SPECTRAL GAP PROPERTY FOR RANDOM DYNAMICS ON THE REAL LINE AND
MULTIFRACTAL ANALYSIS OF GENERALISED TAKAGI FUNCTIONS

JOHANNES JAERISCH AND HIROKI SUMI

ABSTRACT. We consider the random iteration of finitely many expanding %'+ diffeomorphisms on the real
line without a common fixed point. We derive the spectral gap property of the associated transition operator
acting on Holder spaces. As an application we introduce generalised Takagi functions on the real line and we

perform a complete multifractal analysis of the pointwise Holder exponents of these functions.

1. INTRODUCTION AND STATEMENT OF RESULTS

In this paper, we investigate the independent and identically-distributed (i.i.d.) random dynamical systems
on the real line. The theory of dynamical systems is used to describe various subjects in basically all areas
of natural and social sciences. Since nature and any other environment have a lot of random terms, it is very
natural and important not only to consider the dynamics of iteration of one map, but also to consider random
dynamics. Many researchers in various fields have found and investigated many kinds of new phenomena
in random dynamics which cannot hold in deterministic dynamics. These phenomena arise from the effect
of randomness or noise and they are called randomness-induced phenomena or noise-induced phenomena
([IS15,JS17,[Sum11,[Sum13]]). Under certain conditions, because of the effect of randomness or noise, the
chaoticity of the system becomes milder, but the system still has some complexity. Hence regarding such

random dynamical systems, our aim is to investigate the gradation between chaos and order.

To find and to study quantities describing the gradation between chaos and order, we combine ideas of
random dynamical systems, ergodic theory (in particular, thermodynamic formalism), iterated function
systems, and fractal geometry. More precisely, for any random dynamical system in our setting, there exists
an exponent & € (0, 1) such that for each ot with 0 < @ < a_, the transition operator of the system behaves
well (e.g., it has a spectral gap property) on the space €% of a-Holder continuous functions endowed with
a-Holder norm, but for each a with o < a < 1, the transition operator of the system does not behave
well (Theorem [I.1] Corollary [T.5). This quantity o describes the gradation between chaos and order for
the system. Furthermore, to provide a refined gradation, we investigate the pointwise Holder exponents
of the limit state functions (i.e., fixed points of the transition operator) and their (higher order) partial
derivatives with respect to the probability parameters. It turns out that the pointwise Holder exponents
have a complicated fine structure which can be suitably investigated using the multifractal analysis and
the concept of fractal dimension (Theorems [I.3] [[.4). The objects appearing in the multifractal analysis
also describe the gradation between chaos and order for the system. Moreover, we present a new general
framework to study a large class of fractal functions. In particular, we shed new light on the regularity

properties of the classical Takagi function in our framework (see Theorem [I.4]and Proposition I.6).
Throughout, let  := {1,...,s+1}, s> 1, and let f; : R — R, i € I, be a family of €' "¢ diffeomorphisms

with e-Holder continuous derivatives for some € > 0. We say that (f;);c; is expanding if there exists A > 1
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such that f/(x) > A > 1, for all x € R and i € I. The family (f;)ic; has no common fixed point if there exists
no x € R such that f;(x) = x foralli € I.

We denote by R := R U {=oeo} the two-point compactification of R endowed with a metric d on R which is
strongly equivalent to the Euclidean metric on compact subsets of R, that is, for each compact set K C R
there exists a constant C > 0 such that C~!|x — y| < d(x,y) < C|x—y|, for all x,y € K. For i € I we extend
the definition of f; from R to R by setting f;(=oo) := +oo. We say that (f;)ic; is contracting near infinity if
there exist neighborhoods V* of +eo such that Lip(f,-‘vi) <1,i€l Here,forDCRand g: D — R, we
have set Lip(g) := sup, yep 2, d (8(x),8(y)) /d(x,y). Note that if (f;)ie/ is contracting near infinity then
Lip(f;) < e for each i € I. We refer to section for details about the property of contraction near infinity.

Throughout, we assume that (f;);c; is expanding, has no common fixed point, and is contracting near
infinity. For p = (p1,...,ps) € (0,1)° with Y3, p; < 1, let pyy1 :=1—Y!, pi. Let €(R) denote the
Banach space endowed with the supremum norm || - ||. Define the transition operator
Mp:€¢ (R) =% (R), Mph=Y pi-hof;, he ¢ (R).
i€l

For o > 0 let €%(R) denote the Banach space of o-Hélder continuous functions (see Section . Note that
My (€%(R)) C €*(R). To state our first main result we say that My, has the spectral gap property if its
spectrum consists of finitely many eigenvalues of modulus one, and the rest of the spectrum is contained in
a ball of radius strictly less than one. We say that (f;);cs satisfies the separating condition if there exists a
non-empty bounded open interval O C R such that ffl (0) C O, foralli€l, and forall i, j €l withi# j,
we have f1(0)N f ;1 (O) = @. For the definition of the bottom of the spectrum ¢ = o (p) we refer to
Section[2.2] Fora € R* and § > 0 we denote by B(a, ) C R* the open ball of radius & with center a in R*.

Theorem 1.1 (Theorem 2.4] and Theorem 2.15). For every py € (0,1)* there exist & > 0 and o > 0 such
that My : €%(R) — €*(R) has the spectral gap property for every p € B(po,8). If (f;)ic1 satisfies the

separating condition, then the previous assertion holds for any o0 < a._(po).

By combining with the perturbation theory of linear operators we can derive that the probability of tending
to infinity 7 := T, : R — [0,1] (see (2-1) below for the definition) depends real analytically on p (see
Theorem [2.4]for the detailed statement). This allows us to make the following definition.

Definition 1.2. We denote by 7 := .7}, the R-vector space of generalised Takagi functions generated by

aZle nj s _
Ca(x) :==Cap(x) = m]}uhm%)(x)|(u|7_._7u5):p_’ n=(ny,...,n;) €ENj, x e R.

For the reason why we call the elements of .7 generalised Takagi functions, we refer to Remark 2.17] We
then proceed to investigate the regularity of elements of .7. The pointwise Holder exponent of C € .7 at
x € R is denoted by HoI(C,x) (see below for the definition). We denote by J the Julia set of (f;)ies
(see Section [2.1). For p € (0,1)* we define ot = oty (p) in Section[2.2] We say that (f;);es satisfies the
open set condition if there exists a non-empty bounded open interval O C R such that ff' (0) C 0, for all
i€l,andforalli, j €l withi# j we have fi_1 (0) ﬂfj_l (0) = @. By t* we denote the Legendre transform

of the function 7 defined implicitly by a certain topological pressure functional (see Section [3.2).

Theorem 1.3 (Theorem [3.14). Suppose that (f;)ici satisfies the open set condition. Let C € 7 \ {0}. Then
we have for all a € [a_, o],

dimy {x € J | Hol(C,x) = ot} = —t*(—«),

and for o ¢ [o—, 0] we have {x € J | HOl(C,x) = ot} = 2.
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We prove the following result regarding the global Holder continuity of elements of 7.

Theorem 1.4 (Theorem Corollary . Suppose that (f;)ics satisfies the open set condition. Then, for
each C € 7\ {0} we have a_ =sup{a >0|C € €*(R)}. Further, T € €* (R).

Corollary 1.5 (Corollary . Suppose that (f;)ics satisfies the open set condition. If a— < 1 then
limy, e | My || = oo, for each 0. < & < 1, where |My||o denotes the operator norm of My on €'*(R).

Regarding the existence of points of non-differentiability of elements of .7~ we prove the following. Let
¢; € N* denote the k-th unit vector in Njj, 1 < k <'s. We use C,, to denote C(m) for m € Ny.

Proposition 1.6 (Proposition[S.1). Suppose that (f;)ic; satisfies the open set condition.

(1) If a_ < 1, then there exists a dense subset E C J of positive Hausdorff dimension such that, for
every C € 7\ {0} and every x € E, C is not differentiable at x.
(2) If a_ =1, then C, is nowhere differentiable on J, for 1 < k <'s. Moreover, if s = 1, then G, is

nowhere differentiable on J, for every m > 1.

For applications of our results to conjugacies of interval maps we refer to Section @ In fact, if (fi)ies
satisfies the open set condition, then the probability of tending to infinity 7}, can also be characterised as
the conjugacy map between the expanding dynamical system defined by (f;)ic; on J and the dynamical
system given by the piecewise linear map on [0, 1] with (s+ 1) full branches and slopes given by (1/p;)ics
(see Lemma [6.1). By the rigidity dichotomy in [JKPS09, Theorem 1.2], if J is an interval, then either
a_(p) = o (p) and T, is a €' *¢-diffeomorphism, or a_(p) < ot (p) and the set of non-differentiability
points of T}, has positive Hausdorff dimension. For general families (f;);cs satisfying the open set condition,
we can show that o (p) = o (p) if and only if T, € ¥4™#(/)(R) (see Section @)

Higher order derivatives of the classical Takagi function have been considered in [AKO6], where it is shown
that the classical Takagi function and the higher order derivatives of the Lebesgue singular function for
p = 1/2 are nowhere differentiable and convex Lipschitz ([IMW86]). These results are covered by our
general theory. Namely, since for this special case we have ot~ = 1 and s = 1, the non-differentiability
follows from Proposition [T.6] (2). That these functions are a-Hélder continuous, for every o < 1, follows

from Theorem@ In fact, we can also derive that the functions are convex Lipschitz (see Remark @

Generalised Takagi functions have also been introduced in [HY84]]. As already observed in [AKO6], the
higher-order derivatives of a systems (f;);c; with constant derivatives are not covered by the setting in
[HY84]. In [SSO1] it is shown that the Lebesgue singular function depends real analytically on the para-
meter, and its higher order derivatives are considered. We point out that our general definition of 7 is a
far-reaching generalisation of the above concept, where we consider an arbitrary finite number of %' +¢
diffeomorphisms and arbitrary linear combinations of higher order partial derivatives of the probability of

tending to infinity with s > 1 parameters.

