MULTIFRACTAL FORMALISM FOR EXPANDING RATIONAL SEMIGROUPS AND
RANDOM COMPLEX DYNAMICAL SYSTEMS

JOHANNES JAERISCH AND HIROKI SUMI

ABSTRACT. We consider the multifractal formalism for the dynamics of semigroups of rational maps on the
Riemann sphere and random complex dynamical systems. We elaborate a multifractal analysis of level sets
given by quotients of Birkhoff sums with respect to the skew product associated with a semigroup of rational
maps. Applying these results, we perform a multifractal analysis of the Holder regularity of limit state functions

of random complex dynamical systems.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let Rat denote the set of all non-constant rational maps on the Riemann sphere C. A subsemigroup of
Rat with semigroup operation being functional composition is called a rational semigroup. The first study
of dynamics of rational semigroups was conducted by A. Hinkkanen and G. J. Martin ([HM96]), who
were interested in the role of polynomial semigroups (i.e., semigroups of non-constant polynomial maps)
while studying various one-complex-dimensional module spaces for discrete groups, and by F. Ren’s group
([GR96]), who studied such semigroups from the perspective of random dynamical systems. The first study
of random complex dynamics was given by J. E. Fornaess and N. Sibony ([FS91]). For the motivations and

the recent studies on random complex dynamics, see the second author’s work [Sum11, Sum13].

The study of multifractals goes back to the work of [Man74, FP85, HIK86] which was motivated by
statistical physics. In this paper, we perform a multifractal analysis of level sets given by quotients of
Birkhoff sums with respect to the skew product associated with a rational semigroup. We recommend

[PWO7, Pes97] for a similar kind of multifractal analysis for conformal repellers.

One of our main motivations to develop the mutifractal formalism for rational semigroups is to apply our
results to random complex dynamical systems. The multifractal formalism allows us to investigate level sets
of a prescribed Holder regularity of limit state functions (linear combinations of unitary eigenfunctions of
transition operators) of random complex dynamical systems. In this way, our multifractal analysis exhibits a
refined gradation between chaos and order for random complex dynamical systems, which has been recently
studied by the second author in [Sum11, Sum13]. We remark that this paper is the first one in which the
multifractal formalism is applied to the study of limit state functions of random complex dynamical systems.
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Also, we note that under certain conditions such a limit state function is continuous on C but varies precisely
on the Julia set of the associated rational semigroup, which is a thin fractal set. From this point of view, this
study is deeply related to both random dynamics and fractal geometry.

Throughout this paper, we will always assume that / is a finite set. An element f = (f;),c; € (Rat)’ is called
a multi-map. We say that f = (fi),; is exceptional if card (I) = 1 and deg(f;) = 1 for i € I. Throughout,
we always assume that f is non-exceptional. Let f = (f;);.; be a multi-map and let G = (f; : i € I), where
(fi 11 € I) denotes the rational semigroup generated by (f;);c;,i.e., G={fij,0---ofi, |neN, iy,... i, €I}
Let (pi),c; be a probability vector and let T := Y ;; pi0;, where &y, refers to the Dirac measure supported
on f;. We always assume that 0 < p; < 1 for each i € I. We consider the i.i.d. random dynamical system
associated with 7, i.e., at every step we choose a map f; with probability p;. We denote by C (@) the Banach
space of complex-valued continuous functions on C endowed with the supremum norm. The transition
operator Mz : C(C) — C(C) is the bounded linear operator given by M () (z) := Lic; @ (fi (2)) pi, for
each ¢ € C(C) and z € C. A function p € C(C) with p # 0 is called a unitary eigenfunction of My if there
exists u € C with |u| = 1 such that M; (p) = up. Let U; be the space of all linear combinations of unitary
eigenfunctions of M; : C (@) —C (@) To investigate the regularity of the elements in U; we consider the
following quantities.

Definition 1.1. Letp : C — C be a bounded function and let z € C. We set

e 1080(Pyzr) L 1ogQ(p,z,r) . logQ(pzr)
0. (p,z) .—11£t361f ogr 0" (p,2) .—11I:1j(1)lp og - and Q(p,z) == }g% our

where Q(p,z,r) is for » > 0 given by

Q(pazﬂr) ‘= Ssup |p(y)*p(z)|

y€B(z,r)
Moreover, we define for each o € R the corresponding level sets
R(p.o)={veC:0.(py) = af. R (p,a):= {yeC: 0 (p.y) = a}
and
R(p,at):= {y eC:Q(p.y) = a}~
Let d denote the spherical distance on C. The pointwise Holder exponent Hol (p, z) of p at z is given by

5 — imsup PO =P ()]
Hol(p,z) := sup{ﬁ € [0,) 11215;;[1)[1())7 < 00} € 10,09] .

The level set H (p, o) with prescribed Holder exponent o € R is given by

H(p,a):= {ye(ﬁ:Hél(pJ) = a}.

In fact, we will show in Lemma 5.1 that Hol(p, z) = Q.(p, z) for every z € C. We refer to Section 5 for the
proof of this fact and for further properties of the quantities introduced in Definition 1.1.

We proceed by introducing the necessary preliminaries to state our first main result. The Fatou set F (G)

and the Julia set J (G) of a rational semigroup G are given by
F(G):= {z € C: G is normal in a neighbourhood of z} and J(G):= ((A:\F (G).

If G is a rational semigroup generated by a single map g € Rat, then we write G = (g). Moreover, for a
single map g € Rat, we set F (g) := F ({g)) and J (g) :=J ({(g)).
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Let f = (fi);c; be a multi-map. The skew product associated with the multi-map f = (fi),, is given by
FNxT—P%C, f(0.2):=(c(0),fu ),

where ¢ : IV — I denotes the left-shift map given by 6 (@1, @y, ...) := (@, 0s,...), for® = (01, @,...) €
IN. We say that a multi-map f = (f;) ic1 18 expanding if the associated skew product f is expanding along
fibres on the Julia set J (f) (see Definition 2.4).

We say that y = (y;),., is a Holder family associated with the multi-map f = (fi),c, if Wi : f; ' (J(G)) = R
is Holder continuous for each i € I, where G = (f; : i € I) and J (G) is equipped with the metric inherited
from the spherical distance d on C. Note that Uje; £ 1(J(G)) = J(G) ([Sum00, Lemma 2.4]). If it is clear
from the context with which multi-map y is associated, then we simply say that y is a Holder family. For a
Holder family y = (;),.;, we define §: J (f) — R given by ¥ (@,2) := Wy, (2), forall o = (01, 0,...) €
MNandz e fajll (J(G)), and for each n € N we denote by S, ¥ : J (f) — R the Birkhoff sum of { with respect

to f given by S, := Y- wo fi.
For an expanding multi-map f = (f;);c;. let { = (& : ;7' (J(G)) — R),_, be the Holder family given by
Gi(z) := —log||f! (z)|| foreachi € I and z € f; ! (J(G)), where || - || denotes the norm of the derivative with

respect to the spherical metric on C. Let Tt IN x C — C denote the canonical projection. We define the
level sets .% (@, y), which are for @ € R given by

F (a,y) := 7= (Z (a,y)) , where Z (a,y) := {er(f) : lim ‘;’l‘g((j)) = a}.

The (Hausdorff-) dimension spectrum [ of (f, y) is given by
l(a) :=dimy (ZF (a,y)), fora € R.
The range of the multifractal spectrum is given by

o (y):=inf{laeR: F(a,y) A2} and o (y):=sup{aeR:.F(o,y)#I}.

The free energy function for (f, ) is the unique function 7 : R — R such that 2 (B +1 (B) Z,f) =0 for
each B € R, where & (-, f ) denotes the topological pressure with respect to f ([Wal82]). The number 7 (0)
is also referred to as the critical exponent & of f. The convex conjugate of ¢ ([Roc70, Section 12]) is given
by

i R—=RU{}, () ::Zuﬁ{ﬁcft(ﬁ)}, ceR.

We say that f = (f;), satisfies the separation condition if f;"* (J (G)) N f;' (J(G)) = @ forall i, j € I with
i # j, where G := (f; :i €I). Note that in this case, under the assumption J(G) # @, for any probability
vector (pi);c; € (0, 1)!, setting T := ¥,c; piSy, we have that (1) 1 < dimc (Uz) < o and (2) there exists a
bounded linear operator 7; : C((E) — Uy such that, for each ¢ € C((E), we have |MZ (¢ — 7z (@)) || — 0, as
n tends to infinity (see [Sum11, Theorem 3.15]). If an element p € U is non-constant, then p is continuous
on C and the set of varying points of p is equal to the thin fractal set J(G) (for the figure of the graph
of such a function p, see [Suml1]). Such p is considered as a complex analogue of a devil’s staircase
or Lebesgue’s singular function. Some of such functions p are called devil’s coliseums (see [Suml1]).
Our first main result shows that, for every p € U; non-constant, the level sets R,, R, R* and H satisfy the

multifractal formalism.

Theorem 1.2 (Theorem 5.3). Let f = (f;);c; be an expanding multi-map and let G = (f; : i € I). Suppose
that f satisfies the separation condition. Let (p;);c; € (O, 1)! be a probability vector and let T := Y, piOf,.

