REAL ANALYTICITY OF HAUSDORFF DIMENSION FOR
EXPANDING RATIONAL SEMIGROUPS

HIROKI SUMI AND MARIUSZ URBANSKI

ABSTRACT. We consider the dynamics of expanding semigroups generated by finitely
many rational maps on the Riemann sphere. We show that for an analytic family of
such semigroups, the Bowen parameter function is real-analytic and plurisubharmonic.
Combining this with a result obtained by the first author, we show that if for each semi-
group of such an analytic family of expanding semigroups satisfies the open set condition,
then the Hausdorff dimension of the Julia set is a real-analytic and plurisubharmonic
function of the parameter. Moreover, we provide an extensive collection of examples of
analytic families of semigroups satisfying all the above conditions and we analyze in detail
the corresponding Bowen’s parameters and Hausdorff dimension function.
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1. INTRODUCTION

A rational semigroup is a semigroup generated by a family of non-constant rational
maps g : C— @, where C denotes the Riemann sphere, with the semigroup operation being
functional composition. A polynomial semigroup is a semigroup generated by a family of
non-constant polynomial maps on C. Research on the dynamics of rational semigroups was
initiated by A. Hinkkanen and G. J. Martin ([8, 9]), who were interested in the role of
the dynamics of polynomial semigroups while studying various one-complex-dimensional
moduli spaces for discrete groups of Mobius transformations, and by F. Ren’s group ([41,
7]), who studied such semigroups from the perspective of random dynamical systems.

The theory of the dynamics of rational semigroups on C has developed in many directions
since the 1990s ([8, 41, 9, 17, 18, 19, 20, 22, 23, 24, 25, 26, 27, 28, 29, 30, 37, 38, 31, 32, 33,
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21, 34, 35]). Since the Julia set J(G) of a rational semigroup generated by finitely many
elements fi,..., fs has backward self-similarity i.e.

(1.1) J(G) = [ (@) u---U f7H(I(G)),

(See [22, 24]), it can be viewed significant generalization and extension of both the theory of
iteration of rational maps (see [14]) and conformal iterated function systems (see [12]). The
theory of the dynamics of rational semigroups borrows and develops tools from both of these
theories. It has also developed its own unique methods, notably the skew product approach
(see [24, 25, 27, 28, 31, 32, 33, 35]). We remark that by (1.1), the analysis of the Julia sets of
rational semigroups somewhat resembles “backward iterated functions systems”, however
since each map f; is not in general injective (critical points), some qualitatively different
extra effort in the cases of semigroups is needed.

The theory of the dynamics of rational semigroups is intimately related to that of the
random dynamics of rational maps. For the study of random complex dynamics, the reader
may consult [5, 3, 4, 2, 1, 6]. The deep relation between these fields (rational semigroups,
random complex dynamics, and (backward) IFS) is explained in detail in the subsequent
papers ([29, 30, 31, 32, 33, 34, 35]) of the first author.

In this paper, we analyze in detail the Hausdorff dimension of Julia sets of expanding
rational semigroups. Our approach utilize the powerful tool of thermodynamic formalism,
developed in [27] and a version of Bowen’s formula for the Hausdorff dimension of Ju-
lia sets, also proved in [27]. We introduce Bowen’s parameter as the unique zero of the
pressure function. This is an invariant of the generator systems of the semigroup. We
then develop a finer analysis of holomorphic families of Perron-Frobenius type operators,
and eventually apply Kato-Rellich perturbation theory ([10]) to get real-analyticity of the
pressure function, as depending on the complex parameter. Then the Implicit Function
Theorem completes the task. Bowen’s formula, which is mentioned above, identifies the
Hausdorff dimension of the Julia set with Bowen’s parameter, whenever in addition the
open set condition is satisfied. We thus obtain that under these assumptions the Hausdorff
dimension function depends in a real-analytic manner on the parameter. We also show
that Bowen’s parameter function is real-analytic and plurisubharmonic, even if we do not
assume the open set condition. The real analyticity of Hausdorff dimension, or, in a sense,
more accurately, of Bowen’s parameter, goes back to Ruelle’s paper [16], where hyperbolic
rational functions were considered. The reader may also consult [42] and [40]. Our ap-
proach stems from that in the [40] paper. We develop it and work out techniques to deal
with a qualitatively different case of semigroups.

Our article ends with a collection of examples illustrating variety of behavior of the
Hausdorff dimension function, Bowen’s parameter function (ex. it can be strictly less than
2 or strictly bigger than 2 on an open set of multi-maps), expandingness and the open set
condition.

We remark that as illustrated in [30, 35], estimating the Hausdorff dimension of the Julia
sets of rational semigroups plays an important role when we investigate random complex
dynamics and its associated Markov process on C. For example, when we consider the
random dynamics of a compact family I' of polynomials of degree greater than or equal
to two, then the function Ty, : C — [0,1] of probability of tending to oo € C varies only
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inside the Julia set of rational semigroup generated by I', and under some condition, this
Ty : C — [0,1] is continuous in C. If the Hausdorff dimension of the Julia set is strictly

less than two, then it means that T, : C — [0,1] is a complex version of devil’s staircase
(Cantor function) (]29, 30, 35]).

2. PRELIMINARIES AND THE MAIN RESULTS

In this section we introduce the notation and basic definitions. We also formulate our
main results. Their proofs will be concluded in Section 7.
Throughout the paper, we frequently follow the notation from [24] and [27].

Definition 2.1 ([8, 41, 7, 9]). A “rational sengroup "G is a semigroup generated by a
famaly of non-constant rational maps g : C — C, where C denotes the Riemann sphere
with the semigroup operation being functional composition. A “polynomial semigroup”

a semigroup generated by a family of non-constant polynomial maps on C. For a mtz’onal
semigroup G, we set F(G) := {z € C | G is normal in a neighborhood of z} and J(G) :=
C\ F(G). F(G) is called the Fatou set of G and J(G) is called the Julia set of G. If G
is generated by a family {f;}:, then we write G = (f1, fa,--+).

For the study of the dynamics of rational semigroups, see [8, 41, 7, 9, 17, 18, 19, 20, 22,
23, 24, 25, 26, 27, 28, 29, 30, 37, 38, 31, 32, 33, 21, 34, 35], etc.

Definition 2.2. For each s € N, let ¥, := {1,... s} be the space of one-sided sequences
of s-symbols endowed with the product topology. This is a compact metric space. We denote
by Rat the set of all non-constant rational maps on C endowed with the topology induced
by uniform convergence on C. Note that Rat has countably many connected components.
In addition, each connected component U of Rat is an open subset of Rat and U has a
structure of a finite dimensional complex manifold. For each f = (f1,...,fs) € (Rat)®, we
define a map

by the formula )
flw,z) = (o(w), fu(2)),
where (w, z) € Xy X C, w= (wi,wa,...), and o : Xy — X, denotes the shift map. This
f D2 X C — g X C is called the skew product map associated with the multi-map
f = (fl,...,fs) (Rat)®. We denote by m : Xg X C — X, the projection onto S5 and
8, x C — C the projection onto C. That is, m(w,2) = w and my(w, z) = z. For each
nEN and (w, z) € Xy X C, we put

(fn)l(w> Z) = (fwn ©---0 fw1)/<z)‘

We put J,(f) :={z € C | {fu, 00 fu, tnen is not normal in each neighborhood of z} for
each w € Xy and we set

J(f) = Upex, {w} X Jw(f)>
where the closure is taken in the product space Xy x C. This is called the Julia set of
the skew product map f. Moreover, we set F(f) := (Xs x C) \ J(f). Furthermore, we set

deg(f) = Y2;_, deg(f))-
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Remark 2.3. By definition, J(f) is compact. Furthermore, if we set G = (f1,..., fs),
then by [24, Proposition 3.2|, we have all of the following:

(1) {(f) is completely invariant under f:
(2) f is an open map on J(f); A
(3) if #J(G) > 3 and E(G) :={z € C | § Uyeq g~ ' {2} < 00} is included in F(G), then

(f,J(f)) is topologically exact;

(4) J(f) is equal to the closure of the set of repelling periodic points of f if $J(G) >
3, where we say that a periodic point (w,z) of f with period n is repelling if
|(f") (w,2)| > 1; and

(5) m(J(f)) = J(G).
Definition 2.4 ([27]). A finitely generated rational semigroup G = (f1,..., fs) is said to

be expanding provided that J(G) # O and the skew product map f : ¥y x C — Xy x C

associated with f = (f1,..., fs) is expanding along fibers of the Julia set J(f), meaning
that there exists n > 1 and C' € (0,1] such that for alln > 1,

(2.1) mf{[| (/") ()]l : = € J(F)} = On",
where we mean in the above formula || - || to denote the absolute value of the spherical
derivative.

Definition 2.5. Let G be a rational semigroup. We set

P(G) == Uyec{all critical values of g : C — C} (c C)

and this is called the postcritical set of G. A rational semigroup G is said to be hyper-
bolic if P(G) C F(G).

Remark 2.6. Let G = (f1, ..., fs) be a rational semigroup such that there exists an element
g € G with deg(g) > 2 and such that each Mébius transformation in G is loxodromic. Then,
it was proved in [23] that G is expanding if and only if G is hyperbolic.

Definition 2.7. We define

Exp(s) :={(f1,..., fs) € (Rat)* | {f1,..., fs) is expanding}.

We also set X5 := U2, {1,...,s} (disjoint union). For every w € X, U X% let |w]| be the
length of w. For each f = (fi,...,fs) € (Rat)® and each w = (wy,...,w,) € X%, we put
Jo = o, 00 fu.

Then we have the following.

Lemma 2.8. Exp(s) is an open subset of (Rat)®.

Proof. Let f = (fi1,..., fs) € Exp(s). Then, by (2.1) and the fact ma(J(f)) = J({f1,- .-, fs))
(Remark 2.3), there exists an n € N such that

(2.2) inf{|(fo) W)+ w € S5 |wl =ny € 51 (T({fr- -, f))} = 3.
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For each subset A of C and r > 0, we denote by B(A,r) the r-neighborhood of A with

respect to the spherical distance on C. Let € > 0 be any small number. Then, by (2.2), for
each w € ¥¥ with |w| =n,

(23) fujl(B(J((fl: SRR fs>)>€>> - B(‘](<f17 R 7fs>)7 6/2>

Hence, there exists a neighborhood U of f in (Rat)® such that for each g = (¢1,...,95) € U
and each w with |w| = n,

(2.4) 95 (BUI({frs- - f))s€)) € BUI((fry-- o, fs)s€)
and
(2.5) 1(9.)" ()]l > 3/2 for each y € g, (B(J((f1,-- -, [s)): €)).

