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Abstract

We investigate i.i.d. random complex dynamical systems generated by probability measures
on finite unions of the loci of holomorphic families of rational maps on the Riemann sphere
C. We show that under certain conditions on the families, for a generic system, (especially,
for a generic random polynomial dynamical system,) for all but countably many initial values
S C, for almost every sequence of maps v = (v1,72,...), the Lyapunov exponent of v at z
is negative. Also, we show that for a generic system, for every initial value z € C, the orbit of
the Dirac measure at z under the iteration of the dual map of the transition operator tends
to a periodic cycle of measures in the space of probability measures on C. Note that these
are new phenomena in random complex dynamics which cannot hold in deterministic complex
dynamical systems. We apply the above theory and results of random complex dynamical
systems to finding roots of any polynomial by random relaxed Newton’s methods and we show
that for any polynomial g of degre two or more, for any initial value z € C which is not a root
of ¢’, the random orbit starting with z tends to a root of g almost surely, which is the virtue
of the effect of randomness.

1 Introduction and the main results

In this paper, we investigate the independent and identically-distributed (i.i.d.) random dynamics
of rational maps on the Riemann sphere C and the dynamics of rational semigroups (i.e., semigroups
of non-constant rational maps where the semigroup operation is functional composition) on C.
One motivation for research in (complex) dynamical systems is to describe some mathematical
models in various fields to study nature and science. Since nature and any other environments
have a lot of random terms, it is very natural and important not only to consider the dynamics
of iteration, but also to consider random dynamics. Another motivation for research in complex
dynamics is Newton’s method to find roots of a complex polynomial, which often is expressed as
the dynamics of a rational map f on C with deg(f) > 2, where deg(f) denotes the degree of f. In
various fields, we have many mathematical models which are described by the dynamical systems
associated with polynomial or rational maps. For each model, it is natural and important to
consider a randomized model, since we always have some kind of noise or random terms. Regarding
random (complex) dynamics, many researchers in various fields (mathematics, physics, chemistry,
etc.) have found and investigated many kinds of new phenomena in random (complex) dynamics
which cannot hold in deterministic dynamics. These phenomena arise from the effect of randomness
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and they are called randomness-induced phenomena or noise-induced phenomena ([22]).
In fact, recently these topics are getting more and more attention in many fields.

The first study of random complex dynamics was given by J. E. Fornaess and N. Sibony ([10]).
For research on random complex dynamics of quadratic polynomials, see [4]-[8], [11]. For recent
research on random complex dynamics and the various randomness-induced phenomena, see the
author’s works [36]-[41]. In this paper, we show that a generic random holomorphic dynamical
system associated with an analytic family of rational maps on C with some mild conditions has
randomness-induced order even if the noise is multiplicative and we have a common repelling
fixed point for any map in the system. Some of the new things of this paper are that (a) we can
deal with random holomorphic dynamical systems with multiplicative noise (Theorems 1.1,
1.2, 3.77, 3.82, Example 1.7, Section 5) and (b) we apply the results to the study of random
relaxed Newton’s methods which we introduce in this paper to find roots of any polynomial,
and we show that random relaxed Newton’s methods have some much better properties than those
of deterministic (relaxed) Newton’s method (Theorems 1.4, 4.4, Corollary 1.5, Remark 1.6).

In order to investigate random complex dynamics, it is very important to study the dynamics
of associated rational semigroups. In fact, random complex dynamics and the dynamics of rational
semigroups are related to each other very deeply. The first study of dynamics of rational semigroups
was conducted by A. Hinkkanen and G. J. Martin ([13]) and by F. Ren’s group ([12]). For recent
work on the dynamics of rational semigroups, see the author’s papers [32]-[41], and [19, 30, 42, 43].

To introduce the main idea of this paper, we let G be a rational semigroup and denote by F(G)
the Fatou set of (¢, which is defined to be the maximal open subset of C where G is equicontinuous
with respect to the spherical distance on C. We call J(G) := C\ F(G) the Julia set of G. The
Julia set is backward invariant under each element h € G, but might not be forward invariant.
This is a difficulty of the theory of rational semigroups. Nevertheless, we utilize this as follows.
The key to investigating random complex dynamics is to consider the following kernel Julia set
of G, which is defined by Jier(G) = (e g 1(J(G)). This is the largest forward invariant subset
of J(G) under the action of G. Note that if G is a group or if G is a commutative semigroup, then
Jker (G) = J(G). However, for a general rational semigroup G generated by a family of rational
maps h with deg(h) > 2, it may happen that §§ = Jxer (G) # J(G).

