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Abstract

We investigate the random dynamics of polynomial maps on the Riemann sphere C and the
dynamics of semigroups of polynomial maps on C. In particular, the dynamics of a semigroup
G of polynomials whose planar postcritical set is bounded and the associated random dynamics
are studied. In general, the Julia set of such a G may be disconnected. We show that if G is
such a semigroup, then regarding the associated random dynamics, the chaos of the averaged
system disappears in the C° sense, and the function Ts of probability of tending to co € Cis
Hélder continuous on € and varies only on the Julia set of G. Moreover, the function T, has
a kind of monotonicity. It turns out that To, is a complex analogue of the devil’s staircase,
and we call T a “devil’s coliseum.” We investigate the details of T, when G is generated by
two polynomials. In this case, T varies precisely on the Julia set of G, which is a thin fractal
set. Moreover, under this condition, we investigate the pointwise Holder exponents of T.

1 Introduction

Some results of this paper have been announced in [21, 26] without proofs.

In this paper, we simultaneously investigate the random dynamics of polynomial maps on the
Riemann sphere C and the dynamics of polynomial semigroups (i.e., semigroups of non-constant
polynomial maps where the semigroup operation is functional composition) on C.

The first study of random complex dynamics was given by J. E. Fornaess and N. Sibony
([6]). For the motivations to study random complex dynamics, see [25, 27]. For research on
random complex dynamics of quadratic polynomials, see [3, 7]. For research on random dynamics
of polynomials (of general degrees) with bounded planar postcritical set, see the author’s works
[22, 23, 24, 29, 26]. In [25, 27], the author of this paper discussed more general random dynamics
of rational maps with a systematic approach.

The first study of dynamics of polynomial semigroups was conducted by A. Hinkkanen and G.
J. Martin ([9]), who were interested in the role of the dynamics of polynomial semigroups while
studying various one-complex-dimensional moduli spaces for discrete groups, and by F. Ren’s
group ([8]), who studied such semigroups from the perspective of random dynamical systems.
Since the Julia set J(G) (the set of non-normality) of a finitely generated polynomial semigroup

G generated by {hq, ..., hy,} has “backward self-similarity,” i.e., J(G) = U;"Zl hj_l(J(G)) (see [14,

*Date: March 13, 2015. Published in Nonlinearity 28 (2015) 1135-1161. This research was partially supported
by JSPS KAKENHI 24540211. 2010 Mathematics Subject Classification. 37F10, 30D05. Keywords: Rational
semigroups, polynomial semigroups, random complex dynamics, random iteration, Markov process, Julia sets, frac-
tal geometry, (backward) iterated function systems, interaction cohomology, complex singular functions, devil’s
coliseum, randomness-induced phenomena, cooperation principle.




Lemma 1.1.4]), the study of the dynamics of rational semigroups can be regarded as the study
of “backward iterated function systems,” and also as a generalization of the study of self-similar
sets in fractal geometry. For recent work on the dynamics of polynomial semigroups, see [14]-[27],
[13, 28, 29, 30].

In order to consider the random dynamics of a family of polynomials on C for each z € C let
T (2) be the probability of tending to co € ¢ starting with the initial value z € C. Note that in
the usual iteration dynamics of a single polynomial f with deg(f) > 2, the function T, is equal to
the constant 1 in the basin of infinity, and T is equal to the constant 0 in the filled-in Julia set
of f. Thus T is not continuous at any point in the Julia set of f. However, we see the following
main results of this paper.

Main Results (rough statements).

(I) If the planar postcritical set (see section 2) of the associated polynomial semigroup G of
a random dynamical system of complex polynomials is bounded and the Julia set of G is
disconnected, then the “Julia set” and the chaos of the averaged system disappears in the
“C9” sense, the function T, : C — [0, 1] is Holder continuous on C (i.e., there exist constants
C > 0and 0 < o < 1 such that |Th(21) — Tao(22)] < Cd(z1,22)* for each z,2, € C),
and T has a kind of monotonicity (e.g., if J; and J are two connected components of
the Julia set of G and Jj is included in a bounded connected component of C \ J3, then
maxej, Too(2) < min,e g, Too(2)). (For the precise statement, see Theorem 2.4.)

(IT) Under certain conditions T, has some singular properties (for instance, it varies only on
a thin fractal set, the so-called Julia set of the associated polynomial semigroup G, and
for almost every point zy in the Julia set of G with respect to a nice“invariant measure”,
the function T\, is not differentiable at z(), and this function is a complex analogue of the
devil’s staircase (Cantor function) or Lebesgue’s singular functions (see Theorems 2.11, 2.12,
Example 5.4). (For the definition of the devil’s staircase and Lebesgue’s singular functions,
see [31].) Also, the pointwise Holder exponents of T, are investigated. Note that we do not
assume hyperbolicity in Theorem 2.11, while in the previous result [25, Theorem 3.82], it is
assumed that G is hyperbolic.

Graphs of T, are illustrated in [25]. Thus even though the chaos of the averaged system disappears,
the system has new kind of complexity. These are new phenomena which cannot hold in the usual
iteration dynamics of a single polynomial. Such phenomena in random dynamical systems are
called “randomness-induced phenomena”. To explain the detail of the above result, we first
remark that these well-known singular functions (the devil’s staircase and Lebesgue’s singular
functions) defined on [0, 1] can be redefined by using random dynamical systems on R as follows
(see [25, 26]). Let fi(x) := 3z, fo(x) := 3(x—1)+1 (x € R) and we consider the random dynamical
system on R such that at every step we choose f; with probability 1/2 and fo with probablhty
1/2. We set R := RU{400}. We denote by T’y (2) the probability of tending to +0o € R starting
with the initial value z € R. Then, we can see that the function T'ioo|jo,1) ¢ [0,1] — [0,1] is
equal to the devil’s staircase. Similarly, let ¢1(x) := 2z,g2(z) := 2(x — 1) + 1 (x € R) and let
0 < a <1 be a constant. We consider the random dynamical system on R such that at every step
we choose the map g; with probability a and the map go with probability 1 — a. Let T o0 o(x) be
the probability of tending to +oco starting with the initial value « € R. Then, we can see that the
function T o, alj0,1) : [0,1] = [0,1] is equal to Lebesgue’s singular function L, with respect to the
parameter a provided a # 1/2. From the above point of view, the function 7o : C — [0,1] is a
complex analogue of the devil’s staircase and Lebesgue’s singular functions. We call T, a “devil’s
coliseum” ([25, 27]) .

We also explain why we focus on polynomial semigroups with bounded planar postcritical set.
A polynomial semigroup G is said to be postcritically bounded if the planar postcritical set of G is
bounded. It is well-known that if g € P, where P denotes the set of polynomials of degree two or



more, then J(g) is connected if and only if the semigroup {¢g™ | n € N} is postcritically bounded.
However, we remark that there are many examples of elements of postcritically bounded polynomial
semigroup G with G C P such that the Julia set of G is disconnected (see section 5, [22, 24]). In
fact, it is easy to construct such examples by using (1) in section 2, and many systematic studies
on the dynamics of postcritically bounded polynomial semigroups G with G C P are given in
[22, 23, 24, 13, 20]. Thus we are very interested in the new phenomena regarding the dynamics of
postcritically bounded polynomial semigroups.

One of the purposes of this paper is to combine the study of the dynamics of postcritically
bounded polynomial semigroups with disconnected Julia set and the study of random dynamics
of polynomials. To prove Main Result (I) (Theorem 2.4), we need the following result from [25,
Theorem 3.15] and [27, Theorem 1.9]: For a random dynamical system of complex polynomials
generated by finitely many elements in P, if the kernel Julia set Jier(G) := Ngeq. g~ (J(G)) of the
associated polynomial semigroup G is empty, then Tt is Holder continuous on C and there exists
a finite dimensional subspace U of the space C(C) of continuous functions on C with M(U) = U,
where M denotes the transition operator of the system (see section 2), and a bounded operator
7 : C(C) = U such that M"(¢ — m(¢)) = 0 in C(C) as n — oo for each ¢ € C(C). Therefore,
to prove Main Result (I) (Theorem 2.4), it is an important key to prove that if G with G C P is
postcritically bounded and the Julia set of G is disconnected, then Jye,(G) = @, which is proved
in Lemma 4.1 of this paper. In order to prove the monotonicity of T, and statements 4 and 5
of Theorem 2.4, we combine the idea from [25] and new careful observations on the dynamics of
postcritically bounded polynomial semigroup G with disconnected Julia set.

Main Result (II) (Theorem 2.11) means that even though the chaos of the averaged system
disappears in the C sense as in Main Result (I), it can remain in the C® sense with some a € (0, 1),
where C“ denotes the space of a-Hoélder continuous functions. From these, we can say that we have
a gradation between chaos and order. In the proof (section 4) of Main Result (II) (Theorem 2.11),
we use Birkhoff’s ergodic theorem, potential theory, the Koebe distortion theorem, and some
observations ([22]) about the space of all connected components of J(G) and the Julia set of the
associated real affine semigroup.

We also prove several results on 2- or 3-generator postcritically bounded polynomial semi-
groups with disconnected Julia set and associated random dynamics (see Theorem 2.12, 2.15,
Corollary 2.16, Remark 2.17). In order to prove the results on 2- or 3-generator postcritically
bounded polynomial semigroups G with disconnected Julia set and associated random dynamics,
we need the idea of the nerves of backward images of J(G) under elements of G and their inverse
limit from [20], which are related to certain kind of cohomology groups introduced by the author.

In section 2, we give the details of the main results. In section 3, we explain the known results
and tools to prove the main results. In section 4, we prove the main results. In section 5, we give
some examples.

Acknowledgment: The author thanks Rich Stankewitz for valuable comments. The author
also thanks the referee for checking the manuscript carefully and giving the author some valuable
comments.

2 Main results

In this section, we give the details of the main results.

A polynomial semigroup is a semigroup generated by a family of non-constant polynomial
maps on the Riemann sphere C with the semigroup operation being functional composition([9, 8]).
We set P := {g: C — C | g is a polynomial, deg(g) > 2} endowed with the distance s which is
defined by x(f, g) := sup_ ¢ d(f(2),9(z)), where d denotes the spherical distance on C. Note that
gn — g in P if and only if (i) deg(g,) = deg(g) for each large n, and (ii) the coefficients of g,
converge appropriately to the coefficients of g ([1]). Also, setting P, := {g € P | deg(g) = n}



for each n > 2, we have that P,, is a connected, open and closed subset of P, P,, is a connected
component of P, and P, = (C\ {0}) x C" ([1]). For a polynomial semigroup G, we denote by F(G)
the Fatou set of GG, which is defined to be the maximal open subset of C where G is equicontinuous
with respect to the spherical distance on ® (for the definition of equicontinuity, see [1, Definition
3.11]). We call J(G) := C\ F(G) the Julia set of G. For fundamental properties on the Fatou
sets and Julia sets, see [9, 16]. The Julia set is backward invariant under each element h € G,
but might not be forward invariant. This is a difficulty of the theory of rational semigroups.
Nevertheless, we “utilize” this to investigate the associated random complex dynamics. For a
non-empty subset A of P, we denote by (A) the polynomial semigroup generated by A. Thus
(Ay ={h1o---0hy | meNhy,..., hy € A}. For finitely many polynomial maps g1, ..., gm, we
denote by (g1, ..., gm) the polynomial semigroup generated by {g1, ..., gm}- For a polynomial map
g, weset F'(g) := F({g)) and J(g) := J({g)). For a polynomial semigroup G, we set G* := GU{Id},
where Id denotes the identity map. For a polynomial semigroup G and a subset A of @, we set
G(A) = U,eq 9(4) and G-1(4) i= U, 9~ (A).

For a polynomial semigroup G, we set K(G) := {z € C | G({z}) is bounded in C}. This is
called the smallest filled-in Julia set of G. For a polynomial g € P, we set K(g) := K({(g)). For
a polynomial semigroup G, we set P(G) := [, cq{z € C | z is a critical value of g : C — C}. This
is called the postcritical set of G. Note that if G = (A), then

P(G)=Gx( U {z e C|zis a critical value of h : C — C}). (1)
heA

Thus for each g € G, g(P(G)) C P(G). For a polynomial semigroup G, we set P*(G) := P(G)\{oo}.
This is called the planar postcritical set of G. A polynomial semigroup G is said to be postcrit-
ically bounded if P*(G) is bounded in C. We denote by G the set of all postcritically bounded
polynomial semigroups G with G C P. Moreover, we set Ggis := {G € G | J(G) is disconnected}.
It is well-known that if g € P, then J(g) is connected if and only if (¢) € G. However, we remark
that there are many examples of elements of Gy (see section 5, [22, 24]). In fact, it is easy to
construct such examples by using (1), and many systematic studies on the dynamics of semigroups
G in G or Gy;s are given in [22, 23, 24, 13, 20]. Thus we are very interested in the new phenomena
on Gg;s. It is very natural to ask “what happens for a G € G4;; and the associated random
dynamics?” “How can we classify the elements G in Gy;; in terms of the dynamics of
G and the associated random dynamics?”