By (2.4), for each g € U, (g1, ..., gs) is normal in C\ B(J((f1,..., fs)),€). Hence, it follows
that for each g € U,

(26) ‘]((gl?'”ags)) CE(J(<f17'”7fS>)7€>‘
By (2.5), (2.6), and the fact m(J(g)) = J({g1,.--,9s)), we obtain that for each g € U,
(g1, -.,9s) is expanding. We are done. O

Definition 2.9. Let f = (fi,...,fs) € Exp(s) and let f : £, x C — %, x C be the skew
product map associated with f = (f1,..., fs). For each t € R, let P(t, f) be the topological
pressure of the potential p(z) := —tlog ||f'(2)|| with respect to the map f : J(f) — J(f).
(For the definition of the topological pressure, see [15].) We denote by §(f) the unique zero
of t — P(t, f). (Note that the existence and the uniqueness of the zero of P(t, ) was shown
in [27].) This 6(f) is called the Bowen parameter of f = (f1,..., fs) € Exp(s).

In this paper, we consider the following situation:

Definition 2.10. Let A be a finite dimensional complex manifold. For each j =1,...,s
and each A € A, suppose that there exists a rational map f; : C — C. For each )\ € A,
we set Gy := (fa1,-- -, fos). The collection {Gy}ren is called an analytic family of rational
semigroups if
(a) For every 1 < j <s and every z € C, (z,X) — f\,(2) is a holomorphic map from
C x A to C.

Furthermore, the collection {Gy}en is called an analytic family of expanding rational semi-
groups if {Gx}rea is an analytic family of rational semigroups and for all A € A, G is
expanding.

Example 2.11. Let A be a connected component of Exp(s). For each f = (f1,..., fs) € A,
let Gy = (f1,...,fs). Then, by Lemma 2.8, {Gy}sen is an analytic family of expanding
rational semigroups.

We will give a large collection of examples of analytic families of expanding rational
semigroups in Section 8.
In order to state the main results, we need the following notation.
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Definition 2.12 ([11]). Let X be a finite dimensional complex manifold. An upper semicon-
tinuous function u : X — RU{—o0} is said to be plurisubharmonic if for each holomorphic
map ¢ : D — X, where D := {z € C : |2| < 1}, the function uo ¢ : D — RU {—o0}
is subharmonic. A function v : X — R U {+oo} is said to be plurisuperharmonic if
—v: X — RU{—o0} is plurisubharmonic.

Definition 2.13. For any subset A of C, we denote by HD(A) the Hausdorff dimension of
A with respect to the spherical distance on C.

Definition 2.14. Let f = (f1,..., fs) € (Rat)® be an element and let G = (f1,..., fs). Let
also U be a non-empty open set in C. We say that f (or G) satisfies the open set condition
(with U) if Ui_y [/ (U) € U and f7'(U) N f;Y(U) = 0 for each (i,j) with i # j. There
is a stronger condition. Namely, we say that f (or G) satisfies the separating open set
condition (with U) if szlfj_l( yC U and f71(U)N fi Y(U) =0 for each (i,) with i # j.
Furthermore, we say that f (07" G) satzsﬁes the strongly separating open set condition (with
U)if Uiy f;(U) C U and f7(U)N f71(U) =0 for each (i) with i # j.
The main purpose of this paper is to prove the following results:

Theorem 2.15. (Theorem A) Let A be a finite dimensional complex manifold. Let
{Gx}aea be an analytic family of expanding rational semigroups, where Gy = (fa1,-- -, [as)-
For each X € A, we set fx = (fa1,-.., fas) € (Rat)®. Then, the Bowen parameter function
A — O(f\) defined for all X € A, is real-analytic. Also, (\t) — P(t, fr),(\t) € A X
R, is real-analytic, X\ — 1/6(f\),\ € A, is plurisuperharmonic, X — 6(f\),\ € A, is
plurisubharmonic, and A — log§(fy), A € A, is plurisubharmonic. Furthermore, for a fixed
t € R, the function A — P(t, fx), A € A, is plurisubharmonic.

Theorem 2.16. (Theorem B) Let A be a finite dimensional complex manifold. Let
{Gx}aea be an analytic family of expanding rational semigroups, where Gy = (fa1,-- -, [as)-
Suppose that for each A € A, G\ satisfies the open set condition i.e. for each A € A there
exists a non-empty open set Uy in C such that Us_ [ (Ux) C Uy and f/\ OIS (Uy) =0
for each (i,7) with i # j. Then, the Hausdorﬁ dimension function X — HD(J(G))),\ €
A, is real-analytic. Besides, X — 1/HD(J(G))),A € A, is plurisuperharmonic, A\

D(J(G))), A € A, is plurisubharmonic, and A — logHD(J(G\)), A € A, is plurisub-

harmonic.

Remark 2.17. There exist a number of elements g = (g1,...,9s) € Exp(s) such that the

Hausdorff dimension function f = (f1,...,fs) — HD(J({f1,..., fs))) is not continuous at

g. For example, let g = (2%, 2%) € Exp(2) and for each A with 0 < X\ < 1, let fr = (22, \2?)

and Gy = (22, \2%). Then, for each 0 < X\ < 1, J(G,) = {z € C : 1 < |z] < 1/\}

which implies HD(J(G,)) = 2. However, J(G1) = J({2?,2?)) = {2 € C : |z| = 1} and
D(J(Gy)) =1

Remark 2.18.

e There is a rich collection of finitely generated rational semigroups G = (f1,..., fs)

such that intJ(G) # 0 and J(G) # C. For example, for each A € C with0 < |\| <1,
J((22,\2%)) ={2€C:1< 2] <1/}
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e If a finitely generated rational semigroup G = (f1,..., fs) satisfies the open set
condition with an open set U, then by [8, Corollary 3.2], J(G) C U. If, in addition
to the above, J(G) # U, then intJ(G) = () (See [25, Proposition 4.3]).

e Suppose a finitely generated rational semigroup G = (fi,..., fs) satisfies the sepa-
rating open set condition with the set U. Then, by [8, Corollary 3.2], [23, Theorem
2.3], and [24, Lemma 2.4], we have that intJ(G) = 0 and J(G) is disconnected. In
particular, J(G) is a proper disconnected subset of U.

e If a finitely generated expanding rational semigroup G = (f1,..., fs) satisfies the
open set condition with the set U and J(G) # U, then by [28, Theorem 1.25] and its
proof, the Julia set J(G) is porous and HD(J(G)) < 2. In particular, if an expanding
rational semigroup G = (f1,..., fs) satisfies the separating open set condition with

the set U, then J(G) is porous and HD(J(G)) < 2.

The proofs of Theorem A and Theorem B are given in Section 7. They make use of the
thermodynamic formalisms and the perturbation theory for bounded linear operators on
Banach spaces.

We give some additional remarks.

Definition 2.19 ([27]). Let G be a countable rational semigroup. For any t > 0 and
z e C, we set Sg(z,t) = D gec 2agiy=: 19’ W™, counting multiplicities. We also set
Sc(z) = inf{t > 0 : Sg(z,t) < oo} (if no t ewists with Sg(z,t) < oo, then we set
Sa(z) := 00). Furthermore, we set so(G) := inf{Sg(z) : z € C}. This so(G) is called the
critical exponent of the Poincaré series of G.

Definition 2.20 ([27)). Let f = (f1,..., fs) € (Rat)*, t >0, and z € C. We put Tj(z,t) :=
D owess 2 foly)=x oW, counting multiplicities. Moreover, we set T¢(z) := inf{t > 0 :
Tp(z,t) < oo} (if no t exists with Ty(z,t) < oo, then we set Tf(z) = oo0). Furthermore,
we set to(f) = inf{Ty(z) : = € C}. This to(f) is called the critical exponent of the
Poincaré series of f = (f1,..., fs) € (Rat)®.

Remark 2.21. Let f = (f1,...,fs) € (Rat)*’, t > 0, z € C and let G = (fi,. oy fs)
Then, Sq(t,z) < Ty(t, 2),Sa(z) < T¢(2), and so(G) < to(f). Note that for almost every
f € (Rat)® with respect to the Lebesque measure, G = (f1,..., fs) is a free semigroup and
so we have S¢(t, z) = Ty(t, 2), Sa(2) = Tf(2), and so(G) = to(f).
Definition 2.22. Let G be a rational semigroup. Then, we set

A(G) = Uyeag({z € C: Fu € G u(z) = 2, [u/(z)| < 1}).

Lemma 2.23. Let f = (f1,..., fs) € Exp(s). Then 6(f) = to(f).

Proof. Let G = (f1,..., fs). By [27], A(G)UP(G) C F(G) and for each z € C\ (A(G)U
P(Q)), 6(f) = T¢(z). Let z € A(G) U P(G). If there exists an n € N such that for each
we{l,....s}" and eachy € f7(2), we have y € C\ (A(G)U P(G)), then by the previous
argument, Ty(z) = 6(f). If there exists a strictly increasing sequence (n;)32, of positive
integers such that for each j € N, there exists an w € {1,...,s}" and a y € f;'(z) with
y € A(G)U P(G), then by [25, Lemma 1.30], Tf(z) = oo. Thus, we have §(f) = to(f). We
are done. O
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Remark 2.24. Let f = (f1,..., [s) € Exp(s) and let G = (f1,..., fs). Then, by [27] and
Lemma 2.23, we have HD(J(G)) < so(G) < Sa(z) < d(f) = Ty(z) = to(f), for each
z e C\ (A(G) U P(@)). In addition to the above assumption, if G satisfies the open set
condition i.e., if there exists a non-empty open set U in C such that szlfjl(U) Cc U and

71 U)n fj_l(U) =0 for each (i,7) with i # j, then by [27],
HD(J(G)) = 50(G) = Sa(z) = 6(f) = Ty(2) = to(f),
for each z € C\ (A(G) U P(Q)).

Remark 2.25. The Bowen parameter d(f) can be strictly larger than two (See [27, Example
4.14]). In fact, a small neighborhood U of (2%, 2% /4, 2%/3) € Exp(3) satisfies that for each
feU,d(f)>2. For details, see Section 8.

In the sequel [39], we will give some estimates of d(f).

3. EXPANDINGNESS

In this section, we show that for an element f = (fi,..., fs) € Exp(s), the skew product
map f : J(f) — J(f) associated with {fi,..., f,} is an expanding map in the sense of
Chapter 3 of [15]. We need more notation.