Let Rat be the space of all non-constant rational maps on the Riemann sphere (@, endowed with
the distance x which is defined by x(f,g) := sup,.q d(f(2),9(2)), where d denotes the spherical

distance on C. Let Rat, be the space of all rational maps g with deg(g) > 2. Let P be the space of
all polynomial maps g with deg(g) > 2. Let 7 be a Borel probability measure on Rat with compact
support. We consider the i.i.d. random dynamics on C such that at every step we choose a
map h € Rat according to 7. Thus this determines a Markov process on the state space C such
that for each = € C and each Borel measurable subset A of C, the transition probability p(z, A)
from x to A is defined as p(z, A) = 7({g € Rat | g(z) € A}). Let G, be the rational semigroup
generated by the support of 7, i.e., G = {h10---0h, | n € N,h; € suppr for all j}. Moreover,
Jker (G) is called the kernel Julia set of 7.

For a metric space X, let 01 (X)) be the space of all Borel probability measures on X endowed
with the topology induced by weak convergence (thus i, — g in 9 (X) if and only if [ @du, —
[ ¢du for each bounded continuous function ¢ : X — R). Note that if X is a compact metric
space, then 9%;(X) is compact and metrizable. For each 7 € 9t;(X), we denote by supp 7 the
topological support of 7. Let 9y (X)) be the space of all Borel probability measures 7 on X such
that supp 7 is compact.

For each 7 € 9 (Rat), let 7 := ®2;7 € M ((Rat)Y). For a metric space X, we denote by
Cpt(X) the space of all non-empty compact subsets of X endowed with the Hausdorff metric. For
a rational semigroup G, we say that a non-empty compact subset L of C is a minimal set of
(G, C) if L = Upeg{h(z)} for each z € L. Moreover, we denote by Min(G,C) the sets of all minimal
sets of (G, C). Let 7 € M, .(Rat). We say that a minimal set L € Min(G,, C) is attracting for 7
if there exist two open subsets A, B of C with #(C\ A) > 3 and an n € Nsuch that L c BC B C A



and such that for each (y1,...,7,) € (supp7)", we have 4, 0---0v1(A) C B. In this case, we say
that L is an attracting minimal set of 7. Let ) be a subset of Rat endowed with the relative
topology from Rat. We say that ) is mild if for each 7 € 9y .()), there exists an attracting
minimal set of 7. For example, any non-empty open subset of P is a mild subset of Rat.

Let Y be a closed subset of an open subset of Rat, i.e., there exist an open subset V of Rat and
a closed subset C of Rat such that Y = VN C. Let W = {fa}aca be a holomorphic family of
rational maps (see Definition 3.37) such that A is a connected complex manifold and A — fy €
Rat is not constant. We say that ) is weakly nice with respect to W if Y = {f\ € Rat | A € A}
(for more general definition, see 3.40). In this case, for each n € N, we denote by S, (W) the set
of points z € C satisfying that (AMyeo s An) €A™ = fiy, 0---0 fi, (%) is constant on A™. Also, we
set SW) =N221S,(W). This S(W) is called the singular set of WW. Note that 45; (W) < co and
#1S(W) < oo (Lemma 3.38). We say that ) is nice with respect to W if Y is weakly nice with
respect to W and for each 7 € M, (), for each L € Min(G,,C) with L ¢ S(W) and for each
z € L, either (a) the map A — D(f)), is non-constant on A or (b) D(f), =0 for all A € A.

For any closed subset ) of an open subset of Rat, let O be the topology in 9 .(Y) such that
the sequence {7, }7%, in My (Y) tends to an element 7 € M ()) with respect to the topology O
if and only if (a) for each bounded continuous function ¢ : Y — C, [¢ dr,, = [¢ dr,, as n — oo,
and (b) supp 7, — supp7 as n — oo in Cpt()) with respect to the Hausdorff metric.

Let C(@) be the space of all complex-valued continuous functions on C endowed with the
supremum norm || - ||oe. Let M, be the operator on C(C) defined by M. ( = [o(y( (9)-
This M. is called the transition operator of the Markov process induced by T. Let Mr - 91711 ((C)
9, (C) be the dual of M. This M* can be regarded as the “averaged map” on the extension 9 (C)
of C (see Remark 3.9).

We now present the first main result of this paper.

Theorem 1.1 (For the detailed and more general version, see Theorems 3.77, 3.65). Let ) be a
mald subset of Raty and suppose that Y is nice with respect to a holomorphic family W of rational
maps. Then there exists an open and dense subset A of (M (V),O) such that for each T € A,
the following (I) and (II) hold.