We remark that in the previous works of the authors [JS15,JS17] we dealt with the random complex dynam-
ical systems satisfying the separating condition. However, in this paper, we deal with random dynamical
systems on the real line satisfying the open set condition. Note that the separating condition implies the
open set condition. When we deal with general systems satisfying the open set condition, we have to over-
come new difficulties. In fact, the relation between the pointwise Holder exponents of elements of .7 and
the corresponding dynamical quantities is much more involved than in the case of the separating condition.
We developed several new ideas (see Propositions [3.9]and [3.13)) to overcome these difficulties. In the case
of the separating condition we show that o_ is the supremum of the exponents & for which the transition
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operator has the spectral gap property on €% by developing some idea from [JS17] and providing a new

approach.

In section 2] we derive the spectral gap property for the transition operator associated with random dynam-
ical systems on the real line. In section [3] we perform a complete multifractal analysis of the pointwise
Holder exponents of the elements of .7 associated with (f;)ic; and p € (0,1). In section 4] we investigate
the global Holder continuity of the elements of .7. In section [} we study the (non-)differentiability of the
elements of 7. In section[] we show how our results are related to interval conjugacy maps. In section
(Appendix), we will show that, by modifying the (f;);c; near infinity, we can always assume that a expand-
ing family (f;);s is contracting near infinity with respect to a metric d which is strongly equivalent to the

Euclidean metric on compact subsets of R.

Acknowledgements. The authors would like to thank Rich Stankewitz for valuable comments. The re-
search of the first author was partially supported by JSPS Kakenhi 15H06416, 17K14203. The research of
the second author was partially supported by JSPS Kakenhi 15K04899, 18H03671.

2. SPECTRAL GAP PROPERTY

In this section we derive the spectral gap property for the transition operator associated with random dy-

namical systems on the real line induced by a family (f;);e;.

2.1. General results . Let I* := J,cnI". For @ € I* we denote by |®| the unique n € N such that @ € I".
For o = (oy,...,®,) € I" we let Joy,...on) = Jo, 0 0 fo,- Also, for o € N and n € N we put @), =

(@i,...,@,) € I". Since (f;)ics is contracting near infinity, there exist neighborhoods V* of +oc in R such
that, for each x € V™ (resp. x € V™) we have for all ® € N,

fw\n ()C) — oo (respfa)‘n (.X) — _°°), as n — oo,

We put

V.=vtuv-.
Denote by G := (f1,... fs+1) := {fo | ® € I} the semigroup generated by f1,..., fs4+1 wWhere the semigroup
operation is the composition of functions. The Julia set of G is defined as

J:= {x € R | G is not equicontinuous in any neighborhood of x} .

Note that the inverse maps ( fl-_l) i € I, form a contracting conformal iterated function system (see e.g.

|Rw
[FalO3, MUQ3]) and J is the limit set (or attractor) of this system.

Let X :=I". For ® = (@, ,,...) € X we define
-1 _
Jo= (fw‘n) (R\V).
neN
Note that Jy, is a singleton because (f;)es is expanding. We define the coding map 7 : £ — R given by
N (fo,) ' R\V) = {n(0)}, o@ck.
neN

It is easy to see that

J=JJo=n(%).

weL



SPECTRAL GAP PROPERTY FOR RANDOM DYNAMICS ON THE REAL LINE 5

The kernel Julia set of G ([Suml1]) is given by

T :=[)g ' (J)CJ.
geG

Forp = (p1,...,ps) € (0,1)" with Y'Y, p; < 1, let pyi g :=1—Y7_, p;. Let up, denote the (p1, ..., ps, Psi1)
Bernoulli measure on X.

Proposition 2.1. We have Jyer = @. Moreover, we have i, ({@ € | x € Jp}) =0, for each x € R.

Proof. Since (f;)ics is expanding without a common fixed point, we have that, for all x € R there exists
gx € G such that g,(x) € V. Hence, Jyer = @. By [Suml1l Lemma 4.6] we have p, ({@ € 2| x € Jp}) =0,
for each x € R. ]

Recall that My, is almost periodic if (Mph),>1 is relatively compact in €'(R), for each h € € (R). The dual
operator of My is given by M, : .#1(R) — .#1(R), where .} (R) denotes the space of Borel probability

measures on R endowed with the topology of weak convergence. We define the compact subset

Jmeas 1= {m € 4\ (R) | (M},

»)n>1 18 not equicontinuous in any neighbourhood of m} C A4 (R).

The following fact is a special case of [Sum11} Proposition 4.7, Lemma 4.2(6)].

Proposition 2.2. We have that Jyeqs = @ and that M, : € (R) — €' (R) is almost periodic.

By a well-known result of Ljubich ([Lju83|]) on almost periodic operators, we have

¢(R)={heCR)| [Mphl|e — 0, asn — o} @span{h € ¢ (R)|3p €S' | Myh=ph}.

As in [Suml1]] we define the probability of tending to infinity
@.1) T, R—[0,1], Tp(x) =ty {w EX | lim fo, () = oo} .
It follows from Proposition [2.1] that for every bounded measurable function 7,

22) lim M2h(x) = Ty (x)h(oe) + (1 — Ty(x) (=),

n—soo

where we note that M, can also be defined on the space of bounded Borel measurable functions on R.
Hence,
span {h € ¢(R) | 3p € S' | Myh = ph} = RT, ®R1

and we have by Ljubich’s result,

[Mph — (h(e0) — h(—=o0))Tp — h(—0)1[| — 0, asn— oo.

For o > 0 we say that & : R — R is o-Holder continuous if
h(x)—h
Vo := sup{| ©) ((Xy)l } < oo
xF£y d(x Y )
We say that a function is Holder continuous if it is «-Ho6lder continuous for some ¢« > 0. We denote by
%“(R) the Banach space of a-Holder continuous maps on R endowed with the a-Holder norm

e == Vo + |Alle, 7€ E*(R).

The following lemma is the key to derive the spectral gap property of M, on €"*(R). The proof is inspired
by [Sum13]]. For n € N and w € I" we will use the notation
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Hence, we have forn ¢ Nand h € € (@)

Myh= ¥ po-(ho fu) = [ ho fa, dity(@).

ol

Lemma 2.3. For every po € (0,1)* there exist 6 >0, o >0, n € N and constants 0 < ¢ < 1 and C > 0 such
that, for every p € B(po, 8) and for every h € €*(R),

[Mph(x) — Myh(y)| < (cllhlla+CllAll) d(x,y),  xy€R.

Proof. Recall thatV =V1TUV ™. Since (f;);cs is expanding without a common fixed point, we have that, for
all x € R there exists g, € G and a compact neighborhood U, of x in R such that g,(U,) C V. Since R is com-
pact, there exist € Nand x1,...,x € R such that R = (J;_ Int(Uy;), where Int(A) denotes the interior of a
set A C R. Since Ugeq g(V) C V we may assume that there exists r € N such that, foreach j=1,...,¢ there
exists B/ € I" with g,; = fp;. For ® € I" with |@| = £ we denote by (0] :={T€X |71 = @i,..., T = @)}
the cylinder set of @. Let

a:=a(p) :=max{l—pp([B/]) |1 <j<t} <L
Recall that Lip(g) < oo, for every g € G. Let
A :=2-max{max {Lip (fo) | @€ I"},1} >2.
Let R > 0 be a Lebesgue number of the covering (Int(Uy,)), je Of R. Let & > 0 such that
n:=al® < 1.
Let n € N to be determined later. Let x,y € R. Since M, is bounded, we may assume that d(x,y) < R. Let
n(x,y) == max{k >0 A *R> d(x,y)} .

If n(x,y) < n, then d(x,y) > A~"R and the desired estimate follows with C := 2A"*R~%. Now, we con-
sider the case n(x,y) > n. Then we have d(x,y) < A~"R. Consequently, for j < n and ® € I’ we have
d(fo(x),fo(y)) < R. By the definition of R there exists ip € {1,...,7} such that B(x,R) C Uy, . Let
A(0) := [B] C £ and B(0) := X\ [B"]. We define inductively, for j > 1,

A(j)::{a)eB(j—l)Hie{l, 1} such that B(fa,,(x),R) C Uy, and (@j1,.. a),w)):ﬁf}

and B(j) :=B(j— 1)\ A(j). We have

|My"h(x) — M} h(y

n—1
Z / fw‘m h(fa)‘m ( d.up

‘/ o () = h(fw,,,(y))dup(w)‘.

