for 0 < q <n,
Kt o (@D e gy
= uo(ax,bi)

Proof. By the density of the repelling fixed points in J(G) ((HM96, Theorem 3.1]) there exist zo € B(xg, €)
and g € G such that g(z9) = z0 and |g’(z0)| > 1. Since deg(g) > 2 we have E(g) C P(g) C P(G), where
E(g) =E((g)) denotes the set of exceptional points of g. Since G is hyperbolic we have J(G) C C\ P(G) C
C\ E(g). We may assume that g(B(z9,€)) D B(z0,€). Moreover, we have [,y g" (B(z0,€)) = C\ E(g).
Hence, there exists n € N such that J(G) C g" (B(z0, €)). We may assume that n =1 and J(G) C g(B(xo,€)).

Since Cy is not locally constant on any neighborhood of any point of J(G) (see [Sumlla, Lemma 3.75])
and since J(G) is an uncountable perfect set (see [HM96, Lemma 3.1]), there exist a € J(G) \ G(xp) and
b e C\ G(xy) close to a such that Co(a) # Co(b).

For each k € N and 1 <i < s we set m;(k) 1= K07 Then we define fy = m' o W Since
G is hyperbolic, we have P(G) C F(G). For each connected component U of F(G ), we take the hyperbolic
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metric on U. For each connected component U of F(G) with U NP(G) # @, let B,(P(G)NU,1) be the
1-neighborhood of P(G) NU in U with respect to the hyperbolic metric on U. Let V = UB,(P(G)NU, 1),
where the union is taken over all connected components U of F(G) with UNP(G) # @. Then G(V) C
V.V C F(G) and J(G) C C\V. Since a € J(G), there exist 1 > 0 and a holomorphic inverse branch

Y :B(a,n) — C such that /o Y = idp(q,), for each k € N. We may assume that b € B(a,n). Put G =

am)
Y (a) € J(G) and by = y(b). Since G(V) C V, we have that (% )ken is normal in B(a,n). Thus we may
assume that d(d,b;) < & for all k € N, where § > 0 is a small number. Since @ € J(G), there exists
ar € J(G) N B(xo,€) with g(ax) = a for all k € N. We write g = fr o--- o fr, for some r € Nand 7=
(t1,...,7) € I". By making 8 sufficiently small, for each k € Nlet o : 1(B(a, 1)) — C be the holomorphic
map such that go oy = idy (p(4,y)) and 04(dy) = ax. We may assume that oy ((B(a,n))) C B(xo,€) and
diamfz; 0---o fr, (e (% (B(a,n)))) < & for all j=0,...,r where for j =0 we set fr;0--o fr, =id. Let
by = og(by) € B(x0,€). Put T:= (Ty,..., T, T1, ..., Try...) € IN. Since M(Cy) = Co, Cy is locally constant
on F(G) ([Sumlla, Theorem 3.15 (1)]) and Cy(a) — Co(b) # 0, if & is small enough, then Lemma 4.6
implies that ug(ax,bi) = Co(ax) — Co(bx) # 0 and ug(d, by) = Co(dr) — Co(by) # 0. Since g(ax) = d; and
g(by) = by, Lemma 4.7 and J(G) = | ], v Jo (Lemma 3.3) yield

_ U R L=
(4.6) (uo(ar, br)) " Ular, bi) = (uo(a.bi)) A(T,r)U (G, by).
Put & := (1" ®) 2m®) - gnk)y e [XLimiK) where u™ == (u,u,...,u) € I" forue {1,...,s+1}. Since
i (d@) = a and hy(by) = b, we have by Lemmas 4.7 and 4.4,
~ 7 -1 - T —1 =
.7 (uo(ak,bk)) U(ak,bk) = (uo(a,b)) A ék, Zm,’(k) U(a,b).
i=1
By combining the previous two equalities (4.6) (4.7) we have
s
(uo(ax, br)) ™" U(ax,br) = (uo(a,b)) " A(T,r)A <§k,2m,~(k)> U(a,b).
i=1