Let f = (f1,...,fs) € (Rat)® and let G := (f,..., fs). For every n < |w| let w|, =
(Wi, way ... ywy). If w e X we put

w] ={1 € Z, : 7|ju| = w}.

If w,7€¥,UX% wAT is the longest initial subword common for both w and 7. Let a be
a fixed number with 0 < o < 1/2. We endow the shift space X, with the metric p, defined
as

|wAT|

palw,T) = o
with the standard convention that o> = 0. The metric d, induces the product topology

on Y,. Denote the spherical distance on C by p and equip the product space > x C with
the metric p defined as follows.

p(w, ), (1,y)) = max{pa(w,7), p(x,y)}-

Of course p induces the product topology on > x C. Using the fiberwise expanding property
(2.1), [24, Proposition 3.2] and the expanding property of the shift map o : ¥, — 3, it is
fairly easy to prove the following.

Theorem 3.1. Let G = (f1,..., fs) be an expanding rational semigroup. Let DI C—
Y, x C be the skew product associated with f = (f1,..., fs). Then, the dynamical system
[ Jf) — J(f) is a topologically exact open distance expanding map (in the sense of
Chapter 3 of [15]), meaning that

(a) The map f J(f) — J(f) is open.

(b) The map f : J(f) — J(f) is Lipschitz continuous.



(¢) There ezists ¢ > 1 and 6 > 0 such that

p(f*(y), F4(x)) = 4p(y, =)
forall z,y € J(f) with p(z,y) < 20.
(d) The map f: J(f) — J(f) is topologically exact.
In addition q and & depend only on C,n in (2.1) and the Lipschitz constant of f: J(f) —

J(f). Note that 25 is an expansive constant of the map f : J(f) — J(f); in particular it
1s an expansive constant for the shift map o : Xy — Y.

4. J-STABILITY

In this section, we construct a conjugacy map h : J(f) — J(g), when f € Exp(s) and
g is close enough to f. This conjugacy will be used to construct an analytic family of
Perron-Frobenius operators.

Define the metric p,, on (Rat)® as follows: for any f = (f1,...,fs),9 = (91,-..,9s) €
(Rat)®, we set

poo(f9) = poo(f,§) = sup{p(f(2), §(2)) : z € T, x C},
where f (resp. §) denotes the skew product map associated with f = (fi,..., fs) (resp.
g=1(91,---,9s)). Given a set D C X5 x C and r > 0, we put

B(D,r)={z € 3, x C: p(z,D) <r}.
where

p(A, B) = inf{p(a,b) : (a,b) € A x B}.
Similarly, given a set D C (Rat)® and r > 0, we put

B(D,r) = {f € (Rat)" | po(f, D) < 1},

Let Comp* (X, X @) be the set of all non-empty compact (=closed) subsets of ¥, x C and
let Comp™(C) be the set of all non-empty compact (=closed) subsets of C. The Hausdorff
metric on py on Comp™ (3 x C) is defined as follows.

pu(A,B) = iI>1f(;{A C B(B,r) & BC B(A,r)}.

The Hausdorff metric pi on Comp*(C) is defined analogously. Let ¥ : Exp(s) — Comp*(C)
be the map defined by U(fi,..., fs) := J({f1,..., fs)). Then, we have the following.

A

Lemma 4.1. The map ¥ : Exp(s) — Comp*(C) is continuous.

Proof. Let f = (f1,...,fs) € Exp(s). By [8, Theorem 3.1], [24, Lemma 2.3 (g)], and [27,
Lemma 3.2], we have

(4.1) J((fr,. . f)) ={z€C:3ue (fi,...,[) such that u(z) = z, |u'(z)] > 1}.

Hence, for any € > 0, there exists a finite set Qf = {&1.f, ..., & ¢} such that J((fi,..., fs)) C
B(Qy,€/2) and such that each ;¢ is a repelling fixed point of some u;¢ € (fi,..., fs)-
By Implicit Function Theorem, it follows that there exists an open neighborhood U of
f such that for each g = (g1,...,9s) € U and each j with 1 < j < [, there exists a
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repelling fixed point &;, of some wjg4 € (g1, ..,gs) such that p(§;¢,&;,) < €/2. Therefore,
setting Qg := {&1,4-..,&.4}, we obtain that for each g € U, J({f1,...,fs)) C B(Qg,€) C
B(J({g1,.--,9s)),€). Combining this with (2.6) in the proof of Lemma 2.8, it follows that
the map ¥ : Exp(s) — Comp*(@) is continuous at f. We are done.

0

Remark 4.2. In [22], some results which are similar to Lemma 2.8 and Lemma 4.1 have
been shown, regarding the dynamics of finitely generated hyperbolic rational semigroups
having elements of degree greater than or equal to two.

~ ~

Proposition 4.3. The function f = (fi1,...,fs) — J(f) from Exp(s) to Comp* (X, x C)
18 continuous.

Proof. Fix f = (fi,...,fs) € Exp(s). Now fix e > 0. Since J(f) is the closure of all
repelling periodic points of f, there exists a finite set P = {&1,...,§} C J(f) of repelling
periodic points of f such that

(4.2) J(f) C B(P,e/2).

Choose p > 1 so large that f” fixes every point in P. We may assume that for each
Jg=1...,0L ||(f")(&)| > 8. Since all points &;,&s,...,& of P are repelling, there exists
0 < r < ¢/2 and for every 1 < j < [ there exists a continuous inverse branch fgp :

B(&j,4r) — X, X C of fP such that fgp(fj) =¢&; and
(4.3) ‘ ’ (sz)’ (2)

for all z € B(§;,4r), where (ff?p),(z) = ((fp)’(fép(z)))_l. Write &; = (@, 2;), where z; € C
and @’ € ¥, is the infinite concatenation of a finite word w? of length p. There then exists
a unique injective meromorphic inverse branch fw_]-lj : B(zj,4r) — C of f,; : C — C such
that

<1/4

f(ry) = (W', £ ()
for all y € B(z;,4r). In particular f(;j{j(zj) = z; and, by (4.3),

(f&{j)l (v)

for ally € B(z;,4r). Thus, there existsn; > 0 such that if g = (¢1,...9s) € B(f,m) ={g9 =
(g1,---,9s) € Exp(s) : pool(f,9) < m}, then for every 1 < j < there exists a meromorphic
inverse branch g;jlj : B(zj,2r) — C of g, : C — C such that g;}j(E(zj,'r’)) C B(zj,r)

and, furthermore, ||(g;j1j)’(y)|| < 1/2 for all y € B(zj,r). It therefore follows from the
Banach Contraction Principle that there exists x; € B(z;,7), a unique fixed point of g;jlj :
B(z;,7) — B(zj,7), and ||(g2}.) (z;)|| < 1/2. Consequently, §P(@’,x;) = (@’, ;) and

w] 7j

H(gp)'(wj7$j)‘| > 2. HGHCG, (wjaxj) S ‘](g) Since also p((wj7$j>7£j) = ﬁ(mjvzj) < 5/27
using (4.2), we get that

<1/4

J(f) € B(J(9),¢).
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In order to prove the "opposite” inclusion (with appropriately smaller n;) suppose on the
contrary that there exists a sequence (¢,)0"; = ((gn1,---,9ns))ee; C Exp(s) such that
lim, .o g, = f and

J(G) 0 (5 x ©)\ BU(]),2)) #0
for all n > 1. For every n > 1 choose a point z, belonging to this intersection. Since
the space Y4 X C is compact, passing to a subsequence, we may assume without loss of
generality that the sequence (z,)>, converges. Denote its limit by z. Since z & B(J(f),e),
this point is in F(f). So, by Lemma 3.13, p.401 in [27], there exists ¢ > 1 such that
mo(fU(2)) € F({f1,...fs)). Applying Lemma 4.1, we therefore conclude there exists > 0
such that for all n > 1 large enough

m(f1(2)) € B(ma(f1(2)),0) C F(Sy),
where S, := (gn1, ..., gns). Since lim,_, 2z, = z, we thus have that
(G2 (2n)) € B(ma(f9(2)),0) C F(Sy)

for all n > 1 large enough. On the other hand, ms(g%(z,)) € ma(J(gn)) = J(Sn). This
contradiction finishes the proof. 0J

Fix now f = (f1,..., fs) € Exp(s). Then there exists p > 1 such that
(4.4) (7Y (=) = 4

for all z € J(f). Since J(f) is compact and the function z — ||(f?)(2)|| is continuous on
Y, x C, there exists ¢/ > 0 such that

12 () =3

for all z € B(J(f),¢). Combining this and Proposition 4.3, we see that that there exists
0" € (0,¢'] such that
1(5") ()1 = 2

for all g = (g1,...,9s) € B(f,0") and all z € B(J(g),0).
Now using the above, in particular Proposition 4.3, fairly straightforward continuity type
considerations and [25, Theorem 2.14] lead to the following.

Lemma 4.4. Suppose that f = (f1,..., fs) € Exp(s) and let p > 1 be given by (4.4). Then
there exists a number 6 = 953) > 0 such that the following properties are satisfied.

(a) Forall g = (q1,...,9s) € B(f, 9(1)), all v € B(J(g), 9(1)) and all y € E(a:,ﬁj(cl)),
1G") Wl = 2, p(3"(x),3"(y)) = 2p(z,y)
and QPIB(M;D) is one-to-one and g”( x, 9(1 ) D B(gP(z 29(1))
(b) If g € B(f,0%") and {g""(x) : n > 0} C B(J(9),6\"), then « € J(3).

As a direct consequence of item (a) of this lemma we get the following.
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Lemma 4.5. Suppose that f = (fi1,...,fs) € Exp(s) and let p > 1 be given by (4.4). If
g="(91,--.,9s) € B(f, 0;1)), n>1, and g**(z) € P(J(Q),QJ(})) for all0 < k < n, then there
exists a unique continuous inverse branch g, " : B(gp”(x), 9501)) — B(x, 9;1)) of g™ sending
g’ (z) to x. In addition, g, " is Lipschitz continuous with Lipschitz constant < 27" and
5:7" (B(5"(2), 6")) € B(x,0;").

From now onwards, unless otherwise stated, assume that the integer p > 1 ascribed to f
by (4.4) is equal to 1. We then call f simple.

Recall that a sequence (x;)!, C Xg X C, 0 < n < oo is called a y-pseudoorbit with
respect to the map f: Y xC— 3, xC provided that

p(f(xl)a xi-i—l) S i

for all0 <i < n—1. The pseudoorbit (x;)", is said to be 3-shadowed by a point x € ¥4 X C
provided that

plai, f*(x)) < 0

for all 0 <17 <n.
We shall prove the following.