Since tp(A(j)) < a’ for every j <n—1, and B(fw‘ ( ),R) C V, for every @ € A(j), we can estimate
with
S :=max {Lip(f;y+),Lip(fyy-) | i€} <1 andé&:=max{n,s"*} <1,

i o005 =, )| ity (@) < ? s [y, () = iy, )

WeEA(j

<dlylla sup { (" (fuy 0 (), Fay )}

WEA())
< ajS(nfjfl)r(xl(ijl)a”h‘V”ad(x’y)a

<l (ST [y llad (x, ) = & Ay |l ad (x,5) .
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Finally, we verify that

Sy [ 50) =R, (00 iy (@) < (B0 —1) st

weB(n—1)

<d"||h||¢ sup d(fw‘m(x),fw‘m()’))a

weB(n—1)

< d"|[hllaA"*d(x,y)* < n"||h]lad (x,y)*.

B fan,, (x) = o for,, ()]

We have thus shown that
MR (x) ~ M R()| < (@ Ay o 0" B ) dx,0) .

For n sufficiently large, the assertion of the lemma follows. It is clear that ¢ = a(p) and thus, o and the
other constants involved, depend continuously on p. Therefore, the assertion of the lemma holds with

locally uniform constants. The proof is complete. ]

Theorem 2.4. For every py € (0,1)* there exists § > 0 and o > 0 such that My : €*(R) — €*(R) has the
spectral gap property for every p € B(po, 8). In particular, for every p € B(po, 8) we have Ty, € €*(R) and
the convergence

[Mph — (h(e0) = h(—20)) Ty — h(—o0)1]|¢ — 0, asn— oo,

is exponentially fast. Moreover, the map p — T, € €*(R) is real-analytic on B(po, §).

Proof. By Lemma [2.3| there exist > 0, & > 0 and n € N such that, for every p € B(po, ), we have the

Ionescu-Tulcea and Marinescu inequality

[Mphlla < cl[hlla+(C+ 1)l

Therefore, the theorem follows from the well-known result of [ITMS50] in tandem with the perturbation

theory for linear operators ([Kat76]). U

Corollary 2.5. For every po € (0,1)° there exists § > 0 and o > 0 such that F, C €*(R) for every
p € B(po,9).

The next lemma can be proved exactly as in [JS17, Lemma 4.1].
Lemma 2.6. For every n € Nj we have

5
Coh = MpCy + Z n; (Cnfe,- o fi — Cn—eg ofv+l) :
i=1

1

The Bernoulli measure (1, on X defines the probability measure fi, = Upo 7™ onJ with distribution function

Fp ‘R— [O’ 1]7 Fp (x) = ﬂp{(_wax]}'

Lemma 2.7. We have MpF, = F,.

Proof. Clearly, U, is a self-similar measure on X, i.e.,

s+1 |
Hp = ZPilJpOG,'— )

i=1
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where o; : £ — X is given by 0;(®) := i®. Using that fi’1 ot = 7o 0;, we obtain for every Borel set B C R,

s+1
fip (B) = tp (”_I(B)) = Zp,-ypoci‘l (”_I(B))

i=1

s+1 s+1

=Y pipor ()7 (B) = Y. pilip (i(B)NJ).
i=1 i=1

Setting B := (—oo, x| the lemma follows. O

Lemma 2.8. T}, is the unique bounded Borel measurable function such that MpTy, = Ty, and Ty~ =0 and
Tp\v+ = L. In particular, T, = Fy.

Proof. By Lemma we have that MpT, = Tp. Clearly, T, is bounded and measurable, and satisfies
Tyv- =0 and T,y+ = 1. Let h be another bounded Borel measurable function such that Mph = h and
hy- =0and hyy+ = 1. By (2.2) we have

h(x) = lim Myh(x) = h(e2)Tp(x) +h(—e=) (1 = Tp(x)) = Tp(),
which proves the asserted uniqueness. To prove that T, = I, we note that Fy, is bounded and Borel measur-
able, MpFp = Fp, Fyy- = 0 and Fyy+ = 1. The assertion of the lemma follows. O

The following fact follows immediately from the definition of Fy.

Fact 2.9. F, (and hence, Tp) is locally constant precisely on R\ J.

2.2. Improved spectral gap property for systems with separating condition. In this section we derive
an improved spectral gap property for systems satisfying the separating condition. We define the potentials

p:XT—R, ¢(w):=—log |f('1,l (77:((0))|, and y:=yp: TR, y(0):=Ilogpy,.

We define the shift map 6 : X — X, 6((01,®2,...)) := (@02, ®3,...). Foru:X — R and n € N we denote
by Syu := ):Z;(l) uo o* the nth ergodic sum. Further we let

e . S ¥p(@)
o_ = 0_ = inf ] f oL = = 1 —_—
(p) := inf limin Sio(@) % +(p) suplimsup -0 @)

Snp (@)

and we refer to o as the bottom of the spectrum.

Lemma 2.10. The map p — a_(p) is lower semi-continuous on (0,1)".

Proof. Let pp € (0,1)*. For every € > 0 there exists 6 > 0 such that ||y, — vy, || < €/ min|¢| for every p
with |p — po| < 8. Let p with [p—po| < 8, ® € X and (n) — oo such that

lim S ¥0(@) o)

ko Sy @(@)

We have
Snk Wp(w) — Sﬂk l1”[30(0)) Snk l[/p((i)) _Sﬂk WPO((D)
Sup(®) Sy (o) S ()
Since
Snklllp(w)_snkwm)(w) < nkHWP_WPOH <¢e and liminfSﬂkao(w) > a_(po)

Sn, (@) ~  ngmin|@| ke Sy, @(®)
we conclude that
SnkV/p(w)

s
a_(p) = lim > liming S Yoo (@)

_ > . — €.
ke S, (@) ke Sy @(0) €2 0a-(po)—¢
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Remark. Similarly, one can show that p — o (p) is upper semi-continuous on (0, 1)*.

Lemma 2.11. There exists < 1 such that for every compact set K C R\ J there exists a constant Cgx < o
such that for all x,y € K belonging to the same connected component of R\ J, we have for every ® € I*,

d(fo(x), fo(y)) < Cxkn'®ld(x,y).

Proof. There exists N = N(K) € N such that for all n > N, @ € I" and all x,y € K belonging to the same
component of R\ J, we have fy(x),fo(y) € V' (resp. V7). For otherwise, there exists 7 € I such that
fz,(x) € R\V, forall n € N, contradicting that x ¢ J. Let S := max {Lip(f;y+),Lip(fyy-) | i € I}. Since
(f3)ier is contracting near infinity, we have S < 1. Forn > N and @ € I" we have

N
0ol Fo0)) < 5" (fny (1) Sy (0)) = 5" (maxLip() ) (1) =),

where we have set Cx := S~V (max;c; Lip(f;))". The estimate for n < N can be shown similarly. O

Definition 2.12. We say that (f;);c; satisfies the separating condition if there exists a non-empty bounded
open interval O C R such that ffl (0O) C O, for all i € I, and for all i, j € I with i # j, we have ffl (o)n
f j’l (O) = @. If the separating condition holds, then we may always assume that O is bounded and that
JCO.

The proof of the following lemma is standard and therefore omitted (see e.g., [MUO3]).

Lemma 2.13 (Bounded distortion). Let Q be a bounded open set such that fl-_1 (Q) Cc Qforiel. Thenwe
have

| £y
| fy(v2
Lemma 2.14. Suppose that (f;)icy satisfies the separating condition. Let py € (0,1)* and 0 < o < a_(po).
Then there exist 8 >0, n € N and constants 0 < ¢ < 1 and C > 0 such that, for every p € B(po, 8), h € €*(R)
and for all x,y € R,

(2.3) D:=D(Q):= sup{ ;I‘YEI*’V"VZEfyI(Q)} < oo,

| Myh(x) = Mph(y)| < (c||Alloc +Cllh]l) d (x,y)".

Proof. Suppose that the separating condition holds with bounded open interval 0. We may assume that
J C O and that there exists ry > 0 such that for all i, j € I with i # j,

17 Y(B(0,r0)) C B(O,ry) and f; (f;l(B(o, ro))) CR\J,

where B(O,ry) := U,coB(u,ro). Fori # j we define the compact sets

Kij=1; (£ (BOn)) and K= |J KyjcR\J
ijel, ]

Let § :=d(R\ 0,J). Since J C O is compact, we have § > 0. Define the compact set
K:=K'U{ueR\J,d(u,J)>8/2} CR\J.

Since O is compact, by modifying ry if necessary, we may assume that

(2.4) Vi' e Oy e B(X,ro)Viel: d(f;(X),£i(y)) < 8/2.

Let x,y € R and n € N sufficiently large (to be determined later). We now distinguish two cases. First

suppose that x ¢ O. We may assume that d(x,y) < §/2. Hence, x and y are contained in the compact set
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{ueR|d(u,J)>8/2} C K CR\J and belong to the same connected component of R \ J. Therefore, by

Lemma|2.11} we have

|Mph(x) = Mgh(y)| < Y. pelh(fe(x) =h(£:NI < Y pellblla (Cxn™)*d(x,y)* <|[hlla (Cxkn™)* d(x,)*.

|z|=n |7]=n

For n sufficiently large, we have (Ckn")* < 1. This finishes the proof in the case when x ¢ O.