(I) (Convergence) There exist numbers I,r € N, probability measures 1y, ..., n, € My (C) and
functions ay,. .., a, : C — [0,1] such that for each y € C and for each ¢ € C(C), we have

MM (o) (y) — Z a;(y /godni as n — 0o (pointwise convergence) , (1)

i.e., we have (M?)"™(8,) — S.7_, ai(y)mi as n — oo in My (C) with respect to the weak
convergence topology. Also, we have (M)'(3_, ci(y)mi) = iy ci(y)ms-

(I1) We have §Jxer(Gr) < 00 and tMin(G,, C) < co. Moreover, for eachy € C, there exists a Borel
subset By, of (Raty)N with 7(B,,) = 1 such that for each v = (y1,%2,...,) € By, there
exists an element L = L(y,~) € Min(G,, C) for which we have that d(y, 0 --- o1 (y), L) = 0
asn — oo.

We remark that statements (I)(II) in Theorem 1.1 cannot hold for deterministic iteration dy-
namics of a single f € Rat,, since the dynamics of f : J(f) — J(f), where J(f) denotes the Julia
set of f, is chaotic. In fact, it is well-known that (a) for a generic z € J(f), the orbit {f™(2)}22,
is dense in J(f) and for each [ € N, dni(,) does not converge to any probability measure on C
as n — oo, (b) setting (f) := {f™ | n € N}, we have that Jie:((f)) = J(f) and Jyer({f)) is un-
countable, and (c) there are infinitely many minimal sets of f in J(f), i.e., we have infinitely many
periodic cycles of f in J(f). Thus Theorem 1.1 deals with some randomness-induced phenomena.

To present the second main theorem, for each 7 € 9M; .(Rat) and for each L € Min(G,, C) with
#L < o0, we define the Lyapunov exponent of (7, L) and denote it by x(7, L) (see Definition 3.28).



Also, if ) is a weakly nice subset of Rat with respect to a holomorphic family W of rational maps,
we say that ) is exceptional with respect to W if there exists a non-empty subset L of S(W)
such that for each 7 € 9, .()), we have L € Min(G,,C) and x(7, L) = 0. We say that ) is non-
exceptional with respect to W if ) is not exceptional with respect to W (For the definition in
more general setting, see Definition 3.54).

For each sequence v = (y1,72,...) € (Rat)Y, and for each m,n € N with m > n, we set
Ymyn = Ym © -+ © Y, and we denote by F, the set of points z € C satisfying that there exists
an open neighborhood of z on which the sequence {v,1}22, is equicontinuous with respect to
the spherical distance on C. This F, is called the Fatou set of the sequence 7. Also, we set
J, = C \ Fy and this J, is called the Julia set of ~.

We now present the second main theorem of this paper.

Theorem 1.2 ((Negativity of Lyapunov Exponents) For the detailed and more general ver-
sion, see Theorem 3.82). Let ) be a mild subset of Raty and suppose that ) is nice and non-
exceptional with respect to a holomorphic family W = {fa}aea of rational maps. Then there
exists an open and dense subset A of (M1 .(Y),O) such that for each T € A, all of the following
statements (I) and (II) hold.

(I) There exist a subset 0, of C with §(C\Q,) < Vg, a constant ¢, < 0 and a constant p, € (0,1)
such that for each z € ), there exists a Borel subset C, . of (Raty)Y with 7(Cr2) =1
satisfying that for each v = (y1,72,...) € Cr, and for each m € N U {0}, we have the
following (a) and (b).

(a) |
lim sup — log ||D('Yn+m,1+m)wm_1(z)Hs <cr <0
n—oo T
Here, for any g € Rat and z € C, we denote by ||Dg.||s the norm of the derivative of g
at z with respect to the spherical metric.
(b) There exist a constant § = 6(7,z,v,m) > 0, a constant { = {(7,z,7,m) > 0 and an
element L = L(7, z,7) € Min(G, C) which is either (1) “attracting for 77, or (ii) “finite
and included in Jyer(G.) with x(7,L) < 07, such that

diam(’)’n+m,1+m(B(7m71(Z)a5))) < (p} foralln €N,

where we set diam(B) = sup,, ,cp d(x,y) for any set B C C, and such that
d(Vn+m14m(Ym,1(2)), L) < (p7 for alln € N.

(I) For 7-a.e. v € (Rat,)N, we have that Leby(J,) = 0, where Leby denotes that 2-dimensional
Lebesgue measure on C.

Remark 1.3. In Theorems 3.77, 3.82, we show more generalized results in which we deal with
random dynamical systems of 7 € 9 .(Rat) such that supp 7 is included in a finite union of loci
of holomorphic families {W; }}”:1 of rational maps, and supp 7 meets the locus of each W;.