Since iy € (fi,..., fs), it follows from Lemma 4.8 that for q < n,

(A <5k imi(l&) u <a,b>> < TTom)y = R a0+ gk s,
i=1 q

i=1

where for any two non-negative functions ¢; (k) and ¢, (k) of k € N, we write ¢; (k) < ¢(k) as k — o if
there exists a constant D > 1 such that D~ ¢, (k) < ¢; (k) < D¢ (k) for every k € N. Also by Lemma 4.5,

we have
(A(r, r)A (&1{, i}m,(k)) U(a,b)) = ZA(?, "ar (A <§k, i}m,(k)) U(a,b))
i= q r<q i= r

and A(T,7)q,q = 1. The proof is complete. O

Lemma 4.10. Let m € N and 0 < w; < wy < --- < wy, be natural numbers and let K > 1 be a constant.
Then there exist 0 < dy < dp < --- < dy, and ly € N such that for all { > {y and for all B = (B;;); ; € R™"

satisfying
K '0vidi < B; i <K, foralli,j<m,
h
e nave det(B) > 1.
Proof. The proof is by inductiononm € N. Let 0 <w; < wp < --- < wy,; < Wy+1. By induction hypothesis
there exist 0 < d) < dp < --- < d,,; and ¥y for the sequence 0 < w; < wy < --- < wy,. Letd,;; € Nand
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let B = (Bjj)i j<m+1 € RUFDX0m41) be a matrix satisfying K~ 10%% < B; ; < K£"i%, for each i,j < m+ 1
and for all £ > {,. Put B := (B,-,j)wém € R™™_ By the Laplace expansion of det(B) along the (m+ 1)th

column, we see that
det(B) > K '0mridmiidet (B') 4 O(€ et (0¥me1dn)my g ¢ — oo,

Since J ,
Wmlm+1 M- Wm414m
E f — gwmdm+l7Wm+1dm+l+mwm+ldm — gdm-H (W)717W/71+1)+mwm+ld)71
,gwm+ldln+l ’
. ) ) m ) . .
we see that, for d,,, | sufficiently large, we have ¢"mdm+1 (E”m“d’") €0 (meﬂdm“) as [ tends to infinity.

Since by our induction hypothesis, we have det (B’ ) > 1 for £ > £y, the lemma follows. |

Proposition 4.11. Let xo € J(G) and let € > 0. Let n € Nj. Then there exist families (ay)r<n and (by)r<n
with a, € (B(xo,€)NJ(G))\ {x0}, bl € B(x0,€)\ {x0} and up(a,,b.) # 0, for all v <, such that the matrix

(”q (., b/r)) r<n
q<n

is invertible.

Proof. Put n:=|n|. Define 1: {q:q<n} — N given by 1(q) := ¥{_,¢;(n+1)"'. By Lemma 4.9 there
exists a constant K > 0 such that for every k € N there exist points a; € (B(xp,€)NJ(G))\ {x0} and by €
B(xo,€) \ {x0} with ug(ag,bi) # 0 such that for 0 < q < n,

(a) < “a(ax,be)

< Kk'@),
= ug(ax,br) ~

Kk

Since ¢; < n we have that the numbers 1 (q), q < n, are pairwise distinct. We put the elements 1 (q) ,q < n
in increasing order and denote them by wi < wp < --+ < wy,, where m :=card{q: q <n}. Letd; < --- <

dy € N and £y € N be the elements given by Lemma 4.10 for the sequence w; < wy < --- < wy, and the

constant K. For r <n we put e (r) := dy ), h(r) := €g(r) and define
a;‘ S=Ap(r)-
Hence, by Lemma 4.10 we have that (Zggzz 2 ; ) r<n 18 invertible. The proof is complete. (|

q<n
5. PROOF OF THEOREM 1.1

In this section, we give the proof of Theorem 1.1.

5.1. Lower bound of the pointwise Holder exponent.
Lemma 5.1. Let C =Y, BuCa € € be non-trivial. Let @ € I, z € J, and n € N},. Then

N . S (w,2)
Hol Ch,z) > liminf —————=.
(L) = liminf s 50

Proof. Let V be a neighborhood of P(G) in F(G) as in the proof of Lemma 4.9. Then V C F(G) and
G(V) C V. Let R > 0 such that B(J(G),R) C C \ V. Then for each k € N, there exists a holomorphic branch

¢x : B(fo, () ,R) — C of f(;,‘kl such that fu, (¢ (v)) = for y € B(fw, (2),R) and ¢ (fu, (z)) = z. Since
G(V) CV, for every € > 0 there exists o < R such that, for the sets By, which are for k € N given by