Next we consider the remaining case x € O. Let
by = sup{é > 1| 3w € I" such that fw”(x) €0 forany 1 < j < Z} € NU {eo}.

Then there exists a unique (o, ..., ) € I such that foy, *+* fw, (x) € O. We distinguish two cases (a)
£, > n and (b) £, < n. We begin with case (a). Define

Bu(x) = fiy (Bfur, ().70)).

We may assume that y € B, (x). We have the decomposition

= U {7}

j<n|tl=n—j,1#0j

Forall j <nand 7y €\ {®j;} we have
1 (fw‘j (Bn(x))) C fa (fajjil(O,ro)) CK CR\J.
By Lemmal|2.11{we have
d (fr (fco‘j(x)> e (fw“-(y))) < CK/Tln_j_ld (fflw‘j(x)afrlw‘j(yv .
< CrLip(fa )" (foy, (), fo, ) -
Put C; := Cx max;e; Lip(f;). Since £ is Holder continuous, we can assert that
IR P I Y (1 (fe (fo,0)) = (£ (fa,0)) )
j<n |T|=n—j, 117011

<Yra, L pellleCi ) (fo (0, fo, ()

j<n |t|=n—j,n1#0j11

= CEhlla Y Py, (1) d (fo, (), S, ()

o

Using that d is strongly equivalent to the Euclidean metric on the compact set B(O,ry) C R and combining
with the bounded distortion estimate in (2.3) of Lemma with Q := B(0, rp), we deduce the existence
of Dy < oo such that

[Mgh(x) ~Mph(s) | < CED Al ¥, pia, (0"77) [y ()| (x,9)%

j<n
The following was proved in [JS17, (6.2) in the proof of Theorem 1.3]. There exists a C(¢, y) such that
forall j € Nandforall w € X,

(2.5) eSive(0) < C(, ¥p)e* (p)Sjp(0)

It is easy to see that C(¢@, yp) depends continuously on p € (0,1)°. Let ® = (@, ..., @, @1,...,0,,...) €
X. By combining (2.5) with the bounded distortion estimate in (2.3) we have for some D with D > Dy

Pa, <Dy PC0,y) fly (0] P
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Hence, we obtain

[Mh(x) = Mph()] < CEDY e, wp) ]l ¥ n*" D] (0)]%* Pd(x,y)®.

Jj<n

For § > 0 sufficiently small and p € B(po, ) we have sup,cpp, 5) & — @—(p) < 0 by Lemma Also
we can define C(@, ¥) := supycpp,.5) C(P, Yp) < . Since |fc’o‘/(x)| > A/ there exist fj < 1 and C; < o
such that for all j <n and p € B(py, 9),

I fo (@)W <oy
Therefore,
IM"h(x) — M"h(y)| < CED* PIC(@, y)|[h|oConit"d (x,y)%.

Put ¢ := CZDY T (p)C((p, y)||A||«Canf)". For n sufficiently large we have ¢ < 1. Thus, assuming case (a),

we have derived the desired estimate.

Finally, to complete the proof, let us consider the case (b) when ¢, < n. We may assume that y € By, (x).
We estimate

() ~Mgh)| < | X po, X pe (0 (F (fo,0)) =1 (£ (fo,))))

J<lx Itl=n—j,n1 7011

Y pe (b (e (for, @) = (£ (for, )

era)\;x N
|T|=n—{x

The first summand on the right-hand side satisfies an @-Holder condition with ¢ < 1 for n large by the same
arguments as in (a) above. Finally, to deal with the second summand, let " := f,, ,, () and Y = fo o )
Since y € By, (x) we have that d(x’,y") < ro. By the definition of ¢, we have that f; (x') ¢ O for all 7; € I.
By we have d(fz,(y'),J) > 6/2 > 0. Since moreover fz, (x') and fz, (') are in the same component of

R\ J, Lemma[2.11]implies that
d (f (ol 09)) £ (Fol,, 0) ) < Con"™"5d(fa, (), o, 0)).

The rest of the proof runs as in (a) above. The proof is complete. ]

We thus obtain the following strengthening of Theorem [2.4] when the separating condition holds.

Theorem 2.15. Suppose that (f;)ics satisfies the separating condition. Let py € (0,1)° and o0 < a_(po).
There exists § > 0 such that Mp : €*(R) — ¢'*(R) has the spectral gap property for every p € B(po, ).
Moreover; the map p — T € €*(R) is real-analytic on B(py, ).

Corollary 2.16. Suppose that (f;)ics satisfies the separating condition. Let po € (0,1)* and o0 < o (po).

There exists 8 > 0 such that F, C €*(R) for every p € B(po, 9).

Remark 2.17. By Proposition |4.5|below it will turn out that in many cases, 7, ¢ €% (?)(R). Hence, by the
previous corollary, the spectral gap property stated in Theorem [2.13]is sharp. In particular, this is the case
for the classical Takagi function. Namely, let fi(x) = 2x, f2(x) = 2x— 1. Then J = [0, 1] and T} / (x) = x for
x € J and Cj is a multiple of the classical Takagi function on J. Hence, o = 1, Tj /; is Lipschitz continuous,

and C) is a-Holder continuous for every o < 1, but not Lipschitz continuous. For further examples, see
Proposition {.5]
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3. MULTIFRACTAL ANALYSIS OF THE POINTWISE HOLDER EXPONENT

In this section we perform a complete multifractal analysis of the pointwise Holder exponents of the ele-
ments of J associated with (f;);c; and p € (0,1)*. We begin by providing the necessary terminology which
has been introduced in [IS17]. We use n = (ny,...,n;) to denote an element of Nj. Let ¢; € N} denote the
element whose ith component is 1 and all other components are 0. An element A € RYo*™o is represented
as A = (Ax.,y)(x,y)eNg «Ny» Where Ayxy € R, and such an element A is called an (Nj-)matrix. Ayy is called
the (x,y)-component of A.We denote by 1nm € RY0*MNo the matrix such that for every (x,y) € Nj x N the
(x,y)-component of 1y, is given by

In order to investigate .7 we define the matrix cocycle Ag : £ x N — RNo*No given by

ZnGNf)(pwl 1n,n Jrn(ol ln,nfewl); ) € {17"'7S}
Z“ENB (Pw1 1n,n - Z,s':1 niln,nfei)a o =s+1

A()((D, l) =
and for k € N,
Ao(@,k) :=Ag(®,1)Ag(0w,1)...Ag(c" '@, 1) € RNo*No,
Here, the matrix product Ao (7, 1)Ag(v, 1) € RNo*MNo is for 7, v € IV and 1,m € N}, given by

(3.1) (AO(T7 1) 'AO(U7 l))l?m = Z (AO(T7 1))l,k ’ (AO(‘U’ 1))k,m :
keNy

Note that the sum in (3.1)) is actually a finite sum. Further matrix products in the definition of Ay(w, k) are
defined in the same way. We also define

A(@,k) = (po,) " Ao(,k) € RNoMo,
Moreover, for all a,b € R we define the matrix

U(a,b) = (un(a7b))n€N{) e RN given by un(a,b) := Cu(a) — Ca(b).

Remark. In (3.I) and in the following we make use of the product of matrices with an infinite index set.
These matrix products will always be well defined, since either the first factor of the product possesses
at most finitely many non-zero entries in each row, or the second factor contains at most finitely many

non-zero entries in each column.

Definition 3.1. We say that (f;);c;s satisfies the open set condition if there exists a non-empty bounded open
interval O C R such that f;"'(0) C O, foralli € I, and for all i, j € I with i # j we have f; ' (0)n f;'(0) =
.

We write A < B for subsets A,B C Rifa < b foreverya € A and b € B.

Remark. If (f;);er satisfies the open set condition, then we will always assume that £, (0) < fj.*l (0) for
all i, j € I withi < j.

The purpose of the above definitions is the following.

Lemma 3.2. Suppose that (f;)ic; satisfies the open set condition. Let k € N, o € I* and x,y € f;'(0).
Then we have U (x,y) = Ao(@,k)U (fo (%), fu(¥))-
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Proof. The assertion can be shown as in [JS17, Lemma 4.7] if we observe that up(fz(x), fz(y)) = 0, for
all T € I* with T #  and for all n € Nj. To prove this, note that by the open set condition we have that
[fz(x), fz(»)] N O has at most one point. Consequently, 7, is constant on [fz(x), fz(y)] and thus every Cy is
constant on [fz(x), fz(y)], m € Nj,. O

Recall that G = (fi, ..., fi+1) and write G(x) := {g(x) | g € G}. Using Fact2.9)it is straightforward to prove
the following.

Lemma 3.3. Suppose that (f;)ics satisfies the open set condition. Let xo € J. Then there exists a € (JNO)\
G(xo) and b € O\ G(xo) such that b is arbitrarily close to a and Ty(a) # Tp(b).

Remark 3.4. By using Lemma@] we can extend the methods used in [JS17, Lemma 4.8, 4.9, 4.10, Pro-

position 4.11, Lemma 5.2] to our setting.
The following lemma can be proved as in [JS17, Lemma 4.8]. Forq = (q1,...,q5) € N we set |q| :=Y¥}_, ¢;.