We remark that statements (I), (II) in Theorem 1.2 cannot hold for deterministic iteration
dynamics of a single f € Raty. In fact the dynamics of f : J(f) — J(f) is chaotic, and we
have Mafié’s result dimpg({z € C | liminf,_,o Llog | D(f™).|ls > 0}) > 0, where dimy denotes
the Hausdorff dimension with respect to the spherical distance on C (see [23]). In particular,
the set of points z € J(f) for which liminf, e Llog | D(f").||s > 0 is uncountable. Also, it is
well-known that for any open subset U of C with UnJ (f) # 0, there exists an N € N such
that for each n € N with n > N, we have f*(U) D J(f) and diam(f"(U)) > diam(J(f)) > 0.
Thus Theorem 1.2 deals with a randomness-induced phenomenon. As we see in Theorems 1.1, 1.2,
under the assumptions of Theorems 1.1, 1.2, regarding generic random complex dynamical
systems (in particular, regarding generic random polynomial dynamical systems), the



chaoticity is much weaker than that of deterministic complex dynamical systems.
This arises from the effect of randomness and Theorems 1.1, 1.2 deal with randomness-induced
phenomena. Note that the statements in Theorems 1.1, 1.2 are a kind of analogues of
the conjecture of density of hyperbolic maps ([25]) in deterministic complex dynamics.

We remark that in [10] and [38, 39], regarding random complex dynamical systems, results
on disappearance of chaos were shown. In [10], it was assumed that S(W) = ) and the noise is
very small, which implies that the systems in the paper have empty kernel Julia sets Jye;(G) of
corresponding rational semigroups. In [39], it was also assumed that S(W) = (§ (for a holomorphic
family W of polynomials, it was assumed that S(W) \ {oco} = 0) but the range of the noise could
be big, and it was shown that the generic systems have empty kernel Julia sets, which implies
that the chaoticity of the systems is much weaker than that of deterministic complex dynamical
systems. In this paper, it is important that in Theorems 1.1 and 1.2, the set A may contain
many 7 for which Ji,(G,) # 0 and there exists an element L € Min(G,,C) which is
finite and x(7,L) > 0 (Theorem 1.4, Corollary 1.5, Lemma 4.3, Examples 1.7, 5.4— 5.7). Once
we have non-empty kernel Julia set, the analysis of the system is much more difficult
than the cases with empty kernel Julia sets, even if the kernel Julia set is finite. We need a
new framework and more technical arguments to study such systems.

We apply the results and the methods in the above to finding roots of any polynomial g € P by
random relaxed Newton’s methods as we explained below. Let g € P.Let A :={A € C| |A\—1] < 1}

and let Ny x(z) = z—)\j,((zz)) for each A € A. Let W, = {Ng x}aea- Let Yy := {N, \ € Rat | A € A}.
Then )Y, is called the random relaxed Newton’s method set for g and W, is called the
random relaxed Newton’s method family for g. Also, (V,, ;) is called the random relaxed
Newton’s method scheme for g. Moreover, for each 7 € M .(},), the random dynamical
system on ® generated by 7 is called a random relaxed Newton’s method (or random
relaxed Newton’s method system) for g. Furthermore, let Q4 := {20 € C | g(20) = 0}.

We now present the third main theorem of this paper.

Theorem 1.4 (For the details, see Theorem 4.4). Let g € P. Let (Vg,W,) be the random relazed
Newton’s method scheme for g. Then we have the following (I) and (IT).

(I) (Almost Sure Convergence to a Root of g) Let A = {\ € C | A —1] < 1}. Let
n € My c(A) be an element such that int(suppn) D {A € C | |]XA = 1| < 1} and n is absolutely
continuous with respect to the 2-dimensional Lebesgue measure on A. Here, int(suppn) de-
notes the set of interior points of suppn with respect to the topology in A. Let ) = @9 1n €
M (AN). Then for each zyp € C\{z € C | ¢'(2) = 0 and g(z) # 0}, there exists a Borel
subset Cp ., of AN with 7(C,, .,) = 1 such that for each (A1, \a,...) € Cy ., the sequence
{Ng, 0 0Ny (20)}02, tends to a root & = (20, A1, A2, ...) of g as n — oo exponentially
fast.

Also, for f-a.e. X = (A1, \a,...) € AN, we have that Lebg(Jv(X)) =0 and for each z € FW(X)>

there exists a root x = x(1,X,z) of g such that Ny, o---0 Ngx,(z) = z as n — o0
exponentially fast. Here, we set ¥(X) = (Ngx,,Ngxy»--.) € Vi for each X = (A1, Ap,...) €
AN,

(II) There exists an open and dense subset A of My (V,) such that we have all of the following
(1) (i) (i)
(i) Regarding any element n € My (A) as in (I), we have 7 € A, under the canonical
identification A =2 Y.
(ii) For each 1 € A, statements (I)(I1) in Theorem 1.1 and statements (I)(I1) in Theorem 1.2
hold for .
(iii) Let 7 € A. Then Min(G,C) is equal to the union of {{z} | x € Qgz} U {{oo}} and
{L € Min(G,,C) | L C C\ Qq, L is attracting for 7}. Also, for each v € Qg4, the
minimal set {x} is attracting for 7. Furthermore, Jxer(G) # 0.