For a polynomial semigroup G with co € F(G), we denote by Fu(G) the connected component
of F(G) containing oo. Note that if G is generated by a compact subset of P, then co € F(G). For
a polynomial g € P, we set Fiis(9) := Foo ((9))-

For a non-empty subset A of C and a point z € C, we set d(z,A) := inf,eca d(z,a), where
d is the spherical distance. For a non-empty subset A of C and a positive number r, we set
B(A,r) :={z € C|d(z, A) < r}. For a non-empty subset A of C, we set do(z, A) := infaca |z —al.
For a non-empty subset A of C and a positive number 7, we set D(A,7) := {z € C | de(2, A) < r}.

For a metric space X, let 01 (X)) be the space of all Borel probability measures on X endowed
with the topology induced by the weak convergence (thus p1,, — g in 9 (X) if and only if [ @du,, —
J @du for each bounded continuous function ¢ : X — R). Note that if X is a compact metric
space, then 91;(X) is compact and metrizable. For each 7 € 99%;(X), we denote by supp 7 the
topological support of 7. Let 9ty (X)) be the space of all Borel probability measures 7 on X such
that supp 7 is compact.

Let 7 € M1 (P). In the following, we consider the independent and identically-distributed
random dynamical system on C such that at every step we choose a polynomial map according to
the probability distribution 7 ([25]). This determines a time-discrete Markov process with time-
homogeneous transition probabilities on the phase space C such that for each z € € and each Borel



subset A of C, the transition probability p(x, A) from z to A is equal to 7({g € P | g(z) € A}).
We set I'; := supp7 and X, := (supp 7)Y. We set 7 := ®372,7. This is the unique Borel
probability measure on P such that, for each n € N, if Ay, Ao, ..., A, are Borel subsets of P, then
F(A1x Agx - x Ay xPxP---) = [[_, 7(A;). Note that supp 7 = X,. Let G be the polynomial

semigroup generated by the polynomials contained in supp 7. We set C(C) := {¢ : C = C | ¢
is continuous} endowed with the supremum norm. We define an operator M, : C(C) — C(@) by
M- (9)(2) == [p¢(g(2)) d(g). This M. is called the transition operator of the random dynamical
system associated with 7. Moreover, we denote by M* : M;(C) — M;(C) the dual of M, (thus
Jeo(2)d(Mz (1)) (2) = [o M. ()(2)du(z) for each p € My (C), € C(C)). Note that for each

z e C, M*(6.) = Jp g(z)d7(g). Hence M} can be regarded as the averaged map of elements

of supp7 with respect to 7. We denote by F,cqs(7) the set of all p € M;(C) satisfying the
following: There exists a neighborhood B of p in M;(C) such that {(M*)" : B — M;(C)}nen
is equicontinuous on B. Moreover, we set Jyeqs(T) = /\/ll(@) \ Freas(7). We remark that if
h € P and 7 = §, (the Dirac measure at h), then Jp,eqs(7) # 0. In fact, by embedding C into
M1 (C) under the map z — 6., we have J(h) C Jpeas(7). However, we will see later that for any
T € My (P) with G; € Guis, Jmeas(T) =0 (Theorem 2.4).

Let G be a rational semigroup. We say that a non-empty compact subset K of C is a minimal set
for (G, (@) if K is minimal in the space {L | L is a non-empty compact subset of C,Vg € G, g(L) C
L} with respect to inclusion. We set Min(G, C) := {K | K is a minimal set for (G, C)}. Note that
by Zorn’s lemma, Min(G,C) # 0. For any v = (71,72, --.,) € PN and any n,m € N with n > m,
we set Ypm = Yn 0+ 0Ym. Let 7 € M1 (P) and let A be a non-empty subset of C. For any z € C,
we set Ta - (2) == 7({y = (71,72, --.) € PV | d(yn.1(2), A) = 0,as n — oo}). This is nothing else
but the probability of tending to A starting with the initial value 2z € @ regarding the
random dynamics on C such that at every step we choose a polynomial according to 7. Moreover,
for a point a € C, wet set T, ,(z) 1= T(a},-(2). Note that if G C P, then {oo} is a minimal set
for (G,C). Note also that by [25, Lemma 5.27], if 7 € 9, (P) and if co € F(G,), then for each
connected component U of F(G), the function T -|¢ is constant (the constant value depends on
U). The main purpose of this paper is to show that if 7 € M .(P) satisfies that G, € Gg;s, then
under certain conditions the function 7T, , can be regarded as a complex analogue of the devil’s
staircase. The following, which was introduced by the author in [25], is the key to investigating
the dynamics of rational semigroups and the random complex dynamics.

Definition 2.1 ([25]). Let G be a rational semigroup. We set Jier(G) == [ cq g HJ(G)) and
this is called the kernel Julia set of G.

Definition 2.2 ([22]). For any connected sets K; and K5 in C, we write K7 <; K to indicate that
K, = K, or K is included in a bounded component of C\ Ky. Furthermore, K; <5 K indicates
Ky, <; Ky and K; # Ks. Moreover, Ky >, K; indicates K; <; K5, and Ko >4 K; indicates
K7 <s Ks. Note that <, is a partial order in the space of all non-empty compact connected sets
in C. This <j is called the surrounding order.

Remark 2.3. For a topological space X, we denote by Con(X) the set of all connected components
of X. Let G € Gy;s. In [22], it was shown that J(G) C C, (Con(J(G)), <y) is totally ordered, there
exists a unique maximal element Jiax = Jmax(G) € (Con(J(G)), <;), there exists a unique minimal
element Jyin = Jmin(G) € (Con(J(G)), <s), each element of Con(F(QG)) is either simply connected
or doubly connected, and the connected component F(G) of F(G) with co € Fo(G) is simply
connected. Moreover, in [22], it was shown that A # @), where A denotes the set of all doubly
connected components of F(G) (more precisely, for each J,J’ € Con(J(G)) with J <, J’, there
exists an A € A with J <, A <, J'), Uues A CC, and (A, <;) is totally ordered. Note that each
A € A is bounded and multiply connected, while for a single f € P, we have no bounded multiply
connected component of F(f).



We now present the main results of this paper.
Theorem 2.4. Let 7 € My (P). Suppose that G, € Guis. Then, all of the following 1-9 hold.

1. (Hélder Continuity) The function Ts, ; : C — [0,1] is Holder continuous on C, M, (Tno +) =
Toor and Too - (J(G;)) = [0,1].

2. For each U € Con(F(G,)), there exists a constant Cy € [0,1] such that T, -|v = Cy.

3. (Monotonicity) Let A := {U € Con(F(G,)) | U is doubly connected}.

(a) If A1, As € A and Ay <s Aa, then Cy, < Ca,. In particular, all elements of {Cy | A €
A} are mutually distinct.

(b) If Ji,Js € Con(J(G)) and Jy <, J2, then sup,c j, Too +(2) < inf.cy, Too r(2).

4. For each A S A; Too,T|[((GT) =0< CA <l= CFoo(GT)'

5. Let Q be an open subset of C. If QN (UAGA 8AU8(FOO(GT))U8(IA((GT))) # 0, then

Too,r|Q is not constant.
6. We have that Jyer(Gr) =0 and Freqs(T) = /\/ll(@)

7. tMin(G, (@) = 2. More precisely, {oco} is a minimal set for (G, (C), and there exists a unique
minimal set L, for (G,,C) such that L, C K(G,).

8. For each =z € C, there exists a Borel subset A, of PN with 7(A,) = 1 such that for each
v=m,7,...,) € A, (a) either v,1(2) = 00 or d(yn,1,L:) = 0 as n — oo, and (b) there
exists a number 6 = §(z,y) > 0 such that diam(vn,1(B(2,9))) = 0 as n — oo.

9. There exists a unique M*-invariant Borel probability measure ji, on [A((GT) which satisfies
the following (x).

(%) For each ¢ € Q((C), MM (@)(2) = Too r(2) - 0(00) + (1 = Too 7 (%)) - (f@ ©dus) (n— o0)
uniformly on C.

Thus (M*)™(v) — (fC Too,r AV)-6oo+ (IC(l —Tor) dv)-pr (n — 00) uniformly on Ml(@)
Also, supp ur = L,. Moreover, the M -invariant subspace of C(C) 1is two-dimensional and
it is spanned by the constant function and Tw, .. Moreover, the set of ergodic components of

M -invariant elements in M1 (C) is equal to {Joo, pir }-

Remark 2.5. Let f € P. Then Jie:((f)) = J(f) # 0, Too,5,(C) = {0,1} and T, 5, is not
continuous at any point of J(f). Moreover, regarding the dynamics of f : J(f) — J(f), we have
chaos in the sense of Devaney ([1, 4]). Thus Theorem 2.4 describes new phenomena which cannot
hold in the usual iteration dynamics of a single polynomial. For a 7 € M .(P) with G, € Gyis,
we sometimes call the function T , a “devil’s coliseum”, especially when int(.JJ(G,)) = 0. This
terminology and the study were introduced by the author of this paper in [25]. For the graph of
Two,~ and the graphics of J(G;), see figures in [25]. Statement 5 means that T, ; can detect many
parts of J(G;). Thus, by obtaining results about the dynamics of polynomial semigroups, one
can correspondingly apply such results to the setting of random complex dynamics. Conversely,
studying the level sets of T -, we can get much information about J(G). In other words, in order
to investigate the dynamics of polynomial semigroups, it is very effective to study the associated
random complex dynamics and then apply the results to the original polynomial semigroups. In
the proof (section 4) of Theorem 2.4, we combine some results (geometric observations) on the



dynamics of a G € Gy;s from [22] and some results on random complex dynamics from [25]. It is
critical to know whether or not Jye;(G,) = . This condition implies that the chaos of the averaged
system disappears in the C° sense due to the cooperation of many kinds of maps in the system even
though each map has a chaotic part. For the details of the study of random dynamics generated
by 7 € My o(P) with Jxer (G) = 0, see [25, 27]. In [25, 27|, it is shown that regarding the random
dynamics of complex polynomials, for a generic 7 € M .(P), we have that Jie(G,) = 0, the chaos
of the averaged system disappears in the C° sense due to the automatic cooperation of many kinds
of maps in the system (cooperation principle), and T, ; is Hélder continuous on C. We remark
that many physicists have observed by numerical experiments that if we add uniform noise to a
chaotic map on R, there are many cases in which the chaos of the averaged system disappears.
This phenomenon in random dynamics on R is called the “noise-induced order” ([11]).

We are interested in the pointwise Holder exponents and (non-)differentiability of T, - at points
in J(G;). In order to state the result, we need several definitions.

Definition 2.6. Let I' be a non-empty compact subset of P. We endow I'N x C with the product
topology. Thus this is a compact metrizable space. We define a map f : I'N x C -5 IV x C as
follows: For a point (v,y) € I'N x C where v = (y1,72, . ..), we set f(v,y) := (o(), 0! (y)), where
o : N — I'NV is the shift map, that is, o(v1,72,...) = (72,73, ...). The map f : I'N x C—>1TVxC
is called the skew product associated with the generator system I'. Moreover, we use the
following notations. Let m : I'N x C — I'N and e I'N x C — C be the canonical projections.
For each v € TN and n € N, we set 7 := f"|-1{4}) : 7' ({}) = 7' ({o™(7)}). Moreover, we
set fyn = Yn 0 ---07. We denote by F, the set of points z € C satisfying that there exists a
neighborhood U of z such that {f,., : U — C}22, is equicontinuous on U. We set .J., := C\ FE,.
The set F, is called the Fatou set of v, and J, is called the Julia set of . For each v € 'Y, we
set J7 := {7} x J, (C TN x C). Moreover, we set J(f) := U, ern J7, where the closure is taken
in the product space TN x C. Furthermore, we set F(f) := (I x C) \ J(f). For each v € 'V, we
set JUT = n Y ({y) N J(f), EYT = Y ({y) \ I, J,p = WC(JA'Y’F), and F,r = C\ J,r.
Note that J, C JA7 r. For any point z € C, we denote by TC. the complex tangent space of C at
z. For any holomorphlc map ¢ defined on a domain V' and for any point z € V, we denote by
Dy, : TC, — TC o(») the derivative map at z. For each z = (v,y) € I'' x C, weset Df, := (Dm1)y-
Let U be a domain in C and let g:U— C be a meromorphic function. For each z € U, we denote
by ||Dg.||s the norm of the derivative of g at z with respect to the spherical metric.