Suppose there exists a non-constant function belonging to U;. Let p € C ((C) be a non-constant function
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belonging to Us. Let y = (; : 1I(6) — R)iel
free energy function for (f, ). Then we have the following.

be given by ; (z) :=logp;. Lett : R — R denote the

(1) There exists a number a € (0,1) such that p : C — C is a-Holder continuous and a < o (y).

(2) We have o (y) =sup{a € R: H(p,o) # @} and a_ (y) = inf{a € R: H (p,a) # &}. More-
over, H can be replaced by R,,R or R*.

(3) Let oy := ay (Y). If a— < oy then we have for each o € (o_, ),

dimy (R” (p, @) = dimy (R (p, @) = dimy (R (p, ) = dimy (H (p, &) = 1" (~t) > 0

Moreover, s(at) := —t* (—at) defines a real analytic and strictly concave positive function on
(o, oty ) with maximum value 8 > 0. Also, s <0 on (o_, o).
(4) (a) Foreachi€ I we have deg(f;) > 2. Moreover, we have a_ = o if and only if there exists an
automorphism @ € Aut(@), complex numbers (a;);c; and A € R such that for all i € I,

0o fiop ' (z) =aiz"%e)  and logdeg(f;) = Alogp;.
(b) If a_ = oty then we have
R*(p,a-)=R.(p,a-)=R(p,a-) =H(p,a) =J(G),

where dimy (J(G)) =0 > 0and R* (p,a) =R, (p,a) =R (p,a) = H (p,t) = & for all a #
o_.

We denote by C“(((Af) ={0: C—C | @]l < e} the Banach space of a-Holder continuous functions on
C endowed with the o-Holder norm

1lla = suplo () + sup [0 (x)— @ (¥)] /d(x,3)%
zeC x,yeCxy
Under the assumptions of Theorem 1.2 and some additional conditions, we have ¢t_ < 1 (see the Remark in
Section 6). In this case Theorem 1.2 implies that for each & € (o_, 1) the iteration of the transition operator
M. does not behave well on the Banach space C%(C), i.e., there exists an element ¢ € C%(C) such that
|ME(@)]|o — oo as n — 0. It means that, regarding the iteration of the transition operator M; on functions

~ ~

spaces, even though the chaos disappears on C(C) and C*(C), we still have a kind of complexity (or chaos)
on the space C* ((A:) for each o € (ar_, 1). Thus, in random complex dynamical systems we sometimes have
a kind of gradation between chaos and order. Theorem 1.2 can be seen as a refinement of this gradation. In

Section 6 we give many examples to which we can apply Theorem 1.2.

In order to show our first main result, we prove the general multifractal formalism for level sets given by
quotients of Birkhoff sums with respect to the skew product associated with a semigroup of rational maps.
We say that a multi-map f = (f;);, satisfies the open set condition if there exists a non-empty open set U
in C such that { ffl U):iel } consists of pairwise disjoint subsets of U. Note that the open set condition
is weaker than the separation condition, since the higher iterates of an expanding multi-map satisfying the
separation condition also satisfy the open set condition.

Our second main result shows that, for an expanding multi-map satisfying only the open set condition and
for an arbitrary Holder family y, the level sets % (a, y) satisfy the multifractal formalism.

Theorem 1.3 (Theorem 4.5). Let f = (f;);c; be an expanding multi-map which satisfies the open set con-
dition. Let W = (Y;),c; be a Holder family associated with f and let t : R — R denote the free energy
function for (f,y). Suppose that there exists y € R such that 2 (YW, f) = 0 and suppose that o._ (y) <
o (). Then (1) the Hausdorff dimension spectrum | of (f,y) is real analytic and strictly concave on
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(a_ (y), ot (W) with maximal value 8, (2) 1" < 0 on (a—(y), 0 (y)), and (3) for a € (o_ (y),a; (y))
we have that

la)=—t"(—a)>0.

Remark. Note that in Theorem 1.3 we only assume that the multi-map f satisfies the open set condition,
which does not imply that f satisfies the separation condition. In fact, there are many 2-generator expanding
polynomial semigroups satisfying the open set condition for which the Julia set is connected (see [Sum14]).
Theorem 1.3 can be applied even to such semigroups. Moreover, let us remark that, since each map of the
generator system (f;);.; is not injective in general, we need much more efforts in the proof of Theorem 1.3

than in the case of contracting iterated function systems, even if the open set condition is assumed.

Remark. Note that, in general, we cannot replace the Hausdorff dimension by the box-counting dimen-
sion in Theorem 1.3. In fact, if & = —#'(B) for some B € R, then we have that vg (. (a,y)) = 1 and
supp (v[;) = J(G) by Lemmas 3.13 and 3.6, where vg is given in Definition 3.7. Hence, .7 (&, V) is
dense in J (G), which implies that dimp (% (o, y)) = dimg (J (G)), where dimp refers to the box-counting

dimension.

The results stated in Proposition 1.4 and Corollary 1.5 below follow from the general theory without as-
suming the open set condition (see Theorem 4.5 (1) and (2)). If each potential y; is constant, then we have

the following criterion for a non-trivial multifractal spectrum.

Proposition 1.4 (Proposition 4.6). Let f = (fi);c; be an expanding multi-map and let G = (fi :i € I). (We
do not assume the open set condition.) Suppose that deg ( fio) > 2 for some i € I. Let (c;),c; be a sequence
of negative numbers and let the Holder family y = (y; : 1I(6) = R)iel be given by y; (z) = c; for each
2 € £V (J(G)). Then we have o (y) = o, () if and only if there exist an automorphism @ € Aut (@)
complex numbers (a;);c; and A € R such that for all i € I,

Qofiop ' (2) =aiz"%)  and logdeg(f;) = Ac;.

Remark. Let us point out the relation between Proposition 1.4 and rigidity results in thermodynamic formal-
ism. There are several equivalent formulations to characterize when the multifractal spectrum degenerates.
Namely, the equality a_(y) = o () is equivalent to each of the following statements: (1) The equilib-
rium states fly and fi, coincide. (2) The graph of the free energy function # is a straight line. (3) There exists
a continuous function u : J(f) — R such that §& — yr = u— uo f. For precise statement and the proof, we
refer to Proposition 3.10 and the proofs of Theorem 4.5 and Proposition 4.6.

Remark. The proof of Proposition 1.4 makes use of a rigidity result of Zdunik ([Zdu90]) for the classical
iteration of a single rational map. We give an extension of this result to rational semigroups. We emphasize
that the map ¢ in Proposition 1.4 is independent of i € 1.

An interesting special case is given by the Lyapunov spectrum of an expanding multi-map f = (f;);;. The

Lyapunov spectrum is given by the level sets £ (), o € R, where we define

ZL(a):=F(a,—1 :{ze(f::Ela)EINsuchthat ®,7) € J(f) and lim n , :a}.
() (o, 1) (@,2) € J(f) 15 10g || (fay 00 fay ) (2) |

We say that f = (fi),; has trivial Lyapunov spectrum if there exists & € R such that £ (&) = @ if o # 0.

Corollary 1.5 (Lyapunov spectrum). Let f = (f;),c; be an expanding multi-map. Suppose that deg ( f,-o) >2
for some ig € 1. Then f has trivial Lyapunov spectrum if and only if there exist an automorphism ¢ € Aut (@)

and complex numbers (a;),.; such that ¢ o fio ¢~ ' (z) = aiz=9ee(fo),
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The paper is organised as follows. In Section 2 we collect the necessary preliminaries on the dynamics
of expanding rational semigroups. In Section 3 we recall basic facts from thermodynamic formalism for
expanding dynamical systems in the framework of the skew product associated with an expanding rational
semigroup. In Section 4 we investigate the local dimension of conformal measures supported on subsets of
the Julia set of rational semigroups satisfying the open set condition and we prove a multifractal formalism
for Holder continuous potentials in Theorem 4.5. In Section 5 we apply the multifractal formalism to
investigate the Holder regularity of linear combinations of unitary eigenfunctions of transition operators in

random complex dynamics. Finally, examples of our results are given in Section 6.
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2. PRELIMINARIES

Let f = (fi);cs € (Rat)’ be a multi-map and let G = (f; : i € I). Forn € Nand (o, @, ..., ,) € I", we set
fion,0pn) = S, © fa,_, 0+ fo,. For o € N we set ), = (01,0,...,0,) and we define

Fy = {z eC: (fw‘n) N is normal in a neighbourhood of z} and J, = @\Fw
ne
The skew product associated with f = (f;);, is given by
F:lNxC—=1I"xC, f(0,2):=(0(0),fs (),

where o : IV — I denotes the left-shift map given by 6 (@1, @y, ...) 1= (@, 0s,...), for® = (01, @,...) €
M.

For each @ € I, we set J? := {@} x J and we set

HP)=U e F()=(F%C)\I (),

welN

where the closure is taken with respect to the product topology on IV x C. Let m o IV x C — 1N and
s IN x C — C denote the canonical projections. We refer to [SumOO0, Proposition 3.2] for the proof of

the following proposition.

Proposition 2.1. Let f = (f;),.; € (Rat)' and let G = (f;:i €1). Let f: 1N x C — IN x C be the skew
product associated with f. Then we have the following.
(1) f(J?)=J°® and (fml(w))*1 (Jo®) =J®, for each @ € IV.
@ FU) =), 7 V1) =T (). F(F ) =F ), T (F () =F(f)-
(3) Let G=(f; : i € I) and suppose that card (J (G)) > 3. Then we have J (f) = N,en, " (IN X J (G))
and 75 (J (f)) =J(G). Here, Ng := NU{0}.