We say that a non-constant polynomial g is normalized if {zy € C | g(z9) = 0} is included in
D := {z € C | |z| < 1}. For a given polynomial g, sometimes it is not difficult for us to find an
element a € R with a > 0 such that g(az) is a normalized polynomial of z. It is well-known that if
g € P is a normalized polynomial, then so is ¢’ (see [1]). Thus, we obtain the following corollary.

Corollary 1.5. Let g € P be a normalized polynomial. Let A = {\ € C | |]A—1| < 1}. Let zp € C\D.
Let m € My (A) be an element such that int(suppn) D {A € C | [A— 1| < 1} and 7 is absolutely
continuous with respect to the 2-dimensional Lebesgue measure on A. Let 7j = @511 € Iy (AN).
Then for fj-a.e. (A1, Aa,...) € AN, {Ny \ o---0Ny x, (20)}52, tends to a root x = x(20, A1, A2, . ..) of
g as n — co. Moreover, if, in addition to the assumptions of our theorem, we know the coefficients
of g explicitly, then by the following algorithm in which we consider deg(g)-random orbits of zg
under deg(g)-different random relaxzed Newton’s methods, we can find all roots of g almost surely
with arbitrarily small errors.

(1) We first consider the random relaxed Newton’s method scheme (Vg,, Wy,) for g1 = g. By
Theorem 1.4, for fi-a.e. (A1,Ma,...) € AN, {N, 1, o0 Ny x (20)}2, tends to a root
x = x(20,A1,Aa,...) of g. Let x1 be one of such x(zg9,A1,A2,...) (with arbitrarily small
error).

(2) Let g2(2) = g(2)/(z — x1). By using synthetic division, we regard gs as a polynomial which
divides g1 (with arbitrarily small error). Note that go is also a normalized polynomial. We
consider the random relaxed Newton’s method scheme (Yg,, Wy,) for g2. By Theorem 1.4, for
f-a.e. (M, Aay...) € AN, {Ng, \, 00 Ny, A, (20) 32, tends to a root x = (20, A1, A2y .. .)
of g2, which is also a root of g (with arbitrarily small error).

(3) Let g3(2) = g2(2)/(z — x2) and as in the above, we find a root x3 of g with arbitrarily small
error. Continue this method.

We remark that in Theorem 1.4 and Corollary 1.5, we have several kinds of nice effects of
noise or randomnees, even though any system has non-empty kernel Julia set of the corresponding
rational semigroup (in fact, co is a common repelling fixed point of any map in the system and
{z0 € C | ¢'(20) = 0,9(20) # 0} U {oo} is included in the kernel Julia set). In order to analyze
such systems with non-empty kernel Julia sets, we need a new framework and much more technical
arguments than those of [38], [39]. See the second remark after Remark 1.3.

Remark 1.6. (I) Regarding the original Newton’s method, M. Hurley showed in [15] that for
any k € N with k& > 3, there exists a polynomial g of deg(g) = k such that the Newton’s method
map Ng(z) = Ny1(z) = z — g(2)/¢'(2) for g has 2k — 2 different attracting cycles. Thus this Ny
has k — 2 attracting cycles which are not zeros of g. Since attracting cycles are stable under small
perturbations, it follows that for any k& > 3, there exist a non-empty open subset Uy of Py :=
{g € P | deg(g) = k} and a non-empty open subset Vj of C such that for each (g, z) € Uy X Vi,
{Ng(20)}721 cannot converge to any root of g.

(II) C. McMullen showed in [24] that for any k¥ € N,k > 4 and for any | € N, there exists NO
rational map N : P, — Rat; := {f € Rat | deg(f) = [} such that for any g in an open dense subset
of Py, for any z in an open dense subset of C, N(g)"(z) tends to a root of g as n — oco.

(III) The essential assumptions on 7 in Theorem 1.4 (III) and 7 in Corollary 1.5
of this paper do not depend on g € P. By (I)(II), it follows that the statements of Theo-
rem 1.4 and Corollary 1.5 cannot hold in the deterministic Newton’s method and any
other deterministic complex analytic iterative schemes to find roots of polynomials.
Thus Theorem 1.4 and Corollary 1.5 deal with randomness-induced phenomena.

(IV) J. Hubbard, D. Schleicher and S. Sutherland showed in [16] that for each k € N, there
exists a finite subset By, of C with #By, < 1.1k(log k)? satisfying that for any normalized polynomial
g with deg(g) = k and for every root z of g, there exists a point 2o € By such that {N;(20)}n2,
converges to x.