Remark 2.7. Under the above notation, let G = (I'). Then W@(j(f)) CJ(@ andmof=0com
on I'N x C. Furthermore, for each v € I'V, 1(J5) = Jo(y)s ’yfl(Jc,(.y)) = Jy, 71(J r) = Ag(,y)yp,

W Jor) = Jor, FU() = J(f) = F7HI), and F(E(f)) = E(f) = f7F(f) (see 17,
Lemma 2.4]). We remark that in general, J,, G J, r ([19, Example 1.7]).

Definition 2.8. Let m € N. We set Wy, := {(p1,...,pm) € (0,1)™ | 3271, p; = 1}. Let
h = (hi,...,hm) € P™ be an element such that hi,...,h, are mutually distinct. We set
I = {hi,...,hm} Let f : TN x C — I'N x C be the skew product associated with I'. Let
€ My (I x (@) be an f-invariant Borel probability measure. For each p = (p1,...,0m) € Wi,
we define a function p: TN x C = R by p(v,y) :==pj if y1 = h; (where v = (y1,72,...)), and we

set ~
—(Jrnxelogp(z) dp(z))
Jrvselog IDf:ls dp(z)
(when the integral in the denominator is positive and finite). For each v € PN, we set Ao, :=

{z € C|ymi(z) = 0 (n = o0)} and K, := {z € C | {74.1(2)}nen is bounded in C}. For any
(v,y) € TN x C, let G(y) := lim,e0 mlogjL [Vn.1(y)|, where log™ a := max{loga,0} for

u(h, p, pt) :==



each a > 0. By the arguments in [12], for each v € T, G,(y) exists, G, is subharmonic on C,
and G|a,, , is equal to the Green’s function on A, , with pole at co. Moreover, (7,y) = G, (y)
is continuous on I'N x C. Let f~y = dd°G., where d¢ := i(é — 0). Note that by the argument
in [10], p is a Borel probability measure on J, such that supppu, = J,. Let f : N xC —
I'N x C be the skew product map associated with I'. Moreover, let p = (p1,...,pm) € Wi, and
let 7 = Zy;l p;0n,; € Mi(T). Then, there exists a unique f-invariant ergodic Borel probability
measure 1 on TN x C such that 7, (u) = 7 and h,(f|o) = MAX ¢ 6| (5% E): f. (p)=prrra (p)=F hy(flo) =
Z;”:l pjlog(deg(h;)), where h,(f|o) denotes the relative metric entropy of (f,p) with respect to
(0,7), and €;(-) denotes the space of ergodic measures (see [16]). This p is called the maximal
relative entropy measure for f with respect to (o, 7). Note that in [25, Lemma 5.51] it was shown
that for each continuous function ¢ : TN x C — R, [ (v, y)du(v,y) = [d7 () [ o(v,y)dp, (y).
Thus (7 )« (1) = fpw #yd7 (7).

Definition 2.9. Let V be a non-empty open subset of C. Let ¢ : V' — C be a function and let
y € V be a point. Suppose that ¢ is bounded around y. Then we set

Hol(p, y) := sup{B € [0,00) | limsup,_,, ., % < o0} € [0,00]. This is called the point-
wise Holder exponent of ¢ at y.

Remark 2.10. If Ho6l(p,y) < 1, then ¢ is non-differentiable at y. If Hol(p,y) > 1, then ¢ is
differentiable at y and the derivative at y is equal to 0. See also [27, Remark 3.39].

We now present the results on the pointwise Holder exponents and (non-)differentiability of
Two,» at points in J(G,).

Theorem 2.11 (Non-differentiability of T, , at points in J(G;)). Let m € N with m > 2.
Let h = (h1,...,hym) € P™ such that hy,. .., hy, are mutually distinct and let T = {hy, ha, ..., hm}.
Let G = (hy,...,hy). Let p= (p1,.-.,pm) € Wi Let f: TN x C — TN x C be the skew product
associated with T'. Let T := 377" p;on; € My (L) C My (P). Let p € My (IN x C) be the mazimal
relative entropy measure for f: TN x C — TN x C with respect to (0, 7). Let A = (me)w () € 9y (©).
Suppose that G € G and h; *(J(G)) N hj_l(J(G)) = 0 for each (i,7) with i # j. Then, we have all
of the following.

1. G; = G € Gais, Jxer(G) = 0, and all statements in Theorem 2.4 hold for 7. Moreover,
J(G) = {z € C| for any neighborhood U of z,Te +|u is not constant} and int(J(G)) = 0.
Furthermore, supp A = J(G) and for each z € J(G), A({z}) = 0.

2. There exists a Borel subset A of J(G) with A(A) = 1 such that for each zp € A,

— (32711 pjlogp;)

Hol(Te r, 20) < u(h, p, 1) = S p;log deg(h;)
j=14+7 ’

<1

3. We have that

>io1 pjlogdeg(h;) — 3200 pjlogp; N
>oity pjlogdeg(hy) ’

where dimy denotes the Hausdorff dimension with respect to the Fuclidian distance on C.

dimy ({z € J(G) | Hol(Two,r, 2) < u(h,p, p)}) >

4. For each non-empty open subset U of J(G) there exists an uncountable dense subset Ay of
U such that for each z € Ay, T, is non-differentiable at z.



In [25, Theorem 3.82], it is assumed that G is hyperbolic, i.e., P(G) C F(G). However, in
Theorem 2.11, we do not assume hyperbolicity of G. Note that there are many examples of
(non-hyperbolic) G = (hi,...,hm) € Gais for which {h; '(J(G))}™, are mutually disjoint (see
Theorem 2.12; Propositions 5.2, 5.3, Examples 5.4, 5.6, 5.7, Remark 5.5).

We present a result on 2-generator semigroup G = (hi, ha) € Gg;s and the associated random
dynamics generated by 7 = 23:1 p;on,; where (p1,p2) € Wh.

Theorem 2.12. Let G = (h1,ha) € Guis. Let (p1,p2) € Wa and let 7 = Z?lejéhj. Let T' =
{h1,ha}. Then, we have all of the following.

1. 7N (J(G)) N hy Y (J(G)) = 0. For ((hi,ha), (p1,p2)), all statements 14 in Theorem 2.11
hold. For eachy €N, J, = J, = M=y R ~’yj71(J(G)). The map vy — J is continuous

on I'N with respect to the Hausdorff metric in the space of all non-empty compact sets in C.

2. For each J € Con(J(Q)), there exists a unique v € TN with J = J,. Con(J(Q)) = {J, | v €
I'NY. The map v — J., is a bijection between T and Con(J(G)). In particular, there exist
uncountably many connected components of J(G).

3. There exist infinitely many doubly connected components of F(G).
4. For each J € Con(J(G)), Too,r|s is constant.

5. Let Ji,Js € Con(J(G)) with Ji # Jo. Suppose Too 7|1, = Too,r|s,. Then there exists a doubly
connected component A of F(G) such that 0A C Jy U Js.

6. Either J(h1) <s J(h2) or J(hg) <s J(h1). Without loss of generality, we may assume that
J(h1) <s J(ha). Then Jnin(G) = J(h1) and Jnmax(G) = J(ha). Moreover, the map ¢ :
w = (wi,wa,...) € {1,2M = Jy ) € Con(J(G)), where y(w) = (huy, ha,y,...) € TV, is
a bijection such that w' <; w? implies ((w') <5 ((w?), where <; denotes the lexicographic
order in {1,2}N, d.e., (i1,... 00, 1,...) <t (i1, v yin,2,...).

7. Suppose J(h1) < J(ha). Then T ({0}) = K(h1) and Ty' ({1}) = Fx(ha). Moreover, for
each t € (0,1), exactly one of the following (a) and (b) holds.

(a) There exists a unique w € {1,2}" such that T' ({t}) = Jy(w). Moreover, f{n € N |
wy, = 1} = #{n € N | w, = 2} = oo. Moreover, there exists exactly one bounded
component By, of Fy (). Furthermore, 0By, = 0A (w) = Jy(w)-

(b) There exist two elements p, i € {1,2} such that p <; p, Jy(p) <s Jy(uy, and T ({t}) =
K. \ int(Ky (). Moreover, either (i) p = (1,2,2,2,...) and p = (2,1,1,1,...),
or (ii) there exists a finite word (i1,...,in) € {1,2}" for some n € N such that
p = (i1,..,in,1,2,2,2,...) and p = (i1,...,in,2,1,1,1,...). Moreover, there exists
a doubly connected component A of F(G) such that 0A C Jy ) U Jy. Furthermore,
Jy(p) 18 a quasicircle.

Remark 2.13. We remark that in general, v € I'N — .J, is not continuous ([19, Example 1.7]).
Under the assumptions of Theorem 2.12, for the studies of {.J,},crn, see [23, 24]. In [23], under
the assumptions of Theorem 2.12 and assuming that hq (with J(hq) <s J(h2)) is hyperbolic and
P*({hz2)) C int(K(h1)) (which implies G is hyperbolic, i.e., P(G) C F(G), see [22, Theorem 2.36]),
a classification of the fiberwise Julia sets J, was given. In particular, it was shown that under the
assumptions of Theorem 2.12, if the above h; is hyperbolic, P*({hs)) C int(K(hy)) and J(hy) is
not a Jordan curve, then for any v = (v1,72,...) € ['N satisfying that (a) ${n € N | v, # h1} =
and (b) there exists a strictly increasing sequence {ny}%>, in N such that o™ () — (h1, h1, h1,...)
as k — oo, the Julia set J, of v satisfies that (I) J, is a Jordan curve but not a quasicircle, (II)



the unbounded component A ~ of ¢ \ J is a John domain, and (ITI) the bounded component of
C \ J is not a John domain. Note that the above phenomenon is a new one which cannot hold in
the usual iteration dynamics of a single polynomial.

Remark 2.14. Under the assumption of Theorem 2.12, suppose that hy and he with J(h1) <
J(hs) are real polynomials. Then for each v € I'N, J, is symmetric with respect to the real axis,
and T , is symmetric with respect to the real axis. If, in addition to the above assumption, hq
is hyperbolic, P*({h2)) C int(K(h1)) and 7(a) in Theorem 2.12 holds, then by [23, 24], J,(y) is a
Jordan curve and §(.J, () NR) = 2. For the figure of the Julia set of (h1,h2) € Gais and the graph
of Too -, see [25].

We now present some results on 3-generator semigroups in Gg;s and the associated random
dynamics.

Theorem 2.15. Let G = (hi,ha,h3) € Gais. For each i = 1,2,3, let J; € Con(J(G)) with
J(h;) C J;. Suppose without loss of generality (since (Con(J(G)),<s) is totally ordered), that

J1 <s Jo <s J3. Then, we have exactly one of the following (1),(2),(3).

(1) {h;7 YN J(G)Yic12.3 are mutually disjoint, Juin(G) = J(h1), Jmax(G) = J(h3), K(G) =
K(hy) and Fo(G) = Fso(hs3).

(2) hjl(J(G)) N (Uizas hi {(J(@) = 0, hy'(J(G) N hz ' (J(G)) # 0, Jwin(G) = J(ha) and
K(G) = K(h).

(3) hi ' (J(@) N (Uizr o hi H(J(@))) = 0, b (J(G) Nhy ' (J(G)) # 0, Jmax(G) = J(h3) and
Fo(G) = Fuo(h3).

Moreover we have the following. (a) If Ji = Ja, then (3) holds. (b) If Jo = Js, then (2) holds. (c)
If hy ' (J(G) N (Ui 5 i (J(G))) =0, then (1) holds and Jy <s Jo <s J3.

Corollary 2.16. Let G = (hy, ha, h3) € Guis. Then there exist infinitely many connected compo-
nents of J(G) and there exist infinitely many doubly connected components of F(G). More pre-
cisely, there exists an i € {1,2,3} such that (1) h;*(J(G))N (Uj.joei h;l(J(G))) =0, (2) either
J(hi) = Jmax(G) or J(h;) = Jmin(G), and (3) there exists a sequence {Jp tnen of mutually different
elements in Con(J(G)) and a sequence { Ay }nen of mutually different doubly connected components
of F(G) such that J, — J(h;) and A, — J(h;) as n — oo with respect to the Hausdorff metric.