Lemma 4.6. Assume the same as in Lemma 4.4 (and so the same as in Lemma 4.5).
Fiz ¢ € (0,9;1)/2]. Suppose that (x;), C B(J(Q),@;l)/ll) is a B-pseudoorbit for the skew
product map g. For every 0 < i < n—1, lety, = Q:;il(xiJrl), which is defined since
xi, §(x;) € B(J(g),@;l)) and z;41 € B(g(z;), 8) C B(g(a:i),ﬁgcl)). Then for all0 <i < n—1,
we have

(a) y; € B(xy, 6;1)/2) and §(y;) = xip1 € B(J(g). 9;1)). So, in view of Lemma 4.5, each

inverse branch g, B(g(y:), 9;1)) — B(y;, 9}1)/2) is well defined.
(b) Forall0 <i<mn-—1

f?;(g(xiﬂaﬁ)) C B(x;, 0)

and, consequently, all the compositions

gf ::gy_ology_llo-nogy_il E(:L’z,ﬁ) — g X C
are well defined for allt=1,2,...,n.

(c) (g[i(F(:ﬂi,ﬁ)))Lo is a descending sequence of non-empty compact sets.

() N 7; “(B(wi, 3)) # 0 and all the elements of this intersection 3-shadow the pseu-
doorbit (x;)!,.

(e) If n = 400, then the intersection in the item (d) is a singleton which belongs to

J(9)-

Proof. Since (x;)_, is a -pseudoorbit, §(z;) € B(xi11,3) C B(J(g), 6’;1)/2) C B(J(9), 0;1)
By the Lipschitz part of Lemma 4.5, y; = g, (ziy1) € B(x;,(/2) C B(xi,ﬁ;l)/Z) C

).
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(J (g),e}”) and item (a) is proved. In order to prove item (b) take an arbitrary point
z € B(x;y1,), 0 <i<n—1. Applying the Lipschitz part of Lemma 4.5 again, we get

P35, (2),2:) < p(3y,(2), 9) + plys, 2)
= p(gy_il(z)’ g;il(xi+1)) + (02, (zi1), 35 (9 ()
< 270p(z, i) + 27 plaig, G(:)
<27'g+27'8 =0

Hence, g,'(B(xi+1,3)) C Bla;,8) and item (b) is proved. Item (c) is now an immedi-
ate consequence of (b), and the first part of (d) is an immediate consequence of (c) and
compactness of the sets g; '(B(x;, 3)). Since for every 0 < k < mn,

(ﬂ (B, 8 ) C §°(9:")(B(ax, 8)) = B(a, B),

the second part of item (d) follows. Since (\\_,g; ' (B(zi, 3)) = §,,"(B(zn,B)), it follows
from Lemma 4.5 that diam ((_, 7; "(B(x;, 3))) < 27", and the singleton part of item (e)
follows. Obviously

(4.5) 70" (B(a, 8)) C 75" (Blxa, 05 /2))

and B(z,, 6’;1)/2)&](@) #0asx, € B(J(g), 0(1)/4) Since the set J(§) is completely invari-
ant under §, we conclude that J(§)Ng."(B (mn, /2)) # 0. Thus (", Gn" (B(@y, 9;1)/2))
is a singleton belonging to J(g). The second part of item (e) is then concluded by invoking

(4.5).
O

As a straightforward consequence of Lemma 4.4 and Lemma 4.5 we get the following.

Proposition 4.7. Assume the same as in Lemma 4.4. Then for every g € B(f, 9](})), the

number 0;1) is an expansive constant of g : J(g) — J(§) meaning that if x,y € J(g) and
p(5"(y), 3" (x)) < 0% for alln >0, then v = y.

Now if y and z [f-shadow the same pseudoorbit (z,)°,, then p(§"(y), 3" (2)) < 20 < (9]((1)
Thus, as an immediate consequence of Lemma 4.6 and Proposition 4.7, we get the first
part of the following.

Proposition 4.8. (shadowing lemma} Assume the same as in Lemma 4.4. Then for every
g € B(f, 0( )) and every [ € (0, (9 /2] every [-pseudoorbit (x,)7, C B(J(g),@;l)/él) is
G- shadowed by a unique element x € J(g). If in addition o™ (w) = m(xy,) for alln > 0,
then m () = w.
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In order to see the second part of this proposition, just notice that p,(c™(m(z)), 0™ (w)) <
0 < 9;1) and 9;1) is an expansive constant for the shift map o : X3 — >,.

By Proposition 4.3 there exist «9502) e (0, 0}1)/3] such that

(4.6) pr(J(3), J(f)) < 08 /4

whenever ps(g, f) < 0;2). We shall prove the following main result of this section.

Theorem 4.9. Suppose that f € Exp(s) is simple. Then for every g € B(f, 9}2)) there

exists a unique homeomorphism h = hy : J(f) — J(§) with the following properties.
(a) goh=ho f,
(b) 71 © h = T, ~
(¢) The homeomorphism h : J(f) — J(g) is Holder continuous with the Hélder exponent
ks and the same Hélder constant Ly, which is thus the same for all g € B(f, 6?;2)).

(d) poe sy (s Td) = sup{p(h(2), Id(2)) : = € J(f)} < 6 /2.

Proof. Fix g € B(f, 9;2)). Fix also z € J(f). Then using (4.6), we get (f"(2))22, C
B(J(3),0y"/4) and

p(f12),5("(2))) = p(F(F"(2)), 3("(2))) < pec(f.5) < 60 < 61 /3.

Therefore, in view of Proposition 4.8 (shadowing lemma) applied with [ = 9;1) /3, there
exists a unique element, denote it by h(z) € J(g), that 6;1)/3—shadows the pseudoorbit

(f*(2))>2,. In addition 7 (h(z)) = m(z). So, we have defined a map h : J(f) — J(§) such
that in particular, the property (b) is satisfied. Also, for every n > 0,

(4.7) p(7"(h(2)), f(2)) < B =06"/3,

and reading it with n = 0, we get item (d). Also, reading (4.7) for all n > 1, in the form
p(ﬁ"‘l(g(h(z))),f”_l(f(z))) < 6’;1)/3, we see that the point g(h(z)) 9;1)/2—shadows the

pseudoorbit (f*(f(2)))2,. Thus G(h(z)) = h(f(z)) and item (a) is established. In order

n=0-

to prove item (c) fix L > 1, a Lipschitz constant of f : £y x C — £, x C. Take z,y € J(f)
with 0 < p(z,y) < 0;1)/3. Let k > 0 be the largest integer such that

(4.8) LFp(z,y) < 61)/3.
Then

(4.9) L p(a,y) = 0 /3,
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It follows from (4.8) that p(f7(z), f(y)) < 9;1)/3 for all j =0,1,2,...,k. Hence, invoking
(4.7), we get for every j =0,1,2,...,k that
p(& (h(2)), 3 (h(y))) < p(§ (W), ' (« )) +o(f (@), [/ (y) + p(F (1), 7 (h(y)))
L (O VN PEY
< §9f + gef + §9f
=0\

Hence, Lemma 4.5 and Lemma 4.4 yield
p(h(), 1) = (@ (1)), G T ()
< 27" p(g"(
< 27Fg(V

log 2 log 2

Since, by (4.9), 27% = Lkt < (3L/9(1))10ng10gL (x,y), we therefore conclude that

log 2 log 2

p(h(x), h(y)) < 67 (BL/6)) it ploet (x, ),
and the Hélder continuity in condition (c) is proved. In order to prove that h : J(f) —
J(g) is 1-to-1 suppose that z,y € J(f) and h(z) = h(y). Then we get from (4.7) that
p(f™(z), ' (y)) < 29(1 /3 for all n > 0, equality x =y follows from Proposition 4.7. So, in

order to complete the proof of our theorem, we only need to show that h : J(f) — J(§)
is surjective. Indeed, fix y € J(g). Reasoning analogously as in the very beginning of the
proof, we get that

(3" W)z © BU(F),07/4) and p(3"(v), 15" () < 0;/3
for all n > 0. Therefore, again ana]ogous]y as in the beginning of the proof, we conclude
that there exists a point = € J(f) that 9;1)/3-shadows the pseudoorbit (§"(y))s,. Writing
out what this means, we get that p(f™(x),§"(y)) < 6’;1)/3. But this also means that the
(8;1)/3)—pseudoorb1't (f(x))22, is 6;1)/3—shadowed (with respect to the map g by the point
y). So, y = h(x) and we are done. O

5. PERRON-FROBENIUS OPERATORS AND THEIR REGULARITY PROPERTIES

In this section, we investigate some complex analytic families of Perron-Frobenius oper-
ators on the Banach space of Holder continuous functions..

Fix a simple element [ € Exp(s). Denote by Cy the Banach space of all complex-valued
continuous functions on J(f) endowed with the supremum norm || - ||o. Fix oo > 0. Given
Y € Co let

Vo =inf{L >0 |p(y) — (x)| < Lp(y,z)* for all =,y < J(f)},
be the a-variation of the function ¢ and let

[lella = Va(®) + 1]l
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Clearly the space
Ho = Ha(J() = {p € Co : [[¢lla < o0}

endowed with the norm || - ||, is a Banach space densely contained in Cy with respect to
the || - || norm. Each member of H, is called a Hélder continuous function with exponent
a. For each Banach space B, we denote by L(B) the space of bounded operators on B
endowed with the operator norm.

Let W be an open subset of C? with some q > 1. Suppose that for every A\ € W there is
given a function ¢\ € H,. The formula

Lyp(z) = > eWp(x)
zef~1(z)
defines a bounded linear operator acting on the Banach space Cy, called the Perron-

Frobenius operator of the potential (. It is straightforward to check that L, preserves
the Banach space H,. We shall prove the following.

Lemma 5.1. If the map A\ — Ly € L(H,), A € W, is continuous and for every z € J(f) the
function A — (\(2), A € W, is holomorphic, then the map A — Ly € L(H,) is holomorphic
on W.