Definition 2.2. Let G be a rational semigroup and let z € C. The backward orbit G~ (z) of z and the set of
exceptional points E (G) are defined by G~ (z) := UgeGg_1 (z) and E (G) := {z € C:card (G~ (2)) < oo}.
We say that a set A C (E is G-backward invariant, if g‘l(A) C A, for each g € G, and we say that A is
G-forward invariant, if g(A) C A, for each g € G.

The following is proved in [HM96] (see also [Sum00, Lemma 2.3], [Stal2]).
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Lemma 2.3. The following holds for a rational semigroup G.

(a) F(G) is G-forward invariant and J(G) is G-backward invariant.

(b) Ifcard (J(G)) > 3, then J (G) is a perfect set.

(c) Ifcard(J(G)) > 3, then card (E (G)) < 2.

(d) Ifz € C\E(G), then J(G) C G~ (). In particular, if z € J (G) \ E (G) then G— (z) = J (G).

(e) If card (J (G)) > 3, then J(G) is the smallest closed set containing at least three points which is

G-backward invariant.

() Ifcard (J (G)) > 3, then

J(G) = {z € C: zis a repelling fixed point of some g € G} = U J(g),
geG

where the closure is taken in C.

For a holomorphic map 4 : C — C and z € C, the norm of the derivative of 4 at z € C with respect to the
spherical metric is denoted by ||/’ (z)]|.

Definition 2.4. Let f = (f;);; € (Rat)’ and and let f : IN x C — I x C denote the associated skew product.
For each n € N and (@,2) € J (f), we set (/) (@,2) := (fo|,) (z). We say that f is expanding along fibers
if J (f) # @ and if there exist constants C >0 and A > 1 such that for all n € N,
inf (/) (0,2)] > A",
(w,z)e] ( f)

where || (/") (@,z) || denotes the norm of the derivative of fa, © fu, | 0+ 0 fo, at z with respect to the
spherical metric. f = (f;)ies is called expanding if f is expanding along fibers. Also, G = (f;:i € I) is
called expanding if f = (f;)ies is expanding.

Remark 2.5. Tt follows from Proposition 2.8 below that, for a rational semigroup G = (f; : i € I), the notion

of expandingness is independent of the choice of the generator system.

The following lemma was proved in [Sum01, Theorem 2.14] (see also Proposition 2.8 below).
Lemma 2.6. If f = (f; : i € I) is expanding, then we have J (f) =UpemJ®.

Definition 2.7. A rational semigroup G is hyperbolic if P(G) C F (G), where P (G) denotes the postcritical

set of G given by
P(G):= | CV(g)
g€eG
and where CV (g) denotes the set of critical values of g.

Remark. Let G = (f; :i € I). Since P(G) = Ugeguyia) & (Uies CV (fi)), we have that P(G) is G-forward

invariant.

In the next proposition we give necessary and sufficient conditions for a rational semigroup to be expanding.

We refer to [Sum98] for the proofs. For g € Aut(C), we say that g is loxodromic if g has exactly two fixed

points, for which the modulus of the multipliers is not equal to one.
Proposition 2.8. Let f = (fi);c; € (Rat)' and G = (f;:iel).

(1) If f is expanding, then G is hyperbolic, each element g € G with deg(g) = 1 is loxodromic, and

there exists a G-forward invariant non-empty compact subset of F (G).
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(2) If there exists g € G with deg(g) > 2, if G is hyperbolic and if each element g € G with deg(g) =1
is loxodromic, then f is expanding.

3) IfGC Aut(@) and each element g € G is loxodromic, and if there exists a G-forward invariant
non-empty compact subset of F (G), then f is expanding.

Finally, we state the following facts about the exceptional set of an expanding rational semigroup.

Lemma 2.9. Let G = (f; : i € I) denote an expanding rational semigroup. Suppose that card (J (G)) > 3.
Then we have E (G) C F (G).

Proof. Suppose for a contradiction that there exists zo € E (G) NJ (G). Since card (J(G)) > 3, it follows
from the density of the repelling fixed points (Lemma 2.3 (f)) that there exist z; € J(G) and g € G, such
that z; # 20, g1 (z1) = z1 and ||g} (z1) || > 1. Furthermore, we have card (E (G)) < 2 by Lemma 2.3 (c).
Combining with the fact that g~! (E (G)) C E (G) for each g € G, we conclude that g2 (z0) = zo. Since G is
expanding, we have that either deg(g;) > 2 or that g; is a loxodromic Mébius transformation by Proposition
2.8 (1). Thus, we have that zg is an attracting fixed point of g%. Let V be a neighborhood of zy and let
0<c<1suchthatg?(V)CVand |(g7) (z)|| <c, foreachz € V. By Lemma 2.3 (b) there exists a sequence
(an) with a,, € J(G) \ {z0} such that lim, a, = z() Then there exists a sequence (1) € NV tending to infinity
and a sequence (by) € CN such that by, € g1 "(ay,) and by € V. Hence, limy ||(g 2"") (by)|| < limg ™ = 0.
Moreover, write g% = fu, for some m € N and a € I'", and denote by a" := (&...a) € I'"" the n-fold
concatenation of a. Let (B¢) € I" with (B, ap,) € J(f). Then (o By,bi) € J(f). This contradicts that G
is expanding and finishes the proof. |

Lemma 2.10. Let G = (f; : i € I) denote an expanding rational semigroup. Suppose that 1 < card (J (G)) <
2. Then we have card (J (G)) = 1.

Proof. Clearly, we have G C Aut(@) and each element of G is loxodromic by Proposition 2.8 (1). Now,
suppose by way of contradiction that J (G) = {a,b} with a # b. Without loss of generality, we may assume
that @ = 0 and b = . Since J(G) is G-backward invariant, we have g(a) = a and g (b) = b for each g € G.
Thus, there exists a sequence (¢;) € C! such that f; (z) = c;z, for each z € Candiel We may assume that
there exists ig € I such that || f; (a)|| > 1. Since G is expanding with respect to {f; : i € I}, there exists a
constant ¢o > 1 such that || f/ (a) || = |ei| > co > 1, for all i € I. Hence, we have || f/ (b) || < ¢, ' < 1, for all
i € I, which gives that b € F (G). This contradiction proves the lemma. O

3. THERMODYNAMIC FORMALISM FOR EXPANDING RATIONAL SEMIGROUPS

In this section we collect some of the main results from the thermodynamic formalism in the context of
expanding rational semigroups. It was shown in [Sum05] that the skew product of a finitely generated
expanding rational semigroup is an open distance expanding map. We refer to [PU10] or the classical
references [Bow75, Rue78, Wal82] for general results on thermodynamic formalism for expanding maps.

3.1. Conformal measure and equilibrium states. We first give the definition of conformal measures
which are useful to investigate geometric properties of the Julia set of a rational semigroup. A general
notion of conformal measure was introduced in [DU91]. For results on conformal measures in the context

of expanding rational semigroups we refer to [Sum98, Sum05].
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Definition 3.1. Let f = (f;);.; € (Rat)’ and let ¢ : J (f) — R be Borel measurable. A Borel probability
measure V on J (f) is called @-conformal (for f) if, for each Borel set A C J (f) such that f|, is injective,

we have

V(7 (A)) :/e"i’d\?.

A
Next we give the fundamental definitions of topological pressure and equilibrium states.

Definition 3.2. Let f = (f;),.; € (Rat)’ and let ¢ : J (f) — R be continuous. The topological pressure
2 (¢, f) of ¢ with respect to f: J(f) — J(f) is given by

2(¢.f) :sup{h(ﬁz)Jr/(Z)dﬁz:ﬁzejle (f)},

where .7, (f) denotes the set of all f-invariant ergodic Borel probability measures on J ( ) and / (1) refers
to the measure-theoretic entropy of (f,7). An ergodic f-invariant Borel probability measure fi on J (f) is

called an equilibrium state for @ if
2 (9.7) =)+ [ pd.

The following lemma guarantees existence and uniqueness of conformal measures and equilibrium states
for Holder continuous potentials. The lemma can be proved similarly as in [Sum05, Lemma 3.6 and 3.10].

For the uniqueness of the equilibrium state, see e.g. [PU10].

For o,k € IV, we set dp(w,7) := 2-loAKl \where @ A k denotes the longest common initial block of
o and k. The Julia set J ( f) is equipped with the metric d which is for (w,x),(x,y) € J ( f) given
by d((®,x),(k,y)) := do (@,k) +d (x,y), where d denotes the spherical distance on C. We say that
¢ :J (f) — R is Holder continuous if there exists 6 > 0 such that

up {d(@(w),m,y»
d((0.2).(x.y)"’

Lemma3.3. Let f = (f;);c; € (Rat)’ be expanding. Let :J (f) = R be Holder continuous with 2 (¢, f) =
0. Then we have the following.

(0.2),(k.y) € (), (@,x) # <,<,y>} <o,

(1) There exists a unique Q-conformal measure V on J ( f)
(2) There exists a unique continuous function h : J ( f ) — R such that the probability measure fi :=
hdV is f-invariant. Moreover, we have that fi is exact (hence ergodic) and [l is the unique equilib-

rium state for §.

We also consider subconformal measures on J (G).