Note that this is the first paper to investigate random relaxed Newton’s method systematically.
It is important that in Theorem 1.4 (III) and Corollary 1.5, the size of the noise is big which
enables the system to make the minimal set with period greater than 1 collapse. However, since
the size of the noise is big, it is not enough for us to consider the arguments which are similar to
those of deterministic dynamics of one map, thus we have to develop the theory of random complex
dynamical systems with noise or randomness of any size as in Theorems 1.1, 1.2.

As we see before, in Theorems 1.1 and 1.2, the chaoticity of random complex dynamical systems
is much weaker than that of deterministic dynamical systems. However, the random systems may
have still a kind of complexity or chaoticity. For example, when we consider the function 77, ,
of probability of tending to one L € Min(G, @)7 then under certain conditions, this function is
continuous on C and even more, this is a-Holder continuous on C for some « € (0,1) but there
exists an element 5 € (0,1) such that Tt cannot be §-Hélder continuous on C. This implies that
the system generated by 7 does not act mildly (i.e., the transition operator M, of 7 does not act
mildly) on the Banach space C#(C) of S-Hélder continuous functions on C endowed with S-Hélder
norm || - || (e.g., there exists a ¢ € C#(C) such that || M (¢)||z — co as n — oc). Thus regarding
the random (complex) dynamical systems, we have the gradations between chaos and order
(see [38, 39, 17, 18, 20, 41]).

In Theorems 3.80 and 3.83, we show the results on random dynamical systems generated by
measures 7 on a nice subset ) of Rat without assuming ) is mild. We show that considering the
mild part 9y ¢ maq(Y) (the set of elements 7 which has an attractor, see Definition 3.78), there
exists an open and dense subset A of My ¢ mia(Y) such that for each 7 € A, statements (I)(II) in
Theorem 1.1 and statements (I)(II) in Theorem 1.2 hold. Also, denoting by 9 . sr()) the set
of elements 7 € My () for which J(G,) = C and either Min(G,,C) = {C} or Uremin(a,.6)L C
S(W), we show that the union of A and Mty .,y (V) is dense in M (Y) (Theorems 3.80 and 3.83).

Example 1.7. We give some examples of ) satisfying the assumptions in Theorems 1.1, 1.2,
3.77, 3.82. For the details and the proofs, see Section 5. In the following, A denotes the open
and dense subset of (M (Y), 0) or (M ,(V,{W;}7-,),O) (for the notation, see Definition 3.40)
in Theorems 1.1, 1.2, 3.77, 3.82. As mentioned before, if Jie (G,) # 0, it is much more diffi-
cult to show the statements on convergence of measures and negativity of Lyapunov
exponents in Theorems 1.1, 1.2, 3.77, 3.82 than the cases with Ji. (G,) = 0.

(i) For each ¢ € N with ¢ > 2, let P, := {f € P | deg(f) = q}. Let (q1,...,¢m) € N with
1 <@gz <-- <@y andlet W; = {f}fequ,j =1,...,mand let Y = UL, P,.. In this case,
S(W;) \ {co} = 0 for each j and the set 2, in Theorem 1.2 can be taken as C. (Note that
this result has been already obtained in [39].)

(ii) Let ¢ € N with ¢ > 2 and let W = {29 + c}eec. Let Y = {22+ ¢ | ¢ € C}. In this case,
SOW) \ {oco} = 0 and the set Q. in Theorem 1.2 can be taken as C. (Note that this result
has been already obtained in [39].)

(iii) Let W = {Xz(1 = 2)}rec\qoy and let ¥ = {Az(1 —2) € Po | A € C\ {0}}. In this case,
SW) = {0,1} U {oc} and S(W) \ {oo} # (. There exists a non-empty open subset A" of A
such that for each 7 € A’, we have Jior(G,) # 0 and Q, in Theorem 1.2 cannot be equal to
C. We can classify elements 7 € A in terms of averaged behavior (Example 5.4).

(iv) Let f € P such that if 2o € C and f(z0) = 0, then f’(z9) # 0. Let W = {z + A f(2) }aec\{0}
and let Y = {z+ Af(z) € P| A € C\{0}}. In this case, SOW) = {20 € C| f(20) = 0} U {o0}
and S(W)\ {oo} # (). Then there exists a non-empty open subset A’ of A such that for each
7€ A, we have Jyer(G;) # 0 and €, in Theorem 1.2 cannot be equal to C.

(v) Let n € N with n > 2 and let w = €>™/™ € C. Let W; = {w'(z + A(2" — 1)) }rec\ (o} for
eachi=1,...,n. Let i1,...,4m € {1,...,n} with 41 < ig--- < iy,. For these i1,..., iy, let



Y =U {w'(z4+A(z" — 1)) € P | X € C\{0}}. Then there exists a non-empty open subset
A’ of A such that for each 7 € A’, we have Ji;(G,) # 0 and ., in Theorem 1.2 cannot be
equal to C.

