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Abstract

We consider random holomorphic dynamical systems on the Riemann sphere whose
choices of maps are related to Markov chains. Our motivation is to generalize the facts
which hold in i.i.d. random holomorphic dynamical systems. In particular, we focus
on the function T » which represents the probability of tending to infinity. We show
some sufficient conditions which make T, , continuous on the whole space and we
characterize the Julia sets in terms of the function T, » under certain assumptions.

1 Introduction

1.1 Background

We consider discrete-time random dynamical systems which are not i.i.d. The theory of
random dynamics is rapidly growing both theoretically and experimentally. We focus in
this paper on random holomorphic dynamical systems from the mathematical viewpoint.

The first study of random holomorphic dynamics was given by Fornaess and Sibony
[6]. They investigated small perturbations {fc}ccp(cy,s) of a rational map fe,: C — C
which depend holomorphically on the parameter ¢, where B(cp,d) denotes the open ball
with center ¢y and radius § in the Riemann sphere C. They showed that, if § is small
and f., has k > 1 attractive cycles 71,...,7,, then there exist k continuous functions
T,,: C — [0,1] (j = 1,...,k) with the following properties: (i) E;?:l T, (z) = 1 for all
z€C,and (ii) for all z € C, the random orbit fex 00 fe, © fe, (2) tends to the attractive
basin of v; as N — oo with probability T\, (z). (See [6, Theorem 0.1].)

In [15], the first author generalized this theorem to the case where noise is not small
and deeply analyzed the function T4 which represents the probability of tending to an
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attracting set A. These results are called Cooperation Principles. His strategy is to
consider both random dynamics of rational maps and dynamics of rational semigroups,
which are semigroups of non-constant rational maps on C where the semigroup operation
is functional composition. For details on rational semigroups, see [G], [T3], [14].

The first author introduced the random relaxed Newton method in [I7] and suggested
that the random relaxed Newton method might be a more useful method to compute the
roots of polynomials than the classical deterministic Newton method. The key is that
sufficiently large noise collapses bad attractors and makes the system more stable.

These works find new phenomena which cannot hold in deterministic dynamics. The
phenomena are called noise-induced phenomena or randomness-induced phenom-
ena, which are of great interest from the mathematical viewpoint. For more research on
random holomorphic dynamical systems and related fields, see [2], [4], [7], [¥], [I0], [TT],
(1], [15], [T7], [IR].

However, most of the previous studies concern the independent and identically-distributed
(ii.d.) random dynamical systems. Indeed, it is quite difficult to analyze dynamical sys-
tems even if the systems are deterministic. The random dynamical systems are possibly
more difficult since we also need probability theory to analyze them.

It is very natural to generalize the settings and consider non-i.i.d random dynami-
cal systems. In this paper, we especially treat random dynamical systems with a
“Markovian rule” whose noise depends on the past.

We believe that this research will contribute not only toward mathematics but also
toward applications to the real world. One motivation for studying dynamical systems is to
analyze mathematical models used in the natural or social sciences. Since the environment
changes randomly, it is natural to investigate random dynamical systems which describe
the time evolution of systems with probabilistic terms. In this sense, it is quite important
to understand the “Markovian” noise because there are a lot of systems whose noise
depends on the past.

Therefore the study of non-i.i.d random dynamical systems is natural and meaningful
from both the pure and applied mathematical viewpoint. In this paper we aim to generalize
the theory of i.i.d. random holomorphic dynamical systems and the theory of rational
semigroups simultaneously to the setting of random dynamical systems with Markovian
rules and the associated set-valued dynamical systems.

1.2 Main results

We now introduce our rigorous settings and present our main results. Let Rat be the
space of non-constant holomorphic maps on C and let m € N. We endow Rat with the

distance « defined by x(f, g) := sup, g d(f(2), g(2)) where d denotes the spherical distance

on C. Suppose that m? Borel measures (Tij)ij=1,...m on Rat satisfy 23”21 7;j(Rat) = 1
for all ¢ = 1,...,m. For the given 7 = (75)i j=1,....m, we consider the Markov chain on
C x{1,...,m} whose transition probability from (z,7) € C x{1,...,m} to B x {j} is

P ((2,4), B x {j}) = 7i;({f € Rat; f(2) € B})

where B is a Borel subset of C and j € {1,...,m}. This system is called the rational
Markov random dynamical system (rational MRDS for short) induced by 7 . For the rest
of this paper, we consider such systems.

Define the vertex set as V := {1,2,...,m} and the directed edge set as

E :={(i,j) € V x V; 7;;(Rat) > 0}.



We set S, := (V, E, (supp 7e)ecr) and utilize the terminology of directed graphs following
[@). We define ¢ : E — V (resp. t : E — V) as the projection to the first (resp. second)
coordinate and define by i(e) (resp. t(e)) the initial (resp. terminal) vertex of e € E.

A word e = (ey,eg,...,en) € EN with length N € N is said to be admissible if
t(en) =i(ent1) forallm =1,2,... N — 1. For this word e, we call i(e1) (resp. t(en)) the
initial (resp. terminal) vertex of e and we denote it by i(e) (resp. t(e)). For each i,j € V,
we define the following sets.

H!(8):={fxo---0fi; AN € N,3e = (e, ...,en) € EV s.t.
fn €suppe, (Yn=1,...,N) and e is admissible with i(e) = i,t(e) = j},
Ji(S;) = {z € C; U Hij(ST) is not equicontinuous on any neighborhood of z},
JjeV
Jieri(Sr) == N (N 2 '(J5(9).

JEV:HI(S;)#0 he HI(S)

The compact set J;(S;) is called the Julia set at ¢ € V, which is the set of all initial
points where the dynamical system sensitively depends on initial conditions. The subset
Jxer,i(Sr) is called the kernel Julia set at i € V.

To present our main results, we introduce the following Borel probability measures 7;
on (Rat x E)N.

Definition 1.1. We define Borel probability measures 7; (i = 1,...,m) on (Rat x E)N by

T (A'1><~-><A’N>< H(Rath))

N+1
_ {T61<A1) - Ten (AN), if (e1,...,en) is admissible with i(e;) = ¢

0, otherwise

for N Borel sets A, (n = 1,..., N) of Rat and for (ey,...,enx) € EV where A, = A, x{e,}.

For each element £ = (7, €, )nen of supp 7; we can naturally consider the non-autonomous
dynamics of £ and define the Julia set J¢ as the set of non-equicontinuity of {yyo---o
~v1}nen. The following is a partial generalization of Cooperation Principle.

Main Result A (Proposition BT). If Jie j(S-) = 0 for all j € V, then the “averaged
system” is stable and the Julia set J¢ is of (Lebesgue) measure-zero for 7;-almost every &.

We say that the system S; is irreducible if the graph (V) E) is strongly connected.
Using the theory of rational semigroups, we have the following result.

Main Result B (Corollary B3). If S; is irreducible and #J;(S;) > 3 for some j =
1,...,m, then

Ji(Sr) = U {repelling fixed points of h} = U Je
heH}(S7) §€supp 7

forall i =1,...,m. Here # A denotes the cardinality of a set A.

We next focus on systems of polynomial maps and the function which represents the
probability of tending to infinity. For the rest of this section, suppose that S; is irreducible
and supp 7. is a compact subset of the space Poly of all polynomial maps of degree 2 or
more for each e € F.



Definition 1.2. We define the function T ;: C xV = [0,1] by
Too,r(2,9) == Ti({€ = (Yns €n)nen; d(yn 0 -+~ 071(2),00) = 0(n — 0)})
for any point (z,7) € C xV.

We have the following results regarding the relation between the kernel Julia sets
Jxer,i(Sr) and the continuity of To -

Main Result C (Proposition B24). If Jie ;(S;) = 0 for some j € V, then Ty - is
continuous on C xV.

Main Result D (Corollary B4 (ii)). Suppose that there exists e € E such that
supp 7e D {f + ¢ e — cof <€}

for some f € Poly, ¢p € C and € > 0. Then Jie, j(S-) = 0 for some j € V and hence T -
is continuous on C x V.

Roughly speaking, if there are sufficiently many maps in one system, then the maps
cooperate with one another and thereby eliminate the chaos. Consequently the function is
continuous on the whole space. This phenomenon cannot hold in deterministic dynamical
systems since T, takes the value 0 on the filled-in Julia set and the value 1 outside of it.

Let us consider systems with finite maps. In this case, we need certain conditions
which make T, continuous.

Definition 1.3. We say that a system .S, satisfies the backward separating condition if
fl_l(Jt(el)(S)) N fz_l(Jt(€2)(S)) = () for every e1,ey € E with the same initial vertex and
for every fi € supp 7e,, f2 € supp 7e,, except the case e; = ey and f1 = f.

We say that S; is essentially non-deterministic if there exist e1, e € E with i(ey) =
i(e2) and there exist fi € supp 7e,, fo € supp 7e, such that either e; # es or fi # fo.

We now present a result for systems with finite maps regarding the continuity of To -
and the set of points where Ty, - is not locally constant.

Main Result E (Lemma 723, Proposition B0, Theorem B=29). Suppose that the poly-
nomial system S; satisfies the backward separating condition. If supp 7. is finite for each
e € E, then J;(S;) has no interior points for each ¢ € V' and we have either T = 1 or

Ji(S7) = {z € C; T+ (-, 1) is not constant on any neighborhood of z}

for each ¢ € V. Moreover, if additionally S- is essentially non-deterministic, then T ; is
continuous on C x V.