By := ¢ (B(fw‘k (z),10)),
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we have that diam(fa,‘j (Bk)) <egforall 1 < j<k. Setm;(k)= card{l <j<k:w;= i} for1 <i<s. Let
Npax € N be an element such that for every n € Nj) with B, # 0, we have n < np,. Taking € > 0 such that
0 < € < &, by Lemma 4.7 and Lemma 4.8 there exists K > 1 such that

sup |C(y) —C(2)] sup
YEBy YEBy

Z Bn (Ca(y) — Ca(2))

n<nmax

Pay | Sup Z Bn Z A(wak)n,j'uj(fw‘k()’)vfw‘k(z))

YEBK In<nmax  jEN§:j<n

< poe X IBalcard{j:J < mp KEPT2 max |IGl|

N<Nmax

A

We have thus shown that

(5.1) logsup|C(y) —C(z)| < Sk¥(@,z)+1log ( Z |Balcard {j : j < npay } Kk/Mmax! ~2jr<r}]ax |CJ||> .

YEBy n<Npmax

By [JS15a, Lemma 5.1] and Koebe’s distortion theorem (see also the proof of [JS15a, Lemma 5.2]) we have

logsu A1C) —C(z logsu Cly)—C(z
53 HOIC.) — timir PR €OV =€ L logsup,cp, ()~ Cla)|
r—0 logr koo Sk (w,2)
Since G is hyperbolic, [Sum98, Theorem 2.6] implies that there exist m € N and 6 < 0 such that S,,p <
0 < 0. Combining (5.2) with (5.1) and S; @ < O for every large k, we see that

Sk (@ lo card{j:j<n Klkmmax| . 2 max; C
Hol(C,z) > liminfw +liminf € (Ensm [Pl card {j :j —~mﬂx} i< I JH).
k—oo Sp@(®,27) koo Sf(w,2)

Consequently, we have that

lim log (annmax |ﬁn| Card {j :j S nmax} Kk‘nmax‘ ' 2maxj§nmax HCJ ||)
k—roo Sk(p(w,Z>

=0,

which completes the proof of the lemma. (|

5.2. Upper bound of the pointwise Holder exponent. To prove the upper bound of the point Holder

exponent, the following lemma is crucial.

Lemma 5.2. Let ® € I" and x € Jo. Let Doy € Nj and let (Bn) <, # 0. Let (j(k))ren be a sequence
of positive integers such that j(k) — oo as k — co. Then for every € > 0 there exist a,b € B(xp, €) \ {xo} with
a # b such that

n :=limsup
k—ro0

Y Y BeA(@,j(k))nmium(a,b)| € (0,5].

M<Nmax N<Nmax

is invertible, since it is a triangular matrix with
= 0 we conclude that, for all

Proof. Firstrecall that the matrix (A(®,k)nm)pcn, . m<np
all its diagonal elements equal to one (see Lemma 4.5). Since (Bn)
keN,

Nn<Nmax

n<nmax

A (k) = (Am (k) m<ng 1=< ) ﬁnA(wJ(k))n,m) # 0.

Let € > 0 and now suppose by way of contradiction that 1 = 0 for all a,b € B(xg, €) \ {xo} with a # b. Then
we have for all a,b € B(xo,€) \ {x0}.

(5.3) lim Y Am(k)um(a,b) =0.

ke m<npax
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Since A (k) # 0 we may define Ao m (k) := Am(k)/[|(Ap(k))p<nm |- Here, for every ¥ = (% )p<nma> We

set (|71 = (%) p<nmu || = \/ Lp<nma |1p[*- By passing to a subsequence (j(k¢))ren of (j(k))ren we may

assume that Ay := limy_,e Ao m (k¢) € C exists for each m < np,. Put A := (A/rn)mgnmax and observe that

IA]| = 1. Let r be a maximal element in {n : n < Ny, By # 0} with respect to < . Then by Lemma 4.5,
Z Bn-A(®, j(ke))nr = BrA(®, j(k¢))rx = Pr, forevery £ € N.