Remark 2.17. Let G = (hy, ha, h3) € Gais, (p1,02,p3) € W3 and 7 = Zle piOn,. Then, by The-
orem 2.4 and Corollary 2.16, the continuous function T » can detect the boundaries of infinitely
many doubly connected components of F(G). Moreover, it can detect either Jyax(G) or Jmin(G).
There are many examples of each of (1), (2), and (3) of Theorem 2.15 ([22]).

Remark 2.18. In [22], it was shown that there exists a 3-generator semigroup G = (hq, he, hs) €
Gais such that §Con(J(G)) = Ro. In [22], it was also shown that for each n € N with n > 2, there
exists a 2n-generator semigroup G = (hy,..., ha,) € Ggis with §Con(J(G)) = n. By developing
the idea in [22], it was shown in [13] that for each n € N with n > 2, there exists a 4-generator
semigroup G = (hy,...,hy) € Gy;s with §Con(J(G)) = n. Note that in [20], the author of this
paper constructed a new cohomology theory for “backward self-similar systems” (backward IFSs),
and by using it, for a finitely generated semigroup G = (hy,...,h,) € G, we can investigate the
cardinality of Con(J(G)) and Con(F(G)). More precisely, we investigate the cohomology groups
of the nerve Ny of {(hi, -+ hi ) H(J(@)) | (i1,...,ix) € {1,...,m}*} for each k € N and their
direct limits as k — co. In the proofs (section 4) of Theorems 2.12 and 2.15, we use some results
(geometric observations on the nerves Ny and their inverse limit, e.g. Con(J(G)) %Con(@%C INkl))
from [20] and some results on the dynamics of G € Gy;s from [22].
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Remark 2.19. Let 7 € M;(P). Suppose G, € Ggs and §Con(J(G)) < Ng. Then, by Theo-
rem 2.4-1, Ts, , : C — [0,1] is continuous and Ts, ,(J(G5)) = [0,1]. Thus there exists an element
J € Con(J(G;)) such that T ,|; is not constant. This illustrates the difference between 2-
generator semigroups in Gy;s (see Theorem 2.12) and m-generator semigroups (m > 3) in Gy (see
Remark 2.18).

3 Background and tools

In this section, we give the known results and tools to prove the main results.

(T) We first explain the known results on general polynomial semigroups. Let G be a polynomial
semigroup in P. Then F(G) is an open subset of (@, J(@G) is a compact subset of @, and for each
g€ G, g(F(Q)) C F(G) and g~ (J(GQ)) C J(G). If H is a subsemigroup of G, then F(G) C F(H)
and J(H) C J(G). We set E(G) := {z € C | G~ ({z}) < oo}. Then $E(G) < 2 and for each
ze C\ B(Q), J(G) ¢ G-1({z}). In particular, for each z € J(G) \ E(G), J(G) = G-1({z}). The
Julia set J(G) is a perfect set. The Julia set J(G) is the unique minimal element in the space of
all compact subsets K of C with #K > 3 for which g~!(K) C K for each g € G. The Julia set
J(@) is equal to the closure of the set of repelling fixed points of elements of G. In particular,
J(G) = UQGGJ( ). For the proofs of these results, see [9]. Moreover, if G = (hy,...,hy), then
J(G) = UjL by L(J(@)) (see [14, Lemma 1.1.4]). Moreover, it is easy to see that if G is generated
by a compact subset of P, then 0o € F(G).

(IT) We next explain the known results on the random dynamics of polynomials obtained in
[25]. Let 7 € My (P). Suppose Jier(G-) = 0. Then there exists a non-empty finite dimensional
subspace U, of C(C) with M, (U,) = U, and a bounded operator 7, : C(C) — U, such that for
each ¢ € C(C), M (¢ — m-(¢)) = 0 in C(C) as n — oo. Moreover, Fipeqs(1) = 9% (C). Moreover,
there exist at least one and at most finitely many minimal sets of G.. Moreover, for each minimal
set L of G, the function Ty, ; :C — [0,1] of probability of tendlng to L is continuous on C and
locally constant on F(G). In particular, the function T, : C — [0,1] is continuous on C and
locally constant on F'(G,). Moreover, denoting by S, the union of all minimal sets of G, we have
that for each z € C, there exists a Borel subset A, of PN with 7(A,) = 1 such that for each v € A.,
d(Yn1(2),S:) = 0 as n — oo. For the proofs of these results, see [25, Theorem 3.15].

In the proofs of the main results of this paper, we combine the above results in (I)(II) and
some new careful observations on the dynamics of G € G4;s and associated random dynamics.

4 Proofs of the main results

4.1 Proof of Theorem 2.4
In this subsection, we prove Theorem 2.4. We need several lemmas.

Lemma 4.1. Let G € Gajs (possibly generated by a non-compact subset of P). Then, oo € F(G),
int(K(G)) # 0, Fso(G) Uint(K(G)) C F(G), and for each z € C, there exists an element g € G
with g(z) € Fso (G) Uint(K(G)) C F(G). In particular, Jxe:(G) = 0.

Proof. By [22, Theorem 2.20-1,5], oo € F(G) and int(K C(G)) # (. Moreover, by [22, Proposition
2.19], int(K(G)) C F(G). Let z € C be a point. We consider the following three cases: Case 1:
2 ¢ K(G). Case 2: z € int(K(Q)). Case 3: z € d(K(G)). If we have Case 1, then there exists an
element g € G with g(z) € F5(G). If we have Case 2, then each element h € G satisfies h(z) €
int(K(G)). Suppose we have Case 3. Then, by [22, Theorem 2.20-2], z € d(K(G)) C Jmin(G). By
[22, Theorem 2.1], there exists an element g € G with J(g) N Jmin(G) = 0. By [22, Theorem 2.20-
5(b)], ¢(Jmin(G)) C int(K(G)). Thus g(z) € int(K(G)). Therefore, we obtain that for each z € C,
there exists an element g € G with g(z) € Fao(G) Uint(K(G)) C F(G). Thus, Jie:(G) = 0. O
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Lemma 4.2. Under the assumptions of Theorem 2.4, statements 1, 2, 6— 9 in Theorem 2.4 hold.
Proof. By Lemma 4.1 and [25, Theorem 3.14], we obtain that Jyer(Gr) = 0 and Fieas(T) =

9, (C). Thus statement 6 holds. By [25, Lemmas 5.24, 5.27, Theorem 3.31] and [27, Theorem 1.9],
statements 2 and 1 in Theorem 2.4 hold.

We now prove statements 7 and 8 in Theorem 2.4. By [22, Theorem 2.1], there exists an
element g € supp 7 with J(g) N Jmin(G-) = 0. By [22, Theorem 2.20-4,5], int(K (g)) is connected
and there exists an attracting fixed point z, of g in int(K (G,)) such that int(K (g)) is the immediate
attracting basin of z, for the dynamics of g and K(G,) C int(K(g)). Since G, (K(G,)) C K(G,),
Zorn’s lemma implies that there exists a minimal set Lg for (G, C) with Ly ¢ K(G,). Considering
the dynamics of g in K(G,), we see that there exists a unique minimal set L, for (G,,C) with
L. C K(G,). Therefore Min(G,,C) = {{oc}, L,}. Thus statement 7 holds. Statement 8 follows
from statements 6, 7 and [25, Theorem 3.15-5,15].

We now prove statement 9. We again use the element g in the previous paragraph. Since
"L, — zg as n — 00, [25, Theorem 3.15-12] implies that the number ry,_ in [25, Theorem 3.15-8]
is equal to 1. By [25, Theorem 3.15-1,2,9,13,15], it follows that there exist two continuous linear

functionals p1, p2 : C(C) — C such that for each ¢ € C(C),
M) = p1(9) - Too s + pa() - T, » in C(C) as n — oo,

and such that suppp; = {oo} and suppps = L,. From this, it is easy to see that p; = s
and ps is a Borel probability measure on C. Moreover, by [25, Theorem 3.15-15], we obtain that
Toor(2) +TL, +(2) = 1 for each z € C. From these arguments, statement 9 holds. O

Lemma 4.3. Let 7 € M (P). Suppose that co € F(G,). Let U be a multiply connected component
of F(G;). Let B be a bounded component of C\U. Lety € B and let z € U. Then, for any v € X,
with yp1(y) — 00 as n — 0o, we have v, 1(z) = 00 as n — oco. In particular, Too +(y) < Too,+(2).

Proof. Suppose that v, 1(y) — oo as n — co. Let ¢ be a Jordan curve (i.e. simple closed curve)
in U such that y belongs to the bounded component of C \ ¢. By the maximum principle, [25,
Lemma 5.24] and forward invariance of F(G;) under any element of G, we obtain that -y, 1 — oo
as n — oo on (. Hence, v,,1(2) = 00 as n — oo. O

Proposition 4.4. Let 7 € M1 (P). Let U be a multiply connected component of F(G). Let C' be
the boundary of a bounded component of C\ U. Let V' be an open subset of C such that VN C # (.
Then, we have the following.

1. If oo € F(G;) and int(K(G;)) # 0, then Too +|v is not constant.
2. If supp T is compact, fsupp T < N and K(GT) # 0, then Two +|v is not constant.

Proof. We may assume that V does not meet the unbounded component of C \ U. We first prove
statement 1. Suppose that oo € F(G,) and int(K(G,)) # 0. Let y € VNC. Let ¢ be a Jordan curve
in U such that y belongs to the bounded component A of C\ ¢. Since C' C J(G,), |9, Corollary
3.1] implies that there exists a g € G, such that J(g) NV N A # (. Then, ¢ C Fy(g). For, if
¢ C intK(g), then the maximum principle implies that A C F'(g), which is a contradiction. Hence,
¢ C Fso(g). Therefore, g™ — oo as n — oo on U. Since J(g) NV N A # § and int(K(G,)) # 0,
there exists a point 41 € V N A and an | € N such that g!(y1) € int(K(G,)). Let y, € UNV be
a point. We may assume that ¢'(ys) € Fuo(G;). Let {v; 7, be a finite sequence of elements of

I'; such that g! = 4,, 0 --- 07;. Then, there exists a neighborhood W' of (Y15 -++yYm) in '™ such
that for each o = (a1,...,0m) € W, -+ a1(y1) € it(K(G;)) and -+ a1(y2) € Foo(Gr).
We set Z := {p = (p1,p2,--.) € X+ | (p1,---,pm) € W}. Then, for each w = (w1,ws,...) € Z,

{wr1(y1) }ren is bounded in C and w;1(y2) — oo as r — oo. Hence, y; belongs to a bounded
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component B of C\ U. By Lemma 4.3, {p € X, | pn,1(y1) = o0} C {p € X; | pn1(y2) — oo}
From these arguments, it follows that Too (y1) +7(Z) < Teo,r(y2). Since 7(Z) > 0, we obtain that
Too,r (Y1) < Too,r(y2). Therefore, Too |y is not constant. Thus, we have proved statement 1.

We now prove statement 2. Let ( be a Jordan curve in U such that y belongs to the bounded
component A of C\ . We now show the following claim 1:

Claim 1: There exist a g € G, an I € N, and a point y; € V' N A such that J(g) NV N A # () and
gl(yl) € K(GT) R

In order to show claim 1, we consider the following two cases. Case 1. §K(G,) > 2. Case 2.
(K(Gy) = 1.

Suppose that we have case 1. By [9, Corollary 3.1], there exists a g € G such that J(g)NVNA #
(. Since ﬂf((GT) > 2 and U,eng™(V N A) C C, Montel’s theorem implies that there exists an | € N
and a point y; € V N A such that ¢'(y1) € K(G,). Hence, the statement of claim 1 holds when we
have case 1.

Suppose that we have case 2. Let zy € C be such that K(G,) = {z}. By [25, Lemma 5.28],
h(z0) = 2o for each h € T'; and 29 € J(G,). Since I'; is compact, there exists an element $; € T';
such that zg € E(B1), where E(1) denotes the exceptional set of 5;. Moreover, [9, Corollary 3.1]
implies that there exists an element 82 € G, such that J(32) NV N A # (). By [19, Proposition 2.2
(3)], there exists a p € N such that J(3185) NV N A # (. Let g := $185. Since h(zp) = zo for each
h € G, and 2y € E(51), we obtain that zg ¢ E(g). Therefore, there exist an | € N and a point
y1 € VN A such that ¢'(y;) = 20 € K(G,). Thus, we have shown claim 1.