The former part of Main Result H is a generalization of the classical fact that the
Julia set of polynomial f of degree 2 or more is the boundary of the filled-in Julia set
of f. However, the latter part of Main Result H indicates a kind of randomness-induced
phenomenon and is a generalization of the fact known in i.i.d. cases [[5, Lemma 3.75].

We present the applications of the main results. For a fixed m € N, given f1,..., fm €
Poly and a given irreducible stochastic matrix P = (pij)m:lw,m, we define 7;; as the
measure p;;dys,, where dy, denotes the Dirac measure at f;. We consider the polynomial
MRDS induced by 7 = (7). Let p = (p1,...,pm) be the positive vector such that
Yot pi=1and pP =p. Set Too C— [0,1] as Too 7 (2) := D> it PiToo,r(2,4). In other
words, we consider the dynamics whose choice of maps is as follows; we choose a map f;,
with probability p;, at the first step, and after choosing a map f;,, we choose the next map
fins: With probability p;yiy,, at the (IV 4+ 1)-st step, where iy, ... iy, in41 € {1,...,m}.
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Corollary 1.4 (Corollary B230). Suppose that Th, » # 1 and J;(S-) N J;(S-) = 0 for all
i,j € V with i # j. Then (J;cy Ji(S-) has no interior points and

U Ji(Sr) = {2z € C; T - is not constant on any neighborhood of z}.

eV
Moreover, if there exist i,j,k € {1,...,m} such that p;; > 0 and p;;, > 0 in addition to
the assumption above, then T, ; is continuous on C.

There are new phenomena in Markov random dynamical systems which cannot hold in
ii.d. random dynamical systems. More precisely, in the i.i.d. case, if the function T\ ; is
not identically 1, then there exists zp € C such that T ,(20) = 0 (see [15] or Lemma B—22).
However, in Proposition B23 and Example B3, we show that there exists 7 = (7;5); ; with
supp 7;; C Poly such that T, ; is continuous, T\ » # 1, Tm77(z) > 0 for each z € C and
S is irreducible (see Figure M and B).
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Figure 1: The graph of 1—T, - with a new
phenomenon which cannot hold in i.i.d.
random dynamical systems of polynomials.

Figure 2: The graph of the function T -
on the real line

1.3 Organization

This paper is organized as follows. In Section B, we introduce graph directed Markov
systems on a compact metric space (Y, d) and discuss some basic concepts. Although we are
most interested in holomorphic dynamics, we first treat such systems on general compact
metric spaces in order to show more generality. The concept of graph directed Markov
systems is similar to rational semigroups in the theory of i.i.d. random holomorphic
dynamical systems. We define some kinds of Julia sets and show fundamental properties.
We also discuss the dynamics of Markov operators following [[5]. In Section B, we consider
a Markov random dynamical system that is induced by a given transition probability 7;
we define probability measures on the space of infinite product of CM(Y') and define a
Markov operator M, induced by 7. Furthermore, we prove Main Result @Al In Section
A, we focus on holomorphic dynamical systems on the Riemann sphere C. We consider
rational graph directed Markov systems in subsection B, and prove Main Result B and
other fundamental properties. In subsection B2, we investigate polynomial Markov random
dynamical systems and prove Main Results O, O and [E.
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2 Preliminaries

In this section, we introduce graph directed Markov systems on a compact metric space
(Y, d) and discuss some basic concepts. These systems are similar to rational semigroups
in the theory of i.i.d. random holomorphic dynamical systems. In subsection P, we
define some kinds of Julia sets and show fundamental properties. In subsection 22, we
give the definition of skew product maps associated with graph directed Markov systems
and consider its dynamics. In subsection 223, we discuss dynamics of Markov operators
following [A].

2.1 Julia sets of graph directed Markov systems

Notation 2.1. We denote by CM(Y") the set of all continuous maps from Y to itself and
we define a metric K on CM(Y') by (f,g) := sup,ey d(f(y),9(y)). The space CM(Y) is
a separable complete metric space since Y is compact. We denote by OCM(Y") the set of
all open continuous maps from Y to itself.

Definition 2.2. Let (V, E) be a directed graph with finite vertices and finite edges, and
let T, be a non-empty subset of CM(Y') indexed by a directed edge e € E. We call
S =(V,E,(T'e)cer) a graph directed Markov system (GDMS for short) on Y. The symbol
i(e) (resp. t(e)) denotes the initial (resp. terminal) vertex of each directed edge e € E.
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Figure 3: A schematic diagram of a GDMS

In the following, S = (V, E, (I'c)ccr) denotes a GDMS on Y.
Definition 2.3. Let S = (V, E, (I'c)ccr) be a GDMS.

(i) A word e = (e1,e2,...,ey) € EV with length N € N is said to be admissible if
t(en) = i(epy1) for all n = 1,2,...,N — 1. For this word e, we call i(e;) (resp.
t(en)) the initial (resp. terminal) vertex of e and we denote it by i(e) (resp. t(e)).

(ii) We set

H(S):={fno--0fao fi;
NeN, f, el  tlen) =ilent1)(Vn=1,...,N — 1)},
H;i(S) :=={fno---ofaof1 € H(S)
NeN, f, el  tlen) =ilent1)(Vn=1,....,N —=1),i =i(e1)},
HI(S) :={fno---ofr0 fi € H(S);
NeN, f, el  tley,) =ilent1)(Yn=1,...,N —1),i =i(e1),t(en) =7}

Now we define the Fatou sets and Julia sets of GDMSs. Recall that a subset F C
CM(Y) is said to be equicontinuous at a point y € Y if for every € > 0 there exists 6 > 0
such that for every f € F and for every z € Y with d(y, z) < §, we have d(f(y), f(2)) <e.
A subset F € CM(Y) is said to be equicontinuous on a subset U C Y if F is equicontinuous
at every point of U. See [l].



Definition 2.4. Let S = (V, E, (I'c)ccr) be a GDMS.

(i) We denote by F'(S) the set of all points y € Y for which there exists a neighborhood
U in Y such that the family H(S) is equicontinuous on U. F(5) is called the Fatou
set of S and the complement J(S) :=Y \ F(S) is called the Julia set of S.

(ii) For each i € V| we denote by F;(S) the set of all points y € Y for which there exists
a neighborhood U in Y such that the family H;(S) is equicontinuous on U. F;(S) is
called the Fatou set of S at the vertex ¢ and the complement J;(S) := Y \ F;(S) is
called the Julia set of S at the vertex 7.

(iif) Set F(S) := Uiey Fi(S) x {i},J(S) := Uiey Ji(S) x {i}.

Remark 2.5. Let S = (V, E, (I'c)cer) be a GDMS with just one vertex and just one edge,
say V. = {1}, F = {(1,1)}. Then H(S) = H;(S) coincides with the semigroup generated
by I'(11), where the product is the composition of maps, and the Fatou (resp. Julia)
set of the GDMS S coincides with the Fatou (resp. Julia) set of the semigroup H(S)
of continuous maps on Y. By definition, the Fatou set of the semigroup G is the set of
all points y € Y for which there exists a neighborhood U in Y such that the family G is
equicontinuous on U. The Fatou sets of semigroups are related to i.i.d. random dynamical
systems. We refer the reader to [[3], [IH].

Remark 2.6. The Fatou sets F'(S) and F;(S) are open subsets of Y and the Julia sets
J(S) and J;(S) are compact subsets of Y. Moreover, we have F'(S) = (,cy Fi(S) and

J(8) = Uiy Ji(5)
Notation 2.7. For families 7, F» C CM(Y') of maps, define

Foo Fp = {fg Ofl; f1 € F1 and fg € .FQ}.

Notation 2.8. By(y,r) denotes the ball of radius r and center y with respect to the
metric d in the space Y. It is also denoted briefly by B(y,r).

Lemma 2.9. Suppose that Y is locally connected, that 7 C CM(Y") is not equicontinuous
at a point yg € Y and that h € CM(Y) satisfies the following condition.

sup{diam C; C is a connected component of h~1(B(y,e))} — 0 as ¢ — 0 for any
point y € Y.

Then h o F is not equicontinuous at the point yq.

Proof. We first note that the following. Since F is not equicontinuous at a point yg € Y,
there exists a positive real number €y such that for any dy > 0 there exists y € B(yo, do)
and f € F such that d(f(y), f(yo)) > €o. By the assumption, for each z € Y, there exists
e > 0 such that the diameter of each connected component of h=! (B(z,¢)) is less than ¢g.
Since Y is compact, we may assume that € does not depend on z.

The proof is by contradiction. If h o F is equicontinuous at yg, then there exists é > 0
such that for any y € B(yo,d) and for any f € F such that d(ho f(y),ho f(y)) < e.
Since Y is locally connected, we may assume that B(yg, d) is connected. By the definition
of €y, there exists y1 € B(yo,d) and g € F such that d(g(y1),9(y0)) > €. Let C be
the connected component of h~! (B(h o g(y0), <)) which contains g(yg), whose diameter is
necessarily less than €. Since B(yo,d) is connected and h o g(B(yo,d)) C B(h o g(y),e),
we have g(B(yo,9)) C C, and hence g(y1) € C. However, this contradicts the fact that
d(g(y1),9(yo)) > €0 and diam C' < ¢p. O



Definition 2.10. A GDMS S = (V, E, (I'c)cecr) is said to be irreducible if the graph of
S is strongly connected, that is, for any (i,j) € V' x V, there exists an admissible word e
such that i = i(e) and t(e) = j.