Definition 3.4. Let ' = (fi);c; € (Rat)’ and let G = (f;:iel). Let ¢ = (@i f71(J(G)) —R),, bea
family of measurable functions. A Borel probability measure v on J (G) is called @-subconformal (for f)
if, for each i € I and for each Borel set B C f;' (J(G)),

v(fi(B)) < /e"""dv.

B

Next lemma shows that the support of a subconformal measure is equal to the Julia set.

Lemma 3.5. Let f = (f;);; € (Rat)’ be expanding and let G = (f; : i € I). Let v denote a @-subconformal
measure of a measurable family ¢ = (@; : 1I(6) = R) ic;- Then we have supp (v) =J (G).
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Proof. We consider two cases. If card (J (G)) >3 then E (G) C F (G) by Lemma 2.9. Then supp (v) =J (G)
can be proved similarly as in [Sum98, Proposition 4.3]. Finally, if 1 < card (J(G)) < 2, then we have
card(J(G)) = 1 by Lemma 2.10, which immediately gives that supp (v) = J(G). The proof is complete.

(]

For a Borel measure 7 on J () we denote by (7
set B C J(G) given by (7). (i) (B) :=m(n="
[SumO5, Lemma 3.11].

, (/i) the pushforward measure, which is for each Borel

B)) Next lemma is a straightforward generalisation of

Lemma 3.6. Let f = (fi);; € (Rat)' be expanding and let G = (f;:i € I). Let ¢ = (¢1);c; be a Holder
Sfamily. Suppose that & ((i), f ) = 0 and let V denote the unique ¢-conformal measure. Then the probability
measure V := (ﬂ@)* (V) is a @-subconformal measure with supp (v) = J(G).

3.2. The free energy function. Let us now introduce the free energy function and an important family of
associated measures (see [Rue78] and [Bow75, PW97, Pes97)).

Definition 3.7. Let f = (fi),o; € (Rat)’ be expanding and let G = (f; : i € I). Let y = (¥i);; be a Holder
family associated with f. The free energy function for (f,y) is the unique function 7 : R — R such that
@(ﬁlf/+t(ﬁ)€,f) =0, for each § € R. For each 8 € R, we denote by Vg the unique Bw+1(B)E-
conformal measure for £, and we denote by fig the unique equilibrium state for By +1(B) . Moreover,

we denote by vg the pushforward measure (7z) (V) supported on J (G). We also set

(y) = L VR0
J Cdto

Remark 3.8. Using that f is expanding, one immediately verifies that, for each € R, there exists a unique

t(B) such that &7 (ﬁ v+1(B)¢, f) = 0. In particular, we have that 7 (0) is the unique real number & such

that & (5(:' , f) = 0, which is also called the critical exponent of f ([Sum05]). Since we always assume
that f is non-exceptional, we have that# (0) = & > 0.

The following two propositions go back to work of Ruelle ([Rue78]) for shift spaces. Since the skew
product map f is an open distance expanding map ([Sum05]), we see that (J (f), f) is semi-conjugate to
a shift space by choosing a Markov partition. Moreover, by [Sum00, Proposition 3.2 (f)] and Lemma 2.9,
f:J(f) = J(f) is topologically exact. Then it is standard to derive the following two propositions. (See
also [PW97, Pes97], where these results of Ruelle are applied to a similar kind of multifractal analysis for
conformal repellers.)

Proposition 3.9. Let f = (fi);c; € (Rat)! be expanding. Let w = (y;) ic1 be a Holder family associated with
f- The free energy function t : R — R for (f,y) is convex and real analytic and its first derivative is given
by

J wdig
[&dpg

The following proposition gives a criterion for strict convexity of the free energy function. For the readers,

?(B)=— , foreach B €R.

we give a proof.

Proposition 3.10. Let f = (f;);c; € (Rat)l be expanding. Let Y = (W;);.; be a Holder family associated
with f and let t : R — R denote the free energy function for (f, ). Suppose that there exists ¥ € R such
that & (}/lf/, f) = 0. Then, the following (1)-(4) are equivalent:

(1) There exists By € R such that " (By) = 0.
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(2) t' is constant on R. In this case, we have t(B) = 6 — 8/7.
(3) fio = fiy.
(4) There exists a continuous function v : J(f) — R such that §§ = yr+v—vo f.

In particular, 1" > 0 on R if and only if iy # fiy.

Moreover, if there exists B € R such that " (B) # 0, thent” > 0 on R and t is strictly convex on R.

Proof. (J(f),f) is an open distance expanding map and it is topologically exact. Fix a Markov partition
{Ry,...,R;} asin [PU10, p118]. Let A be a d x d matrix with a;; = 0 or 1 according to f(Int(R;)) NInt(R;)
is empty or not. By [PU10, Theorem 4.5.7], there exists a surjective Holder continuous map 7 : £ — J(f)
(which is almost bijective), such that fo 7 = oo, where o : £ — X is the subshift of finite type constructed
by A. By [PU10, Theorem 4.5.8], every Hélder continuous function ¢ on J(f) defines a Holder continuous
function ¢ o7 on X, and we have P(§, f) = P(¢ o 7t,5). Hence, the free energy function ¢ : R — R is given
by P(BWom+1(B)lom.0) =0.

We first show that (1) implies (2) and (3). Suppose that there exists fy € R such that () = 0. Then it
is well-known (see e.g. [MUO3, p129] where the geometric potential is given by —¢ in our notation) that
there exists a Holder continuous function u : ¥ — R such that ¢/ (ﬁo)f on+WYom=u—uoo. It follows
that P((—pBt'(Bo) +t(ﬁ))§ om,0) =0. Hence, —Bt'(fy) +(B) =1(0) = 6. Thus, t(8) = &+ Bt'(Bo)-
Therefore /() = ¢'(By) for all B € R. To determine ¢'(fy), note that by the assumption there exists a
unique ¥ € R such that P(yy o ,0) = 0. Hence, ¢(y) = 0. It follows that ¢'(By) = —8/y. We have thus
shown that #(8) = 6 — B/ and that 8¢ o 7 is cohomologous to 7 o 7. Hence, Pséor = Pypon Where
PsZor and pyyor are the unique equilibrium states of §¢ o and { o 7, respectively. Since 7 defines an
isomorphism of the probability spaces (vasfox) and (J(f)vpa.fon on~ 1) by [PU10, Theorem 4.5.9], we
have that p For © n~ ! is the equilibrium state for 55 . Similarly, pyyor © 7! is the equilibrium state for Y.
Also, pg For © = Pygor © 7!, Since the equilibrium states of Holder continuous potentials on J( f) are
unique ([PU10, Theorem 5.6.2]) and the probability measures fiy and fiy are equilibrium states for ¢ and
yf respectively, we conclude that p; For © ! = fip and Pyyon © !l = fiy. Thus it follows that fip = fi,.
Hence, we have shown that (1) implies (2) and (3).

We now suppose (3). To prove (4) we proceed similarly as in the proof of [SU12, Theorem 3.1]. We
consider the Perron-Frobenius operators

Z:CU(f))—=C((f)) and Z:C(I(F)—=CU(f)),
which are for h € C (J(f)) and (®,z) € J (f) given by

L) (@,2):= Y A0 °hioy) ad Z0h) (0= Y  YVhio,y).
(ioy)ef ! (0.z) (ioy)ef (g
We denote by .%; and .Z; the dual operators acting on the space (C (J(f)))" of bounded linear functionals
on C (J(f)). Then it follows from [Sum05] that there exist unique continuous positive functions A,y :
J ( f) — R™T such that % (710) = hy and 2z (ﬁy) = izy, and unique Borel probability measures Vo, Vy on
J (f) such that % (Vo) = Vo and % (Vy) = V. Then ¥ is 5{-conformal and ¥ is y{y-conformal (see
Definition 3.1 and [DU91]). Moreover, we have that the unique equilibrium states flo, fiy are given by
flo = hod Vo and fiy = hydVy (see also Lemma 3.3). Since fig = fi;, we have that figdVy = h,d¥,. Using
this equality and conformality of Vo and Vy, we obtain that, for each Borel set A C J ( f ) such that f| 4 1S
injective, ~
~ _— i T e N
fio (F (A :/ hdv:/eY‘f'ho dv:/eWho ™ 4
fio (F(A)) )7V = | (hyo F)dvy | (hy f)hy 0
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and

fio (7 () = (oa¥o) (7 @) = [ 171 (oo ) d¥.
We deduce that L

- . ~ - h -
(oo f)- 1712 =e 71T 5,
hy

By taking logarithm, we have thus shown that
(3.1 — 88 = —yy +loghyo f —loghy +loghy —loghgo f,
which proves (4).

We now suppose (4). Then P((B+t(B)y/8)W, f) = 0. It follows that () = § — B8 /7. Thus, ¢’ is constant
on R, which proves (1) and thus finishes the proof of the proposition. (]

Recall that, for a convex function a : R — R, its convex conjugate a* : R — RU {eo} is given by a* (¢) :=
supger {Bc—a(P)} for each c € R. We make use of the following facts about the convex conjugate. We
refer to [Roc70, Theorem 23.5, 26.5] for the proofs and further details.