Let (g,1,y1) be as in claim 1. Let yo € UNV be a point. Since J(g)NV N A # (), the maximum
principle implies that g" — 0o as n — oo on U. Hence, we may assume that g'(y2) € Foo(G).
Therefore g'(y1) € K(G,), ¢'(32) € Fso(G,) and y; belongs to a bounded component B of C \ U.
Combining this with the method in the proof of statement 1, we obtain that Teo (Y1) < Too, - (y2).
Therefore, Too - |v is not constant. Thus, we have proved statement 2. O

Corollary 4.5. Let 7 € 9y (P). Suppose that K(GT) # 0 and Jyer (G,) = 0. Let U be a multiply
connected component of F(G;). Let C be the boundary of a bounded component of C\ U. Let V be

an open subset of(f: such that VN C # 0. Then, Tw, r : C— [0,1] 4s continuous and Too +|v is not
constant.

Proof. Since supp 7 is compact, we have co € F(G,). By [25, Theorem 3.31], intK(G,) # 0.
By Proposition 4.4, it follows that T .|y is not constant. Moreover, by [25, Theorem 3.22],

Tror : € = [0,1] is continuous. O

Lemma 4.6. Let I' be a subset of P and let G = (T'). Suppose G € Guis. Then for each v € TV,
K., is a connected compact subset C, A - is a simply connected domain, and K, U Ay 4 = C.

Proof. Since G € Gg;s, by [22, Theorem 2.20] we have co € F(G). For each r > 0, we denote by
By, (00, 1) the ball with center co and radius r with respect to the hyperbolic distance on Fo (G).
Then g(Bp(co,r)) C Bp(oo,r) for each g € G. Let 7 > 0 be small enough such that Bp(oco,r) is
simply connected. Let B := By, (co,7). By [25, Lemma 5.24], for each a € TV, v, 1 — oo uniformly
on B as n — oo. Therefore for each v € I'N, K, UAx~ = C and As,~ is an open neighborhood
of co. By the maximum principle, A, - is connected. Moreover, A » = US2, (Y,,1) " (B). Since
G € G, each 'y;_’ll (B) is a simply connected domain. Thus A 4 is the union of increasing simply
connected domains 'y;j (B). Therefore A , is simply connected. Thus K, is connected. O

Lemma 4.7. Let 7 € M1 (P). Suppose G, € Guis. Let A be a doubly connected component of
F(G;). Let y; € A and let yo be a point in the unbounded component of C\ A. Then, we have the
following.

1. For any v € X, with yp1(y1) — 00 as n — 00, we have v,1(y2) — 00 as n — oo. In
particular, Too (Y1) < Too,r (Y2)-
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2. In addition to the assumptions of our lemma, suppose yo € F(G.). Let U be the con-
nected component of F(G,) containing ys. Suppose that either U is doubly connected or
U=Fs(G;). Then Too (Y1) < Too,r(Y2)-

Proof. We first prove statement 1. Since G~ € Ggjs, by [22, Theorem 2.20] we have co € F'(G). Let
v € X, and suppose ¥,,1(y1) — 00 as n — co. By [25, Lemma 5.24], 7,1 — oo locally uniformly
on A as n — oc. Therefore K., ¢ C\ A. Thus dK(G,) C K, C C\ A. By [22, Theorem 2.20-2],
GK(GT) C Jmin(Gr). Since Jiin(G7) is included in the bounded component of C\ A4, and since K,
is connected (see Lemma 4.6), it follows that K., is included in the bounded component of C \ A.
Therefore 7y, 1(y2) — 00 as n — co. Thus we have proved statement 1.

We now prove statement 2. We prove the following claim:

Claim: There exists a map g € G, such that g(y;) € int(K(G,)) and g(y2) € Fao(G5).

To prove this claim, let B; and Bs be the two connected components of 9A. We may assume
By <s Bi. For each i = 1,2, let B, € Con(J(G,)) with B; C B]. Then B} <, Bj. Therefore
Jmin(Gr) <s B} <, Bj. Let D be a bounded, doubly connected, and open neighborhood of Bj
such that Juin(G,) U {31} <s D and y, belongs to the unbounded component of C \ D. By [22,
Lemma 4.2], there exists an element h € G with J(h) C D. Then J(h) N Jmin(G-) = 0. Moreover,
y2 € Foo(h). By [22, Theorem 2.20-4,5], int(K (h)) is connected and is an immediate basin of an
attracting fixed point zj, of h, and z, € int(K(G,)). Since K (G;) C Jmin(Gr) (|22, Theorem
2.20-2]), {zn} <s Jmin(Gr) <s D. Since 2, belongs to the bounded component of C\ J(h), it
follows that y; belongs to the bounded component of C\ J(h). Therefore, there exists an n € N
such that 2" (y1) € int(K(G,)) and 2™ (y3) € Fao(G). Thus, we have proved the claim.

Let g € G, be the element in the above claim. Let hy,...,h, € I'; be some elements such
that ¢ = hy, o --- o hy. Then there exists a neighborhood W of (hq,...,hy,) in I'? such that for
each w = (wi,...,wp) € W, wy - wi(y1) € int(K(Gy)) and wy, - - - w1 (y2) € Foo(G). Therefore,
for each v = (v1,72,...) € X7 with (y1,...,v,) € W, we have that {7, 1(y1)}ren is bounded
and that 7, 1(y2) — oo as r — oco. Combining it with statement 1, we get Two -(y1) + T({y €
Xr | (s vm) € W) < Toor(y2). Since 7({y € X7 | (71,---,7) € W}) > 0, we obtain
Toor(y1) < Too,+(y2). Therefore we have proved statement 2. O

Lemma 4.8. Let 7 € My (P). Suppose G € Gujis. Let Jy, Jo € Con(J(G,)) with Jy <s Jo. Then
SUp, ez, Too,r(2) < inf.cy, Too 7 (2).

Proof. By [22, Theorem 2.20-1], co € F(G,). By [22, Lemma 4.4], there exists a doubly connected
component A of F(G) with J; <, A <, J>. By Lemmas 4.3, 4.7, it follows that sup_¢ ;, Teo,r(2) <
inf,e g, Too - (2). O

Lemma 4.9. Let 7 € MMy (P) and suppose oo € F(G.). Let A € Con(F(G-)) be multiply connected
and let y1 € A. Then Too ~(y1) > 0.

Proof. Let K be a bounded component of C\ A and let B € Con(J(G;)) such that 0K C B. Let D
be a bounded neighborhood of B such that y; belongs to the unbounded component of C\ D. By
[9, Corollary 3.1], there exists an element a € G with J(a) N D # (). By the maximum principle,
A C Foo(a). Therefore, there exists an m € N such that a™(y1) € Foo(G-). Let hy,..., h, € T, be
some elements such that @™ = hy 0---ohy. Then there exists a neighborhood W of (hy,...,h,) in
I'? such that for each w = (w1,...,wn) € W, wy -+ w1(y1) € Foo(G7). Therefore, for each v € X,
with (y1,...,7) € W, %1(y1) = o0 as 7 — oo. Thus Teo - (y1) > T{v € X7 | (71,---,7m) €
W}) > 0. O

Corollary 4.10. Let 7 € M (P) and suppose G, € Gais. Let A € Con(F(G)) be doubly connected.
Let y; € A. Then Teo +(y1) > 0.

Proof. By Lemma 4.9 and [22, Theorem 2.20-1], the statement of our lemma holds. O
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Lemma 4.11. Let 7 € My (P). Suppose G, € Gais. Let A € Con(F (G, )) be doubly connected. Let
Q be an open subset of C with Q NIA # 0. Then T |q is not constant.

Proof. Let By and Bs be the two connected components of A. Let By <, By. If QN By # (), then
by Lemma 4.4-1 and [22, Theorem 2.20-1,5], T -|g is not constant. Therefore we may assume
Q N By # (. We may also assume that @ is a disk and Q N By = . Since Q N J(G,) # 0, by
[9, Corollary 3.1] there exists an element g € G, such that J(g) N Q # 0. Since Juin(G,) <s Ba,
J(9)NJmin(G+) = 0. By [22, Theorem 2.20-4,5], it follows that .J(g) is a quasicircle and there exists
an attracting fixed point z, € int(f((GT)) of g. By [22, Theorem 2.20-2], af((GT) C Jmin(Gr) <s
By <4 A. Therefore {z,} <5 A. Since J(g) N A = 0, it follows that A C intK(g). Let y1 € A
be a point. From the above arguments, we obtain that there exists a number n; € N such that
for each n € N with n > ny, ¢"(y1) € int(K(G,)). Moreover, since J(g) N Q # 0, there exists a
point ¥ € @ and a number ny € N such that for each n € N with n > na, ¢"(y2) € Fo(G,). Let
m := max{ni,n2}. Let aq,...,q, € I'; be some elements such that ¢™ = a, 0---0ay. Let W
be a neighborhood of (a4, ...q,) in I'2 such that for each w = (wy,...,wp) € W, wy---wi(y1) €
int(K(G,)) and wy---wi(y2) € Fao(Gy). Therefore, for each v € X, with (y1,...,7,) € W,
{7r1(y1)}ren is bounded and 7, 1(y2) — 00 as n — co. Combining this with Lemma 4.7-1, we see
that Too 7 (Y1) < Toor (1) + T({v € X7 | (71, --,) € W}) < T +(y2). Therefore, To -|¢ is not
constant. Thus, we have proved our lemma. O

Lemma 4.12. Let 7 € 9 (P). Suppose int(K(G)) # 0. Then we have the following.
1 int(TZ! ({1}) € F(Gy).

2. If, in addition to the assumption of our lemma, oo € F(G.), then for each open subset Q of
C with QN OFx(G;) # 0, Teo,r|q is not constant.

Proof. We first prove statement 1. We prove the following claim. .
Claim. For each zo € T ({1}), there exists no g € G, with g(z0) € int(K(G-)).
To prove this claim, let 2y € TO_O}T({I}) and suppose there exists an element g € G, with

9(z0) € int(K(G,)). Let hq,..., hy € Ty be some elements with g = hy, 0+ - -oh;. Then there exists
a neighborhood W of (hy, ..., hy) in I'7 such that for each w = (wq,...,wm) € W, wy, - - w1(20) €
int(K'(G,)). Therefore for each v € X, with (y1,...,%m) € W, {n.1(20) }nen is bounded. Thus
Toor(z0) <1—-7{y € X: | (m1s---,vm) € W}) < 1. This is a contradiction. Hence we have
proved the claim.

From this claim, G (int(T5' ({1}))) C C\ int(K(G,)). Therefore int(TL ({1})) € F(G-).
Thus we have proved statement 1.

We now prove statement 2. Suppose co € F(G,). Let @ be an open subset of C with QN
0F(G7) # 0. By [25, Lemma 5.24], Too 7|p_(c,) = 1. Combining this with statement 1, we
obtain that T ;|g is not constant. Thus we have proved statement 2. O

Lemma 4.13. Let 7 € My (P). Suppose co € F(G,). Then int(TL' ({0}) € F(G;), and for each
open subset Q of C with Q NOK(G,) # 0, Too,r|Q is not constant.

Proof. We can prove this lemma in the same way as that in the proof of Lemma 4.12. O

Theorem 4.14. Let 7 € My (P) (we do not assume that supp T is compact). Suppose G, € Gyjs.
Then statements 2, 8, 4 and 5 in Theorem 2./ hold.

Proof. By [22, Theorem 2.20-1,5], oo € F(G;) and int(K(G,)) # . By [25, Lemma 5.27], state-
ment 2 holds. Statement 3 follows from Lemmas 4.7 and 4.8. Statement 4 follows from Corol-
lary 4.10 and Lemma 4.7-2. Statement 5 follows from Lemmas 4.11, 4.12 and 4.13. O

We now prove Theorem 2.4.
Proof of Theorem 2.4: Theorem 2.4 follows from Lemma 4.2 and Theorem 4.14. O
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4.2 Proof of Theorem 2.11

In this subsection, we prove Theorem 2.11. We need several lemmas.
Lemma 4.15. Under the assumptions of Theorem 2.11, statement 1 in Theorem 2.11 holds.

Proof. Since J(G) = U;”Zlhj_l(J(G)) ([16, Lemma 2.4]), we obtain that J(G) is disconnected. Thus
G € Ggis. By Theorem 2.4, for the 7, all statements in Theorem 2.4 hold. The rest of statement 1
follows from [25, Lemma 3.75] and [16, Theorem 4.3, Lemma 5.1]. O

Lemma 4.16. Under the assumptions of Theorem 2.11, we obtain that (1) u(h,p, n) is well-defined

— 2271 pjlogp;
and u(h, p, p) = s Staaly s (2) for Aace. 20 € J(G), Hol(Too r, 20) < u(h,p, ), and (3)

Te s J(f) = J(G) is a homeomorphism.