Lemma 2.11. Let S = (V, E, (I'¢)eck) be an irreducible GDMS such that every h € H(.S)
satisfies the condition mentioned in Lemma 29:

sup{diam C; C is a connected component of h~'(B(y,¢))} — 0

as ¢ — 0 for any point y € Y. Then J;(S) = J(H{(S)) for any i € V, where J(H{(S)) is
the Julia set of the semigroup H{(S).

Proof. Since J;(S) D J(H(S)) trivially, we show J;(S) C J(H(S)). For any yo € J;(S),
there exists a vertex j € V such that H/(S) is not equicontinuous on any neighborhood
of yo since #V < co. We fix h € HJZ(S ), which exists by the irreducibility of S. According

to Lemma 29, ho HZJ (S) is not equicontinuous on any neighborhood of yo. Thus H}(S) is
not equicontinuous on any neighborhood of yg, and hence yo € J(H:(S)). O

Remark 2.12. If Y = C and T'. C Rat for all e € E, then every g € H(S) satisfies the
condition mentioned in Lemma PZ9. Thus Lemma P11 holds in this case.

Notation 2.13. For a family 7 C CM(Y) and a set X C Y, we set
FX):=Jrx), 7F'x) = | 1)
feF feF

If F =0, then we set F(X) :=0, F~1(X) :=0.
Definition 2.14. Let L; be a subset of Y for each i € V. We consider the familiy (L;);cv
indexed by i € V.

(1) (Li)iev is said to be forward S-invariant if T'e(Ly)) C Ly for all e € E.

(i1) (Li)iev is said to be backward S-invariant if Fgl(Lt(e)) C Ly for all e € E.

Lemma 2.15. (i) If a GDMS S = (V, E, (I'¢)ecr) satisfies ' € OCM(Y') for alle € E,
then the family (F;(S))icyv (resp. (Ji(5))iev) of Fatou sets (resp. Julia sets) is
forward (resp. backward) S-invariant.

(ii) If (Li)iev is forward S-invariant, then sz S)(Li) C Lj for every i,j € V. If (L;)iev
is backward S-invariant, then (H?(S))"*(L;) C L; for every i,j € V.

(iii) Let S be an irreducible GDMS and let (L;);ev be a forward S-invariant family. Then
Li =0 for alli € V if and only if L; = () for some j € V.

Proposition 2.16. If I, is a compact subset of OCM(Y') for all e € F, then

U T e(9) = Ji(S)

e€E: i(e)=t
forallie V.

Proof. 1f there is no e € E that satisfies i(e) = i, the statement is trivial. We may assume
there exists some e € E that satisfies i(e) = i.

According to Lemma 2218, {J;(¢)—; Lo (Jye)(S)) € Ji(S). Fixany y ¢ Ui(e)=i Lo (Jye)(9))-
Since E is finite and I'c is compact for all e € E, we have y ¢ J;(S). Thus ;. Lo (Jye)(S)) D
Ji(S). O



Definition 2.17. We define Jie, i (5) := ﬂjeV:H?(S);é@ ﬂheH?(S) h=1(J;(S)) and call it the

kernel Julia set of S at the vertex i € V. Here, we set Jyeri(S) = 0 if HZ(S) = () for
all j € V. Recall that the kernel Julia set of a semigroup G C CM(Y') is defined by
er(G) = Nyec g Y(J(G)), where J(G) denotes the Julia set of G defined in Remark 23.
Moreover, we set Jier (S) := U;ep Jrer,i(S) x {i} CY x V.

Corollary 2.18. Suppose that an irreducible GDMS S = (V, E, (I'¢)eck) satisfies I'e C
OCM(Y) for all e € E and every h € H(S) satisfies the condition mentioned in Lemma
29:

sup{diam C; C is a connected component of h~!(B(y,¢))} — 0

as € — 0 for any point y € Y. Then Jieri(S) = Jier(H}(S)), where the right hand side is
the kernel Julia set of the semigroup H!(S9).

Proof. By Lemma P, we have Jieri(S) C Jxer(H(S)). Fix a y € Jier(H(S)) and fix
h € H}(S). Since S is irreducible, there exists f € H]’(S) so that foh € H!(S) and hence
foh(y) € J(H!(S)). Thus, we have h(y) € J;(S) by Lemma P10 and Lemma 215, [

Notation 2.19. Let (Li)iev, (Li)icy be families of subsets of Y indexed by V. We write
(Li)iEV C (Li)ieV if Ly C L; foralli e V.

Lemma 2.20. For kernel Julia sets (Jkeri(S))icy, the following statements hold.
(i) The family (Jker,i(S))icy is forward S-invariant.

(ii) If a forward S-invariant family (L;);cy satisfies (L;)iev C (Ji(S))iev, then (L;)cy C
(Jier,i(5))iev-

The proof is immediate by using Lemma PZT3. Now we define a condition that plays
an important role in section E2.

Definition 2.21. We say that a GDMS S = (V, E, (I'c)ccr) satisfies the backward sepa-
rating condition if fl_l(Jt(el)(S)) N f{l(Jt(EQ)(S)) = () for every e1,es € E with the same
initial vertex and for every f; € I'e,, f2 € I'c,, except the case e; = ez and f; = fo.

Definition 2.22. We say that a GDMS S = (V, E, (¢ )ecr) is essentially non-deterministic
if there exist e1,e9 € E with i(e;) = i(e2) and exist f; € supp 7e,, fo € supp 7, such that
either ey # ey or f1 # fa.

Lemma 2.23. Let S = (V,E, (I'c)cer) be a GDMS which satisfies the backward sepa-
rating condition. If S is essentially non-deterministic, then Jier ;j(S) = 0 for some j € V.
Moreover, if, in addition to the assumption above, S is irreducible, then Jye (S) = 0.

Proof. Since S is essentially non-deterministic, there exist e1, ey € E with i(e1) = i(e2) =:
J and exist f1 € supp7e,, f2 € supp 7, such that either e; # ez or fi # fao. If there exists
some z € Jier,j(5), then fn(2) € Jy,)(S) (n = 1,2) by definition. However, this implies
that ffl(Jt(el)(S)) and f{l(Jt(Q)(S)) share a point z, which contradicts the backward
separating condition. If S is irreducible, then Jye (S) = 0 by Lemma 213 and Lemma
0. O



2.2 Skew product maps

Let S = (V, E, (I'c)ecr) be a GDMS on Y. We define the skew product map and investigate
its dynamics. We consider only admissible maps as in subsection 2.

Definition 2.24. We say that a sequence & = (V,, €,))_; € (CM(Y) x E)V is admissible
with length N if e = (eq,...,en) is admissible and v,, € ¢, for all n € {1,..., N}. Also,
we say that a sequence & = (Y, €en)nen € (CM(Y) x E)N is admissible if v, € T'., and
t(en) = i(eny1) for all n € N. For any admissible sequence & = (7p, €n)nen and for any
N,M € N with N > M, we set yya = Yy o - 0oy and Eyar = (Yn,en)_p,. Let
h = (Yn,en)N_; be an admissible sequence. We regard h as a map from Y x {i(e1)} to
Y x {t(en)} by setting h(y,i(e1)) := (yw,1(y),t(en)) (y€Y).

Definition 2.25. We define the set of all admissible infinite sequences by
X(9) :=={€ = (M, en)nen € (CM(Y) x E)N; ~, €T, and t(e,) = i(e,q1) for all n € N}.

We denote by X;(S) the subset of X (.5) consisting of all admissible infinite sequences with
initial vertex i € V; thus any £ € X;(S) can be written as & = (vp,€n)nen such that
i(e1) =i, € ', and t(e,) = i(ent1) for all n € N. We introduce the product topology
on (CM(Y) x E)N, where E has the discrete topology. We endow X (S) and X;(S) with
the relative topology from (CM(Y) x E)N. Note that X (S) and X;(S) are compact if T,
is compact for all e € F.

Definition 2.26. For any & = (7, en)nen € X(5), we denote by F¢ the set of all points
y € Y for which there exists a neighborhood U in Y such that the family of maps {yny1 =
YN o ---071; N € N} is equicontinuous on U. We call F¢ the Fatou set of £ and call
the complement Jg := Y \ F¢ the Julia set of £&. Set F® := {¢} x Fy C X(S) x Y and
Jo={& x Je C X(S) x Y.

Lemma 2.27. (i) For any £ € X;(S) , we have Je C J;(5).
(ii) We have
U FCc{&y eX(9) xY; lim sup diam (1 B(y, 7)) = 0}.
ceX(S) n—UneN
(iii) For any ¢ = (’an en)nEN € Xz(s)7 we have Jf c ﬂnEN '7;&(Jt(en) (S))

Proof. (i) For any & = (7, en)nen € Xi(S), we have {ynyo---0oy; N € N} C H;(S5).
Thus Jg C JZ(S)

(ii) For any (&,y) € F¢, we have y € F¢ and set £ = (v, €n)nen. For any n > 0, there
exists 6 > 0 such that d(7,,1(y),1m.1(y)) < n for any ' € B(y,d) and any n € N.
Now we take ¢ < §. Then

d(Yn,1 (Y1), Y1 (y2)) < d(¥n,1 (Y1), Yn,1(¥)) + d(Vn,1(Y), Y01 (¥2)) < 21

for any y1,y2 € B(y,¢).