Nn<nNmax
Thus, ||(Ap(k¢))p<nmax || = |Br| > 0 for every £ € N. Hence, it follows from (5.3) that
Z Amim(a,b) =0, for all a,b € B(xo,€) \ {x0},
m<Nmax
which yields A = 0 by Proposition 4.11. This is the desired contradiction which completes the proof of the

lemma. 0

Lemma 5.3. Let Y, fuCn € € be non-trivial. Let o € N ze Jo and n € N,. Then

Sk (@,2)
< —r s 777
Hol( Z[BnCn, hlfr_lglf 56 (0.2)

Proof. Let oo = liminfy (S W(®,2))/(Sk®(®,z)). We may assume that there exists a sequence (j(k))xen
tending to infinity such that

lim S W(@,2) _

ke S P(©,2)
Moreover, since fy|, (z) € Jgjt0 () C J(G) and J(G) is compact, we may assume that xo := limy ol ()
exists. Let V,R be as in the proof of Lemma 5.1. Then for each p € N, there exists a holomorphic branch
op : B(fw\,,( )5 ) — C of f ol, such that fco\p (¢p(y)) =y forye B(fmlp (z) >R) and ¢p(fw\,, (Z)) =2z
Since G(V') C V, by taking R so small, we may assume that fy| (9p(B(fw|,(2)R))) C B(fe),(2), &) for all
p,q € NU{0} with 0 < g < p, where & is the number given in Lemma 4.6. Let € > 0. By Lemma 5.2 there
exist a,b € B(xop,€) \ {xo} such that

N :=limsup € (0,00].

k—>o0

Z Z BnA(®, j(k))nmum(a,b)

M<Nmax N<Nmax

After passing to a subsequence of (j(k))en if necessary, we may assume that

= 11m

Z Z ﬁn (1)] nmum(a,b)

m<nmax n<Npax

€ (0,00].

For sufficiently large k € N and € small, we may assume that a,b € B(fw|j(k) (z),R). We set yi := ¢ (a)
and z; = Q1) (b). Let npax € N such that if n € Nj), By # 0 then n < nyax. By Lemma 4.7 we have

Chor)—Clz) = Y, Bu(Calyx) —Calz))

N<Nmax

= Poljy Z B Z A(@, j(k))nm - um(a,b)

n<nmax  meN):m<n
pwli(k) Z ( Z BHA(w7j(k))n,m> um(a,b).
mM<Nmax \D<Nmax

Let 1o € (0,7). Since Sj()@ < O for all large k (see the proof of Lemma 5.1), it follows that

liming PEICO0 —CGI| _ . . Si ¥ (@,2) +logno

k=eo Sin@(@,2) k—eo Siw®(0,2)
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By Koebe’s distortion theorem we have

1 —
koo log(d(yk,2x))

Finally, we show that H61(C,z) < a. To prove this, we show that H61(C,z) < B for every 8 > a. Suppose
by way of contradiction that H51(C,z) > . By the triangle inequality we have

(5.5) IC(ye) = C(2)| = [IC () — Clzx)| = |Clzx) = C(2)]] -

By Koebe’s distortion theorem we have that d(yy,z) = d(vk,2x) < d(zx,z) as k tends to infinity. Conse-
quently, by combining with (5.5), we see that there exists a constant K > 1 such that
€00 ~CQ| - 1 1C00 ~Ca)| o IC(a) ~C(a)
dye, )P~ d(ye,zx)P d(z,2)P
Our assumption H61(C,z) > B implies that

(5.6)

,}gglc(zk)—C(Z)l/d(zk,Z)ﬁ=0 and gggolC(yk)—C(Z)l/d(yk,Z)ﬁ:0~

Moreover, by (5.4) and our assumption that 8 > o we have limsup, |C(yx) —C(z)| /d (Vk, 2k )P = 0. Now

(5.6) gives the desired contradiction and finishes the proof of the lemma. ]

We conclude that Theorem 1.1 follows from combining Lemmas 5.1 and 5.3.

6. PROOFS OF THEOREMS 1.2 AND 1.3

In this section, we give the proofs of Theorems 1.2 and 1.3. The proof of Theorem 1.2 will follow from the
detailed version Theorem 6.1 stated below. For C € % and z € C we define

0. (C.2) = liminf 222LE21)

r—0 logr

where Q (C,z,r) is for r > 0 given by

Q(C,z,r):= sup [C(y)—C(z)]
YEB(z.r)

Moreover, we define for each o € R the corresponding level sets
R, (C,a) = {y €C:0.(Cy) = a}.

Also, we define the dynamically defined level sets .% (), which are for & € R given by
< - ~ . Sp(w,x)
F (o) :=7(F (@), where . (a) := {(w,x) eJ(f) : lim 505 (00) ap.