Proof. Since 7.(u) = 7, [logp du = 377, pjlogp;. By [25, Lemma 5.52] and that G € G, we
obtain that u(h, p, u) is well-defined and u(h,p, u) = =1 P 108D

7, pjlogdeg(h;)
Since h; '(J(G)) N hj_l(J(G)) = ( for each (i,7) with ¢ # j, we may assume that J(hy) <
- <g J(hm). Then, by [22, Proposition 2.24], J(h1) C Jmin(G). Since h;” (J(G))ﬂh YI(G)) =0
for each (i,j) with ¢ # j, since J(G) = Uj, h;l(J(G)) ([16, Lemma 2.4]), and since J(h;) C

hj_l(J(G))7 it follows that for each j > 2, J(h;) N Jmin(G) = 0. Hence, by [22, Theorem 2.20-2,

5]
hj_l(J(G)) NP(G) =0 for each j > 2. Let A:={(v,y) € J(G) | In € Ns.t. o"(7) =(1,1,1,...)}.
Since 7. () = 7, and since 7({(1,1,1,...)}) = 0, it follows that u(A) = 0.

Since ¢ : J(f) — J(G) is surjective ([25, Lemma 4.5]), and since h; ' (J(G)) N hj_l(J(G)) =
0 for each (i,j) with i # j, we obtain that 7z : J(f) — J(G) is a homeomorphism. Thus
A7e(A)) = 0. Let {t,}52, be a decreasing sequence of real numbers such that ¢, > wu(h,p, )
for each n € N and such that ¢, — wu(h,p,p) as n — oo. By Birkhoff’s ergodic theorem and
[25, Lemma 5.52], for each n € N there exists a Borel subset B, of J(f) with u(B,) = 1 such

that for each (v,y) € Bn, ylog®B(f"(v,9)) - B(v DS, &) = Jrwie log By, v)dp(y,y) +

fFNxC log ||Df(%y)||i,"du('y, ) > 0 as r — oo. Thus for each (v,y) € By,

)

U y) - B WID () y e

Let C = (J(G) \ 7a(A4)) NNy, 7a(By). Then A(C) = 1. Let zp € C. Let v € I'N be the
unique element (v,29) € J(f). Since zg € J(G) \ ma(A), there exists a j € {2,...,m} and a
strictly increasing sequence {nj}7°, of positive integers such that 7,, 11 = j for each k € N.
Then for each k € N, v, .1(20) € 'y;k1+1(J(G)) = h;l(J(G)). We may assume that there exists
a point z; € h;l(J(G)) c C\ P(G) such that y,,1(2) — 2z as k — oc. By (2) and [25

IToo,Tlg(Z)—T)oo,T(Zo)l
z,20)tn
HOl(Tso,7, 20) < u(h,p, ). Thus we have proved our lemma. O

— 00 as T — 0. (2)

Lemma 5.48-1], we obtain that for each n € N, limsup,_,, .. = 00. Therefore

Definition 4.17 ([22]). For a polynomial g, we denote by a(g) € C the coefficient of the highest
degree term of g. We set RA := {ax+b € R[z] | a,b € R,a # 0}. The space RA is a semigroup with
the semigroup operation being functional composition. Any subsemigroup of RA will be called a
real affine semigroup. We define a map ¥ : P — RA as follows: For a polynomial g € P, we
set U(g)(x) := deg(g)z + log|a(g)|- We remark that ¥(go h) = ¥(g) o ¥(h). For a polynomial
semigroup G, we set U(G) := {¥(g) | ¢ € G} (C RA). Thus ¥(G) is a real affine semigroup.
We set R := R U {00} endowed with the topology such that {(r,40cc]}.cg makes a fundamental
neighborhood system of +oo, and such that {[—o00,r)},cg makes a fundamental neighborhood
system of —oo. For a real affine semigroup H, we set

M(H):={x eR[3h € H, h(x) =z, |/ (x)] > 1} (C R), where the closure is taken in the space R.
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We denote by 1 : RA — P the natural embedding defined by n(z — ax +b) = (2 — az +b), where
z € R and z € C.

Lemma 4.18. Under the assumptions of Theorem 2.11, we get that (1) M(¥(G)) is a Cantor set
inR, (2) M(¥(G)) = U;‘nzl(\l/(hj))il(M(\I/(G))% (3) (T(ha))~H (M (¥(G)))N(¥(Ry)~H(M(2(G)))
=0 for each (i, j) with i # j, and (4) 3°7_, deg( 5 <L

Proof. We use the arguments in the proof of [22, Lemma 4.9]. For each v € IV, let J(G), :=
NZ1 751 (J(G)). Since J(G) = U7, h; ' (J(G)) ([16, Lemma 2.4]) and since ;' (J(G))Nh; ' (J(G))
= () for each (i,j) with i # j, we obtain that J(G) = II,crvJ(G), (disjoint union). By [20,
Corollary 4.19], for each v € TN, J(G), is connected. Thus each J(G), is a connected com-
ponent of J(G). By [19, Proposition 2.2(3)], [22, Lemma 4.1] and that J, C J(G), for each
v € TN, it follows that for each v € TV, SUP.c y(y, 1) A(2; J(G)y) — 0 as n — oo. By [22, Lemma

4.5], M(¥(G)) = J(n(¥(G))) C R. Since J(n(¥(G))) = UL, (n(¥(h;)))" (J(n(¥(G)))), by [5,
Theorem 2.6] it follows that M (¥(G)) is the self-similar set constructed by contracting simili-
tudes (¥(hy))7L, ..., (U(hy))~! on R. Let by, := min{W})_llogM(hjﬂ |i=1,...,m} and

bmax = max{Wj)_llogM(h ) |7 =1,...,m}. Note that log|a(g)| is the unique fixed

—1
deg(g)—1
point of ¥(g) in R. Let I = [bmin, bmax) be the closed interval between b, and bpax. Then we
have that (Jj", (¥ (h,))~"(I) C I. Tt follows that M(¥(G)) = U,YGFN Moy (U (1)) "1 (I). Let
p:IN — M(¥(G)) be the map defined by p(v) := (o, (¥(7n, 1)) L(I) for each . Then p: TN —

M(¥(G)) is continuous. For each v € I'N and each n € N, dcg(T log |a(yn,1)| is the fixed point
of ¥(yy,1) in I. Therefore Wlog la(yn1)] = pw?™), where w™™ € TV is the n-periodic

point of o : TN — I'N with ((wY™)1,..., (W"™),) = (71, -, 7). Since w?™ — v in I'N as n — oo,
it follows that for each v € TV, lim,, oo W}ﬂ—l log |a(vn1)| = p(7). For each v € TV, let B, €
Con(M(¥(G))) with lim, e m log [a(Vn.1)| € B,. Let ¥ : Con(J(G)) — Con(M(¥(G)))
be the map defined by @(J(G)W) := B, for each v € I'N. By [22, Claim 2 in the proof of Lemma
4.9], ¥ : Con(J(G)) — Con(M(¥(G))) is injective. Therefore, it follows that p : TN — M(¥(Q))
is injective. Thus, p : TN — M (¥(G)) is a homeomorphism. In particular, M (¥(G)) is a Cantor
set in I. Let 0 < € < min{la —b| | a € (V(h;)) " (M(¥(G))),b € (¥(h;) " (M(¥(Q))),i # j}
and let U be the e-neighborhood of M(¥(G)) in R. (Thus U is a finite union of bounded open
intervals.) Since p is a homeomorphism, (¥ (h;)) (M (¥(G))) N (Y (h;))"H(M(P(G)) = 0 for each
(,5) with @ # j. Hence U7-, (¥(h;))~"(U) C U and (¥(h;))~"(U) N (Y(h;))~ (U) = 0 for each

(i,7) with ¢ # j. Thus denoting by ! the one-dimensional Lebesgue measure, Z;ﬂ:l ml(U) =

Do (¥ (hy))~H(U)) < U(U). Hence 77, m < 1. Thus we have proved our lemma. O

We now prove Theorem 2.11.
Proof of Theorem 2.11: Statement 1 follows from Lemma 4.15. By Lemma 4.16, we have

— 2 it pilogp; : i m m
(h,p,p) = S ﬁ)g(des(ﬁ”)). It is easy to see that min{} ", p;logdeg(h;) + > ;. p;jlogp; |
(P1y---sPm) € Wi} = — log(Z;n:l ﬁ(h)). Combining these arguments with Lemmas 4.18 and

4.16, we see that statement 2 follows.

By [16, Theorem 1.3 (f)], h,(flo) = Z _,pjlogdeg(h;). Hence, h,(f) = hu(flo)+hr, (o) =
Z;-n:l pjlogdeg(h;) — 27:1 pjlog pj, where h,(f) denotes the metric entropy of (f, ). Combin-
ing this with [16, Lemma 7.1], [25, Lemma 5.52], that 7 : J(f) = J(G) is a homeomorphism

(Lemma 4.16), and that G € G, we see that dimgy(\) = Eﬂlpjgfiei(ﬁé;i%;)pj SLIZEES 1, where

dimpg (A) := inf{dimpgy(A) | A is a Borel subset of J(G), A\(4) = 1}. Hence, we have proved state-
ment 3. Statement 4 follows from statements 1 and 2. Thus we have proved Theorem 2.11. O
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4.3 Proof of Theorem 2.12

In this subsection, we prove Theorem 2.12. We need several lemmas and propositions.

Deﬁnltlon 4.19. Let I" be a non-empty compact subset of P and Suppose (I') € Gais- We set
Tiin :={h €T | J(h) C Jmin((I'))}. Note that by [22, Proposition 2.24], Iy, # 0.

Lemma 4.20. Let m € N with m > 2. Let I' = {hy,...,hp,} CP. Let G = (') and suppose that
G € Ggis. Suppose that jjl"mm = 1. Then, we have the followmg (1) and (2). (1) For each v € TN,
Jy=Jyr ==, ot VII(J(G)) (2) The map ~y + J, is continuous on TN with respect to the

/—\/\

Hausdorﬁ metric in the space of non-empty compact subsets of C.

Proof. We may assume that T = {h1}. By [22, Theorem 2.20-5], § # int(K(G)) C int(K (hi)).
By [22, Theorem 2.20-5] again, for each j > 2, h;(J(h1)) C h;(Jmin(G)) C int(K(G)) C int(K (h1)).
Therefore for each j > 2, h;(int(K(h1))) C int(K(h1)). Thus int(K(hy)) C F(GQ). Let v € TN,
Suppose that there exists a point yg € J 1\ Jy. We now consider the following two cases. Case 1:
f{n € N|~, # hi1} =o00. Case 2: #{n € N|~, # h1} < 0.

Suppose that we have Case 1. Then there exist an open neighborhood U of yy in @, a strictly
increasing sequence {n;}32, of positive integers, a number i € {2,...,m}, and a map ¢ : U — C,
such that vyn, 11 = Ry for each j € N, and such that v,;1 — ¢ umformly on U as j — oo
Since yn; 1 (yo) € J(G) for each j, [23, Lemma 5.6] and [22 Proposition 2.19] imply that ¢ is
constant. By [24, Lemma 3.13], it follows that d(vn,1(y0), P*(G)) — 0 as j — oo. Moreover, since
Y41 = hi, We obtain vy, 1(yo) € h; '(J(G)) for each j. Furthermore, by [22, Theorem 2.20-2,5],
h7H(J(G)) c C\ P*(G). This is a contradiction. Hence, we cannot have Case 1.

Suppose we have Case 2. Let r € N be a number such that for each s € N with s > r, v5 = hy.
Then At (vr,1(y0)) € J(G) for each n > 0. Since yo &€ J,, we have 7,.1(yo) € J(h1). Moreover, since
Yr1(y0) € J(G) and int(K (hy)) € F(G), it follows that 7,1 (yo) belongs to Fu(hy). It implies that
Y (r,1(yo)) = o0 as n — oco. However, this contradicts that AT (y,.1(yo)) € J(G) for each n > 0.
Therefore, we cannot have Case 2.

Thus, for each v € T, J, = J, r. Moreover, by [24, Lemma 3.5, J, r = ﬂ(;il At ~’yj_1(J(G’))

for each v € TN. Combining the result “J, = J, p for each v € T with [19, Proposition 2.2(3)],

we obtain that the map v +— J, is continuous. O
Proposition 4.21. Let m > 2 and let G = (hq,..., m) € G. Let (pl,...,pm) € Wy, and let
T = Z;”Zl pion,. Let T = {h1,..., hyy}. Suppose that h; HI@)nh (J( )) = 0 for each (i,7)

with i # j. Then we have the following.

1. G € Gais and {0 pin = 1. For eachy € TV, J, = J,r = e ot -’yj_l(J(G)). The map
v+ Jy is continuous on I'N with respect to the Hausdorff metric in the space of all non-empty
compact subsets of C.