(iii) Suppose Ym,1(y) € Fi(e,,)(S) for some y € Je and m € N. Then 'y;%ll(Ft( y(S))

€m
is a neighborhood of y. Now {vnm+1}n>m C Hye,,)(S) implies that {y,1}nen is
equicontinuous on 7;1}1 (Fi(e,)(S)). This contradicts the hypothesis that y € Jg.

€m

O]
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Remark 2.28. If Y = C and I'. C Rat for all e € E, then the equality holds in the
statement of Lemma 2727(ii), where Rat denotes the space of all non-constant rational
maps.

Definition 2.29. Let S = (V, E, (I'c)cer) be a GDMS and let o: X (S) — X(S) be the
(left) shift map. Define the skew product map f : X(S) x Y — X(S) x Y associated with
S, by f(&,y) = (0(£),m(y)) for any &€ = (yn, en)nen € X(S) and any y € Y. Also we set
J(f) = Ueex(s) J&, where the closure is taken in the product space X (S) x Y, and we

call this the skew product Julia set of f .

Lemma 2.30. The skew product map f is continuous on X (5) x Y and J¢ C ’yl_l(Jg(é))
holds for any & = (Y, en)nen € X(S5). If 41 is an open map, then J¢ = 'yl_l(Jo(g)).

Lemma 2.31. With above terminology, we have J(f) c f~YJ(f)). IfT, € OCM(Y) for
all e € E, then f is open and J(f) = f~*(J(f)) holds, where OCM(Y) denotes the set of
all open continuous maps ¥ — Y.

Proof. By Lemma B30, we have f(J(f)) C Ueex(s) f(J§ C Ueex(s) 7°©® C J(f). Thus,
J(f)y c f7YJI(f). U T, C OCM(Y) for all e € E, then f is open. Combining this with
Lemma 2230, we have J(f) D f~(J(f)). O

2.3 Markov operators

Throughout this subsection, let Y be a compact metric space. We discuss Markov operators
on the space C(Y) of all continuous complex functions on Y. The space C(Y) is a Banach
space with the supremum norm || - ||y and its normed dual C(Y)* can be regarded as the
set of all regular complex Borel measures on Y by the theorem of F. and M. Riesz.

Notation 2.32. We denote by 9% (Y) the set of all regular Borel probability measures
on Y and we define the weak*-topology on 9t (Y) C C(Y)*. Namely, i, — p if and only
if pin (@) — p(¢) for all ¢ € C(Y), where we write pu(¢) := [, ¢ dp for any p € 9 (Y) and
any ¢ € C(Y). The space 9t (Y) is compact by the Banach-Alaoglu theorem.

Remark 2.33. We introduce a metric dp on 9 (Y) as follows. Take a countable dense
subset {¢x }ren of C(Y) whose existence is due to the compactness of Y. We define the
distance between two points p1, p2 € M (Y) by

3 1 (k) — p2(on)]

do(p1, p2) = 26 1+ |p1 (o) — pa(dn)]’

keN

Definition 2.34. A linear operator M: C(Y) — C(Y) is called a Markov operator if
M1y = 1y and M¢ > 0 for all ¢ € C(Y) with ¢ > 0, where we write ¢» > 0 if ¢(y) is
non-negative real number for all y € Y.

Lemma 2.35. The operator norm of a Markov operator M: C(Y) — C(Y) is equal to
one. Thus the adjoint M*: C(Y)* — C(Y)* satisfies that M* (M (Y)) C M1 (Y), where

(M )¢ := p(M¢), pe C(Y)", ¢ e CY).

Proof. Since M1y = 1y, the operator norm ||[M|| > 1. For any ¢ € C(Y) with ||¢|y <1,
we have 0 < |¢| < 1. Fix any y € Y and define A := M(|¢[*)(y), B := |[Mé(y)|. By the
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above properties of M, we have 4 < 1. On the other hand, there exists a complex number
a with modulus 1 such that aM¢(y) = B. Then for any ¢t € R, we have

0< M(l¢p—ta]®)(y) < A—2Bt+t2
It follows that [M¢(y)| = B < 1 and |[M¢|ly < 1. Hence |M|| = 1. O

Remark 2.36. For each y € Y, let ®(y) be the Dirac measure centered at y. Note that
O: Y — Myi(Y) is a topological embedding. We regard Y as a subset of 911 (Y) by using
P.

Definition 2.37. For a Markov operator M : C(Y) — C(Y), we consider the family
{(M*)™ - M (Y) — My (Y) }pen of iterations of the adjoint map M*.

(i) We denote by Fieas(M™) the set of all points p € M (Y) for which there exists a
neighborhood U in M (Y) such that the family {(M*)™ : My (Y) — M1 (Y) }pen is
equicontinuous on .

(ii) We denote by F0_  (M*) the set of all points u € 9;(Y) satisfying that the family
{(M*)™ : M (Y) — M1 (Y) }nen is equicontinuous at p.

(iii) We denote by Fp¢(M™*) the set of all points y € Y for which there exists a neigh-
borhood U in Y such that the family {(M*)"|y : Y — 9% (Y)}nen restricted to
Y < 9 (Y) is equicontinuous on U.

(iv) We denote by F&(M *) the set of all points y € Y satisfying that the family
{(M*)|y = Y — M1 (Y) pren restricted to Y € 913 (Y) is equicontinuous at y.

Lemma 2.38. For a Markov operator M: C(Y) — C(Y), we have that yo € F (M*) if
and only if {M"¢: Y — C},cn is equicontinuous at yg for all ¢ € C(Y).

Proof. Fix a countable dense set {¢y treny € CM(Y) and let dy be the metric mentioned in
Remark PZ33. Suppose that {M"¢},en is equicontinuous at yo € Y for all ¢ € C(Y). Take
any € > 0. Then there exists some N € N such that "2 5 11 27% < ¢. By our assumption,
there exists 6 > 0 such that for any y € B(yo,d) and any n € N, any k = 1,..., N, we
have

e/N
M" — M" —_—
| M" dp(y) Pr(yo)| < 1= /N
It follows that

L [M"¢x(y) — M"ér(yo)l

do((M)" 3y, (M*)"8yy) = > _ 57— | M (y) — M (o)

keN

N
< s—l—ZE/N = 2¢,
k=1

and hence yg € th(M*).

Conversely, suppose that yo € F%(M*), and take any ¢ € C(Y) and ¢ > 0. Since
{or}ren is dense in C(Y), there exists k € N such that ||¢x — ¢|ly < e. By yo € Fp(M*),
there exists § > 0 such that for any y € B(yo,d) and any n € N, we have

do((M™)"(dy), (M7)"(by,)) < Fite
It follows that |M"¢x(y) — M™¢r(yo)| < € and

[M"¢(y) — M" (o)
< [M"p(y) — M" i (y)| + [M"dr(y) — M" b (yo)| + |M" dr(yo) — M"d(yo)| < 3e.

Thus {M"¢},en is equicontinuous at yp. O

12



Lemma 2.39. For a Markov operator M: C(Y) — C(Y), we have that Fieas(M™*) =
My (Y) if and only if F(M*) =Y.

Proof. 1t is easy to check that if Fieas(M*) = M1 (Y) then F%(M*) = Y. Conversely,
suppose that th(M*) = Y. If there exists some p € M(Y) \ Fieas(M™), then there
exists ¢ > 0 such that for any j € N, there exists some n; € N and some p; € 9 (Y)
such that do(u, ) < i1 and do((M*)" (), (M*)" (u;)) > €. Fix some N € N so that
Y omen+127" < e/2 holds and set

e/N

"IN

Then there exists ¢ = ¢, € C(Y) such that [(M*)" (u)(¢) — (M*)™ (15)(¢)| > n holds
for infinitely many j € N. By Lemma and the assumption that th(M *) =Y, the
family {M"¢},en is equicontinuous on Y. According to the Arzeld-Ascoli theorem, we
can assume that {M"¢};cn converges to some 1 € C(Y) uniformly on Y. Thus, for
sufficiently large j € N, we have

[(M™)" () (@) — (M) (115)(9)]
< (M™ @) — p()| + () — pi ()] + |15 () — pi (M ¢)|
<n/3+n/3+n/3=n,

which leads to a contradiction. O

3 Settings of Markov random dynamical systems

In this section, we consider a GDMS S that is induced by a given transition probability
7; we define probability measures on the space of infinite product of CM(Y) and define
a Markov operator M, induced by 7. Furthermore, we show that almost every random
Julia set is null set if the kernel Julia set is empty (Proposition BI).

Setting 3.1. Let Y be a compact metric space and let m € N. Suppose that m? measures
(Tij)ij=1,...,m on CM(Y') satisfy > 7", 7;;(CM(Y)) = 1 for all i = 1,...,m. For a given
T = (Tij)ij=1,.,m, we consider the Markov chain on Y x {1,...,m} whose transition
probability from (y,7) € Y x {1,...,m} to Bx {j} is 7;;({f € CM(Y); f(y) € B}), where
B is a Borel subset of Y and j € {1,...,m}. We call this Markov chain the Markov
random dynamical system (MRDS for short).