Lemma 3.11. Let a: R — R be convex and differentiable and let a* : R — RU{oo} be the convex conjugate
of a.
(1) Foreach B € R we have that a* (d' (B)) =d’ (B)B —a(B).
(2) Ifa ¢ d' (R) then a* () = oo.
(3) Suppose that a is twice differentiable and a” > 0 on R. Then d' (R) is an open subset of R, a’ :
R — d (R) is invertible, a* is twice differentiable on d' (R), (a*)"” > 0 on d’ (R), and we have

(a*)' (d' (B)) = B for each B € R. If moreover a is real analytic, then a* is real analytic on d' (R).

The proofs of the following two lemmata are standard (see e.g. [PW97, Pes97]). To make this article
more self-contained, we include the proofs. In the next lemma we deduce analytic properties of the convex

conjugate of the free energy function.

Lemma 3.12. Let f = (f;);c; € (Rat)l be expanding and let & > 0 denote the critical exponent of f. Let
Y = (Vi) be a Holder family associated with f and let t : R — R denote the free energy function for
(f.W). Suppose that there exists y € R such that 2 (YW, f) =0. Let B € R and o0 = —t' (B). Then we have

—t*(—a)=Ba+t(B) = h(Lﬁ) >0

I Edpg
If fig = fiy then we have —t*(—ap(y)) = 6 and —t* (—a) = —oo for each o # ap(y). If fig # [iy
then s(a) := —t* (—a) is a strictly concave real analytic function on —t' (R) with maximum value & =

—t*(—op(y)) >0, and s" <0on —1' (R).

Proof. That —t* (—a) = Ba +¢(B) follows from Lemma 3.11 (1). Since fig is the equilibrium state for
B+t (B)E and 2 (B +1(B)C,f) =0, we have —h (fig) = [ BW+1(B){dfig. Combining with Pro-
position 3.9, we obtain —* (—a) = Ba+1(B) = —h(fig) / [ {dfig.

To prove that —h (fig) / [ {dfig > O first observe that —h (fig) / [ {dfig > 0. Now suppose for a contra-
diction that there exists By € R such that —4 (fig,) / [ Edjig, = —t* (' (Bo)) = 0. We distinguish two cases
according to Proposition 3.10. First suppose that #' is constant on R. Then we have 0 = —* (¢' (o)) =
—1*(¢#'(0)) = (0) by Lemma 3.11 (1). This gives the desired contradiction, because f is non-exceptional
giving that 7 (0) = § > 0. For the remaining case, we may assume that /" > 0 on R. Since —* (c¢) > 0 for
all ¢ in the open neighbourhood ¢’ (R) of ¢’ (By) and —¢* (' (By)) = 0, we conclude that the derivative of t*
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vanishes in #' (fp). By Lemma 3.11 (3), it follows that zero is a local maximum of —* in a neighbourhood
of ' (Bo), which implies that —¢* is constant in a neighbourhood of ¢’ (). However, by Lemma 3.11 (3),
we have that (¢*)” > 0 on ¢/ (R) which is a contradiction. We have thus shown that — (i) / [ {dfig > 0
forall B € R.

To verify the remaining assertions, first suppose that fip = fiy. By Proposition 3.9 and 3.10 we then have
that 7' (B) =1'(0) = —ot(y) for all B € R. By Lemma 3.11 (1) and (2) we conclude that —* (— ot (y)) =
—t*(¢'(0)) =1(0) = & and —1* (—ot) = —eo if & # 0p(y). Now suppose that fiy # fi,. By Proposition
3.9 and 3.10, we have that ¢ is strictly convex and real analytic. By Lemma 3.11 (3) we have that —¢* is a
strictly concave and real analytic function on —#' (R). Also, s” < 0 on ¢/(R). Moreover, Lemma 3.11 (3)

implies that the derivative of 1* vanishes in ' (0) = —ot(), which shows that —¢* attains a maximum in
—ap(y) with —1* (—ag()) = 6. 0

For the support of the measures Vg and vg we prove the following lemma. Recall that .7 (a, y) is the
continuous image of the Borel set .% («, y). In particular, .% (a, y) is a Suslin set and thus vg-measurable.
We refer to [Fed69, p65-70] for details on Suslin sets.

Lemma 3.13. Let f = (f);c; € (Rat)! be expanding. Let y = (Vi)ic; be a Holder family associated with f
and let t : R — R denote the free energy function for (f,y). For each B € R, we have that

Vg (Z (=1 (B),v)) = vp (F (=" (B),y)) = 1.

In particular, for each a € —t' (R), we have that F (@, ) is non-empty.

Proof. Let B € R. Since fig is ergodic by Lemma 3.3, we have by Birkhoff’s ergodic theorem that for
fig-almost every x € J (f),
_ vdil
fim S0 0) _ JWdlp
e 8y (x) [ Cdig
Since [ Wdfig/ [ ¢ dfig = —t' (B) by Proposition 3.9 and fig and Vg are equivalent by Lemma 3.3, we have
that ¥g (. (—' (B), w)) = 1. Consequently, we have that vg (F (—t' (B),y)) = 1. O

Remark 3.14. Under the assumptions of Lemma 3.13 there exists a Borel measurable subset A C .Z (—' (B), )
such that vg (A) = 1.

Proof. Since the Borel measure Vg is regular, there exists a family of compact subsets (Kn)pens> Kn C
Z (—1'(B),w), such that Vg (F (= (B),¥) \U,enKn) = 0. Hence, for the Borel set U,y 7z (Ky) C
F (=" (B), ), we have that Vg (U,.en 7z (Kn)) = 1. O

4. MULTIFRACTAL FORMALISM

To establish the multifractal formalism for expanding multi-maps, we investigate the local dimension of the
measures Vg for B € R (see Definition 3.7). To state the next lemma, we have to make a further definition.
Recall that o (y) := [ Ydfig/ [ Cdjig for a Holder family .

Definition 4.1. Let f = (fi);; € (Rat)’ be expanding. Let y = (Vi);c; be a Holder family associated with
f. For a € R we define

F o) = {x € J(]i; L limsup, o0 $u W (%) /80 € (x) > a} for o0 > o (),

{x € J(f) : liminf,—e0 S, (x) /Snf(x) < a}, fora < og(y).

Moreover, we set . # (at, ) := 7 (F* (at, ).
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The proof of the following lemma mimics the proof of [Sum98, Theorem 3.4], where Vy is considered. To
state the lemma, let B (z,r) denote the spherical ball of radius r centred at z € C. Recall from Lemma 3.5
that vg (B(z,r)) > 0 for each z € J(G) and r > 0. Thus, we have that log vg (B(z,7)) is a well-defined real

number.

Lemma 4.2. Let f = (fi),c; € (Rat)’ be expanding and let G = (f;:i €I). Let y = (Vi) be a Holder
family associated with f and let t : R — R denote the free energy function for (f,v). Let o, € R such
that, either (1) a > o (w) and B <0, or (2) a < ap (W) and B > 0. For each z € F* («, y) we then have

that ) B
ogvV ,
r—0 logr

(B)+Ba.
Proof. We only consider the case that &t > ot () and 8 < 0. The remaining case can be proved in a similar
fashion. Let z € .Z* (o, y). There exists ® € I such that (®,z) € Z* (a, w). Since & > & (W) we have

@.1) fim sup 2P U@:2)

e SpC((@,2)
Since (@,z) € J (f) we have z € J, by Lemma 2.6. We set z, := fo, (z) for each n € N. By Proposition
2.1 we have z, € J(G). Since f is expanding, we have that G is hyperbolic and there exists a G-forward
invariant non-empty compact subset of F (G) by Proposition 2.8 (1). Hence, there exists R > 0 such that,
for each n € N, there exists a holomorphic branch ¢, : B(z,,R) — C of fa’,‘i such that fw‘,, o, = id| B(zn.R)
and ¢ ( fw‘n (z)) = z. By Koebe’s distortion theorem, there exist constants ¢; > 0 and ¢ > 1 such that for
eachn e N,

(4.2) 9n (B (zn:¢3'R)) C B(z,¢; 'R || 95 (zn)]) -

Using that vg is By +1 () {-subconformal by Lemma 3.6 and the set inclusion in (4.2), we obtain that for
eachn e N,

Vg (fw‘,, (¢ (B (zn,cglR)))> e~ Sn(BU+(B))(@.) 4y, 5

IN

/¢n (B(zncy 'R))

vp (Bzei 'R0y @]l))  max  emSPrBI) @),
¥€0u (B(zn,c5'R))

IN

Since supp (vﬁ) = J(G) by Lemma 3.5 and by the compactness of J(G), there exists a constant M > 0
such that vg (fw‘n (¢ (B (zn,cglR)))) > M for all n € N. Using that f is expanding and that B +7(B) &
is Holder continuous, one verifies that there exists a constant C > 1 such that, for all » € N and for all
X E ¢y (B (Zn,cglR)),

So (BU+1(B) ) (@.) =5, (B +1(B)C) (@,2)| < logC.