Lemma 3.5. There exists a constant K > 1 which depends only on p € (0,1)* and q € N* such that for all
teXandallk €N,
A(T,k)q.e| < KK,

Moreover, we can derive the following key lemma from the proof of [JS17, Lemma 5.2], Lemma@] and
Remark Note that in [JS17, Lemma 5.2] the Julia set J, should be replaced by J(G). An element
C € 7 is called non-trivial if there exists (By)n # 0 such that C = Y, BnCh.

Lemma 3.6. Suppose that (f;)ic; satisfies the open set condition. Let C =Y, BaCn € T be non-trivial. Let
Jj(k) — o be a sequence of positive integers. Let ® € X. In any non-empty neighbourhood V in R which
intersects J there exist a,b € VN O with a # b such that

= limsup | Y 3 (. )it (a.5)| € (0.5]

—yo0

3.1. Dynamical characterisation of pointwise Holder exponents . In this section we provide a dynamical
characterisation of the pointwise Holder exponent of non-trivial elements of 7. The pointwise Holder
exponent of C at x € R is denoted by H6l(C,x). An elementary calculation (see [JS15, Lemma 5.1]) shows
that for every x € R,

logsu A2 1CH) —C(x)].
32 Ho(C, x) = liminf —c Prenien [CO) —CL)l-
r—0 logr

We start with the upper bound.

Proposition 3.7. Suppose that (f;)ics satisfies the open set condition. Let C =Y, BuCn € T be non-trivial.

For every x € J we have

Say(w
HOl(Cx) < inf Timinfor (@)
wen1(x) nore an)(w)
Proof. Letx € J and @ € ~!(x). Since J is compact, there exists a sequence (ji) tending to infinity and
Xxo € J such that

ERT Sjklll(w) . _
S p(0) RS pe) ¢ MRS =R e

By Lemma 3.6] there exists € >0, ) > 19 > 0 and points a,b € B(xo,€) N O with a # b such that for all k
sufficiently large,

ZZﬁnA(w’j(k))n,mMm(a,b) > 1o > 0.
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Define y; := (f“’\fk)_l (a) and z := (f“’\fk)_l (b). By Lemmawe have
Cow) = C(zk) = Y Ba (Uk,2k))n = Pay) X Ba (A, j(k))U (a, b)),

Hence, we can estimate

liming PEICO0 = CEOI iy S V(@) +logTo

k—eo log|yx —zl k—eo Sine(o)

Finally, proceeding exactly as in [JS17, Proof of Lemma 5.3 (5.4),(5.5) and (5.6)], the statement of the
lemma follows. 0

Since Hol(C,x) < oo by Proposition [3.7] we can conclude the following.

Corollary 3.8. Suppose that (f;)ics satisfies the open set condition. Let C =Y, BnCn € T be non-trivial.

Then C is not locally constant at any point of J and thus 7 is the direct sum of vector spaces @neNgRCn-

Next we provide lower bounds for the pointwise Holder exponent. In the following proposition we define
for ® € ¥ and x = 7(w) the sequences

Oy =0 (w):=d (fw‘n (x),r?O) , and s, :=s,(®) =6,

fo, @] D7,

where dO refers to the boundary of the open interval O and D = D(O) refers to the bounded distortion

constant in Lemma .13

Proposition 3.9. Suppose that (f;)ic; satisfies the open set condition. Let C €  \{0}. Let ® € X be a

sequence which is not eventually constant and let x = (@) € J. Then we have

. . _1
liminf, . n~" logd, > liminf S,y (m) .
max ¢ e S,0(@)

H61(C, x) - <1 +

Proof. By (3.2) there exists a sequence (ry) tending to zero such that

logsupyep(s,n) IC(x) =C()|

Hol(C,x) = li
6l(C,x) P log ry

Let ng := max{n > 1| s, > ri}. Since o is not eventually constant, we have s, > 0. Hence, (n;) — oo, as

k — oo. By the definition of n; we have

B(x,ry) C By := (fw|nk)_1 (B (f“’\nk (x),S,,k)) , keN.

Hence, if r, < 1 then

logsupyep(y ) [C(x) —C(y)] _ logsup,ep, |C(x) —CO)l
log ry = logry ’

Also, by the definition of ny, we have s,, 1 < r¢. Therefore, we have
logsup,cp, [C(x) —C(y)] _ logsup,cp, [C(x)—C(y)]  logsupycp [C(x)—C(y)|
log ry - log sy, +1 —1ogD+ S, +10(®) +10g 8y 11
By Lemma and Lemmathere exist constants K’ and g, which are independent of k, such that

sup |C(x) = C(y)| < K'pay, 1}
YEBy
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We conclude that
logsup,cp, [C(x) —C(y)| - Sp W (@) +glog(ng) +logK’
—logD+ S, +19(®) +1og8,,+1 — —logD+S,,+1¢(®)+10g 8p41
S, y(@)-(1+ (glog(ne) +logK')/S, ¥(®))
Sn+19(0) - (1 + (—logD+log 6nk+1) /Snk+1(P(w))
and the claim follows by letting k tend to infinity. ]

Corollary 3.10. Suppose that (f;)ici satisfies the separating condition. Let C € 7\ {0}. Then forall ® € ¥
and x = n(®), we have

liminf ¥ (@)

n—reo Sn(P(w)

= Hol(C, x).

Proof. Since inf,cy 8, > 0, we have liminf, ,..n 'log8, = 0. Hence, liminf,_..S, l//(a))/Sn(p(w) <
Ho1(C,x) by Proposition The converse inequality follows from Proposition [3.7] O
Let us end this section with the following remark concerning Proposition [3.9]and Corollary [3.10}

Remark 3.11. It is not difficult to find examples of systems (f;);; satisfying the open set condition with
limit points x = (@) € J, ® € X, such that

) - Say ()
Ho1(Co,x) < Jlim Svo(@)

Hence, in contrast to systems satisfying the separating condition (see Corollary 3.10), the dynamical char-
acterization of the pointwise Holder exponent in terms of quotients of ergodic sums does not always hold
for systems satisfying the open set condition. However, Proposition[3.9)can be used to establish a dynamical
characterization for almost every limit point with respect to suitable reference measures. Moreover, it turns
out in Theorem [3.14] below that the dimension spectrum of the pointwise Holder exponents coincides with

the spectrum of quotients of ergodic sums of the potentials ¢ and y.

3.2. Dimension spectrum of pointwise Holder exponents. We define

F(a) = Fp(at) := n{a) ez lim igggg _ a},

Suppose that (f;);es satisfies the open set condition. It is well known that the multifractal spectrum is

complete ([Sch99])), that is, there exist &_, o € R such that % (o) # & if and only if @ € [a_, ot ]. In fact,
we have

o_ = inf liminf Suy(®) o, = inf limsup Snl;/(a)).
WEY n—oo S,,(p(a)) OEL  ;seo Sn(P((D)

For every f € R there exists a unique #(8) € R such that Z(¢(B)¢@ + By) =0, where & (u) refers to the
topological pressure of a continuous function u with respect to the dynamical system (X, o) (see [Wal82])).
It is well-known that the function ¢ is real-analytic and convex function with /(B) = — [w dug/ [ ¢ dug
where p1g denotes the unique Gibbs probability measure on X associated with #(8)¢ + By. The function ¢
is strictly convex if and only if a— < o, and have that «_ = a4 if and only if § ¢ and y are cohomologous,
where
6 :=1(0) = dimg (J).

Here, we say that 0¢ and y are cohomologous if there exists a continuous function x : £ — R such that
09 = y+ Kk — koo. Note that we have —'(R) = (o, a4 ) if a— < oy, and —'(R) = {o_}, otherwise.
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We also define the level sets

) n{a)62|limsupnﬁw fﬁgé(‘z; > a}, o> a
Q)= "
n{a)ezﬂiminfﬁm% ga}, o< 0,

where we have set o := [y duo/ [ ¢ duo.We denote the convex conjugate of ¢ ([Roc70]) by

t*(u) :=sup{Pu—1t(B) | B € R} € RU{+oo}.
It is well-known (see e.g. [Pes97,[Sch99]) that for o € [a_, 0],

(3.3) dimy (Z (@) = dimy (F*(a)) = —1*(—a) > 0,

and that F () = F*(a) = @ for @ ¢ [, a;]. To prove this, it is shown that if § € R and a = —#'(B),
then for the corresponding Gibbs measure p1g we have pg o~ !(Z(at)) = 1 and

(3.4) dimy (Z () = dimp (ugomw™") > 0.

We refer to [JS15,1JS17] for a closely related framework for random complex dynamical systems. See in

particular [JST5, Rem. 3.14, Prop. 4.4, Thm. 5.13]. If o— = o4 then .% (o) = J and for every f € R,
dimg (F (o)) = dimg (ug o m 1) =dimg(J) =1(0) = 8.

Corollary 3.12. Suppose that (f;);c; satisfies the open set condition. Let C =Y, BnCy be non-trivial. Then

forall a € [a_,a] we have

dimy {x € J | H81(C,x) = ) > —1"(~ ).