Definition 3.2. (I) When a family 7 of measures is given as in Setting B, we define
the GDMS S; in the following way. Define the vertex set as V := {1,2,...,m} and
the edge set as

E:={(i,j) e Vx V; 7;(CM(Y)) > 0}.

Also, for each e = (i,j) € E, we define I'c := supp7;;. Set Sr := (V,E,(L'c)ecE),
which we call the GDMS induced by 7. We define i : E — V (resp. t: E — V) as
the projection to the first (resp. second) coordinate and define by i(e) (resp. t(e))
the initial (resp. terminal) vertex of e € E.

(II) We say that 7 = (7;;)i j=1,...m is irreducible if S; is irreducible.

In the following, let 7 be a family of measures as in Setting B. Set Y :=Y x V. We
can define a metric on Y using the metric on Y and regard the compact metric space Y
as m copies of Y: Y = | ||, Y.

13



Definition 3.3. We define Borel probability measures 7; (i € V') on X;(.S;) as follows. For
N Borel sets A, (n=1,...,N) of CM(Y) and for (e1,...,en) € BN, set A, = A, x {e,}.
We define the measure 7; on (CM(Y) x E)N so that

7, (A/1><-"><A/N>< ﬁ(CM(Y)XE)>

N+1
) Ter (A1) - Ty (An), if (e1, ..., en) is admissible with i(e;) =
0, otherwise

for each i € V. Note that supp7; = X;(5;).

Lemma 3.4. We set p;; = 7;;(CM(Y)) and set P = (pij)i j=1,.,m- Then the following
statements hold.

(i) A GDMS S; is irreducible if and only if the matrix P is irreducible.

(ii) If S; is irreducible, then there exists the unique vecter p = (pi,...,pm) such that
pP=p, > cypi=landp; >0,icV.

(iii) Assume S is irreducible and define the probability measure 7 on (CM(Y) x E)N
7 = Y., piTi, where the vector p is as above. Then supp7 = X(S5;) and 7 is an
invariant probability measure with respect to the shift map on X (S;).

Proof. We show (iii). For a Borel set A of (CM(Y) x E)N, we prove 7(¢~(A)) = 7(A).
We may assume

A=A x Ay x JTT(CMY) x BE), A, = An x {en}.
N+1

If the word (eq,...,ey) is not admissible, then 7(o~1(A)) = 0 = 7(A). If (e1,...,en) is
admissible, then

YA = (M) x By x A= | | | ] (OM(Y) x {e}) x 4
i€V i(e)=1

and hence

7_(0-_1 szpu e1)Ter (Al) “Ten (AN) = Di(e1)Tex (Al) o Ten (AN) = 7~'(121)
eV

O
Definition 3.5. For 7 = (7;;); jev, we define the transition operator M, of 7 as follows.
Z/ o(v(y),4) dri;(7), (y,9) €Y.
jeV
Here, ¢ is a complex-valued Borel measurable function on Y.
Remark 3.6. For the transition operator M, the following statements hold.

(i) If ¢ € C(Y), then M,¢ € C(Y).
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(ii) The transition operator M, is a Markov operator on C(Y) in the sense of subsection
23 (see Definition P234).

Lemma 3.7. If (y,i) € Y,n € N and ¢ € C(Y), then
2O = [ 00 7 (©)
Xi(Sr)
For the meaning of &, 1(y, ), see Notation ZZ24.

Proof. We use induction on n. If the statement holds for n = N, then

M) (y,i) = 3 / (MY 6) (30(y), io) driay(10)

eV

"X /uo/m(s HEn.1(70(y). o)) dTig (€)d T (70)-

i€V
Set & = (70, €0), €0 = (i40) and & = (Yn, €n)nen, € = (en)_y. If ¢ = Ipx(j3, then

(MY ) (y, 1)

= > Tiio @ Fig({(€0,€) ; o = i(e), t(e) = j and yw0(y) € B})
i€V

= Ty ®7e, @+ @ Tep ({(m)hg € CM(Y)NH sy o(y) € BY)

_ / H(En 411 (1)) dF(E).
Xi(S7)

Here, the summation is taken over all admissible words ¢/ = (e,)Y_, with initial vertex

i, terminal vertex j and length N + 1. This completes the proof since any continuous
function ¢ can be approximated by simple functions. ]

Lemma 3.8. If 7;({¢ € Xi(S;);y € Je}) = 0 holds for (y,i) € Y, then (y,i) € Fy (M)

Proof. By assumption, we have y € F¢ for almost every {. We set £ = (Vp, en)nen and we
have lim,_.q sup,,c diam(v,,1 B(y,n)) = 0 by Lemma Z224. For any ¢ € C(Y) and any € >
0, the function ¢ is uniformly continuous on the compact space Y. Thus there exists a §; >
0 such that for any 21, 2z € Y with d(z1, 22) < 01, we have |¢(z1) —$(22)| < €. By Egoroft’s
theorem, there exists a Borel set B C X;(S;) with 7;(B¢) = 7;(X;(S7) \ B) < ¢ satisfying
the following property; there exists 79 > 0 such that sup,,cy diam(v,1B(y,m0)) < 1 for
any & = (Yn, €n)nen € B. Hence, for any z; = (y1,4) whose distance between z = (y,1) is
less than 79, we have

[(M79)(2) — (M7'¢)(21)] < / |¢(6n.1(2)) = G(&n1(21))| dTi(§)

Xi(Sr)

_ / n / < e5(B) + 2||¢)|7(B°) < e(1 +2||¢])-
B Bec

By Lemma 38, we have z = (y, i) € F (M). O

Corollary 3.9. Let A be a Borel finite measure on Y. If A\(J¢) = 0 for all i € V' and for
7i -a.e. £ € Xi(Sy), then A(Y \ F% (M) = 0.
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Proof. 1t follows easily from Lemma B= and Fubini’s theorem. O

Lemma 3.10. Let (U;)jev be a forward S--invariant family such that at least one Uj

is not empty. Set Lierj = (ev,m(s, )20 [ hemk(s )h_l(Y \ Ug) for j € V. Also, for
g T J T

(y,1) € Y, we set

E = {(vn;en)nen € Xi(Sr);y € ﬂ ’YVZ%(Y \ Ut(en))}'
neN
Then d(Yn,1(¥); Lier,t(e,)) — 0(n — oo) for 7; -a.e. (Yn,en)nen € E, where d(a,0) :=
0 (a€Y).
Proof. Let z = (y,i) € Y, U := ;e U;j x {j} and Lier := Ujey Lier,j X {7} For any
€ > 0 and for any n € N, we set

A(e,n) ={§ € B; &1(2) ¢ UU B(Lier, €)1,
C(e) :={£ € E; 3N € N such that &, 1(z) € B(Lier, €) for any n > N}.

Here, if Lye, = 0, we set B(Lyer,e) = (). We prove that 7(E \ C(¢)) = 0 for any ¢ > 0.
For this purpose, fix a small € > 0. It suffices to show ) _7i(A(e,n)) < oco. For,
since E \ C(g) = limsup,,_,,, A(g,n), the statement follows by combining these with the
Borel-Cantelli lemma.

In order to show ) 7i(A(e,n)) < oo, we set K:= Y\ (UU B(Lier,€)). Then there
exist subsets K; C UkeV;Hf(ST);A(Z) UhEHJ’?(ST) h='(Uy), j € V, such that K = |,y K< {5}
Since K is compact, there exist finitely many open sets W, in Y (¢ =1,...,p) and finitely
many admissible sequences g, € (CM(Y) x E)la (¢ = 1,...,p) such that K C Uiz Wy
and g,(W,;) C U. Note that we may assume there exists [ € N such that [ = [, for all
q=1,...,psince (Uj);jev is forward S--invariant. Then, for each ¢ = 1,...,p, there exists
an open neighborhood O, C (CM(Y) x E)! of g, such that g(W,) C U for all g € O,. We
put O, := O, x [[;51(CM(Y) x E) and 6 := ming—y,._, 7,(Oq) > 0, where i, € V is the
initial vertex of g.

Foreach K >0and r=0,...,l — 1, we set

I(k,7) == {€ € Xi(S7); Ehira(2) €K}, H(k,r) i={E € I(F,7)5 Eeqayiara (2) € U

Here, 1(0,0) := 0. If k # k', then H(k,r) N H(K',r) = 0. Since K C J_; W,, there exist
s Borel sets Bi,...,Bs on Y for some s € N with the following property; K = | |J_; By,
where | | denotes the disjoint union, and for each ¢t =1, ..., s there exists ¢(¢t) € {1,...,7}
such that By C W). Then, we have

s

Ti(H(k,7)) = Zﬁ'({f € Xi(Sr); Ekirr1(2) € Be, Eutryir1(2) € U})
=1

> " F({€ € Xi(Sr) 5 &rra(2) € Bry & tyirmiirst € Oginy})
t=1

> Zﬁ({f € Xi(Sr); Skirr1(2) € Be})d = 7i(I(k,7))d
=1

and hence
o o
1> 7| Hk,r)) =Y 7i(H(k,r) > 6> 7(I(k,1)).
k>0 k=0 k=0
It follows that ), nTi(A(e,n)) < 1/6 < . O
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The following proposition is one of the main results of this paper. The statement
means that almost surely the random Julia set is of measure-zero and the averaged system
is stable if the kernel Julia set is empty.