Moreover, for a € R we set

F'(a):=n(F'(a)), where F' (a) := {(a),x) eJ(f) :liﬂigfm = a}.

The free energy function is defined by the unique function 7 : R — R such that 2By +1(B) @, f) = 0 for
each B € R, where & (-, f) denotes the topological pressure with respect to the dynamical system (J(f), f)
(cf. [Wal82]). The number ¢ (0) is also referred to as the critical exponent d of the rational semigroup

G={f1,.--,fs+1) (see [Sum05]). Note that under assumptions (1)(2) of our paper, we have

§ = dimy (J(G))
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([Sum98, Sum05]). The convex conjugate of # ([Roc70, Section 12]) is given by
" :R—=RU{e}, " (c):=sup{Bc—1t(B)}, ceR.
BER
We now present the theorem.
Theorem 6.1. Every non-trivial C € € satisfies all of the following.
(1) We have o, =sup{a € R: R, (C,a) # &} and a_ =inf{ax € R: R, (C, ) # &}. Moreover, we
have a_ = inf{a € R: F (o) # @} and o =sup{a € R: F (o) # 2}.
(2) Let ap:= —'(0). If a— < oty then for each @ € (o, 0.y), we have F (o) C F'(a) = H(C, @)

and
dimy (Z (a)) = dimg (R, (C,a)) =dimy (H (C,a)) = —t* (—a) > 0.

Moreover, v(&) := —t* (—a) is a real analytic strictly concave positive function on (0.—, a.y) with
maximum value dimy (J(G)) = 6 = —t* (—ap) > 0. Also, V' <0 on (o_, 01y).
(3) (a) We have a_ = o if and only if there exist an automorphism ¢ € Aut (((A:) anday,...,as41 €C
such that

pofiop ' (2) =aiz" %) and logdeg(fi;) = —(v/8)logpi,

where Y denotes the unique number such that & (YITI, f ) =0.
(b) If o— = ay then we have

97(050) =R, (C,OCQ) = H(C>(X0) :](G)7
and for all o € R with a # oy we have
F(a)=R.(C,a)=H(C,a) =@.
Proof. The assertions follow by combining Theorem 1.1 with [JS15a, Theorem 5.3, Proposition 3.9, Lemma
5.1], which completes the proof of the theorem. |
We now give the proof of Theorem 1.3.

Proof. By [Sum98] and [SumO05, Remark 5], assumption (1) of this paper is equivalent to the property
that the associated skew product map f is expanding in the sense of [Sum05] and [JS15a]. By [Sum05] or
[JS15a] again, we have that (J (f), f) is a topological transitive expanding dynamical system with compact
state space. Thus, there exists a surjective Holder continuous morphism from an irreducible Markov shift

over a finite alphabet. The Markov shift (X4, 0) is given by the shift space
Tp = {w = (@);en € VY | A(@1, @141) = 1 forall i € N} ,

VxV

and the left shift o : 4 — X4, where V is a finite alphabet set and A € {0, 1} is an irreducible incidence

matrix. We endow X4 with the metric

ds(0,7) 1= 2~ P00 =T n =5}

It is known (see e.g. [JS15a, proof of Proposition 3.10]) that there exists a surjective Holder continuous
map 7y : £4 — J (f) such that fomy = iy 0 6. We define the potentials y: £4 — R, ¢ : £4 — R given by

Y:=Poms, ¢@:=(oTs.

Note that y and ¢ are Holder continuous. For a function g : ¥4 — R we write S,g := ;?;(1) gool. If g:
Y4 — R is Holder continuous, then there exists a constant K, > 1 such that, forevery k € N, @y ... wpu € Xy
and @ ... wxv € X4 we have the bounded distortion property

|Skg((})1 .. .(l)ku) —Skg(wl . ..COkV)l <K,.
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As in the proof of Lemma 5.1, there exist m € N and 6 < 0 such that S,,¢ < 8 < 0. Since A is irreducible,
there exists Iy € N such that for each k € N and @ € ZX" there exists m < [ < Iy and 7 € £ such that
T = OTOT--- € X4. Here, X} :={w = (0)", e V" : A(wj, 041) =1,i=1,...,n—1}.