Proof. It follows directly from our assumptions that for every ¢ € H, and every z € J( f )

the function
A= Lyap(z) = Z P Pp(x) € C, N e W,
z€f-1(z)

is holomorphic. Fix a one-dimensional round disk D C W. Let v C D be a simple
closed curve. Fix ¢ € H, and z € J(f). By Cauchy’s theorem f,y Lap(z)d\ = 0. Since
the function A\ — Lyp € H, is continuous, the integral f Lypd\ exists and for every
z e J(f), we have ( f LrpdN)(z f Lyp(2)d\ = 0. Hence, f Lypd\ = 0. Now, since
the function \ +— £,\ € L(Ha) is continuous, the integral f E,\d)\ exists and for every
¢ € H,, f Lrd)N) (¢ f Lypd\ = 0. Thus, f Lyd\ = 0 and in view of Morera’s

theorem, tbe functlon )\ — LA € L(H,) is ho]omorph1c in D. So, we are done in virtue of
Hartogs Theorem. The proof is complete. 0

Notation: For any parameter \g € C? and any R > 0, we set B(\g, R) := {\ € C?:
A = Xol| < R}

In order for Lemma 5.1 to be applicable we shall prove the following.
Lemma 5.2. If for every A € W, we have that ¢, € H,, the function A — (\ € H, is

continuous and for every z € J(f) the function A — (\(z), A\ € W, is holomorphic, then
the map A\ — Ly € L(H,), A € W, is continuous.
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Proof. Fix \y € W and R > 0 so small that B(\y, R) C W. By our assumptions there
exists M > 0 such that

(5.1) IG(2)| <M

for all z € J(f) and all A\ € B(\o, R/2). Let

~ et —1 _
M = sup{’ i | :t € B(0,2M) » < oo.
It suffices to show that the function A — Ly € L(H,) is Lipschitz continuous with the same
Lipschitz constant separately with respect to each variable. Therefore, taking a complex

plane parallel to the coordinate planes, we may assume without loss of generality that
q=1. Put D = B(\y, R/4). It follows from Cauchy’s formula that

(5.2) 1Ca(2)] < 16 MR

for all z € J(f) and all A € D, where (,(z) = 4.(\(z). Hence, for all \,\' € D and x € J(f)
we obtain
)\/

Cu()dp| < T6MR™YN — ).

v () = Ga(x)] =

A

Therefore,

(5.3) e — )] = exp(Re(¢r(x))) exp (¢ (a) — Ga(@)) — 1] < MeM|¢y (@) — Ga(w)]
' < 16MMeMRYN — ).

Consequently, for all p € H,,

Ly = L) = 1exp(2) — LD = | 3 la) () — o)

zef~1(2)
< el Z ’69/(1) — eCA(fE)‘
vef~1(2)
< 16M MM R deg(f)][¢l N — Al
Hence,
(54) 12x = L)l < 16M e R deg(F)IX = Ml

for all \,\ € D and all ¢ € H,. In order to estimate the a-variation of the function

(Lyx — L))y, let N € D be a point and consider the function ¢ : D x J(f) x J(f) — C
given by the formula

Q/}()\7w7 z) = @CA(U’) — eCA(Z) + egxl(z) _ €C>\/(’UJ)'
Obviously

(5.5) (N, w, z) = 0.
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Put (N, w, z) = (N, w, z). Applying (5.1) and (5.2), we get
= _ ‘éx(w)@(w) _ eQ(Z)Q(z)‘

= 0@ (G (w) = E(2)) + Ealz) (9 — ecm)‘
< M|\ (w) — G (2)| + 16 M R7He ) — ¢,

(0w, 2)| = ‘aemw _ 9 06

(5.6)

Since the function A — (, € H, is continuous, we have that V = sqp{Va(Q) A E
B(X\o, R/2)} < +o0. Applying Cauchy’s formula, we have for all z € J(f) and all A\ € D

that
: Ce(w) — Ce(2) ’ 16 B
o) =Gl =gy [ S < g [ el — el

< 16R 'V, (C)p(w, 2)* < 16R™'V p(w, 2)*.

We can therefore continue as follows.
[\, w, 2)| < 16R™'VeMp(w, 2)* + 16 MR~ e M|Cy(w) — ¢ (2)]

5.7 .
(5.1 < (16R'VeM + 1I6MR™ '™ MV)p(w, 2)".

Put T=16VR™"'eM(1 + MM) Applying (5.7) and using (5.5), we get for all
(N w,z) € Dx J(f)x J(f) that
by

‘w(/\vwvz” = ‘w(/\vwvz) - w(Alawa’Z” =

B, w, z)dﬂ‘
A/

A
< [ 1l ldul < TIV = A, 2

Therefore, using also (5.3), we obtain for all z,y € J(f) with p(z,y) < 9}1) that
[(£x = Lx)e(y) — (£x = Lx)p(x)] =

— Z (eCA(Z) _ GCA’(Z))LP(Z) _ Z (eCA(w) _ eCA’(w))(p(w)

zef~1(y) wef~!(x)

_ Z[(GQ(Z) — V@) (p(2) — p(w))

_ (ecx(w) — 9@ 4 elv(z) 69’(“’))90(10)]'

_ ‘Z CA e (z )(QO(Z) — p(w)) — w(/\,w,z)go(w))

< 371 — O] p(2) — p(w)] + [¥(hw, 2)| - |p(w))
< 16MMeM R deg(F)|A — N[l¢llap(y, 2)® + T[]0 deg(F)IA — X |p(y, z)°
< (16MMe™R™ + T) deg(f)|A — N|llllap(y, 2)°.
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Thus, combining this with (5.4),
Va((£x = La)p) < (B2MMeM R + T + (6)7)%) deg(f)|A = X[/l
and combining this with (5.4) again, we get
123 = L3)¢lla < deg(f)|(48MMeM R + T + (05)") A = N[l
So,
1£x — L] < deg(f)|(48MMeMR™ + T + (65)))|A — X.

We are done.

6. ANALYTIC EXTENSIONS OF PERRON-FROBENIUS OPERATORS.

In this section, for a given analytic family of expanding rational semigroups, we construct
an associated real-analytic family of Perron-Frobenius operators, and then we provide a
complex analytic extension of this family, in order to use the results proven in the previous
section.

Let us first describe in detail the setting of this section. A is assumed to be an open
subset of a finite dimensional complex Banach space (ex. C?).

Let {Gx = (fa1,---, [rs) }rea be an analytic family of expanding rational semigroups. For
every A € A put fx = (fa1,..., frs) € (Rat)®. Fix \g € A and put f = f,,.
Then we easily obtain the following.

Proposition 6.1. The map \ — f\ is continuous.

For each A € A, et 0}1) (i = 1,2) be the number for f\ obtained in Section 4. So,
for every A € A there exists Ry > 0 so small that f., € B(fA, % min{HJ(&),H;i)}) whenever

v € B(A\, Ry). Foreach \ € A, let fr: 2yxC — 2, xC be the skew product map associated
with fx = (fi1,---, frs). We shall prove the following.

Lemma 6.2. If \y € A and for every A € B(\o, Ry,), hx : J(f) — J(ﬁ) is the unique
conjugating homeomorphism coming from Theorem 4.9, then for every z € J(f) the map
A — mo(hy(2)) € C, A € B(\o, Ry,), is holomorphic.

Proof. Conjugating (fi,1,-- -, fr,s) by a Mobius map, we may assume that Wg(J(f)) =
J((fro1s---»fros)) C C. By Lemma 4.1, we may assume that J({fr1,..., frs)) C C for
each \ € A, in order to prove our lemma.

Set Ry = Ry,. Fix a repelling periodic point (w,z) € J(f) of f, say of period p > 1.
Consider the map H(z,\) = my(f2(w, 2)) — 2, (2,A\) € C x A. Then H(z, \o) = 0 and

0 -
&H(z’ /\)|(l‘,)\o) = (fp)/(wax) —1 7é 0
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since |(f?)'(w,z)| > 1. It therefore follows from the Implicit Function Theorem that there
exists R(w, z) > 0 and a holomorphic map u,,, : B(\y, R(w,z)) — C such that u,, ,(\o) = x
and H(ug, »(A),\) = 0 for all A € B(\o, R(w, z)). But my(hy,(w,z)) = ma(w, ) and, because

of Theorem 4.9,
H(mo(ha(w, ), A) = 72 0 fR(w, ma(ha(w, 2))) = ma(ha(w, 7))
=m0 f{(ha(w, ) = mo(ha(w, z))
=m0 hy o fP(w,x) — ma(ha(w, x))
= my(hy(w,z)) — ma(hy(w,x)) = 0.

Therefore, in view of the uniqueness part of the Implicit Function Theorem, there exists
R(w,z) € (0, R(w, )] such that u,,(\) = m(ha(w,z)) for all A € B(\o, R(w,z)). In
particular, the map A\ — ma(hy(w,z)), A € B(\g, R(w, x)) is holomorphic. Now suppose
that the map X\ — my(hy(w, z)) defined on B(\g, Ry) fails to be holomorphic. Select then a
parameter Ay € B(\g, Ry) such that the map \ — my(hy(w,z)) fails to be holomorphic at
A1 but it is holomorphic throughout B(Ag, ||A\1 — Xo||). Obviously, ||A\1 — Ao|| > R(w, z) > 0.
Since hy, (w, x) = limy_,y, hx(w, x) (the limit taken throughout B(\g, ||A\1 — Xol|)), we have
that ff\’l (h (w, 2)) = hy, (w, z); also |(ff‘\’1)’(h,\1 (w,x))| > 1 since fy, € Exp(s). Replacing
in the above considerations Ao by A\; and x by ma(hy,(w,x)) thus yields that the map
A+ 7 (R} (hy, (w,2))) is holomorphic on a neighborhood of Ay, where h : J(f\,) — J(f))
is the unique conjugating homeomorphism coming from Theorem 4.9. Since hy(w,x) =
h3 o hy,(w,z) on this neighborhood, we thus conclude that the map A — ma(hy(w,x)) is
holomorphic on a neighborhood of A\i, which is a contradiction. We have thus proved the
following.

Claim 1. For every periodic point & € J(f) the map A — ma(hy(€)) € C, A € B(\, Ry),
is holomorphic.

Now fix an arbitrary point zo, € J(f) and let (z,)22, be a sequence or repelling periodic
points of f converging to z.. Define the maps u, : B(\o, Ry) — C,n=12,..., 00, by the
formula u,(\) = ma(hx(2,)). By Claim 1 all these maps with finite n are holomorphic. It
follows from Theorem 4.9(c) that there exists a constant Ly, and a constant k,, such that
for all 1 <n < oo and all A € B(\g, Ry),

P(Un(A); too(N)) = p(ma(ha(2n)), Ma(hr(200))) < plha(zn), ha(200)) < Lingp(2n; 200)™

Hence, the sequence (uy,,)>2, of holomorphic maps converges uniformly on B(\g, Ro) to the
map Uso. SO, Us : B(Ao, Rg) — C is holomorphic, and the proof is complete. O

Remark 6.3. Theorem 4.9 and Lemma 6.2 imply that for each w € X, J,(fx) moves by
a holomorphic motion ([13]).