Proposition 3.11. Let A be a Borel finite measure on Y. Suppose that Jye (S7) = 0 and
I'e € OCM(Y) for all e € E. Then, Fieas(M;}) = M (Y) and A(J¢) = 0 holds for any
i € V and for 7; -a.e. £ € X;(S;).

Proof. Note that there exists some j € V such that the Fatou set F;(S;) at j is not empty
since Jyer(S7) = 0. Since the family (F;(S-));jev of Fatou sets is forward S--invariant, we
can apply Lemma B0 with U; := F} (S ). Therefore, we have

F{ (Vs €nnen € Xi(S2);0 € [ 1t (V'\ Fye,(S7))} =0
neN

for all (y,7) € Y. By Lemma P27, it follows that 7 ({{ € X;(S-);y € J¢}) = 0. By virtue of
Fubini’s theorem, we have A(J¢) = 0 for 7; -a.e. £ € X;(S7). Furthermore, by Lemma B,
we know (y, i) € F (M) for any (y,i) € Y. Lemma 239 implies Fineas(M;) = M (Y). O

4 Rational MRDSs on @

In this section, we focus on holomorphic dynamical systems on the Riemann sphere C. We
denote by Rat the space of all non-constant holomorphic maps from C to itself with the
topology of uniform convergence or the compact-open topology. Recall that each element
f of Rat can be expressed as the quotient p(z)/q(z) of two polynomials and the degree of
f is defined by the maximum of the degrees of p and ¢. We denote by Poly the subspace
of Rat consisting of all polynomial maps of degree two or more. We consider rational
GDMSs or polynomial GDMSs as in Definition BI.

In subsection B, we discuss the Julia sets of rational GDMSs and show some funda-
mental properties. These discussions are the generalization of those of rational semigroups
(see [I3]). Moreover, we show some sufficient conditions for the kernel Julia sets to be
empty. In subsection B2, we focus on a polynomial MRDS and the function T which
represents the probability of tending to co. We show that the function T ; is continuous
on the whole space and varies precisely on the Julia set of associated system under certain
conditions.

4.1 Julia sets

Definition 4.1. We say that S = (V, E, (I'c)ecg) is a rational (resp. polynomial) GDMS
on Cif I'. C Rat (resp. I'c C Poly ) for all e € E.

Let S = (V,E, (I'c)cer) be a rational GDMS. Recall that the Julia set J;(S) of S at
the vertex i € V is equal to the Julia set of the rational semigroup H!(S) (see Remark
P212). It is well known that the Julia set J(G) of a rational semigroup G is equal to the
closure of the set of repelling fixed points of elements of G if J(G) contains at least three
points. For this reason, we introduce the following important definition.

Definition 4.2. A rational GDMS S = (V, E, (I'¢)cck) is said to be non-elementary if the
Julia set J;(S) at i contains at least three points for all i € V.

Consequently, we obtain a characterization of the Julia set of a rational GDMS.
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Corollary 4.3. If arational GDMS S = (V, E, (I'c)ccg) is non-elementary and irreducible,
then

Ji(S) = U {repelling fixed points of h} = U Je
heHI(S) £€Xi(9)
for all ¢ € V. Here, a fixed point zg of h is said to be repelling if the modulus of multiplier
of h at zg is greater than 1.

Here are some basic properties of the Julia set. Although some claims can be directly
proved by using the theory of rational semigroups, we do not use it in order not to require
preliminary knowledge.

Lemma 4.4. Let (L;);ev be a family that is backward S-invariant and suppose that each
compact set L; contains at least three points. Then (J;(5))iev C (Li)iev.-

Proof. Since (L;)iev is backward S-invariant, it follows that sz(S)((E \L;) C @\Lj for
all i, € V. If #L; > 3 for each j € V, then C\L; C F;(S) for each i € V by Montel’s
theorem. O

Definition 4.5. A point z is called an exceptional point of S at the vertex ¢ € V if
(H(S))™1(2) contains less than three points, where (H!(S))™!(z) = Unemi(s) h=1(z). We
define &;(S) as the set of all exceptional points z of S at i € V.

Lemma 4.6. Let S = (V, E, (I'c)cer) be an irreducible rational GDMS. Let j € V. Then
we have the following statements.

(i) If z ¢ &£(S), then Ji(S) C (H?(S))~1(z) for all i € V.

)

(i) If z € J;(S) \ £(S), then Ji(S) = (H7(S))~1(z) for all i € V.

Proof. Set L; := (H. f (S))~1(2). Then (L;);cv is backward S-invariant and each L; contains
at least three points since S is irreducible. Lemma B4 implies (i). Combining (i) and
Lemma 27T3 implies (ii). O

Remark 4.7. Lemma B8 suggests an algorithm for computing pictures of the Julia set.
Figure B is drawn in this manner.

Lemma 4.8. If a rational GDMS S = (V, E, (I'¢)ccp) is non-elementary, then each Julia
set J;(S) is a perfect set.

Proof. We assume that J;(.S) has an isolated point zp. Then, there exists an open neigh-
borhood U of z in C such that U N J;(S) = {z0}. Set U* := U \ {z0}. We, therefore,
have that U* C F;(S) and H](S)(U*) C Fj(S) for all j € V. By assumption, @\E(S)
contains at least three points. Thus, by the strengthened Montel’s theorem [3, p203]. It
follows that H7(S) is normal on the whole U. This contradicts that zg € J;(.S). O

Lemma 4.9. If a rational GDMS S = (V, E, (I'c)cecg) is non-elementary and irreducible,
then #&;(S) <3 forallie V.

Proof. The proof is by contradiction. Suppose that there exists k € V' such that & (S) has
three distinct point a, b and c. For each i € V, we set L; := (HF(S))~'({a,b,c}). Then
(L;)iey is backward S-invariant and each L; contains at least three points. By Lemma
B4, we have Ji(S) C L. However, this contradicts Lemma B8 since Ly, is finite. O
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Proposition 4.10. Let S = (V, E,(I'¢)ecr) be an irreducible rational GDMS such that
I'c is a finite set for each e € E. If S satisfies the backward separating condition, then
either int(J;(S)) =0 for alli € V, or J;(S) =C for all i € V.

Proof. We assume that int(J;(S)) # 0 for some i € V and prove that J;(S) = C. Let
U be a connected open subset of int(J;(S)). By the backward separating condition and
Proposition P18, there uniquely exist e; € E and f; € T'., such that i = i(e;) and
UcC fl_l(Jt(el)(S)) Furthermore, for e € E with i(e) =i and f € T, if e £ e or f # fi,
then U N f~1(Jye)(S)) = 0. Inductively, there uniquely exist e, € E and f, € T, such
that t(en) = i(enq1) and fro---o fi(U) C Jy,)(S) for any n € N.

By Lemma 210, we have U C J;(S) = J(H}(S)) and hence there exists a sequence
{hn}nen C H{(S) that contains no subsequence which converges locally uniformly on
U. It follows from Montel’s theorem that there exists a subsequence {h, )} such that
Py € {fno---0 fi}n for all k € N. Thus we have hy,,(U) C J;(S) for all k € N, and

hence J;(S) = C by Montel’s theorem again. O
Now we investigate the kenel Julia sets of rational GDMSs.

Lemma 4.11. Let S = (V, E, (I'c)cck) be an irreducible rational GDMS. If int(Jier j(5)) #
() for some j € V, then Jyei(S) =C forall i € V.

Proof. The proof is by contradiction. It suffices to show that J;(S) = C foralli e V.
We assume that there exists i € V such that Jye;(S) # C. Then #(E\Jker’i(S) >
3 and h(int(Jier ;(5))) C Jier,i(S) for all h € HJ’(S) by Lemma P20. It consequently
follows that H;(S) is normal on int(Jier;(S)). Now we fix some g € Hj and hence
go HJJ(S) C HJ’(S) By Lemma 29 and the Arzela-Ascoli theorem, the family HJJ(S) is
equicontinuous on int(Jier j), 50 that int(Jier j(S)) C F;j(S). This contradicts the fact that
0 # int(Jyer;(S)) C J;(5). O

Definition 4.12. Let A be a connected finite-dimensional complex manifold. Let {g) :
C — @})\EA be a family of non-constant rational maps on C. We say that {grx}ren is
a holomorphic family of rational maps (over A) if the associated map CxA > (z,A) —
gx(z) € C is holomorphic.

Proposition 4.13. Suppose that an irreducible rational GDMS S = (V, E, (I'c)ccr) has
e € E with the following property. For all z € Ji(e)(S ), there exists a holomorphic family

of rational maps {g}rea C Ie such that the map © : A 5 A — gx(z) € C is non-constant.
If, in addition, Fj)(S) # 0, then Jie,;(S) =0 for all i € V.

Proof. The proof is by contradiction. We assume that there exists an element z €
Jier,i(e)(S). Fix a holomorphic family {gr}rxea C T'e such that the map © : A > X\

gx(z) € C is non-constant. Then, ©(A) is non-empty and open in C and ©O(A) C Jxer,t(e) (9)
by Lemma P It follows from Lemma BT that Jye)(S) D Jieri(e)(S) = C, and this
contradicts the assumptlon Fi(¢)(S) # 0 and Lemma 2ZT3. O
Corollary 4.14. Let S be an irreducible polynomial GDMS.