The strategy to prove Theorems 1.1, 1.2, 3.77, 3.82 is as follows. Let ) be a mild subset of
Rat; and suppose that ) is nice with respect to a holomorphic family W = {fy}aca of rational
maps. Let 79 € MMy .()). Then there exists an element 7 which is arbitrarily close to 7o and
int(supp 7) # (). Here, int (supp 7) denotes the set of interior points of supp 7 with respect to the
topology in ) which is endowed with the relative topology from Rat. We show that for such 7,
we have Jyer(Gr) C S(W) and hence fJie, (G) < 00, by using Montel’s theorem (Lemmas 3.44,
3.45). In Proposition 3.63, we develop a theory on the systems with finite kernel Julia sets
based on careful observations on limit functions on the Fatou sets by using the hyperbolic
metrics on the Fatou components (Lemma 3.60), and we obtain that for each L € Min(G,, C)
with LN F(G,) # 0, the dynamics in Fatou components which meet L are locally contracting and
fMin(G., @) < 0. Also, we develop a theory on bifurcation of minimal sets under perturbation
which was initiated by the author of this paper in [39] in Lemma 3.71, and applying it and
enlarging the support of 7 a little bit, we obtain that any L € Min(G-, @) with LN F(G,) # 0 is
attracting for 7. By the theory of finite Markov chains ([9]), we see that for such 7 and for each
L € Min(G,, C) with L C Jier(G), there exists a canonical invariant measure on L (Lemmas 3.22,
3.23, Definition 3.28). It is very important and useful to show that for any y € C, letting E, =
(7= (11,72,-) € (supp ™) |y € P17 A (J(G))

for 7 -a.e. v = (71,72,...) € By, we have d(vn,1(y), Jker(G7)) — 0 as n — oo,

by using careful observations on random dynamical systems on general compact metric spaces
(Lemma 3.15).

We next observe the local dynamics of G at each point of S(W). By enlarging the support of 7
a little bit, by some careful arguments, it turns out that we may assume that each L € Min(G-, (@)
with L C S(W) satisfies one of the following conditions (I)—(IV). (I) “Uniformly expanding”.
(IT) “Attracting”. (III) “There exist a point z; € L and elements gi,g2,93 € G, such that
91(21) = 21, [[D(g1)z ||ls > 1, g2(21) = 21, [[D(g2)z1ls < 1, g3(21) = 21, and g5 has a Siegel disk
with center z;”. (IV) “There exists a point z; € L such that for each A € A, we have D(f)),, = 0.
Moreover, there exist a point z; € L and an element g € G such that g(z2) = 22 and || Dg,||s > 17.
By using some results on rational semigroups from [13], it turns out that if L is of type (III) or (IV),
then L C int(J(G,)). Here, int(J(G,)) denotes the set of interior points of J(G,) with respect to
the topology in C. In particular, for each z € F(G.), we have G(z) N L = (. Tt turns out that for
each z € F(G,), if G(z) does not meet any attracting minimal set of 7, then G(z) meets a minimal
set L which is uniformly expanding. Thus G(z) meets a backward image of L under some element
of G, which is included in a compact subset of J(G) \ S(W). By enlarging the support of 7 a
little bit again, we obtain that for each z € F(G;), G(z) meets an attracting minimal set of 7.
From these arguments, we can show that this 7 is weakly mean stable, i.e., there exist a positive
integer n and two non-empty open subsets Vi ;, V3, of C with Vi, C Vo, and ﬁ(@ \V2.7) > 3 such
that (a) for each (y1,...,,7n) € (supp7)”, we have v, ---v1(Va,7) C Vi -, (b) we have §D, < oo,
where D, := ﬂgegrg’l(@ \ Va.+), and (c) for each L € Min(G,,C) with L C D,, there exist an
element z € L and an element g, € G, such that z is a repelling fixed point of g,. From this fact,
we can prove the existence of an open and dense subset A in Theorems 1.1, 3.77. If we assume
further that ) is non-exceptional with respect to W, then we can show that there exists an open
and dense subset A’ of A such that for each 7 € A, (1) for each L € Min(G,,C) with L ¢ S(W),
we have x(7,L) # 0, and (2) for each L € Min(G,,C) with L ¢ S(W), if x(r,L) > 0, then for
each z € L and for each g € supp7, we have Dg, # 0. Combining this fact and the observations
on the local behavior of the systems around the minimal sets with non-zero Lyapunov exponents
(Lemmas 3.29-3.35), we can prove that each element of 7 € A’ satisfies statements (I)(II) in
Theorem 1.2.




By the above arguments, we obtain the following.

Corollary 1.8 (For more generalized result, see Theorem 3.77). Under the assumptions of Theo-
rem 1.1, the set of weakly mean stable elements T € (M4 (), O) is open and dense in (M (V), O).