Proof. Tt is well known that, for each a € [a@_, o], there exists an ergodic Borel probability measure
with [ywdu/[@du = o and dimg (o) = —t*(—a) > 0 (see e.g. [Pes97, [Sch99])). Suppose that
—t*(—a) > 0; otherwise there is nothing to prove. Following [Pat97] we have for yu-a.e. ® € X and
x = n(w), lim,_,.n"'logd, = 0, where §, is defined prior to Proposition Hence, for p-ae. 0 € X
and x = m(®), Ho1(C,x) > o by Proposition Moreover, by Proposition we have Hol(C,x) < «
p-ae. We conclude that u o' ({x€J|Hol(C,x) = a}) = 1. Thus, dimy {x € J | Hol(C,x) = a} >
dimy(pon™ ') = —r*(—a). O

The following proposition is an extension of results of Allaart ([AIL17]]) for selfsimilar measures.

Proposition 3.13. Suppose that (f;)ic; satisfies the open set condition with open set O. For every o €
[a_, o] and every C € T we have

dimy {x € J | HoI(C,x) = o} < —"(—a1),

Further, if & < o_ then {x € J | H51(C,x) = o} = &.

Proof. Let x = w(w) € J with Hol(C,x) = o.. By (3.2) there exists r;y — 0 such that

o= limlog sup |C(y)—C(x)|/logr = c.

koo T yeB(x,)

Define n := min {n > 1 | diam7([®},]) < r }, k> 1, where diam(A) := sup{d(x,y) | x,y € A} refers to the
diameter of a set A C R. If
(@1, @) = (Tj(s+1)"),

for some 7 € I*, j < sand [ > 1 then we define v, v, € I* given by

Vi i= (Ti(s+ 1) = (01,..., 00, 1), V= (z(j+11Y),
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where ¢/ > 1 is given by

o(1)
Here, for a € I and m € N we have set @” := (a,...,a) € I"", and for y € I*, 7:= (yy...) € I\ Similarly, if
(o1,...,0)=(t(j+1)1°), then we define vi := (@) ..., @, —1) and V| := (Tj(s+1)"). If Oy, ¢ {1,5+1}
then we define

.y {‘P(H'UJ .

V= V= (0r,...,0,1).

Let nj := |v;|. Then we have as k — oo,

exp (S @ (Vi) < exp (Snz ¢ (Vi)) ’

where, for sequences of positive numbers (ax) and (by) the notation a; < by means that a; /by is bounded
away from zero and infinity. It is clear by the definition of n, Vi and v, that there exists a constant ¢ > 0
independent of x € J and k > 1 such that

B(x,r/c)NJ C w([vi]) Um([vy])-
Let € > 0. We will derive from our assumption H61(C, x) = « that there exists N > 1 such that for all k > N,

Spve ¥ (Vi)

3.5 —
G- i, | ¢ (Vk)

To prove (3.3), we first note that by Lemma[3.2]and [3.5] we have for every v € I*,
sup |C(y1) = C(2)] < K'exp(Sjy w(V))v[%,
y1y267([V])

where K’ > 0 and g > 0 are uniform constants. Suppose for a contradiction that (3.3) does not hold.
Then, by passing to a subsequence of (n;) we may assume that for all k and for all v € {v,v;} we have
Spv| I/I(V)/SM(p(V) > o+ €, and so, taking K’ large enough, we have

sup  |C(y1) —C(y2)| < K'exp(Sjyw(V))|v]9 < K'rEFe|v)d.
yi.y2€7([v])

Since B(x,r/c) C m([vk]) Um([v;]), we conclude that

limlog sup |C(y)—C(x)|/logr, > ot +€.
ke yeBlon)

This contradiction proves (3.3).

Let B >0,n >0andlets=¢(B)+ f(a+e)+n. We define

Sy (7)
Sie19(T)

We obtain a covering of {H61(C,x) = a} by cylinders of sufficiently small diameters as follows. For each

%+g::{rel*| <cx+£}.

x € J with H61(C,x) = a we define the sequence 7y as above and find vy € I* with x € 7 ([vy]) and satisfying
(B:3). To verify that the corresponding sum of diameters Y, diam (7 ([v]))" converges, we proceed as fol-
lows. If v ¢ Gt then, by (3:3), we can replace v by V' € €. Note that diam (7 ([v])) < diam (7 ([V']))
by construction. Since the involved numbers £ and ¢’ are comparable, we have that every element of Gy ¢

is taken at most a uniformly bounded number of times. Since

36 Y diam(n(e))) = Y P imse@ o § 0B850 0@ 850 v®) L o

W€t e OECo e WEC o +e
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we therefore conclude that the s-dimensional Hausdorff measure of {x € J | H6l(C,x) = o} is finite. Now,

first assume that & € [a_, 0. Since € and 1 are arbitrary, it follows that
dimy {x € J | HOI(C,x) = ot} < éng{t(ﬁ) +Ba}=—-1"(—a),
>

where we have used o < o for the last equality. Finally, if @ < a_ then G+ = @ if 0+ € < a_. By the
above construction of the covering of {x € J | H51(C,x) = a}, it thus follows that {x € J | H61(C,x) = a} =
&. The proof is complete. O

Theorem 3.14. Suppose that (f;)ics satisfies the open set condition. Let C € 7 \ {0}. Then we have for all
o< [(x,, a+]v

dimy {x € J | H61(C,x) = a} = —1" (— ),
and for o ¢ [0_, 0t1] we have {x € J | HOI(C,x) = o} = 2.

Proof. By Corollary[3.12] we have dimy {x € J | HoI(C,x) = o} > —1*(—ot) for ot € [, 0t ]. By Propos-
ition [3.7| we have for every o € R,

3.7) {er|H61(C,x):a}Cn({weZHiminfS""/(w) Za}).

= S, p(0)

We distinguish two cases. If a > @, then by the definition of .##(a) we have {x € J | H6l(C,x) = o} C
Z*(a). Hence, by , we have dimy ({x € J | HSI(C,x) = a}) < dimy (F#(a)) = —t*(—a) for o > .
Also, by (3.7), we have {x € J | HOI(C,x) = a} = & if & > o1 For o0 < o the remaining assertions follow
from Proposition [3.13] The proof is complete. ]

Remark 3.15. In [BKK16] the pointwise Holder exponent of affine zipper curves generated by contracting
affine mappings is investigated. The multifractal dimension spectrum is obtained only for & > ¢. In a
recent preprint of Allaart ([AlLL7]) the complete multifractal spectrum of pointwise Holder exponents for

curves associated with selfsimilar measures is obtained.

4. GLOBAL HOLDER CONTINUITY

In this section we investigate the global Holder continuity of the elements of .77. The first statement of the
next theorem has been obtained for the Minkowski’s question mark function in [KSOS]], for distributions of
conformal iterated function systems satisfying the separating condition in [KS09]], and for expanding circle
diffeomorphisms in [JKPS09].

Theorem 4.1. Suppose that (f;)icr satisfies the open set condition. Then we have the following.

(1) T, € €* (R).
(2) T CNaeo €*(R).

Proof. We only verify the desired Holder continuity at points x,y € J. That this is sufficient can be seen
as follows. If y € R\ J, then either there exists u € J between x and y and the desired Holder continuity
follows from the triangle inequality, or we have T, (x) = T,(y) (resp. C(x) = C(y)). We may assume that
O = (Fix(f1),...,Fix(fs+1)), where Fix(f;) denotes the unique fixed point of f; in R.

Let x,y € J with x <y. Let @ € I*U{@} and i,j € [ with i < j such that f,(x) € O, f(y) € O and
fi(fo(x)) € O and fj(fw(y)) € O. Note that such @ always exists because x,y € J and x < y.

We first consider the case when j =i+ 1. Let

Ci=sup{n>0]f(fi(fo(x))) €0} and ¢ :=sup{n>0|f'(f;(fo(r))) € O}.
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We define
£:=max(fp) '(0) and & :=min(fy;) ' (0).

We will verify that there exists a uniform constant D’ > 1 such that

@1 Ty (x) — Tp(€)| < C(@, wp)D'd(x,&)*®
and
4.2) o (&) = Tp(v)| < C(@, yp)D'd(E,y)*®).

We can then conclude that

|Tp(x) = Tp(y)| < |Tp(x)_Tp(‘§)‘+|Tp(§)_Tp('§/)‘+|Tp(€/)_Tp()’) ,

which proves the first assertion in the case when j = i+ 1 because 7, is constant on [§,&].

We only verify (.1}, the proof of {.2) is complete analogous. To prove (#.I) we may assume that £ < co
because if £ = oo then x = £ and holds trivially. By the definition of ¢ there exists 1 < k < s+ 1 such
that

xefw f, fs+1fk ( ) <fw f, fx+lfs+l( ) Cfa) f, (6)

We conclude that

4.3) d(x,8) = diam (£, 17 £2£:40))
Define 7 := wi(s+ 1)’. Clearly, we have [x,&] C f;!(0). Since the open set condition holds,
“.4) |Tp(x) = Tp(S)| < pe-

By (2.5) there exists a constant C(¢, y,) such that
pr= &S v () <C(o, wp)ea—(l’)smfp(?)_

By the bounded distortion property (Lemmal2.13)) and (4.3)), there exists a uniform constant D’ > 1 such that
% (P57 9(7) < D'd(x,&)% (). We have thus shown (4.1). It remains to consider the case when j > i+ 1.
Using that [x,y] C f'(U) we obtain as above
To(x) = Tp(0)] < po < C(@, ) Pler @),

By our assumption that j > i+ 1 we have d(x,y) > diam(f,,' ;11 (0)), which implies that there exists a
constant D’ > 1 such that
e (P)S719(®) < D/d(x,y)a*(p).