(i) If there exists e € E such that int(T'c) # 0, then Jier;(S) = 0 for all ¢ € V. Here,
the symbol int denotes the set of all interior points in Poly.

(ii) If there exists e € E, f € Poly and a non-empty open set U in C such that {f+c; c €
U} C I, then Jier;(S) =0 for all i € V.
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4.2 Probability tending to oo

In this subsection, we investigate polynomial MRDS induced by 7 = (7i;)i j=1,...m and its
associated GDMS S, = (V, E, (I'¢)eck) such that I'. is a compact subset of Poly for each
e € E. For the definition of S;, see Setting 81 and Definition B2. Polynomial maps of
degree 2 or more have a common attracting fixed point at infinity, and hence some random
orbits may tend to infinity. We define the function Ty, 7 : CxV — [0, 1] which represents
the probability of tending to infinity and give some sufficient conditions for T to be
continuous on the whole space. Moreover, we show that T, , is continuous on Y and
varies precisely on the Julia set J(S;) under certain conditions. Recall that Y := CxV.

Definition 4.15. We define the function Too : Y — [0, 1] by
TOO,T(Z7i) = %Z({g = ('7117 en)nEN € XZ(ST) ; d(')/n,l(z), OO) —0 (n — OO)})

for any point A(z, i) € CxV. If S, is irreducible, we fix the vector p of Lemma B2 and
define T -+ C — [0, 1] by

Toor(2) : = Y piTooir(2,4) = F{E = (s en)nen € X(S7);5 d(3,1(2),00) = 0 (n — 00)}).
i=1

We need the following lemma which is easily shown.

Lemma 4.16. Let I' be a compact subset of Poly. Then, there exists an open neighbor-
hood U of oo such that for all v = (y1,72,...) € I'Y, we have 7,1 — 00 as n — oo locally
uniformly on U.

Corollary 4.17. Let S = (V,E,(I'c)cer) be a polynomial GDMS such that I'. is a
compact subset of Poly for all e € E. Then the Julia set J;(S) is a compact subset of C
foralli e V.

Definition 4.18. Let & = (yn, en)nen € X(S). We denote by A¢ the set of all points z
such that 7,,1(2) = oo as n — oo and denote by K¢ the complement C\A,.

Lemma 4.19. Let S = (V, E, (I'c)eck) be a polynomial GDMS such that I, is a compact
subset of Poly for all e € E. Then the set A¢ is a non-empty open set and J¢ = 0K, = 0A;¢
for each £ = (’Vna en)nGN € X(S)

Proof. Set T' := |J,cp'e. We apply Lemma BT and fix the open neighborhood U of oo
in Lemma BT8. It follows easily that A¢ = U,en 7y, 1(U) and hence A¢ is a non-empty
open set. For any open set W of C which meets O0K¢ = 0Ag, the family {7, 1}nen is not
equicontinuous on W. Thus 0K¢ C J¢. Conversely, since v,,1(2) — 0o as n — oo locally
uniformly on A¢, we have A¢ C F¢. In addition, since 7,1 (K¢ \ 0K¢) C C\U for any
n € N, we have K¢ \ 0K¢ C F¢ by Montel’s theorem. Therefore, Je C 0K¢. O

Definition 4.20. Let S = (V,E,(I'c)ecg) be a polynomial GDMS such that I is a
compact subset of Poly for all e € E. We denote by K;(S) the set of all points z € C such
that H;(5)(#) is bounded in C. We call K;(S) the smallest filled-in Julia set of S at i € V.

For the rest of this subsection, we consider a polynomial MRDS induced by 7 and
S; = (V,E, (T'e)eck) such that T is a compact subset of Poly for each e € F.

Lemma 4.21. The function To, ; is locally constant on F(S;). If 7 is irreducible (i.e., S;
is irreducible), then T, 7 is locally constant on F'(.S7).
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Proof. Fix any connected component U of the Fatou set F;(S;) at ¢ € V. For each
€& = (Yn,en)nen € X;(Sr), it follows by Lemma PI3 that +,1(U) is contained in some
connected component of Fy )(S-). Thus, for any point z € U, we have 7,,1(2) — oo if
and only if there exists N € N such that vy 1(2) is contained in the connected component
of Fy(cy)(S7) which contains oo. Consequently, the function Te (-, 4) is constant on U
and hence T . is locally constant on F(S;). If S; is irreducible, then T, . is locally
constant on F'(S7) = (;cy Fi(Sr). O

Lemma 4.22. (i) K;(S;) ={z € C; Toor(2,i) =0} for alli € V.

(ii) The smallest filled-in Julia set K;(S;) is empty for all i € V' if and only if T (-, 7) =
lforallie V.

(iii) If Toor = 1, then Jye (S7) = 0.

Proof. Evidentally, we have Too +(-,7) = 0 on K;(S;). Let U ; be the connected compo-
nent of F;(S;) which contains co. Then the family (U ;) ev is forward S;-invariant. For
any z ¢ K;(S:), there exists h € Hij(ST) such that h(z) € Ux, ;. Thus, there exist a finite
admissible word (e1,...,ex) € EV with initial vertex i and maps a, € I, = supp e,
such that h = ayo---oaj. Foreach n=1,..., N, there exists a neighborhood A,, of a;,
in Poly such that vy o---071(2) € Ux; for all 4, € A, (n=1,...,N). Now we set

A=A x- x Ay x H(PolyxE), Al = A, x{en},
N+1

then Too 7 (2,4) > 7;(A) > 0. This implies (i). The rest of claims easily follows from (i). [

If #V =1 (when the system is i.i.d.), then either T ; = 1 or there exists zp € C such
that T 7(20) = 0 by Lemma BEZ2. However, this is not the case when #V > 1 as the
following Proposition B223 shows. This fact illustrates the difference between i.i.d. random
dynamical systems and Markov case. In other words, we found a new phenomenon which
cannot hold in i.i.d. case. For a concrete example of this phenomenon, see Example 23 .

Proposition 4.23. Suppose 7 is irreducible. If there exist i, j € V' such that K;(S;) # 0
and K;(S;) N K;(S;) =0, then Too » # 1 and T ~(2) > 0 for all z € C.

Proof. If z € K;(S7) for some ¢ € V, then z ¢ K;(S;). Since p; > 0, it holds that
Toor(2) 2 pjToor(2,5) > 0. -

The following proposition claims that T - is continuous on Y if Jye(S;) = 0. Com-
bining this proposition with Corollary B4 or Corollary EZZ3, we obtain some examples of
7 satisfying that To ~ is continuous.

Proposition 4.24. Let ¢ € C(Y) be a continuous function with ¢(co,i) = 1 and ||¢||y = 1.
Suppose that the support of ¢(-, ) is contained in the connected component of F;(S;) which
contains oo for all ¢ € V. Then the following statements hold.

(i) The sequence {M¢}nen converges pointwise to Tog - on Y as n — oo.
(ii) The equation M;Ts r = To + holds.

(ill) If Jker(S7) = 0, then Ty - is continuous on Y. If, in addition to the assumption
above, 7 is irreducible, then T4, - is continuous on C.
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Proof. Note that all sequences & = (Vn, €n)nen € X;(S;) converge to oo locally uniformly
on the connected component of F;(S;) which contains oo for all i € V.
(

(i) Fix any point z of C and any & = (Yn, en)nen € Xi(S-). If 2 € Ag, then ¢(&y,1(2,1)) —
1; othewise ¢(&,,1(%,%)) = 0 for all n € N. Thus, combining Lemma BZ2 with the
dominated convergence theorem, we have

lim (M"¢)(z,i) = lim P(En1(z,1)) d7(€)

= /Xi(ST) ]l{n;zEAn}(g) d7i(§) = Too 7 (2, 7).

(i) It follows immediately from (i).

(iil) If Jyer(S7) = 0, then the sequence { M ¢}nen is equicontinuous on Y by Proposition
BT, Lemma and Lemma PZ38. Moreover {M¢} is uniformly bounded since
|IMZo|ly < |||y = 1. By the Arzeld-Ascoli theorem, it follows that {M ¢} has a
subsequence which converges uniformly to T » on Y. Therefore the limit T - is
continuous on Y.

O]

The following example illustrates a new phenomenon which cannot hold in i.i.d. sys-
tems. For this example, we can apply Proposition 223 and Proposition E=24.

Example 4.25. Let g1(z) = 22 — 1, 92(2) = 2?/4 and set

f1(z) = g1091(2 —5) +5, fa(2) = g2 0 g2(2 — 5) +5,
f3(2) = g20g92(2+5) =5, fa(z) =g1og1(2 +5) =5,
hi(2) = fi(z +10), ha(2) = f3(z — 10).

We consider the polynomial MRDS induced by

Ti1 Ti2 Ti3 Ti4 %5f1 %@‘1 L

s | T2t T2 T2z T2 | 108 108 ?5112 .
T31 T32 733 T34 20f  30f
TAL Ta2 T43  T4d 30h, 100 105

This system satisfies the assumptions of Proposition =23 and of Proposition (iii):
K1(S;) # 0 and K1(S:) N K3(S;) = 0; Jker(S7) = @ and 7 is irreducible. Therefore, it
follows that To » # 1, Too,7(2) > 0 for all z € C and T+ is continuous on C. Figure B
illustrates the function 1 -7 ; which represents the probability of not tending to infinity.