Now suppose that our Banach space containing A is equal to C* with some d > 1. Embed
C? into C*@ by the formula

(LCl + iyl,l'g + iyg, oo, Xq + Zyd) — (:Cl,yl,l'g,yg, Ce ,LCd,yd).
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For every z € C¢ and every r > 0 denote by Dgy(z,7) the d-dimensional polydisk in C?
centered at z and with "radius” r. We will need the following lemma, which is of general
dynamics independent character.

Lemma 6.4. For every M > 0, for every R > 0, for every \° € C¢, and for every analytic
function ¢ : Dg(A\°, R) — C bounded in modulus by M there exists an analytic function
¢ = Dog(A\°, R/4) — C that is bounded in modulus by 4*°M and whose restriction to the
polydisk Dg(\°, R/4) coincides with Re@, the real part of ¢.

Proof. Denote by Ny the set of all non-negative integers. Write the analytic function
¢ : Dg(\°, R) — C in the form of its Taylor series expansion

A A2y A) = D aa(A = ADM (A = A9 (Mg — )™

aeNg

By Cauchy’s estimates we have
(6.1) lao| < ==

for all « € N3. We have
Recﬁ()\l, )\2, ce >\d) =

aq
= Z Re [aa (Z (j;) (Re)\l — Re)\(l))p(lm)\l — Im)\(l))al_pz'o‘l—P> .

aENg p=0

a2
. (Z (0‘2) (Reds — ReAd)” (ImA, — ImAg)az_piC“?—P) o

p=0 p
aq
1Y (0‘1) (ReAq — ReAd)” (ImAg — ImAY) ** Poar ]
p=0 p
d (1) (2)
+ (1) (2)
=Y Re aﬁH(ﬁ i ) % (Redj — ReA?)™ (Im); — ImA2) ]
BeENZd L
+5 P 0y 8V B2
= Z Re a[;H( ) (Re); — Re)) ) (ImA; — ImA%)™
BeEN24
where we wrote 3 € N2 in the form (ﬁ§”, ;2),551),552), . ,ﬁc(ll),ﬁc(lz)) and we also put
B=(B"+8" 8" + 87,80 +87) € Ng. Set

(H( T )
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Using (6.1), we get

: 5()"'6(‘2) T () 5®)
|ca| < |%|H( ’ 40 ! ) < MRVIT] 2% +%" = MR-1FI2.
] J

j=1
Thus the formula

- 5
O(T1, Y1, 2, Y2, - - -, Td, Ya) Z 051_[ Re/\0 ( y; — ImA9)™
peNZd  j=1
defines an analytic function on Dyy(Ag, R/4) and
‘é(xla Y1, 22,Y2, ..., Zd, yd)‘ g 4dM
Obviously $|Dd(/\07R/4) = Red|p,(x,r/4), and we are done.
[
Let {Gx = (fa1,---.frs)ren be an analytic family of expanding rational semigroups.

Coming back to the dynamical situation (and keeping the assumption that A C C%), we
assume that for each A € A, J(G,) C C.

Remark 6.5. Note that in order to prove the main results of this paper, we may assume
the above. For, by Lemma 4.1, for a fired \g € A, there exists a neighborhood B of
Xo and a Mobius transformation w such that for each N € B, J(uGyu™') C C, where
uGhu™t = {ugu': g € G,}.

Fix an element \g € A and set f = fy,, set fr := (foa1,---, frs), ete., and we use the

notation which was given in the beginning of this section. For every z € J( f ) consider the
function
£r
h
(6.2) N g (2) = AUE)
F(2)

It follows from Lemma 6.2 that this function is holomorphic. Taking Ry > 0 and Q}il >0
sufficiently small, we have that

N )\ S Dd(Ao,RQ), RO = R)\O.

£

M —1]<1/6

f'(2)
whenever p(w, z) < 9}2} and A € Dy(Xo, Ro). It therefore follows from Theorem 4.9(d) that
(6.3) [¥=(A) = 1] <1/5

for all z € J(f) and all A\ € Dy(\o, Ry). Hence, taking a branch log : {z € C : |z —
1| < 1/5} — C of logarithm with log(1) = 0, for every z € J(f) there exists log1, :
Dy(Mo, Ry) — C, a unique holomorphic branch of logarithm of 1, sending Ao to 0. It is
bounded in modulus by 1/4. Now, in virtue of Lemma 6.4, with R, € (0, Ry), there exists
Relog 1), : Dyy(No, Ry) — C, an analytic extension of Relog1), : Dy(A\g, Ry) — R bounded
in modulus by 49~1. Now for all (t, A, z) € C x Dya(Xo, R,) x J(f), put

(6.4) (e (2) = —tRelog.(X) + tlog | f'(2)|
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Of course for all z € J(f) all the maps (t,\) — () (2) are holomorphic. Let
KR = kao

coming from Theorem 4.9(c). Aiming to apply Lemma 5.1, we shall prove the following.

Lemma 6.6. There exists an R (< R.) such that for every (t,\) € C x Dyg(Xo, R), the
function (. : J(f) — C is in H,, and the map (t,\) — (un) € Hy is continuous.

Proof. Note that for all (t,\) € C x Dag(Ao, Rs),
(6.5) [1€enlloe < 447t + [2] - [ og [ F[[]co-

Fix r1 > 0 so small that all the maps fr, A € D4(Xo, Ro), 1 < i < s, are univalent on
all disks centered at points of J(f\) with radii equal to ri. Starting with (6.3), applying
Lemma 6.2 and making use of item (c) of Theorem 4.9, we deduce that there exists a
constant My, > 1 and a constant 0 < Ry < R, such that

(6.6) [92(A) = Yu(AN)] < Mip(z, w)"

for allw,z € J(f) and all X € Dy(X\g, R1). Hence, there exists a constant My > 1 such that
(6.7) [log ¥.(A) — log 1y (A)| < Map(z, w)"

for all w,z € J(f) and all X\ € Dy(\o, R1). Applying Lemma 6.4, we get
(6.8) [Relog 1. () — Relog thy(N)| < 4Map(z, w)"

for all w,z € J(f) and all A € Dsg(No, R1/4). Thus, there exists a constant M > 0 such
that

|Gt (w) = Gy (2)] < Mlt|p(w, 2)"
for all w,z € J(f) and all (t,\) € C x Dyg(Ng, R1/4). Along with (6.5) this shows that
Cuny € Hy forall (t, X) € Cx Dyg(No, R1/4). Now we pass to the continuity part of the proof.
Since Relog 1, : Dag(Ag, R.) — C is bounded in modulus by 4?71, taking R, small enough,

by Cauchy’s formula we conclude that for all z € J(f) and all A\, N € Dag(\g, R1/4), we
have ) )
[Relog 4. (X) — Relog 1. (A)] < T[N = A|

with some universal constant T > 0. Consequently, for all z € J( f) and all \, N €
Dsy(No, R1/4) and all t € C,

(6.9) €ty = Cenylloo < TN = Al
Also, for all z € J(f), all X € Dag(No, R1/4) and all ty,t € C, we have
[t (2) = Cto ) (2)] < [E—tol [Relog 9= (M) + [t —to[[| 10g | fllloo < (47" [ 10g | follloo) |t —to -
As a direct consequence of this inequality and (6.9), we conclude that
Vitg € C ALy > 0 VA, N € Dag( Mo, R1/4) Vi, t' € Dy(to,2)

(6.10)
1< vy = Camlloo < Lal[(, N) = (M.
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In order to cope with the Holder variation fix A € Daq(Xo, R1/4) and t,t' € C. Then for all
w,z € J(f) we have

[(Cieny (W) = Cury (W) = (Ceny (2) = Crny (2))] =
= |(t — t')(Relog . (A) — Relog thy(N))
< [t — #'|[Relog . (A) — Relog ¢y, ()]
< 4Mylt — t']p(w, 2)"
Hence
(6.11) Vi (G = Crny) < A'Moft — ¢,

In order to consider V,.(Cun) — Ceny), by (6.8) and Cauchy’s formula, it follows that there
exists a constant Ms > 1 such that

(6.12) |(Relog.(A)—Relog (X)) —(Relog v.(X)—Relog ¢u (X)) < Map(z,w)*||A=X||

for all w,z € J(f) and all A\, € Dy4(Xo, R1/8). Hence, we get for all t, € C and all

(z,w, t, A\, N') € J(f)? x Di(to,2) X Daa(ho, B1/8),

|Gy = G (2) = (St = S (w)] < (o] + 2) Msp(z, w)"[|A = X[

So V(€ —Cuny) < ([to]4+2)Ms||A=N||, and invoking (6.11), we deduce that for any ty, € C
there exists a constant Ly > 1 such that for any (t,t',\, ') € Dy(tg,2)? x Dag(No, R1/8)?,
VilGen = Cerany) < Lafl(8, ) — (& M)

And bringing up (6.10), we finally get

160 = S lle < (La+ La) (2, A) = (#, X))

for all (t, t/, A, )\/) S D1<t0, 2)2 X ng(/\(), R1/8)2
We are done. O

7. REAL ANALYTICITY OF BOWEN PARAMETERS AND HAUSDORFF DIMENSIONS

This section is devoted to prove our main results by applying the tools developed in the
previous sections.
We now prove Theorem A.

Proof of Theorem A: Let A be a finite dimensional complex manifold. Let {G)} e,
where G\ = (fa1,..., [rs), be an analytic family of expanding rational semigroups. In
order to prove Theorem A, as in Remark 6.5, we may assume that A is an open subset of
C¢ and that for each A € A, J(G)) C C.

Fix \g € A and we use the notations f, f, etc., which were given in Section 6. Consider
the family of potentials ¢ ) : J(f) =R, (t,\) € R x Dg(\o, Ry) given by the formula

e (w) = —tlog| f3 (h(w))|.