The proof of the first assertion is complete. To prove the second assertion, it is sufficient to verify it for C,
for every n € N*. To this end, we replace the estimate in (#.4) by the following estimate. By Lemma [3.2]
and Lemma there exists a constant K’ > 1 (which only depends on p and |n|) such that

[Ca(x) —Ga(E)] < K/|T||H‘Pr
Then proceeding as above, for every o < ¢t (p) there exists D” > 1 such that
(45)  |Cal@) = Ca(&)] < K'7[MC (g, yp)e PP = K| C(p, yp)Dd (x, ) *e!* P01,

Since @ — o (p) < 0, we have K'|z|™C(¢p, wp)D’e(“* (P)=0)S1#(T) _; 0 uniformly as || — oo. Hence, Cy
is a-Holder continuous. 0

Remark 4.2. By considering a = a—(p) in (@3) and using that |7| < —logd(x,&) we can derive that
Ca(x) — Ca(y) < —logd(x,y))™d(x,y)~% . If a_ = 1 this implies that C, is convex Lipschitz ([MW86]).



20 JOHANNES JAERISCH AND HIROKI SUMI

In fact, this property was derived in [MW86|| for the classical Takagi function, and for the higher order
derivatives of the Lebesgue singular function in [AKO6l. The property of convex Lipschitz can be used to
prove that the graph of C;, has Hausdorff dimension one if o = 1.

Recall that we have o~ < § := dimp (J) with equality if and only if a_ = o ([Pes97, Chapter 21, see in
particular, Figure 17b]).

Corollary 4.3. Suppose that (f;)icr satisfies the open set condition. Then for every C € 7 \ {0} we have
a_=sup{a>0[Ce?*[R)} <86.

The equality o.— = oy occurs if and only if Ty € €% (R).

Proof. The first assertion follows from Proposition and Theorem Now suppose that o_ = oy
Hence,a_ =0 and T, € € (R) by Theorem Conversely, suppose that T, € %% (R). Then, by the first
assertion of Corollary we have ot > 8. Hence, o = a. O

Corollary 4.4. Suppose that (f;)ic; satisfies the open set condition. If o— < 1 then, for each 1 > o > a._
there exists ¢ € C* (R) such that |Mp@ || — oo, as n — oo,

Proof. Let ¢ € €% (R) such that ¢(e0) = 1 and ¢(—cc) = 0. Then ||[My¢ — Tp|l — 0 as n — co. Now
suppose for a contradiction that liminf,>; | My¢|lq < eo. Then it follows that T, € ¥'* (R) giving the
desired contradiction to Theorem[1.4l O

In the following, we will denote C,,) by G, if s = 1 and n € Ny.
Proposition 4.5. Suppose that (f;)ic; satisfies the open set condition.

(1) If a_ = o then T NE* (R) = RT,,.
(2) If s =1 and each f; has constant derivative, then C, ¢ €% (R) for every n > 1.

Proof. We first prove (1). For n,m € N we write n <mif ny <my,...,ny <my. LetC =Y < BnCn with
By 7 0and n:= Y3 | (Mmax); > 1. Our aim is to prove that C ¢ €%~ (R). Let @ := minJ and b := maxJ.
Define for k > 1

mi(k) = k((”H)H), 1<i<s,

and for (k) := 1" ®2m®) _ gnsk) ¢ Xy mik) we et

Xg = (fw(k))_l (@), y:= (fco(k))_l (b).

Recall that, since — = o, we have a_ = o, = § = dimg J, and the potentials 6 ¢ and y are cohomolog-

ous. It follows that
|Clxx) —Cy)| _ |Clxx) — Cy)|

d(xe,ye)® Potk)
Since Cy(a) — Ca(b) = 0, for n # 0 and Cy(a) — Co(b) = 1, we conclude that by Lemma 3.2}

Clu) —COw) =Y B (A <(D(k),imi(k)> U(a,b)> :
i=1 n

pw(k) N<Nmax

as k — oo,

By the combinatorial arguments in [JS17, Lemma 4.8] we have, as k — oo,

[Cow) ~COl |y g [Tmty| =< | ¥ BukZicimore™
1

pw(k) n<npax i= N<Nmax

~

= [ B | EE1 (Bmax )i (1)1
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It follows that |C(x;) — C(yx)| /d(xk,yx)* is not bounded, as k — oo, which implies that C ¢ €% (R). The
proof of (1) is complete.

To prove (2) we can proceed along the same lines. First note that, by our assumptions on f| and f, we have
that @ depends only on the first coordinate. It follows from the mediant inequality that there exists i € /
such that @ (i) /(i) = o._. Hence, for the sequences given by x; := (f;) ¥ (a) and y; := (f;) ™ (b) we have

as k — oo,
G -G C -G
| Vl(xk) V(lx(yk)| - | n(xk) . n(}’k>| — ’(A(lk,k)U(CLb)) = k",
d (x, yi) - pi n
which tends to infinity, as k — oo. Again this implies that C,, ¢ ¥’* (R). The proof is complete. O

5. NON-DIFFERENTIABILITY

In this section we investigate the (non-)differentiability of the elements of .77. Note that a_ < dimg(J) < 1.
We denote by 1 the Lebesgue measure on [0, 1].

Proposition 5.1. Suppose that (f;)ic; satisfies the open set condition.

(1) If a_ < 1 then there exists a dense subset E C J with dimy(E) > 0 such that, for every C €
T \{0} and x € E, C is not differentiable at x. If moreover oy < 1 then C € 7 \ {0} is nowhere
differentiable on J.

(2) If a— < 1 and dimg(J) = 1 then we have, for every C € 7, C'(x) = 0 for n-a.e. x € J, where 1
denotes the Lebesgue measure on R .

(3) If o_ =1 then oy = 1 and dimy (J) = 1. Further, with e, € N° denoting the k-th unit vector in Ny,
1 <k <s, we have that Ce, is nowhere differentiable on J. Moreover, if s = 1 then Cy, is nowhere

differentiable on J, for every m > 1.

Proof. First assume that o < 1. If o < o then there exists @ € (a_, @) with & < 1. Then by Proposi-
tion[3.7]we have H61(C,x) < o < 1 forall x € E := n(% ()), and E has the desired properties. If moreover
o < 1 then we have Hol(C,x) < ay < 1 for every x € J by Proposition which completes the proof of
(.

To prove (2), let @ < 1 and observe that dimg (J) = 1 implies o— < a. Hence, ¢ is strictly convex. Since
£(0) =1and £(1) <0, it follows that —'(0) > 1. Thus, we have Hol(C,x) = [w duy/ [ @ duy=—1'(0) > 1
Uo-almost everywhere. Since U is equivalent to 7, the assertion in (2) follows.

Finally, we turn to the proof of (3). For 1 <k < s let ¢; € N} denote the k-th unit vector in Nj). Suppose for

a contradiction that there exists x € J such that C, is differentiable at x and let @ € X such that x = ().

Let a := minJ and b := maxJ. Define x, := (fa,‘,,)’l(a) and y, := (fa,|,,)’1 (b), n > 1. We will verify that

the sequence (7, )n>1 given by

. Cek ()Cn) - Cek (y")

=
d(xn,yn)

is not convergent. Since x,,y, — x we obtain the desired contradiction. To prove that (7,) is not convergent,

n>1,

recall that a— = 1 implies — = o4 = 1 and that ¢ is cohomologous to y. Hence, we have

_ Po, — Sn¥(@)=Sie(®) |
d(xmyn) 7

Combining with the fact that Ce, (a) — Ce, (b) =0, T'(a) — T'(b) = 1 and Lemma 3.2| we obtain

_ Cek(xn) _Cek(yn) - (U(xnayﬂ))ek o n a
S e = AU @b),

as n — oo,

= A(@,n)e o(T (@) — T (b)) = A(®,n)e0-
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Let §; j denote the Dirac delta function, for i, j € I. By the definition of the matrix cocycle A we have

A(w7n)ek,0

A(0,1)e, e, A(C(®), ey, - A(CT (@), 1), A(GTH(),1)e, 0A(07 (@), 1)00- - A(c™ (@), )00

Il
™=

—~
(91
—_ o~
~ |l
—_

Il
™=

. " Srw Ostl
A(G’_l(a))ﬂ)ek,o = Z (kw’ — H’w’) .

i=1 i=1 \ Pk Ps+1

Hence, (7,) is not convergent which finishes the proof of the non-differentiability of Ce,.

Finally, we assume that s = 1 and consider C,, for m > 1. Proceeding as above, we have to verify that
A(®@,n), 0 is not convergent, as n — oo. If m = 1 this follows from (5.I). For m > 1, we will proceed by
induction. It is easy to see that

A(@,n+ 1)y 0 =A(®0,n)moA(0"(®),1)00+A(®,n)m1A(c" (®),1)10
=A(0,n)m0+A(®,n)1A(6" (®),1)10.