From B < 0 and (4.1) it follows that there exists a sequence (n;) € NN tending to infinity, such that, for
each € > 0, we have for all j sufficiently large,

max

I (BFHBIR) 0 < Sy te B0 _ |
xedlnj (B (an .,CEIR))

’*(ﬁaﬂ(ﬁ)*ﬁs)

(Pii j (Z"j )

—(Bo+1(B)-Be)
We have thus shown that 0 <M < Cvg (B (z,cl_lR‘ On, (zn;) D) ‘ On, (2n;) ‘ for all j suffi-
ciently large. Set r; := c,‘lR’ ¢,’,j (Z".i) ‘ Clearly, we have that lim; r; = 0. Hence, we have
logvg (B (z,
0 < limint 228 BED) _ g0 i (B)— pe.

r—0 logr
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Since € was arbitrary, the proof is complete. ]

Lemma 4.3. Let f = (fi);c; € (Rat)’ be expanding. Let y = (Vi)ic; be a Holder family associated with f
and let t : R — R denote the free energy function for (f, ). Then we have the following.

(1) For each a € R we have
infgo{t (B)+Ba}, fora>a(y),
infg>o {t (B) +Ba}, fora<an(y).

() Leta €R. If —t* (—a) <O then F (a0, ) = F* (o, W) = @. In particular, we have that F (o, y) =
FHa,y) =0, ifa ¢~ (R).

—t*(—a) =

Proof. To prove (1), first recall that o (y) = —t' (0) by Proposition 3.9. Hence, we have that —* (—ot (W) =
—1* (' (0)) = (0) by Lemma 3.11 (1). Now we only consider the case that & > o (). The remaining case
can be proved similarly. If § > 0 then we have that ¢ (8) + Ba > ¢ (B) + Bag (y) > —1* (—ap () =1 (0).
Hence, we have —1* (—a) = infg( {t (B) +Ba}.

For the proof of (2), suppose for a contradiction that there exists & € R and z € .#%(a, y) such that
—t*(—a) < 0. Again, we only consider the case that o > ap(y). By (1) there exists f < 0 such
that 7 (8) + Ba < 0. This contradicts Lemma 4.2 and thus proves the first assertion in (2). Finally, if
a ¢ —t'(R) then we have —t* (—a) = —oo by Lemma 3.11 (2). Hence, we have .Z* (o, y) = @. Since

ZF (a,y) C Z* (o, y), the proof is complete. O

For an expanding multi-map which satisfies the open set condition, we prove the following lower bound
for the Hausdorff dimension of v by using estimates from [SumO35, Section 5]. Related results and similar
arguments can be found in [PW97, Lemma 2] for conformal repellers, and in [MUOQ3, Theorem 4.4.2] for
graph directed Markov systems. Recall that, for a Borel probability measure v on J(G), the Hausdorff
dimension of v (cf. [Fal03]) is given by

dimg (v) :=inf{dimy (A) : A C J(G) is a Borel set with v (4) = 1}.

Proposition 4.4. Let f = (f;);; € (Rat) be expanding and let G = (f; : i € I). Suppose that f satisfies the
open set condition. Let W = (Y;);c; be a Holder family associated with f and let t : R — R denote the free
energy function for (f,y). For each B € R we have that

dimy (Vﬁ) > —t* (l‘/ (ﬁ)) .

In particular, we have dimy (F (@, y)) > —t* (—a) for each o € —t' (R).

Proof. We use some estimates and notations from [Sum05, Section 5]. Suppose that f satisfies the open set
condition with open set U C C. We may assume that there exists £ > 0 such that B(U,2e)NP(G) = @. Let
U= UI;-:1 K be a measurable partition such that Int(K;) # @ and diam(K;) < £/10 foreach j € {1,... ,k}.

Let B € R and oo = —¢'(8). Our main task is to prove that there exists a constant C > 0 with the property
that, for each A > 0 there exist ro (A) > 0 and a Borel set £ (o, A) C J (f) with 7g (£ (a,A)) > 0, such that
for all r <ry(A) and z € J(G) we have

43) 75 (72! (Br) NE (@,4)) < CrPIPems,
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For the Borel probability measure vg 5 onJ (G), given by vg 5 (A) := 7g (71:11 (A)NE (a,A)) /g (E (e, A)),
for A C J(G), we then have for each z € J (G),
logvga(B(z,r)) . . logip (ﬂg(B(z,r))ﬂE(a,A))

liminf = liminf
r—0 logr r—0 logr

>1(B)+Bor—A.

Hence, we have dimy (Vg o) > (B)-+ B ot —Aby [You82], which gives dimy (vg) > dimy (vg ) >1(B)+
Ba—A. Letting A tend to zero, gives that dimy (v[;) >t (B)+ Bo. Finally, since there exists a Borel subset
Aof J(G) withA C 7 (a, y) and vg (A) = 1 by Lemma 3.13 and Remark 3.14, we have dimy (7 (@, y)) >
dimy (vg) > (B)+ Bot, which finishes the proof.

To prove (4.3), let z € J(G) and let A > 0. By Lemma 3.13 we have ¥ (. (a,y)) = 1. By Egoroff’s
Theorem, there exist a Borel set £ (o, A) C .% (o, y) with V5 (E (,A)) > 0 and N (A) € N such that

4.4) inf VD) S oA foralln> N (A).
yEE(a,A) SnC (Y)

With the notation from [Sum05, Lemma 5.15], we have for each r > 0,

4.5 72! (B(z.r) Un (m! (B (K, e/5)N (7).

where p € N, 1 <v; <k and 1 (k,y) = (@', ", yl’, (). k € IN, y € B(K,,;,€/5), for each 1 < i < p.
Here, we have @' € I, [; € Nand ] ... 7 is an inverse branch of f,, in a neighborhood of B (K., &/5) and
y’ is an inverse branch of fw,, for every 1 <i < p. It is important to note that p < Cy4, for some constant C4
independent of r and z by [SumOS (12)]. Moreover, by [Sum05, (13)], we have that

(4.6) (Yo on) )| <Csr, yeB(K,.€/5),

with some constant Cs independent of r and y. In particular, we have that /; tends to infinity as r tends to
zero. Hence, there exists ro (A) > 0 such that, for each z and r < r (A), we have [; > N (A) for 1 <i< pin
(4.5). Then we obtain by (4.5) and B +1 (B) {-conformality of 7g that

75 (né' (B(z.7)) ﬂE(a,A)) < fﬁ,; (nf (né] (B (Kw,e/S))) mE(a,A))

.7 — f /,, ol S (Bw+(B)E) (') Lot (0) V.
The estimate in (4.4) gives that
48) oS (1(B)E+BW) = 1oy Si (1(B) + BSiW/$18 ) < 1p(anSiC (1(B) + Ba—A).
Combining the estimates in (4.6), (4.7) and (4.8), we obtain
7 (72! (Bz,r) NE (@,4) ) < Cy(Csr)fBhas,

which completes the proof. ]

We can now state the main result of this section, which establishes the multifractal formalism for Holder
families associated with expanding rational semigroups.

Theorem 4.5. Let f = (f;);c; € (Rat)’ be expanding. Let y = (Vi)ic; be a Holder family associated with
f and let t : R — R denote the free energy function for (f,y). Suppose there exists ¥ € R such that
@(Yﬁj,f) =0. Let oy := 01 (V) and o := oo (V). Then we have the following.
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(1) If a_ = oy then we have that a_ = oy = oy, —t' (R) = {aw} and F (o, ) is non-empty if and
only if o0 = 0. If a_ < oty then we have that —t' (R) = (a_, o), each F (o, W) is non-empty for
o€ (a_,oy), s(a) := —t* (—a) is a strictly concave real analytic positive function on (0, 0t;.)
with maximum value § = —t*(—o) > 0, and s <0 on (a_,a;).

(2) For each o € R we have that

dimy (Z (o, ) < dimy (gfﬁ (oc,l,u)) < max {—1* (—a),0}.
(3) If f satisfies the open set condition, then for each o € —t' (R) we have that
dimy (7 (at, ) = dimy (y‘ﬁ (a, w)) = " (—a)>0.

In particular, we have dimy (F (ap,y)) = 6 > 0.

Proof. We start with the proof of (1). We distinguish two cases. First suppose that fiyp = fiy. Then we have
that —' (R) = {—#'(0)} = { @} by Propositions 3.10 and 3.9. By Lemma 3.13 we have that .% (o, y) # @.
By Lemma 4.3 (2), we have that & (o, ) = @ if @ # a. Hence, we have that a_ = o = .. Now suppose
that fiy # fly. Then ¢ > 0 on R by Proposition 3.10 and we have .Z (o, y) # @ for o € —' (R) by Lemma
3.13. Combining with Lemma 4.3 (2), we obtain that —#' (R) = (a_, ). That s(a) := —¢* (—a) is a
strictly concave real analytic positive function on (o, o) with maximum value 6 = —* (—o) > 0 and
s < 0on (0,0 ) follows from Lemma 3.12.

To prove (2), let & € R and suppose that @ > 0. The case & < ¢ can be proved similarly. Since the
upper bound in (2) clearly holds if .Z* (o, y) = @ we may assume that .Z* (o, y) # @. Hence, we have
—t* (—a) > 0 by Lemma 4.3 (2). Let z € .#* (&, y). By Lemma 4.2 we have for each 8 <0,

.. Jogvg(B(z,r))
< — - K .
4.9) 0< hi‘ilo“f og <t(B)+Ba

Since infg<o {t (B) + Ba} = —t* (—a) by Lemma 4.3 (1), it follows from (4.9) and [Fal03, Proposition 4.9
(b)] and its proof that we have dimy (Z* (a, y)) < —t* (—a). Since Z (a, ) C F* (a, ), the proof of
(2) is complete.