Moreover, the system in this example is postcritically bounded; i.e. the set

U {c € C;c is a critical value of h} \ {oco}
heH(S;)

is bounded in C. If the i.i.d. random dynamical system is postcritically bounded, then the
connected components of Julia set “surround” one another and 7',  has the monotonicity
with the surrounding order (see [, Theorem 2.4]). However, as this example illustrates,
the “surrounding order” is not totally ordered regarding the set of connected components
of the Julia set of S; and Ty r does not have the monotonicity in a general non-i.i.d.
irreducible system, even if the system is postcritically bounded.
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Figure 5: The graph of the function 1 — T ; with 0 < T, > # 1, which cannot hold in
i.i.d. random dynamical systems of polynomials.

Corollary 4.26. Suppose that the polynomial GDMS S, satisfies the assumption (i) or
(ii) of Corollary ET4. Then To , is continuous on Y and T ; is continuous on C.

Corollary 4.27. Suppose that the polynomial GDMS S, satisfies the assumption of
Lemma ZZZ3. Then T~ is continuous on Y. Moreover, if S; is irreducible in addition to
the assumption above, then T, ; is continuous on C.

Corollary can be paraphrased by saying that T - is continuous on Y if some
I'. = supp 7. contains sufficiently many polynomials. In contrast, the backward separating
condition (one of the assumptions of Lemma PZ723) seems to be familiar to the GDMS with
less polynomials. We focus on the latter case and show more sophisticated results. We
now begin with the following easy lemma.

Lemma 4.28. Suppose that 7 is irreducible and satisfies the backward separating condi-
tion. Then J;(S;)N&;(S;) =0 for alli e V.

Proof. We divide the proof into two cases.

Case 1. Suppose that S is essentially non-deterministic. Then there exist two edges e, es €

E with the same initial vertex j € V' and two maps fi; € I'¢;, fo € I'¢, such that
either e; # eg or f1 # fo. Fix any g, € Hg(en)(ST) and set hy := g, 0 fn € HJJ(ST)

for each n = 1,2. Then it is easy to see that hy*(J;(S,)) N hy*(J;(S,)) = 0. Now
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Case 2. Suppose that # J

we have h,1(J;(S;) N E;(S:)) C J;j(Sr) NE;(Sy) for each n = 1,2 and #(J;(S;) N
£;(S7)) <2 by Lemma ZEEI Therefore, we can show J;(S;) N E;(S-) = 0, and hence
Ji(S7)NE(Sy) =0 for all i € V since S; is 1rredu01ble

i(e)=j L'e = 1 for all j € V. In this case, it follows that HY(S;) is
a polynomial semlgroup generated by a single map h;. Then the Julia set J;(S;) is
equal to the Julia set J(h;) of h;; the exceptional set &(S;) is equal to the exceptional
set E(h;) of h;. Here, J(h;) and E(h;) is defined for the iteration of h;, which is
classically well known. By [I2, Lemma 4.9], we have J;(S:) N &;(S;) = 0.

O]

The following theorem is one of the main theorems in this paper and claims that the
function T, which represents the probability of tending to infinity varies precisely on
the Julia set Jyer(Sr). Moreover, the following theorem states that the function T , is
continuous on the whole space if the system is essentially non-deterministic dynamical
systems.

Theorem 4.29. Suppose that 7 is irreducible and the polynomial GDMS S satisfies the
backward separating condition and satisfies that #I'c < oo for all e € E. If K;(S;) # 0 for
some j € V, then the Julia set J;(S7) at i is equal to the set of all points where To (-, %) is
not locally constant for all ¢« € V. Moreover, if, in addition to the assumption above, S; is
essentially non-deterministic, then T - is continuous on Y and T -(J;(S7) x {i}) = [0,1]
for all + € V, and hence T\ ; is continuous on C.

Proof. First consider the case where # U (€)= I'. =1 for all j € V. Then it follows that
Hf(ST) is a polynomial semigroup generated by a single map h;, and hence the smallest
filled-in Julia set K;(S;) is equal to the filled-in Julia set K (h;) of h;, which is classically
well known. By definition, the function To +(-,%) is 0 on K (h;) and 1 outside of K(h;).
Thus 0K (h;) = J(h;) = Ji(S;) is equal to the set of all points where To ; is not locally
constant. For the classical iteration theory, see [12, §9]. (Remark: We denote by K (h) the
set of all z € C for which the orbit of z under h is bounded. This set is called filled Julia
set in [I7].)

We next consider the case where there exist two edges e, eo € E with the same initial
vertex and two maps f1 € I'¢,, f2 € I'¢, such that either e; # es or f1 # fo. The proof is by
contradiction. Let ¢ € V' and suppose that T (-, ) is constant on a neighborhood Uy of
20 € J;(Sr) in C. Fix any z € J;(S;). By Lemma and Lemma BB, we have J;(S;) =
(H!(S;))"'(2). Thus there exists 2’ € Uy N (H!(S;))"'(z), and hence there exists h €
H!(S;) such that h(z') = 2. This h can be written as h = ay o---oay, where (an, en)_;
is an admissible finite sequence. Set A := Hﬁ;l({an} x {en}) x [1{,1(Poly xE). Since
#I', < 00, it follows that 7;(A) > 0. Now, for all £ = (Y, €n)nen € X;(S;) \ A = A¢, we
have &n,1(2',1) € F(S;) by the backward separating condition. By Proposition E=24 and
Lemma B™2,

Toor () = / Tl (1) o
:/ sor(En1(Z Z))d%i+/~CTOO,T(§N,1(Z,77:))C1%Z'
= T (2, 0)7(A) + / Too s (En1(2,4)) d

Ac
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We take a small neighborhood U’ C Uy of 2’ in C so that £(2',4) and &(27,1) are
contained in the same connected component of the Fatou set F(S;) for all z; € U’ and for
all admissible sequences ¢ # (au, e,))_; with lengh N. Then h(U’) is a neighborhood of
h(z") = z. Take any z; € h(U’) and take 2] € U’ so that h(z]) = z1. By our assumption
that Too (+,7) is constant on Up, we have Too ;(2/,7) = Too(2],7). Since Too,(+,1) is
constant on each connected component of F;(S;) by Lemma B2, it follows that

Too - (2,1) = ((A))"! (Tw,T(z/,i) - /A T (Ena(20) dﬁ»)
— ) (T i) - [

Ac

Too,f(ﬁNJ(Zi, ’L)) d’7~'1>
- Too,r(zl, Z)

Namely, Too ~(+,%) is constant on the neighborhood h(U’) of z € J;(S;). It follows that
Too,-(+, ) is locally constant at any point of J;(.S;). However, combining this with Lemma
AZ1, we obtain that Too -(-,4) is constant on (@, which contradicts the assumption that
K;(S:) # 0. Thus J;(S-) is equal to the set of all points where T - is not locally constant.

Moreover, the function T, is continuous on Y and Ty, is continuous on C by
Corollary B2 Since Teo |, (s, )x{i} = 0 and Too 7 |{acyxi} = 1, it follows that TOOJ(((A: X
{i}) = [0,1]. Further, since T - is locally constant on F;(S,) x {i}, thus it follows that
Too+(Ji(S7) x {i}) = [0, 1]. O

Now we apply the results to the following random dynamical systems. This is an
immediate consequence of Theorem E29, Corollary B0 and Corollary E-I0.

Corollary 4.30. For a given m € N, given fi,..., f,, € Poly and a given irreducible
stochastic matrix P = (p;j)i j=1,..m, we define 7;; as the measure pi;j0f,, where dy, denotes
the Dirac measure at f;. Suppose that the polynomial GDMS S; induced by 7 = (7;)
satisfies K;(S;) # () for some i € V and J;(S;)NJ;(S;) = @ forall i, j € V with i # j. Then
int(J(S-)) = 0 and the Julia set J(S;) is equal to the set of all points where T - is not
locally constant. If, in addition to the assumption above, there exist i,j,k € {1,...,m}
such that p;; > 0 and p;, > 0, then T, , is continuous on C.

Example 4.31. Let g1(z) = 22 — 1, g2(2) = 22/4 and set

[l L
[esR NI

m=2, fi=gi0g(i=12) andP:(pll P12 ) :(
P21 P22

Define 7;; = p;jds, and 7 = (73;). The polynomial GDMS S satisfies all the assumption
of Corollary B=30.

Figure B illustrates the grapf of 1 — T, », which represents the probability of NOT
tending to co. The function 1 — T ; is continuous on C and varies on the Julia set J (S7).
Figure @ illustrates the image of Figure B viewed from the top. The Julia set J(S;) is
illustrated as the set of all points where the color varies.

Figure B illustrates the Julia set J(S;). The Julia set contains neither isolated points
nor interior points.

It follows from [T4, Example 6.2] that the Hausdorff dimension of the Julia set J(S;)
is strictly less than 2 for this example.
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Figure 6: The graph of 1 — T, ..

Figure 8: The Julia set J(S;) for Example B=3T.
Figure 7: The image viewed from above.
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