Hence,

5
A(@,14+1)m0 —A(@,1) 0 = A(®,1) 1 -A(6" (@), 1)10 = A(®, 1)1 - (1;’1“ - 52;’;) .

Further, we have

m—1
A(wan)mAl = Z HA(leil(w)v l)mkarl,mfk

1<ip<-<ip_1<n k=1

m=1 (8 o O
" (m—k+1)
1<ij<-<im_1<nk=1 \ Pl P2

m—1 6.@,» 52,@,-
TR )

1<ij < <im_1<nk=1 \ Pl P2

=m 'A(C(),I’l)mflﬂo.

Therefore,

5
A(@,1+ )0 —A(®,1)mo = m-A(®,n)m_10- (1“’“ _ 5“’"“) .

D1 D2
We conclude inductively that A(®,n),, o is not convergent, as n — o, for every m € N. The proof of (3) is

complete.

]

Remark 5.2. If a_ = a, = 1, then the nowhere-differentiability of elements of .7 stated in Theorem
(3) shall be compared with the fact that 7, is a ¢! *¢-diffeomorphism by Corollary

6. CONJUGARIES BETWEEN INTERVAL MAPS

In this section we show how our results are related to interval conjugacy maps. This section is motivated by
the results in [JKPSQ9] for conjugacy maps between expanding C'™¢ maps on the unit interval with finitely
many full branches. Note that in [JKPSQ9] it is always assumed that the Julia set J is equal to the unit
interval.
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For p € (0,1)* we define the expanding linear maps gi,...,gs+1 : R — R which are for i € I given by
1
gi(x):=—(x= ) pj|-
Di 1<)<i

Clearly, (g1,--.,8s+1) satisfies our standing assumptions. Moreover, (g1,...,gs+1) satisfies the open set
condition with open set O := (0, 1) because g; ' (0) = (Xj<ipj:Lj<ipj)- The Julia set of (g1,...,8s+1) is
equal to [0, 1]. We denote by m, : £ — [0, 1] the coding map of the Julia set of (gi,...,gs1). Similarly, we
define

gp:10,1] = 1[0,1], gp(x):=gi(x), wherei=min{;jel|g;(x)ec[0,1]}.
Note that g, is the piecewise linear map on [0, 1] with (s + 1) full branches and slopes given by (1/p;)ie;.

Suppose that (fi,..., fy11) satisfies the open set condition and suppose that £, ' (0) < f;jrll (O)foralliel
Denote the Julia set of (f, ..., fs+1) by J and its coding map by 7 : £ — J. We also define

[l =, f(x):=fix), wherei=min{jel|f;(x) €T}
Further, we define
Pp:J = [0,1], Pp(x) :=mp() for some /any w € 77" (x).

Note that ®p, is a well-defined, Borel measurable function satisfying ®p(maxJ) = 1 and ®p(minJ) = 0.
Let & := {® € X | ® is eventually constant}. For x € 7(X\ &) we denote by 7~ !(x) the unique @ € £\ &
such that 7(®w) = x. For o € X\ & and x = () we have f(x) = f, (x) and thus,

o f(x) = o(@).
Further, g (7, (®)) = g, (Tp(®)) implies
Tpo0(w) =gpom(w).

Hence, for x € n(X\ &),
6.1) Pp(f(x)) = Mo (f(x)) = mpo o (@) = gp o Tp(®) = gp(Pp(x))-
If J is an interval, the following lemma appears implicitly in [JKPS09, Proof of Proposition 1.4].

Lemma 6.1. For every p € (0,1)° we have that ®p = Ty,

Proof. We proceed in two steps. First, we will show that @, (x) = Tp(x) forx € 7(£\ &). Let p : R — [0, 1]
denote a bounded Borel measurable extension of @, such that ®,(y) = 0 for y € [0, minJ], and $p(y) = 1
for y € [maxJ,+eo]. Let @ € X\ &. For i < m; we have fi(m(w)) > maxJ, and for i > @, we have
fi(r(®)) < minJ. Since ®p(maxJ) = 1 and ®p(minJ) = 0, the equality in (6.1]) yields for x = 7 (w)
x) =Y pi®p(fix) = ) pitpa Pp(f(x)+ Y, 0=} pi+po -gp(Pp(x)).
icl i<wp i>wp i<wp
Since x = m(w) and @ € £\ &, we have gp(Pp(x)) = go, (Pp(x)). Hence, we have for every x € (X \ &),
1 -
Mp(®@p)(x) = ) PitPoy 8o (Pp(x) = ) pitpoy - —— | Pplx) = Y pi | = Dp(x).
i<wp i< Poy i<wp
Further, for every x € [—co, minJ] U [max.J, +oo] we have My (®p) (x) = ®p (x). Let E := m(L\ &) U[—o0, minJ U

[maxJ,+eo]. Since f;(E) C E for every i € I, we can show inductively that for every x € E and n € N,

My(®p)(x) = Mp(My ™' ®p) (x) = ) pi(My ™' p) (fi(x)) = ) piPp(fi(x)) = Bp(x).

iel iel
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By (2.2) we conclude that for x € (X\ &),

Dy (x) = lim My (x) = T (x)Pp (o) + (1 = T (x)) Pp(—o0) = Tp ().

n—soo

This completes the proof of ®p(x) = T, (x) for x € T(X\ &). Now, let ® € & and x = 7(®). Let (0") C
2\ & such that (0",..., &\") = (..., ®,) and x, := (@™, n > 1. By the continuity of 7 with respect
to the word metric, we have x, — x as n — oo. By the definition of ®, we have ®p(x,) = mp(®™) and
@, (x) = mp (). So, by the continuity of 7, with respect to the word metric, we have ®p(x,) — Pp(x) as
n — oo, Since ®p(x,) = Tp(x,) by the first part of the proof, and since 7}, is continuous by Theorem [2.4] we
can conclude that ®p(x) = T (x). The proof is complete. O

Theorem 6.2 ([JKPS09, Theorem 1.2]). Suppose that (f;)ic; be €' *¢-diffeomorphisms satisfying the open
set condition. Let J be an interval. Then for every p € (0,1)* the following rigidity dichotomy holds.

(1) If a— = a;(= 1) then Ty is a €' *¢-diffeomorphism.
(2) If - < ay then Ty =0 n-ae., T € €% (R) and the set of non-differentiability points of 7, has
positive Hausdorff dimension.

Combining the previous theorem with the fact that 7,, € €% (p) (J) (see Theorem we obtain the follow-
ing corollary from Lemmal6.1] Theorem[6.2)and Corollary [4.3] Recall that we have at_ (p) < dimg (J) with
equality if and only if o = 4.

Corollary 6.3. Suppose that (f;)ic; be €' ¢-diffeomorphisms satisfying the open set condition. Let § =
dimg (J). Forp € (0,1)* we have o (p) = o, (p) if and only if Ty is €% (R). If o_(p) = | then o = o, =
1, J = 0 and Ty is a €' "¢-diffeomorphism.

7. APPENDIX: CONTRACTIONS NEAR INFINITY

The property that ( f;)e; is contracting near infinity depends on the choice o the metric d. We will show that,
by modifying the (f;);c; near infinity, we can always assume that a expanding family (f;)es is contracting
near infinity with respect to a metric d which is strongly equivalent to the Euclidean metric on compact
subsets of R.

We consider the metric d on R induced by the bijection

X

h:@—)[—l,l}, l’l(X) = r‘x‘

Namely, we set
d (x,y) = |h(x) = h(y)[ .
Note that the metric d generates the topology of the two-point compactification of R. Moreover, d is

strongly equivalent to the Euclidean metric on compact subsets of R.

Now suppose that (f;);cs is expanding with expansion rate A > 1. We can take g;, i € I, such that g; = f; in
a neighbourhood of R\ (V; UV_) and

gi(x) = A, asx— too.

Then we can prove the following lemma.

Lemma 7.1. There exist neighbourhoods V* of +eo such that Lip(g,-‘vi) <1 foreachicl



SPECTRAL GAP PROPERTY FOR RANDOM DYNAMICS ON THE REAL LINE 25

Proof. Letiel. Forx,y € Rif x,y are close to  or x,y are close to —oo, then we have

7.1) d(gi(x),8i(y) _ 11+ (1+]y])|

d(x,y) (1+[gi ) [(1+ g ()]
By our assumptions we have limsup,_,..u/gi(u) <A~ and lim, . /(1) — A. Hence, it follows from (7.1)

gi(x) —&i(y) ‘
x—y

that for x,y sufficiently large,
d(gi(x),8i(y))

d(x,y)
It remains to consider the case when x = oo. The case when x = —oo is similar and therefore omitted. For y

<1

sufficiently large such that g;(y) > (A — 1)y, for some 11 with A — 1 > 1, we have
d(gi(=),&iy)) _ 14y _ 14y

_ < <1
d(e,y) I+gi(y) — 1+(A—n)y
Hence, there exists a neighbourhood V* of +-eo such that Lip(g;y+) < 1. O
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