To prove (3), suppose that f satisfies the open set condition and let o = —¢' (B) for some § € R. By
Proposition 4.4 we have dimy (% (o, ¥)) > —t* (— ). By Lemma 3.12 we have —t* (— o) > 0. Combining

these estimates with the upper bound in (2) completes the proof of the theorem. ]

The next lemma shows that, for a Bernoulli family v, a trivial multifractal spectrum occurs in a very special
situation. For a compact metric space X, we denote by C (X) the space of all complex-valued continuous

functions endowed with the supremum norm.

Proposition 4.6. Let f = (fi),c; € (Rat)’ be expanding and let G = (f; : i € I). Suppose that deg (fip) =2
for some iy € 1. Let (c;);c; be a family of negative numbers and let y = (y; : 1I6G) — R) i be given
by W; (z) = ci for each i € I and z € f;" ' (J(G)). Let t : R — R denote the free energy function for (f,y).
Let 'y be the unique number such that 2 (yW, f) = 0. Then we have o () = o, (y) if and only if there
exist an automorphism @ € Aut(@), complex numbers (a;);c; and A € R such that for all i € I,

(4.10) Qo fiop () =aiz"%)  and logdeg(f;) = Ac.

Moreover, if the assertions in (4.10) hold, then we have A = — (y/9).
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Proof. First note that we have o () = o () if and only if fiy = fiy by Theorem 4.5 (1) and Proposition
3.10. Now suppose that a_ () = a4 (). Then fip = fiy. By Proposition 3.10 there exists a continuous
function v : J(f) — R such that 8 = yy+v—vo f.

Foreachn € N, £ € I" and u € R, we denote by p (u, &) the topological pressure of the potential ulog ||fé II':
Jg — R with respect to fe, where & := (&1,...,&,,&1,...,&,,...) € IN. Note that Jg = J (fz). Our next aim
is to show that the function u — p (u,&), u € R, is constant. By [PU10, Theorem 5.6.5] we have that, for
each u € R there exists an f-invariant Borel probability measure m on JE such that

2 ,
@.11) = p(wé) = /ngogfgﬂdm-

Denote by 7 the Borel probability measure supported on J¢ which is given by ({E} X A) :=m(A), for
each Borel set A C Jz. Then 7t is Vd jg-invariant. From this and (3.1) we deduce that

8 - . B . n
4.12) = p(,E) = —/,sn;dm —_ (y/a)/,an/dm ——(1/8)Y ce.

u Jé Jé -1
Hence, the function u — p(u,&), u € R, is constant. Now, similarly as in [SU12, Proof of Theorem 3.1],
using Zdunik’s theorem ([Zdu90]), we obtain that there exist an automorphism ¢ € Aut(@) and complex
numbers (a;);.; such that

pofiop ' () =aiz" ), zeC.

Since deg ( ﬁo) > 2 and f is expanding, it follows that deg (f;) > 2 for all i € I. Moreover, by combining
(4.11) and (4.12), we have that logdeg (f;) = — (y/6)c; foreachi € I.

To prove the converse implication, suppose that there exist an automorphism ¢ € Aut (@) , complex numbers
(ai);c; and A € R, such that @ o f;0 9~ ' (z) = a;z*9Vi) and logdeg (f;) = Ac;, for each i € I. It follows
that, foreachn e N, £ € ["and z € Jg such that f (z) = z, we have that

log | f% (2)[| = ) logdeg (f,) =2 Y .
i=1 i=1

Hence, we have —S,,E(E, Z) = AS,,ITI(E, z). Since f:J (f) —J (f) is an open, distance expanding, topo-
logically transitive map (see e.g. Lemma 2.3 (d) for the transitivity), it follows from a Livsic type theorem
that there exists a continuous function & : J (f) — R such that —§ = Ay +h—ho f (see e.g. [PUIO,
Proposition 4.4.5]). In particular, we have —86C = SAW + & (ﬁ—fqof), which shows that A = —(y/9).
Thus, the potentials 55 and Yy have the same equilibrium state, which means that fip = fiy. The proof is
complete. ([

5. APPLICATION TO RANDOM COMPLEX DYNAMICS

The first lemma relates the Holder exponent of a function to Q. (see Definition 1.1).

Lemma 5.1. Let U C C be an open set and let p : U — C be a bounded function. Then we have for each
zeU,

Hol(p,z) = 0« (p,2).

Proof. Let B > Hol(p,z). Then we have limsup, . |p (y) —p (2)| /d (3, 2)P = o, which implies that
limsup,_,. . log|p (y) —p (z)| — Blogd (y,z) = . Hence, we have that

imsup (— loglp( =P @I, g _,
L—mif;g( IOgd()’,Z))< 710gd()’7z) +ﬁ) .
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Since limy_,y. (—logd (y,z)) = o, we conclude that limsup,_,_ . log|p (y (2)]/ (—logd (y,2)) +
B > 0, which implies liminf,_, . log|p (y) — p (z)| /logd (y,z) < B. We have thus shown that Q, ( ) <
Hol(p,z).

Let B < Hol(p,z). Then we have limy ., |p(y)—p(2)|/d (y,z)ﬁ = 0, which implies that
limy_,; . log|p (v) — p (z)| — Blogd (y,z) = —oo. Hence, we have that

lim (—logd (y,2)) <10g|p(y)—p(z)| +ﬁ> — oo,

Y=yt —logd (y,z)
We conclude that hmsupy Hz y#zlog|p (2)]/( / —logd (y,z)) + B < 0, which then implies that
liminf, ., log|p (v) — p (z)| /logd (y,z ) > ﬁ We have thus shown that Q. (p,z) > Hol(p,z) and the
proof of the lemma is complete. O

The following lemma allows us to investigate the Holder exponent of a non-constant unitary eigenfunction
of M; by means of ergodic sums with respect to the skew product associated with a rational semigroup.

Lemma 5.2. Let f = (fi);; € (Rat)l be expanding and let G = (f; :i € I). Suppose that f satisfies the
separation condition. Let (p;);c; € (O, 1)! be a probability vector, let T := Yic1 piOf, and let p € C(@) be a
non-constant function belonging to Uz. Let y = (; : 1I(G) = R) i1 be given by y; (z) := log p; for
each i € 1. Then for each (®,z) € J (f) we have that

limi fMZQ*(p,Z) and limsupm

o 5,8 ((0,2)) L) 2 P9

Proof. We proceed similarly as in the proof of [Suml1, Lemma 5.48]. By [Suml1, Theorem 3.15 (10)]
we may assume that M. (p) = p. Since f satisfies the separation condition, we conclude that there exists
ro > 0 such that, for all i, j € I with i # jand y € £, (J(G)), we have fj (B (y,r)) C F (G).

Let (w,z) €J ( f ) Since f is expanding, we have that G is hyperbolic and there exists a non-empty G-
forward invariant compact subset of F (G) by Proposition 2.8 (1). Hence, there exists R > 0 such that, for
each n € N, there exists a holomorphic branch ¢, : B( fo, (2) ,R) — C of fo nl such that fo,, (¢ (v)) = for
yE B( fo, (z) ,R) and ¢, ( fw‘n (Z)) = z. After making ry sufficiently small, we may assume that, for the sets
B, which are for n € N given by
Bui= 0u(B(fu, (2).70)).

we have that diam ( Joy (Bn)) < ro forall 1 <k < n. Combining this with our assumption that M. (p) = p
and that p is constant on each connected component of F (G) by [Suml1, Theorem 3.15 (1)], we obtain
that for all a,b € By,

5.1) P (@ =P ()] = poy -+ Pa, |p (fo, (@) ~ P (fa, ()|

—1 . . . .
We set r, 1= H fc/o‘,, (2) H for each n € N. We may assume that (r,), o is strictly decreasing because f is
expanding. Hence, for each r > O sufficiently small, there exists a unique n € N such that ;11 <r <.
To prove the lemma, our main task is to verify that there exists a constant C > 0, such that for all » > 0

sufficiently small,

sup{|p (z)—p (¥)| : y € B(z,7)}

(5.2) c'< <C.

To prove (5.2), we first observe that by Koebe’s distortion theorem, there exist positive constants ¢y, ¢y such
that for each n € N,
B(z,c1ry) C By C B(z,carn).
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Moreover, it is shown in [Sum11] that

J(G) = {y cC:Ve>0: P|B(ye) is not constant} .
Since J (G) is compact, we see that there exists C; > 0 such that for all y € J (G),
(5.3) sup{|p () —p (/)| :y €B(v,r0)} > C1.

Further, there exists k € N such that cpr,, 1 < 1,11 and r,, < 11y, for all n sufficiently large. Consequently,

for each r > 0 we have
B(z,r) D B(2,rns1) D B(z,¢2rn4k) D Buyr and  B(z,r) C B(z,r) C B(z,¢17p—k) C Byy.
Combining with (5.1) and (5.3) we obtain that
sup{lp (z) —p ()| :y € B(z,r)} = sup{|p (z) = p (¥)| : y € Bus}
P (fa (2)) =P (fo )] : v € Buir )

= Sup {p(ﬂ| ..... pwn+k

Similarly, we have

sup{lp (z) =p (V)] :y € B(z,r)} <sup{lp(z) —=p (V)| :y € Bu-i}

= sup {pwl ..... pwn—k

We have thus proved (5.2).