2. For each J € Con(J(Q)), there exists a unique v € TN with J = J,. Con(J(Q)) = {J, | v €
I'NY. The map v — J., is a bijection between TN and Con(J(G)). In particular, there exist
uncountably many connected components of J(G).

3. There exist infinitely many doubly connected components of F(G).
4. For each J € Con(J(G)), Teo,r|s is constant.

5. Let Jy, Jy € Con(J(G)) with Jy # Ja. Suppose Too r|7, = Too,r|g,- Then there exists a doubly
connected component A of F(G) such that 0A C Jy U Js.
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Proof. Since J(G) = Ui, hj_l(J(G)) ([16, Lemma 2.4]), G € Gais. By [22, Proposition 2.24],

Timin # 0. Without loss of generality, we may assume that iy € T'piy. Since J(G) = U;n:1 hj_l(J (@)
again, for each j > 2, there exists no J € Con(J(G)) with J(h1) U J(h;) C J. Therefore, I'nin =
{h1}. By Lemma 4.20, it follows that J, = .J, p = ﬂ‘;‘;l ity Y(J(@)) for each y € TN, and that
the map v — J, is continuous. Since J(G) = U;n:1 hj_l(J(G)) and since h; ' (J(G)) ﬂhj_l(J(G)) =
{ for each (i,j) with i # j, we obtain that J(G) = W epv (o v1 -+ ¥ L(J(G)). Moreover, by
[24, Lemma 3.6], J, is connected for each v € I'N. Therefore J. is a connected component of J(G)
for each v € T'N. Moreover, the map v € I'N — J, € Con(J(G)) is a bijection. In particular, there
exist uncountably many connected components of J(G). Combining this with [22, Theorem 2.7-1,
Lemma 4.4], we obtain that there are infinitely many doubly connected components of F(G).

Let J € Con(J(G)). Then there exists a unique element o € I'N such that J = J,. Let zy € J
be a point. Let v € TN be an element. Suppose 7,,.1(20) — oo. Then v # «. By the uniqueness of
a, we obtain J, # J,. By [22, Theorem 2.7] and that 7, 1(z9) — o0, it follows that J, <, J = J,.
Therefore, for each z € J, v,,,1(2) — oco. Thus, T +|s is constant.

We now let Ji,Jo € Con(J(G)) with J; # Jo and suppose Too |y, = Too,r|s,- Without loss
of generality, we may assume J; <s Jo. By [22, Lemma 4.4], there exists a doubly connected
component A of F'(G) such that J; <5 A <4 Jo. Let By and Bs be two connected components of 9 A
with By <, Bs. For each i = 1,2, let J] € Con(J(G)) with B; C J/. Then J; <, J| <, A <s Jj <
Ja. Suppose J; < Ji. Then by [22, Lemma 4.4], there exists a doubly connected component D; of
F(G) such that J; <s D1 <4 J{. Therefore J; <; D1 <5 A <5 Jo. By Lemma 4.3, Theorem 2.4-3
and Lemma 4.7-1, it follows that Te |7, < Toor|Dy < Toor|a < Too,r|.s,. However, this contradicts
that T 7|7, = Too,r| . Therefore, J; = Ji. Similarly, we obtain J; = Jj. Therefore, A C J1 U Ja.

Thus we have proved our proposition. O

We now prove Theorem 2.12.

Proof of 2.12: Let I' := {hy, ho}. By [20, Theorems 3.17, 3.2], hy ' (J(G)) N hy (J(G)) = 0.
Thus all statements 1-5 in Theorem 2.12 follow from Proposition 4.21 and Theorem 2.11.

We now prove statement 6. By statement 2 and [22, Theorem 2.7], either J(hy) <4 J(hz) or
J(h2) <s J(h1). We now assume J(hy) <s J(hz2). Then, by [22, Proposition 2.24], J(h1) C Juin(G)
and J(h2) C Jmax(G). By statement 2, it follows that J(h1) = Jmin(G) and J(h2) = Jmax(G). Let
A = K(hg) \ int(K (h1)). We now prove the following claim.

Claim 1. hi'(A) U hy H(A) C A.

To prove this claim, let a = (hg, hi,hy,...) € TN. Then J, = hy'(J(h1)). Since J(h1) =
Jmin (@), statement 2 implies that J(hy) <, Jo = hy*(J(h1)). Therefore hy*(A) C A. Similarly,
letting 8 = (h1, ha, ha,...) € TN, we have Jz = hy ' (J(h2)) <s J(h2) and hy*(A) C A. Thus we
have proved Claim 1.

We have that hy*(A) and hy ' (A) are connected compact sets. We prove the following claim.

Claim 2. Jg = hy ' (J(h2)) <s Jo = hy ' (J(h1)). In particular, hy *(A) <, hy ' (A).

To prove this claim, suppose that Jg <s J, does not hold. Then by [22, Theorem 2.7], J, <5 J3.
This implies that A = h;*(A) U hy'(A). By [9, Corollary 3.2], we have J(G) C A. Since J(G)
is disconnected (assumption) and since A is connected, F(G) N A # 0. Let y € F(G) N A. Since
A =h{'(A)Uhy(A), there exists an element v € IV such that for each n € N, 7, 1(y) € A. Since
y € ANF(G) and G(F(G)) C F(Q), Yn1(y) € Fo(h1) N A for cach n € N. Therefore there exists
a strictly increasing sequence {n; }‘;‘;1 in N such that for each j, 7,41 = ha. Since y € F,, we may
assume that there exist an open neighborhood U of y in C and a holomorphic map p:U— C such
that 7y, 1 — ¢ uniformly on U as j — oo. Since vy, 1(y) € Foo(h1) N A C (C\ K(G))N A for each
J, [23, Lemma 5.6] implies that there exists a constant ¢ € C such that ¢ = ¢ on U. By [24, Lemma
3.13], it follows that ¢ € P*(G). Since P*(G) C K(h1) and since vy, 1(y) € Foo(h1) for each j, it
follows that d(vy,,1(y), J(h1)) — 0 as j — co. Combining this with that 7,1 = ho for each j, we
obtain that d(vn,,1(y), hy ' (J(h1))) = oo. Since J(h1) <s hy ' (J(h1)), it follows that ¢ € Fu(h1).
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However, this is a contradiction, since ¢ € P*(G) C K(hq). Therefore, Jg <5 Jo. Thus we have
proved Claim 2.

Let 0 = (h2,02,93,...) € FN and f = (hhfg,fg,...) € FN. Then Jg C h;l(J(G)) C h;l(A)
and Jg C hy'(J(G)) C hi'(A). By claim 2, statement 2 and [22, Theorem 2.7], we obtain that
J¢ <s Jp. Combining this result with statement 2 and [22, Theorem 2.7-3], we see that the map
¢ {1,2}N — Con(J(Q)) satisfies that if w!, w? € {1,2}" with w! <; w?, then ((w!) < ¢(w?).
Moreover, by statement 2, this map ¢ : {1,2} — Con(J(G)) is a bijection. Thus we have proved
statement 6.

We now prove statement 7. Suppose J(h1) <s J(ha). Then Juin(G) = J(h1) and Jnax(G) =
J(hg). By [22, Theorem 2.20-5], we obtain ho(J(h1)) C K(hi). Therefore K(G) = K(hy).
Thus K (hy) € T' ({0}). Moreover, for any y € Fu(hs), there exists an element g € G with
9(y) € Fso(G). Therefore T, - (y) > 0. It follows that T, ({0}) = K (h1). Since Jimax(G) = J(h2),
Foo(G) = Fuo(hg). Since T - : C — [0,1] is continuous (see Theorem 2.4-1), Fu, (h2) C T ({1}).
By [22, Theorem 2.20-5], int(K (hg)) is connected, int(K (hg)) is the immediate basin of an attract-
ing fixed point a of hy, and a € int(f((G)). Therefore, for any z € int(K(hg)), there exists
an element h € G such that h(z) € K(G). Thus T ,(2) < 1 for any z € int(K (hg)). Hence,
T3 ({1}) = Fao(h2). We now let w = (w1, ws,...) € {1,2}". We first consider the case

tH{neN|w,=1}=t{neN|w, =2} = oc. (3)

The following claim follows from [23, Theorem 3.11(2)].
Claim 3. There exists exactly one bounded component B,, of F(,,). Moreover, 0By, = A (w) =
J(w)-

By (3), there exists a sequence {A\"}°°; in {1,2}" such that A\! <; A2 <; -+ <; w and A" — w
as n — oo. By statements 2, 6, it follows that J,\1) <s Jy2) <s ++ <s Jyw) and Jyny —
Jy(w) as n — oo with respect to the Hausdorff metric. Combining this with [22, Lemma 4.4],
Theorem 2.4-3 and Lemmas 4.3, 4.7, we obtain that for each y in the bounded connected component
of C \ Jyw), Toor(y) < TOO,7—|J’Y(1U). Similarly, we can obtain that for each y in the unbounded

connected component of C\ Jyw)s Toor(Y) > Tooyr | Therefore letting ¢ := Too 7|1,y € (0,1),

T ({th) = Ty
‘We now consider the case

H{neN|w, =1} <oo,w # (2,2,2,...). (4)

y(w)*

Let » € N be the minimum number such that for each n > r, w,, = 2. Then r > 2 and w,_; = 1. Let
p=wandlet = (wy,... wr_2,2,1,1,1,1,...) € {1,2} (if »r = 2, then let p = (2,1,1,1,1,...)).
Then there exists no A € {1, 2} with p <; A <; u. By statements 4, 6 and Theorem 2.4-1, we obtain
that there exists a doubly connected component A of F(G) with 9A C J,(,)UJ,(,), and that there
exists a ¢ € (0,1) with Too,‘r|K7<u)\int(Kp) = t. Moreover, since (A, _, -+ hw,) "1 (J(h2)) = Jy(p),
since J(hz) is a quasicircle ([22, Theorem 2.20-4]), and since P*(G) C int(K (hz)), we obtain that
Jy(p) is a quasicircle. For the element p, there exists a sequence {A\"}32, in {1,2}" such that
M < A2 < - <y pand A" — p as n — oco. By statements 2, 6, it follows that Jyony <s Jyazy <s

- and J,(a\ny = Jy(p) as n — oo with respect to the Hausdorff metric. Combining this with
[22, Lemma 4.4], Theorem 2.4-3 and Lemmas 4.3, 4.7, we obtain that for each y in the bounded

connected component of C \ Jy(p)s Toorr(y) < Too x|, Similarly, we can obtain that for each y

in the unbounded connected component of C\ Ty Toorr () > Toor |y =

T3 ({t}) = Ky \ int(Ky(y)). From these arguments, statement 7 follows.
Thus, we have proved Theorem 2.12. O

Toorrlr, (w) - Therefore

4.4 Proofs of Theorem 2.15 and Corollary 2.16
In this subsection, we prove Theorem 2.15 and Corollary 2.16.
Proof of Theorem 2.15: Since G € Gy, by [20, Theorem 1.7, Theorem 1.5] there exists a
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number k € {1,2,3} such that
RN (J(G)) N h;l(J(G))) = () for each j with j # k. (5)

We set Jmin = Jmin(G) and Jpax = Jmax(G). By [22, Proposition 2.24], we have Jyi, = Ji1 and
Jmax = J3. We show the following claim.
Claim 1. A 1(J(G)) Nh3 ' (J(G)) = 0.

To prove this claim, we consider the following three cases (i),(ii),(iii). (1) J; = Ja. (ii) J2 = J3.
(111) J1 <5 Jo <5 J3.

Suppose we have case (i). Since J(G) = U? 1 hj_l(J(G)) ([16, Lemma 2.4]), we have Jyin =

U?:l(‘]ﬂlin N hj_l(J(G))). Since J(h3) C Jmax € C\ Jumin, by [22, Theorem 2.20-5(b)] we obtain

that Jyi, N hgl(J(G)) = (). Therefore Ji, = U2<_ (Jmin N hj_l(J(G))). Moreover, since J; =

j=1
J2 = Jmin, and since h;l(Jmin) is connected for each j = 1,2 ([22, Theorem 2.7]), we have that

Jmin N h;l(J(G)) D h;l Jmin) 7# O for each j = 1,2. Since Jun is connected, it follows that

( mi
ﬂ?:l(Jmin N h;l(J(G))) # (. In particular hy'(J(G)) N hy'(J(G)) # 0. By (5), it follows that

hy ' (T(G) N (Uj=y by (J(G)) = 0.

We now suppose we have case (ii). By the arguments similar to those in case (i), we obtain
that hy ' (J(G)) Nh3 ' (J(G)) # 0 and A7 (J(G)) N (Ujza5 by (J(G))) = 0.