25

Let Py(t) be the topological pressure of the potential ¢ xy with respect the map f: J(f) —

J(f), and let Ly : C(J(f)) — C(J(f)) be the Perron-Frobenius operator defined by the

formula

(1) Love)= Y v @o) = 3 |R@)| ola)
z€f-1(z) z€f=1(z)

Note that Py(t) = P,(t), where P, (t) is the topological pressure of the potential gzg(tv,\)(w) =
—tlog |ﬁ(w)| with respect to the map f : J(fA) — J(fA). Since we are assuming J(G)) C
C and the Euclidian metric and the spherical metric are comparable on a compact subset
of C, we see that Py(t) is equal to the topological pressure P(t, f\) of potential —tlog || f4]|
with respect to the map fy : J(f\) — J(fx), where || - || denotes the norm of the derivative
with respect to the spherical metric on C. Hence, by [27], for every A € Dy(Xg, Ro), the
function t — P,(t) is continuous and strictly decreasing from +o0o to —oo, and has a unique
zero §( fy), which is the Bowen parameter of fy = (fa1,-.., frs)-

Note that ¢\ = () for all (t,\) € R x Dg(Ao, R.), where (4, are the potentials
defined by (6.4). In particular the formula

Lipyp(z) = Z e W ()
zef~1(2)
extends (7.1) to C x Dyg(Ag, Rs). In view of Lemma 6.6, analyticity of the maps (t,\) —
Cen(2), Lemma 5.2 and Lemma 5.1, the function (t,\) — Ly € L(Hy), (t,\) €
C x Dag(Ng, R), is holomorphic. One of the central facts (see [15]) of the thermodynamic
formalism of distance expanding mappings and Hoélder continuous potentials, adapted to
our setting, is that e">®) is a simple isolated eigenvalue of the operator Ly - He — Hy

for all (t,\) € R x Dy(Xo, R). It therefore follows from the theory of perturbations for
linear operators ([10], Kato-Rellich Theorem, p212, p368-370) that given ty € R there ex-
ists R € (O,R) and an analytic function v : Dy(to, R) X Dsg(Xg, R) — C such that for
every (t,\) € Di(tg, R) X Dag(Xo, R), v(t,\) is a simple isolated eigenvalue of the operator
Ly« He — Hy and y(tg, \g) = eP20). Using continuity of the function (t,\) — Py(t),
(t,A) € (to — Rty + R) x Dg(Xo, R), we easily deduce, decreasing R > 0 if necessary, that
v(t, A) = e for all (t,\) € (to — R,to + R) x Dyg()o, R). Thus we obtain the following:
Claim: The function (t,\) — Py(t), (t,\) € (to — R,to + R) x Dq(Xo, R), is real-analytic.
Since

(7.2) (1)

5 = —/10g|(fx)' o hyldpny <0,

where p »y is the Gibbs (equilibrium) state of the potential ¢ ) with respect the map
f: J(f) — J(f) (see [15, Chapter 4, Theorem 4.6.5]), applying the Implicit Function
Theorem, we get that A — d(f)) is real-analytic.

We now prove the rest of Theorem A. We may assume that A is an open subset of C.
Moreover, as before, we may assume that J(G,) C C for each A € A. Let \g € A be a
point. We now prove that A — 1/§(f) is (pluri)superharmonic around Xg. If s = 1 and
deg(fr,1) = 1, then 6(f) = 0 around Xo. Hence, we may assume that either (1)s > 1 or
(2)s = 1 and deg(fx,.1) > 1. In both cases, we have §(fy,) > 0. Hence, we may assume that
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for each A € A, 6(f\) > 0. We set f = f\, and use the same notations as before. By the
variational principle, we have that for each A,

(73 0= PA(5(f2) = sup {h,m ~is) |

log |(f) o wdu} ,
HEM(f) )

(f

where M (f) denotes the set of all f-invariant Borel probability measures on J(f). From
this formula, we obtain

hu(f)
7.4 o(fx) = 7 '
(74 = B T s () o ol
So,
1 S losl(B) o haldu
7. = F '
(7.5) () wenth h(f)

Therefore, the function A — 1/6(fy) is an infimum of a family of positive (pluri)harmonic
functions. Hence, A — 1/6(f\) is (pluri)superharmonic. Thus, we have proved that \ —
1/(fx) is plurisuperharmonic.
Since the functions x — 1/x and x — —logx are decreasing convex functions in (0, 00),
Jensen’s inequality implies that A\ — §(fy) and A — log d(f\) are plurisubharmonic.
Finally, let t € R be a fixed number. By the variational principle, we have

Py(t) = sup {hu(f) - t/J(f) log [(f2) © hy| dp}.

HEM(f)

Hence the function A — P\(t) is equal to the supremum of a family of pluriharmonic
functions of A € A. Therefore, \ — P\(t) is plurisubharmonic. We are done. O

Corollary 7.1. Under the assumption of Theorem A, for each A € A, let uy be the mazimal
entropy measure of fy : J(fx) — J(fx) and let 75 be the Gibbs (equilibrium) state of the
potential —5(f,\)19g | £l with respect to the map fy : J(f) — J(fx). Then, the functions
A= Lo loglfilldus, A= [z log I filldra, A = hey (f2), where A € A, are real-
analytic.

Proof. As in the proof of Theorem A, we may assume that for each A € A, J(G,) C C.
We use the same notation as that in the proof of Theorem A. As in the proof of Theorem A,
we have that Py(t) = Px(t) = P(t, fo) and that (t, \) — P(t, fy) is real-analytic. Since A —
5(fy) is real-analytic, the formula (7.2) and the equation §(fy) = hq, (f3)/ fJ(fA) log || f4]|dm
imply that the statement of the theorem holds. We are done.

O

Corollary 7.2. Under the assumption of Theorem A, suppose A C C. Let p(\) := §(f)).
Then, p\p > 2|V p|? in A.
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Proof. As in the proof of Theorem A, we may assume that ¢(\) > 0 for each A € A.
Since ¢ is real-analytic and 1/ is superharmonic, the inequality /A(1/y) < 0 implies the
inequality of the corollary. 0J

Corollary 7.3. Under the assumption of Theorem A, suppose A is connected and let p(\) =
d(fr). If ¢ is pluriharmonic in a non-empty open subset of A, then ¢ is constant in A.

Proof. If ¢ is pluriharmonic in a non-empty subdomain U of A, then Corollary 7.2 implies
that ¢ is constant in U. Since ¢ is real-analytic, it follows that ¢ is constant in A. 0

We now prove Theorem B.

Proof of Theorem B: The first author has proved in [27] that if G = (f,..., fs) is an
expanding rational semigroup satisfying the open set condition i.e. there exists a non-
empty open subset U of C such that Ui_ f; '(U) C U and such that for each (i, j) with
i# 5, f7HU)N fj_l(U) = (), then HD(J(G)) = o(f), where f = (f1,..., fs). As a direct
consequence of Theorem A, the statement of Theorem B holds. O

8. EXAMPLES

Throughout this section, we provide an extensive collection of classes of examples of
analytic family of semigroups satisfying all the hypothesis of Theorem A and Theorem
B and we analyze in detail the corresponding Bowen parameter or Hausdorff dimension
function.

First, we give some examples of analytic families of expanding rational semigroups sat-
isfying the open set condition.

Example 8.1. Let dy,dy € N, > 2 with (dy,ds) # (2,2). Let a € C with 0 < |a| < 1. Then,
setting g = (2, a2%), we see that the semigroup G = (g1, gs) is hyperbolic, and hence

expanding. There exists also an open neighborhood U of {z € C : 1 < |z]| < 1/\alﬁ}
such that g7 (U) U g; " (U) C U and g;'U) N g3 "(U) = 0. Hence, small perturbation of
g satisfies the same property. Therefore, if we take a small neighborhood of V' of g in
(Rat)?, then setting Gy := (f1, f2) for each f € V, we have that {G;}seyv is an analytic
family of expanding rational semigroups and for each f € V, the semigroup Gy satisfies
the strongly separating open set condition with the set U. By Remark 2.18, for each f € V,
5(f) = HD(J(Gy)) < 2.

Proposition 8.2. (See [31, 33]) Let f1 be a hyperbolic polynomial with deg(fi) > 2 such
that J(f1) is connected. Let K(f1) be the filled-in Julia set of fi and let b € intK(fy) be a
point. Let d be a positive integer such that d > 2. Suppose that (deg(f1),d) # (2,2). Then,
there ezists a number ¢ > 0 such that for each A € {\ € C: 0 < || < ¢}, setting f\ =
(fa1, Hr2) = (f1, A(z — b)Y +b), we have that fr € Exp(2), fx satisfies the separating open
set condition with an open set Uy, J((fr1, faz2)) is porous, HD(J((fa1., fr2))) = d(fr) < 2,
and P({fx1, [r2)) \ {oo} is bounded in C.
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Proof. We will follow the argument in [31, 33]. Conjugating f; by a Mdébius transforma-
tion, we may assume that b = 0 and the coefficient of the highest degree term of f; is equal
to 1.

For each r > 0, we denote by D(0,r) the Euclidean disc with radius r and center 0. Let

r > 0 be a number such that D(0,r) C intK(f;). We set d; := deg(f1). Let a > 0 be a
1

number. Since d > 2 and (d, dy) # (2,2), it is easy to see that (% )a > 2 (2( )a-1 1> ' if and
only if

d(d — 1)d, 1
1 1 A= Dd g0 1y 5 7l
(8.1) 0ga<d+d1_d1d( 0g2 — o-log dogr)
We set
d(d — 1)d 1. 1 1
8.2 = T (log2 — —log 5 — ~1 0, 00).
82 comew (o gor2 - Slogg — Jlosn)) € (0.0

Let 0 < ¢ < ¢o be a small number and let A € C be a number with 0 < |A| < ¢. Put
frz2(2) = Az%. Then, we obtain K(fy2) ={z € C||z| < (w)d 7} and

1

fra{z€Cllzl=r}) ={z€C| 2] = <|M) Iz

Let Dy := D(0, 2(‘/\|) 7). Since fi(z) = 24 (1+o(1)) (z — o0), it follows that if c is small
enough, then for any A € C with 0 < |A\| < ¢,

1
1 ar
fit(Dy) C {z eCllz] <2 (Q(W)dil> ! }
This implies that

(8.3) fii(DA) € fra({z €C 2 <r}).