By (5.2) and r,,+1 < r < r, we obtain that for each r > 0,

Sn¥ ((@,2)) +1logC _ logsup{p(c) —pW)|:y €B(&n)} _ 5P (0.2)) —logC

St (@,2) logr Snl ((0,2))

The lemma follows by letting r tend to zero. ]

We are now in the position to state the main result of this section.

Theorem 5.3. Let f = (f;);; € (Rat)’ be expanding and let G = (f; i € I). Suppose that f satisfies the
separation condition. Let (p;);c; € (0, 1)’ be a probability vector, let T := Y ;c; piS5, and suppose that there
exists a non-constant function belonging to U;. Let p € C(@) be a non-constant function belonging to Uy.
Let y = (y;: 71I(6) - R)ie[ be given by y;(z) :=logp; and let t : R — R denote the free energy

Sunction for (f, ). Let y be the unique number such that & (ytfl, f) = 0. Then we have the following.

(1) There exists a number a € (0,1) such that p : C — C is a-Hélder continuous and a < a_ ().
(2) We have a;(y) =sup{a e R:H(p,a) # @} and a_(y) =inf{a e R: H (p,a) # &}. More-
over, H can be replaced by R,,R or R*.
(3) Let oy := oy (y) and o := o (). If 00— < . then we have for each a € (a_, o),
dimy (Z (o, ) = dimy (yﬁ (a, 1,/)) = dimy (R* (p, &) = dimy (R, (p, ot))
=dimg (R(p, o)) =dimyg (H (p, o)) = —t* (—a) > 0.
Moreover, s(at) := —t* (—at) is a real analytic strictly concave positive function on (0.—, &t;.) with

maximum value 8 = —t* (—ap) > 0. Also, s" <0 on (a_, ).
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(4) (a) Foreachi€ I we have deg(f;) > 2. Moreover, we have a_ = o if and only if there exist an
automorphism @ € Aut(@) and (a;) € C! such that

pofiop " (2) =az™ 8 and logdeg(f;) = —(v/8)logpi.
(b) If o = ot then we have
F (a0, ¥) = F* (a0, ¥) =R* (p, ) = R (p, ) = R(p, o) = H (p, o) = J(G),
where dimy (J(G)) = & > 0, and for all o £ ot we have

j(a7W):ju(a7W):R*(pva):R*(pva):R(pva):H(pva)ZQ'

Proof. By the separation condition and J(G) = U, f; ' (J(G)) (see [Sum00]) we have that the kernel
Julia set Jier(G) := Ngeg &' (J(G)) of G is empty. From this and the assumption that there exists a non-
constant unitary eigenfunction of Mz in C(C) ([Suml1, Theorem 3.15 (21), Remark 3.18]), it follows that
deg (f;) > 2 for each i € I. Moreover, by [Sum13, Theorem 3.29] there exists a constant a € (0, 1) such that

p: C — C is a-Holder continuous.

Since f satisfies the separation condition, by passing to (fw),c;+ Where k is a sufficiently large positive
integer, we may assume that f satisfies the open set condition. Also note that there exists ¥ € R such that
2 (yw,f)=0.

Let a € R. Recall that H (p,a) = R, (p,a) by Lemma 5.1. We only give the proof of (2), (3) and (4) for
the level set R, (p,a). The sets R* (p, ) and R(p, &) can be considered in a similar fashion. The main
task is to show that .7 (o, W) C R, (p, &) C .Z* (e, w). Then the assertion in (2) follows from Theorem 4.5
(1) and Lemma 4.3 (2), and the assertions in (3) follow from Theorem 4.5 (1), (2) and (3). The assertion
in (4a) follows from Proposition 4.6. To prove (4b) we observe that by the proof of Proposition 4.6 there

exists a continuous function / : J(f) — R such that

S, S, ~
”llf(x) = _ ~"W(x)~ =, foreveryxeJ(f),
SuC(x)  YSaW(x)+h(x) —ho frHl(x)
which shows that lim,, .. S, (x) /S, (x) = 8y for every x € J(f). Now (4b) follows from Theorem 4.5
(1) and (3) and Lemma 4.3 (2). Finally, by combining with the fact that p is a-Holder continuous, we obtain

that a < a_ (y).

To complete the proof, we verify that .% (&, ) C R, (p, &) C .Z* (o, ) . To prove that .7 (o, y) C
R.(p,a), let z € F (a,y). By definition of .7 (a, y), there exists @ € I"' such that (0,z) € Z («, ¥).
Hence, by Lemma 5.2, we have that Q(p,z) = o and thus, z € R(p,a) C R.(p,a). To verify that
R.(p,a) C F¥(a,y), let 7 € R, (p,a), that is, Q. (p,z) = . Since p is constant on each connected
component of F (G) by [Sum11, Theorem 3.15 (1)], we have that z € J(G). By Proposition 2.1 (3), there
exists @ € I such that (@,z) € J (). Lemma 5.2 gives that liminf, S, ¥ ((®,2)) /S, ((®,2)) = o, which
implies that (w,z) € .%* (o, ). Hence, we have z € .Z* (o, y). We have thus shown that .Z (o, y) C
R, (p,a) C .Z*(a,y) and the proof is complete. O

6. EXAMPLES

We give some examples to which we can apply the main theorems.

(1) Let f=(fi)ies € (Rat) be expanding and let G = (f; : i € I). Suppose that f satisfies the separation
condition. Let (p;);c; € (O, 1)’ be a probability vector, let 7 := Y.ic1 piOf. Suppose that G has
at least two minimal sets. Here, we say that a non-empty compact subset L of C is a minimal
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set of G if L is minimal among the space {K | K is a non-empty compact subset of C and g(K) C
K for each g € G} with respect to the inclusion. (Note that if K is a non-empty compact subset C
such that g(K) C K for each g € G, then by Zorn’s lemma, there exists a minimal set L of G with
LCK)LetTy:: C— [0,1] be the function of probability of tending to L which is defined as

Tc0) = (547 ({0 = (@nor,..) € (|1 € 1) (001 (3).L) > 0asn o0} )

Then by [Sum11] 7} ¢ is a non-constant function belonging to Uz. In fact, M (1L ) = Ty ;. Thus,
we can apply Theorem 5.3 to f and p = T ;. The function Tz ; can be regarded as a complex
analogue of the devil’s staircase and Lebesgue’s singular functions (see [Sum11, Introduction]). If
each f; is a polynomial and L = {eo} then 7o, 7 := T() ¢ is sometimes called a devil’s coliseum.

Since (fw)yet> Where k is a large positive integer, satisfies the open set condition, all statements
in Theorem 4.5 and Proposition 4.6 hold for f.

(2) Let fi1, f> be two polynomials with deg(f;) > 2 fori € {1,2}. Let/={1,2} and G = (fi:i ).
Let (p1,p2) € (0, 1)2 with p; + p2 = 1 and let T = p{ 65, + p2Jy,. Suppose that G is hyperbolic,
P(G)\ {0} is bounded in C and that J (G) is disconnected. Then f = (fi, f2) is expanding, f
satisfies the separating condition (see [Sum09, Theorem 1.7]) and the function of probability of
tending to infinity 7o 1 = T{eo} 7 C— [0,1] is a non-constant function belonging to Uz. To this f
and p = T.. ; we can apply Theorem 5.3. To see a concrete example, let g1 (z) = 2> — 1, 82(z) =22 /4,
JSi=giog1,fo =g20g. Then f = (f1,f2) satisfies the above condition (see [Sum11, Example
6.2]).

(3) Let fi be a hyperbolic polynomial with deg(f;) > 2. Suppose that J(f}) is connected. Let i €
Int(K(f1)). Letd € N with d > 2 and (deg f1,d) # (2,2). Then there exists a constant ag > 0
such that for each a € C with 0 < |a| < ao, setting f>,(z) :=a(z— h)? + h, we have that (i) G, :=
(fi1, f2,a) is hyperbolic, (i) fa = (f1, f2,4) satisfies the separating condition and (iii) P ({fi, f2,4)) \
{eo} is bounded in C (see [Sum11, Proposition 6.1]).

(4) There are many examples of f = (f;);c; € Rat!, which satisfy the assumptions of Theorem 5.3 (see
[Sum11, Propositions 6.3, 6.4 and 6.5]).

Finally we give an important remark on the estimate of o— and the non-differentiability of non-constant
p S Ur.

Remark 6.1. Let f = (fi);c; € Rat/ and suppose that each f; is a polynomial with deg (f;) > 2. Under the
assumptions of Theorem 5.3, we have by Theorem 5.3 and [Sum11, Theorem 3.82] that

—Yicr Pilogpi
o_(y) < —<a
W)= S pilogden i+ e LA dE ()~ %
where I' = {fi:i€ I}, T = @7, 7, and %, denotes the Green’s function of the basin Ay of oo for the

(v),

sequence ¥ = (¥1,%,...) € I'N and c runs over the critical points of y; in A y. For the details we refer to
[Sum11, Theorem 3.82].

Moreover, in addition to the assumptions of Theorem 5.3, if each f; is a polynomial with deg(f;) > 2 and if
(a) Yicr pilog(pideg f;) > 0 or (b) P(G) \ {eo} is bounded in C or (c) card (1) = 2, then

<1.

—Yic1 pilogpi
o_ < =
W) e plogde it Jon v % (€42 (1)
See [Sum11, Theorem 3.82]. For the proof, we use potential theory.
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