We now suppose that we have case (iii). Then by [24, Corollary 3.7], hj_l(J (h1)) is connected
for each j = 2,3. Moreover, since J(h;) N Jmin = 0 for each j = 2,3 and §Jmin > 2 ([22, Theorem
2.20-5(b)]), we obtain that h;l(J(hl)) N J(hy) = @ for each 5 = 2,3. By [24, Lemma 3.9], it
follows that J(h1) < h;l(J(hl)) for each j = 2,3. In particular, h;(K(h1)) C int(K(hy)) for
each j = 2,3. Therefore, K(G) = K(h;). Similarly, we obtain that for each i = 1,2, hi_l(J(hg))
is connected, h; ' (J(h3)) <s J(h3) and h;(Fu(h3)) C (hg) Therefore Foo (G) = Fso(hg). Let
A := K(hs)\int(K (h1)). From the above arguments, Uf Ly '(A) C A. Therefore by [9, Corollary
3.2], J(G) C A. Moreover, since J; # J3, (h1, hs) € Ggis. By Claim 2 in the proof of Theorem 2.12,
Ryt (A) N hgt(A) = 0. Hence, it follows that hy*(J(G)) Nhz ' (J(G)) = 0.

Thus we have proved Claim 1.

By Claim 1 and (5), we obtain that exactly one of the following (I), (IT), (IIT) holds (I
{h_l( (G))}iz1,2,3 are mutually disjoint. (IT) Ay (J(G))Q(szz,g h; YJ(G ))) § and hy ' (J(G))N
hy ' (J(G)) # 0. (1) A3 (J(G)) N (U2 9 hj_l(‘](G))) =0 and hy ' (J(G)) Nhy ' (J(G)) # 0.

Suppose we have Case (I). Then by Proposition 4.21-2; J,i, = J(h1) and JmaX = J(h3). Hence
Foo(G) = Fao(h3). By [22, Theorem 2.20-5], hj(J(h1)) C int(K (G)) C int(K (hy)) for each j = 2,3.
Therefore K (G) = K (hy). Thus statement (1) of our theorem holds.

Suppose we have Case (IIT). Since h3 ' (J(G)) N (U? 1 h;l(J(G))) =0, by [22, Lemma 4.13-4]
and [24, Lemmas 3.5, 3.6] we obtain that (),—, h3"(J(G)) is a connected component of J(G).
Since J(h3) N Jmin = 0, by [22, Theorem 2.20- 4 ,5] int(K (hs)) is connected and there exists an
attracting fixed point zp of hg in int(K(G)) such that int(K(hs)) is the immediate basin of zo
for the dynamics of hz. Therefore (o, h3"(J(G)) = J(h3). Since J(h3) C Jmax, we obtain that

J(h3) = Jmax. Therefore Fio (G) = Fyo(h3). Thus statement (3) of our theorem holds.

Suppose we have Case (II). By the arguments similar to those in Case (III), we obtain that

No—y hi™(J(G)) is a connected component of J(G). Since J(h1) C Jmin N(Nyey by "(J(G)), it

folnlgsvs that Join = Ny b7 " (J(G)) C K(h1). Moreover, since (J(h2) U J(h3)) N Jymin = 0, by
[22, Theorem 2.20-5] we obtain that h;(J(hy)) C int(K(G)) C int(K (hy)) for each j = 2,3. Hence
K(hy) = K(G) and int(K (hy)) C int(K(G)) € F(G). Therefore Jyi, = J(h1). Thus statement (2)
of our theorem holds.

Combining all of the above arguments, we obtain that (a) if J; = Jz, then statement (3) of

our theorem holds, and (b) if J; = J3, then statement (2) of our theorem holds. We now suppose
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hy ' (J(G)) N (Ujz1s hj_l(J(G))) = (). Then by Claim 1, Case (I) holds. Therefore statement (1)
of our theorem holds. Thus we have proved Theorem 2.15. O

We now prove Corollary 2.16.

Proof of Corollary 2.16: By Theorem 2.15, there exists a number ¢ € {1,2,3} such that
hy H(J(@) N (Ui hy H(J(G))) = 0 and either J(hi) = Jmax(G) or J(hi) = Juin(G).

Suppose J(h;) = Jmin(G). Let j € {1,2,3} be an element with j # i. By [19, Proposition
2.2(3)], for each z € J(h;), d(z, J(h;h¥)) — 0 as k — oo. For each k, let I, € Con(J(G)) with
J (hjhf) C Ix. Then by the compactness of the space of all non-empty connected compact subsets
of C with respect to the Hausdorff metric, we obtain that I, — J(h;) as k — oo with respect
to the Hausdorff metric. Moreover, for each k, we have I, # Juyin(G) since I, C h;l(J(G)) and
Jumin(G) C by H(J(@)). Let {J,,}5, be a subsequence of {I;} such that J; >, Jo >4 --- >4 J(hy)
and J, — J(h;) as n — oco. By [22, Lemma 4.4], for each n there exists a doubly connected
component A,, of F(G) with J,, > A, > Ju11. Then A,, — J(h;) as n — oo.

Suppose J(h;) = Jmax- By the arguments similar to those in the previous paragraph, we obtain
that there exists a sequence {.J,, } of mutually distinct elements in Con(J(G)) and a sequence {4, }
of mutually distinct doubly connected components of F(G) such that J,, — J(h;) and A,, — J(h;)
as n — oo with respect to the Hausdorff metric. Thus we have proved Corollary 2.16. O

5 Examples

In this section we give some examples.

Definition 5.1. Let G be a polynomial semigroup. We say that G is semi-hyperbolic if there exists
an N € N and a § > 0 such that for each z € J(G) and for each g € G, deg(g : V — B(z,6)) < N
for each V € Con(g~1(B(z,6))). Here, deg denotes the degree of finite branched covering. We say
that G is hyperbolic if P(G) C F(G).

Proposition 5.2 (Proposition 2.40 in [22]). Let G be a polynomial semigroup generated by a
compact subset ' of P. Suppose that G € G and int(K(G)) # 0. Let b € int(K(G)). Moreover, let
d € N be any positive integer such that d > 2, and such that (d,deg(h)) # (2,2) for each h € T.
Then, there exists a number ¢ > 0 such that for each a € C with 0 < |a| < ¢, there exists a
compact neighborhood V of gu(z) = a(z — b)? + b in P satisfying that for any non-empty subset
V' of V, the polynomial semigroup (I' U V') generated by the family T'U V' belongs to Gais and
k((FUV’)) = K(G) Moreover, in addition to the assumption above, if G is semi-hyperbolic (resp.
hyperbolic), then the above (' UV') is semi-hyperbolic (resp. hyperbolic).

Proposition 5.3 (Proposition 6.1 in [25]). Let hy € P. Suppose that K(hy) is connected and
int(K(hy)) is not empty. Let b € int(K(hy)) be a point. Let d be a positive integer such that
d > 2. Suppose that (deg(hi),d) # (2,2). Then, there exists a number ¢ > 0 such that for each
Ae{NeC:0< A <c}, setting hy = (ha1,haz) = (b1, A(z — b)? +b) and Gy := (hy, hy2), we
have all of the following.

(a) G € Gais. Moreover, hy satisfies the open set condition with an open subset Uy of C (i.e.,
hy1(Ux) Uy 5(Ux) € Ux and by i (Us) N hy5(Us) = 0), b1 (J(GA) Nk (T(GY)) = 0,
int(J(Gr)) = 0, Jker(Gr) = 0, GA(K(h1)) C K(h1) C int(K(hr2)) and  # K(h) C
K(G)).

(b) If hy is semi-hyperbolic (resp. hyperbolic), then Gy is semi-hyperbolic (resp. hyperbolic),
J(Gy) is porous (for the definition of porosity, see [19]), and dimpy (J(G,)) < 2.

For the dynamics of (semi-)hyperbolic rational semigroups, see [14, 17, 18, 19, 22, 23, 24, 28, 29].
For the study of the Hausdorff dimension of the Julia sets of (semi-)hyperbolic rational semigroups
(with open set condition), see [18, 19, 28, 29].

Regarding Proposition 5.3, we can sometimes give the concrete values c.

22



Example 5.4 (Devil’s coliseum). Let h1(2) = 22—1 and let A € C with 0 < |[A| < 0.01. Let ha(2) =
Az3. Let G = (hy, hy) and 7 := Z?Zl 16n,. Let A := K(hy)\ B where B = D(0,0.4) UD(—1,0.16).
Then we have B C int(K(h1)) C D(0,2) and he(K(h1)) C h2(D(0,2)) C B C int(K(hy)).
Therefore P*(G) C int(K (hy)). Hence G is hyperbolic and G € G. Moreover, we have h;(B) C B,
he(B) C B, K(ha) = D(0,|\~1/2), by (K(hy)) C K(hy), and hy'(K(hy)) C K(hy). Hence
Y (A) U Ryt (A) € A. Also, it is easy to see that hy*(A) N hy*(A) = 0. Therefore J(G) C A,
RTHJ(G) Nhy Y (J(GR) = 0, G € Gais and O # K(hy) € K(G). By Theorems 2.4 and 2.11, we
obtain that Jye; (G) = 0, Two - is Holder continuous on C, the set of varying points of T - is equal
to J(G), and for each non-empty open subset U of J(G) there exists an uncountable dense subset
Ay of U such that for each z € Ay, T, is not differentiable at z. By Theorem 2.11 and [25,

Theorem 3.82], there exists a Borel subset A of J(G) with dimg(A) > 1+ 10;;"% = 1.7737 such

that for each z € A, Hol(Tw, -, 2) = u(h,p, 1) = % = 0.7737 and T, - is not differentiable

at z. Moreover, since G is hyperbolic and k' (J(G)) N hy H(J(G)) = 0, dimg (J(G)) < 2 (see [15]
or [25, Theorem 3.82]). It is easy to see that Min(G,, C) = {{oo}, {0}}. Thus regarding statements
in Theorem 2.4 for 7, L, = {0} and p, = dp. Two,~ is called a devil’s coliseum. It is a complex
analogue of the devil’s staircase.

Remark 5.5. By Proposition 5.2, there exists a 2-generator polynomial semigroup G = (hq, hs)
in Gg;s such that h; has a Siegel disk. In fact, Proposition 5.2 implies that for each h; € P with
(h1) € G which has a Siegel disk, there exists an element hy € P such that G = (hq, ha) belongs
to Gais- Note that for such a G, we can apply Theorems 2.4, 2.11, 2.12, even though G is not
semi-hyperbolic.

Example 5.6. Let § € R be a Brjuno number (]2, 32]) and let fi(2) = €™z + 2% Then f; has
a Siegel disk with center 0 ([2, 32]). Applying Proposition 5.2 or Proposition 5.3 (with b = 0),
we obtain that there exists a number ¢ > 0 such that for each A € C with 0 < |\| < ¢, setting
f2(z) = \z3, we have that G := (f1, f2) € Gas. Since fi is not semi-hyperbolic, G is not semi-
hyperbolic. We can apply Theorems 2.4, 2.11, 2.12, to this GG, even though G is not semi-hyperbolic.

Example 5.7. Let f1, fo € P be two elements such that G = (f1, f2) belongs to Gy;s. Then by
[20, Theorems 1.5, 1.7], f; 1(J(G)) N f5 *(J(G)) = 0. Let n > 2 and let A be a non-empty subset
of Ay :=={fi,0---0ofi |i1,...,in € {1,2}} with A4 > 2. Let G4 be the polynomial semigroup
generated by A. Then J(Gy,) = J(G) (|9, Theorem 2.4]). Thus for each (g1, g2) € A? with g1 # ga,
we have g7 1(J(Ga))Ngy *(J(Ga)) = 0. Moreover, G 4 € Ggis. For the semigroup G 4, we can apply
Theorems 2.4 and 2.11. If f; is not semi-hyperbolic and f{* € A, then G4 is not semi-hyperbolic.
Example 5.8. Let f1, fo € P be two elements such that (f1, f2) € G, J(f1) N J(f2) # 0 and
0 € int(K((f1,f2) (e.g., fi(z) = 22 —1 and f, is a small perturbation of f;). Let d € N
with d > 3. Then by Proposition 5.2, there exists a number ¢ > 0 such that for each a € C
with 0 < |a| < ¢, setting f3(z) = az?, we have that G := (fi, fa, f3) belongs to Gg;s. For this
G, we can apply Theorems 2.4, 2.15 and Corollary 2.16. Since J(f1) N J(f2) # 0, we have
HI@) N faH(J(G)) # 0. Thus Theorem 2.15 implies that statement (3) of Theorem 2.15
holds.
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