Hence, setting Uy = intK(fr2) \ K(f1), fn = (f1, fr2) satisfies the separating open set

condition with Uy. Therefore, setting G := (f1, fr2), we have J(Gy) C Uy C K(fr2) \

int K (f1). In particular, int K (f1) U (C\ K(fr2)) C F(G,). Furthermore, (8.3) implies that

(K (f1)) CintK(f1). Thus, we have P(Gx)\{oo} = U, cq,uqray 9(CV*(f1) UCV*(fr2)) C
intK(f1) C F(Gy), where CV*(-) denotes the set of all critical values in C. Hence, G is

expanding and P(G)) \ {oco} is bounded in C. By Theorem B and Remark 2.18, we obtain

that for each A\ with 0 < |\| < ¢, J(G)) is porous and HD(J(G))) = 6(f\) < 2. We are
done. O

Example 8.3 ([33]). Let hy(z) = 22/4,ho(2) = 22— 1, f1 := 13, fo .= h3, and [ = (f1, f2).
Let G = (fi, fa). Then it is easy to see that fi(K(f2)) C int(K(f2)) and P(G) \ {0} C
int(K(fy)). Hence, we have P(G) C F(G), which implies that f € Exp(2). Moreover, it
is easy to see that f satisfies the strongly separating open set condition with an open set
U (letting U be an open neighborhood of K(f1) \ int(K(f2))). Thus there exists an open
neighborhood V' of f in (Rat)? such that for each g € V, we have that g € Exp(2), g

satisfies the strongly separating open set condition with U, P({g1, g2)) \ {oo} is bounded in
C, and HD(J({g1, 92))) = 0(g) < 2. See Figure 1 for the Julia set of (fi, fa).
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FIGURE 1. The Julia set of (f1, fo), where hy(2) 1= 22/4, ho(z) = 2% —
]_, f1 = h%, 9 = ]’L%

Example 8.4. For each j = 1,2, let y; be a hyperbolic polynomial such that deg(vy;) > 2
and J(v;) is connected. Suppose that K(v1) N K(y2) = 0, where K(-) denotes the filled-in
Julia set. Let R > 0 be a large number such that B(0,R) D K(v1) U K(7y2). Then, there
exists a large positive integer n such that with U := B(0, R),

(8.4) NnMO) Uy "(U) CU and 1y"(U) N "(U) = 0.

Thus, setting g = (g1, 92) = (Y}, %), there exists an open neighborhood V' of g in (Rat)?
such that each f = (f1, fo) € V satisfies the strongly separating open set condition with U.
Since K(g;) C U for each j = 1,2, (8.4) implies that setting W := intK(g;) U intK(ge) U
(C\TU), we have that for each j = 1,2, g;(W) C W. Hence, W C F((g1,g2)). Combining
this, CV*(g;) C K(g;) C U where CV*(g;) denotes the set of critical values of g; in C,
and (8.4), we obtain that P({g1, g2)) C F({g1,92)). Therefore, g = (g1, 92) € Exp(2). Thus,
if we take the above V' small enough, it follows that for each f = (f1, f2) € V, we have that
f € Exp(2) and f satisfies the strongly separating open set condition. In particular, for

each f € V, HD(J({f1, f2))) = 6(f) <2 and J((f1, f2)) is porous.

Now we describe an example of analytic family {G,},ea of expanding rational semi-
groups, where G\ = (fa1,..., fas), fa = (fa1,---. fas), such that each G satisfies the
open set condition with Uy, but does not satisfy the separating open set condition with any
open subset of C, and such that for each \, HD(J(G))) = 6(f,) < 2.

Example 8.5. (See [27, Example 6.2]) Let p1,p2, and p3 € C be mutually distinct points
that form an equilateral triangle. Let U be the interior part of the triangle. Let~y;(z) = 2(z—
p;)+p;, foreach j =1,2,3. Then J((71,Y2,73)) is the Sierpiniski gasket, which is connected.
Hence (vy1,72,73) satisfies the open set condition with U but fails to satisfy the separating
open set condition with any open subset of C. Let z be the barycenter of the equilateral
triangle p1paps and let v > 0 be a small number such that D(x,r) C U\ U?:ﬂj_l(U), where
D(z,r) denotes the Euclidean disc with center x and radius r. Let 4 be a polynomial such
that J(v4) = OD(x,7). Let u be a large positive integer such that v, “(U) C U\U?:ﬂj_l(U).
Set a := ~yy. Then, there exists a neighborhood V' of o in Rat such that for each B € V,

f = (71,72,7s,3) satisfies the open set condition with U. Let Gg = (V1,72,7s, ), for each
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B € V. If we take u large enough, then we may assume that P(G,) C F(Gy). Therefore, G,
15 expanding. Thus, if we take the above V' small enough, it follows that for each § € V', we
have that Gg is expanding, Gz satisfies the open set condition with U, and Gg fails to satisfy

the separating open set condition with any open subset of C. also note that for each B €V,
U_v; ' (U) U B~HU) is a proper subset of U. Combining it with [24, Lemma 2.4] and [28,
Theorem 1.25], we obtain that for each § € V', J(Gg) is porous and HD(J(G3)) < 2. Thus,
for each 3 €V, we have

HD(J(Gﬁ)) - 6(71772)737 6) <2

See Figure 2 for the Julia set of G.

FIGURE 2. The Julia set of G, = (71,72, 73, ).

Remark 8.6. In the sequel [36] (announced in [30]), we will see that there are plenty of
parameters [ = (f1, fo) € Exp(2) such that f satisfies all of the following conditions: (1)f,
and fy are polynomials of degree greater than or equal to two, (2)f satisfies the open set

condition, (3)P({f1, f2)) \ {00} is bounded in C, (4)HD(J({f1, f2))) < 2, and (5)J({f1, f2))

18 connected.

We give an example of analytic family {Gx} e of expanding rational semigroups satis-
fying the open set condition and §(f\) = HD(J(G,)) = 2, where Gy = (fa1,..., fas), [r ==
(f)\,l?"'af)\,s)ﬁ A= {)\ €eC:0< ’/\| < 1}

Example 8.7. Let A € C with 0 < |\ < 1 and let fx = (fa1, r2) = (2%, A2?) € (Rat)%
Let Gy = (fa1, faz). Then, P(Gy) = {0,00} C F(G,) and therefore G is expanding.
Let Ay = {z € C: 1 < |z| < 1/|A[}. Then, we have f,(A,) Uf/\_é(A,\) C A\ and
f/\_ll(A,\) N f/\_%(AA) = (. Hence, G, satisfies the open set condition. Therefore, by [27],
we have 6(fr) = HD(J(G))). Since the point 1 belongs to the Julia set of fi = fr1, we
have 1 € J(Gy). Moreover, we easily obtain that Uyeq, g (1) is dense in Ay. Hence, by [8,
Lemma 3.2], it follows that J(G)) = Ay. Thus, 6(f») = HD(J(G))) = 2.

We give another example of analytic family of expanding rational semigroups such that

HD(J((fr1,---+fas))) < 6(Fr) < 2.



31

Example 8.8. Let dy,ds,...,ds € N such that d; > 2 for each j = 1,...,s. Let g =
(g1,...,9s) = (24, ..., 2%) € (Rat)*. Let L, : C(J(g)) — C(J(g)) be the Perron Frobenius
operator defined by the formula

Lep(z) = > 17 w)| ™ o(y).
G(y)=2

Then, we have L1 = (3°°_, -=1)1, where 1 denotes the constant function taking the value

j=1 @
1. Hence, setting 5(t) = ijl dt—l,l, we have
(8.5) B(t) = P9,
Thus, 3(6(g)) = 1. We now assume that >.°_, - < 1. Then, since the function t — [3(t)

i=17;
is strictly decreasing, we obtain that §(g) < 2. Since f +— 6(f) is continuous around g, it
follows from [27] that there exists an open neighborhood U of g in (Rat)® and an ¢ > 0
such that for each f € U, HD({f1,..., fs)) < d(f) < 2 —e. In particular, for each f € U,
intJ((f1,...,fs))) = 0. By Remark 2.21 and Remark 2.24, for almost every f € U with
respect to the Lebesque measure, so({f1,...,fs)) =to(f) =0(f) <2—e< 2.

Let us now provide several sufficient conditions for f to satisfy 6(f) > 2.

Example 8.9. Using the same notation as that in Example 8.8, suppose there exists an
integer m such that dy = --- = ds = m. Then, by (8.5), we obtain 6(g) =1+ ll(fgg;. Since
the function f — 6(f) is continuous and plurisubharmonic around g, it follows that for
each open neighborhood U of g in (Rat)®, there exists a non-empty open subset V of U\ {g}

such that for each f €'V,

(8.6) o(f) =1+

log s

logm’
We now assume that s > m. Then, from the equality 6(g) =1+ fiﬁ and the continuity

of f — 6(f) around g, it follows that for each € with 0 < € < ﬁﬁ — 1, there exists an

open neighborhood W of g in (Rat)® such that for each f € W, §(f) > 1+ 1285 ¢ > 2,

logm

In particular, for each f € W, f does not satisfy the open set condition. Moreover, by
Remark 2.21 and Remark 2.24, for almost every f € W with respect to the Lebesgue
measure, we have so({f1,...,fs)) = to(f) = 6(f) > 1+ fiﬁ — ¢ > 2. Note that for a

fived m, 1+ 85 o0 as s — oo. Thus, the functions f — 0(f), f — to(f), and

logm
f=s0({f1,---, fs)), where f € Exp(s), are unbounded, if s runs over all positive integers.

Proposition 8.10. Let g = (g1,...,9s) € Exp(s) and let G = (g1,...,9s). Let my be
the 2-dimensional Lebesgue measure. Suppose that there exists a couple (i,7) with i # j
such that ma(g; ' (J(G)) N g; ' (J(G))) > 0. Then, 6(g) > 2. In addition, for each 0 < e <
d(f) — 2, there exists an open neighborhood U of g in (Rat)® such that for each f € U,
6(f) = d(g) —e>2.

Proof. By the assumption, [27] implies that 6(g) > HD(J(G)) = 2. Suppose §(g) = 2.
Then, by [27, Proposition 4.13], we obtain a contradiction. Thus, §(g) > 2. Since the
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function f w— §(f) is continuous around g, the rest of the statement of the proposition

holds. We are done. O

Example 8.11. Let g = (91,69, 93) = (2%,2%/4,2%/3) € (Rat)® and let G = (g1, g2, g3)-
Then, P(G) = {0,00} C F(G) and so G is expanding and J(G) = {z € C: 1 < |z| < 4}.
By [27, Example 4.14], (or by Proposition 8.10), we have that §(g) > 2. Since the function
f = 6(f) is continuous around g, it follows that for each € with 0 < € < §(g) — 2, there
exists an open neighborhood U of g in (Rat)® such that for each f € U, 6(f) > 6(g) —e > 2.
Moreover, by Remark 2.21 and Remark 2.24, for almost every f € U with respect to the
Lebesgue measure, we have so({f1, f2, f3)) = to(f) = 0(f) > d(g) — e > 2.
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