By the definition of ¢« and o, and Theorem 1.1 we have

©.1) S V(@T) _ SVOT) S 0((@D) o
Sim1@(@T) 1= $,0(@T)  n=5,p(7:(O7))

For each x € J(f) and k € N there exists @ € L4 such that 75 (@) = x. Let m < 1 < Iy and 7 € X/, such that
m € X4. Using the bounded distortion property of y and ¢ and (6.1) we obtain that for large &,

SimW(x) Sy (@) —SimW (01 QT - 7)) — Ky

Sim®(x) — Sem() ~Sen (@ BT - 71) + Ko
=Skt W (@1 - O T1 - .- T) — Ky — lomax |y

—Skm+19(@1 -+ O T1 -~ 71) + Ko

Skm+1W(OF . Oy T1 - T7)
Stm+19 (O~ O T1 - 77)

o Ky + lpmax |y Ky
8(k) = (1 kmin |[S,, y| / I kmin|[S,@| )"

For k € N we have ry := eSmP() < 1. Consequently, we have

Y

Y

8(k) > o 8(k),

where we have set

Skm‘z’(x)
S W) — (eskm¢<x>> ¥l < o 8(8)

Since §(k) = 1+ O(k™ "), as k — oo, and log(rt) /k = S,u®/k is a bounded sequence, we have thus shown

that there exists a constant K = K (@, {) > 1 such that for all x € J(f) and for all k € N,

(62) eSkm li/(x) S KOL r](()L — Ka* ea*'Skm (p(x) .

Let C € € be non-trivial and let z € J(G) with z = 7(x) for some x € J(f). We use the notations of the
proof of Lemma 5.1. By (5.1) in the proof of Lemma 5.1 there exists p € N and K (depending only on C)
such that, for all k € N,

sup [C()—C(z)] < Ky(km)PeSmP),

YEBm
Combining with 6.2 we obtain
sup |C(y) —C(z)| < Ky (km)PK* 7.

YEBm

Thus, since or— > 0, for every € > 0 we have
sup |C(y) —C(z)| < KiK* (km)Pr;* r,?““_g).

YEBm

Also, kP r,fa’ — 0 as k — oo, Combining the above with the Koebe distortion theorem, we obtain that C is
o_ - (1 —€)-Holder continuous on C. Note that it suffices to prove the Holder continuity for z € J (G). To see
this, let z,y € F(G). Then either y, z belong to the same connected component of F(G), and thus C(y) = C(z)
by Corollary 1.6, or there exists u € J(G) between y and z and the desired Holder continuity follows from
the triangle inequality. Finally, if C = Cy then the previous estimates hold with p = 0 (and hence € = 0),

which implies that Cy is o_- Holder continuous on C. The proof of Theorem 1.3 is complete. ]

7. PROOF OF THEOREM 1.4

In this section, we give the proof of Theorem 1.4.
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Proof. Suppose that o > 1. Then by Theorem 1.3 we have that Cy is a Lipschitz function on C. LetK
be a minimal set of G with K # L. By conjugating G by a Mébius transformation, we may assume that
J(G) is a subset of C. Let ABCD be a rectangle such that AB is included in a connected component Uy,
of F(G) with Uy NL # &, and CD is included in a connected component Ux of F(G) with Ux NK # @.
Since the 2-dimensional Lebesgue measure of J(G) is zero (actually dimg(J(G)) < 2), Fubini’s theorem
implies that there exists a segment S in ABCD which joins AB and CD such that the 1-dimensional Lebesgue
measure of SNJ(G) is zero. Let us consider E = Cyls. Identify S with [a,b] C R such that a corresponds
to a point in AB C Uy, and b corresponds to a point in CD C Ug. Note that by the definition of Cyp we have
that E(a) = 1 and E(b) = 0. Since E is Lipschitz, it is almost everywhere differentiable on S with respect
to the 1-dimensional Lebesgue measure on S and we have E(x) = [7E'(¢)dt. But E is locally constant on
SNF(G), and since the 1-dimensional Lebesgue measure of SNJ(G) is zero, we have E'(x) = 0 almost
everywhere on S, which implies that E is constant on S. This is the desired contradiction which completes

the proof of the result o < 1.

We now let o € (a—,min{o4,1}). Then Theorems 1.1 and 6.1 imply that there exists a Borel subset Ag of
J(G) with dimg (Ag) > 0 such that for every x € A and for every non-trivial C € %, we have Hol(C,x) = a.
Let A = Ugegg ™ '(Ag). Then A = J(G) ([HM96, Lemma 3.2]) and Theorem 1.1 implies that A has the
desired property. (|
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