Note that weak mean stability is a new concept introduced by the author of this paper, and it
is crucial to consider the density of weakly mean stable elements to prove Theorems 1.1, 1.2, 3.77,
3.82. We emphasize that weak mean stability implies many interesting properties (Lemma 3.74,
Theorem 3.81). We remark that in [38], the notion mean stability (i.e., every minimal set is
attracting) was introduced by the author of this paper and it was proved in [39] that the set of
mean stable elements 7 € 9 (P) is open and dense in My .(P). Mean stability implies weak mean
stability, but the converse is not true. In fact, there are many examples of mild and nice sets Y
for which there exists a non-empty open subset A" of A (where A is the set in Theorems 1.1, 1.2)
such that each 7 € A” is not mean stable (but is weakly mean stable). For such examples,
see Theorems 1.4, 4.4, Example 1.7 (iii)—(v) and Examples 5.4-5.7.

Regarding Theorem 1.2, the simplest system which has the properties described in Theo-
rem 1.2(T)(a)(b) and (IT) (negativity of Lyapunov exponents, etc.) is the system given by random
perturbation of a hyperbolic polynomial map with small uniform additive noise (e.g. random it-
eration of the maps 2% + ¢,, where the complex numbers c¢,, are chosen from a small disc around
0 uniformly). In this case, a random orbit can easily go away from the Julia set of the semigroup
associated with the system and tend to one of the common attractors. However, we remark that in
Theorem 1.2, we do not assume any kind of hyperbolicity, and the size of the noise (or randomness)
might be very big. In the proof of Theorem 1.2, we need many technical arguments, of which ideas
are decribed before.

We remark that there have been many studies on random dynamical systems of diffeomor-
phisms (or homeomorphisms) on manifolds. In [2] and [21], the setting and the proofs for random
dynamical systems of diffeomorphisms or homeomorphisms are completely different from those in
this paper, but it is interesting to see that the results in [2] and [21] are, formally, in the same
spirit.

In Section 2, we give some fundamental notations and definitions, and present some basic
facts on rational semigroups. In Section 3, we develope the theory of random complex dynamical
systems with possibly non-empty kernel Julia sets. In particular we study various kinds of Fatou
sets and Julia sets for the iteration of M* and the function 77, . of probability of tending to one
L € Min(G-, C) Applying them, we prove several theorems including Theorems 1.1, 1.2 and the
detailed versions Theorems 3.77, 3.82 of them. In Section 4, we apply Theorems 1.1, 1.2, 3.77, 3.82
and the other results in Section 3 to random relaxed Newton’s methods in which we find roots of
given polynomials, and we show Theorem 1.4 and the detailed version Theorem 4.4. In Section 5,
we give some examples to which we can apply the main theorems and we classify elements 7 € A
for some sets ). In section 6, we give the list of notations of this paper.

2 Preliminaries

In this section, we give some fundamental notations and definitions.

Notation. Let (X,d) be a metric space, A a subset of X, and » > 0. We set B(A,r) =
{z € X | d(z, A) < r}. Moreover, for a subset C of C, we set D(C,r) := {z € C | infyec |z—a| < r}.
Moreover, for any topological space Y and for any subset A of Y, we denote by int(A) the set of
all interior points of A. We denote by Con(A) the set of all connected components of A.

Definition 2.1. Let Y be a metric space. We set CM(Y) := {f : Y — Y | f is continuous} en-
dowed with the compact-open topology. Also, we set OCM(Y) := {f € CM(Y) | f is an open map}
endowed with the relative topology from CM(Y'). Moreover, we denote by C(Y') the space of all
continuous functions ¢ : Y — C. If Y is compact, we endow C(Y") with the supremum norm || - || -



Remark 2.2. CM(Y) and OCM(Y'), are semigroups with the semigroup operation being functional
composition. If Y is a compact metric space, then CM(Y") is a complete separable metric space.

Definition 2.3. A rational semigroup is a semigroup generated by a family of non-constant
rational maps on C with the semigroup operation being functional composition([13, 12]). A poly-
nomial semigroup is a semigroup generated by a family of non-constant polynomial maps. We
set Rat : = {h: C—¢C | h is a non-constant rational map} endowed with the distance x which is
defined by x(f, g) := sup, ¢ d(f(2),9(2)), where d denotes the spherical distance on C. Moreover,
we set Raty := {h € Rat | deg(h) > 2} endowed with the relative topology from Rat. Also, we set
P:={g: C—>¢C | g is a polynomial, deg(g) > 2} endowed with the relative topology from Rat.

Remark 2.4. ([3, Theorem 2.8.2, Corollary 2.8.3]) Let Rat,, := {g € Rat | deg(g) = m} for each
m € N and let Py, := {g € P | deg(g) = m} for each m € N with m > 2. Then for each m, Rat,,
(resp. Pp,) is a connected component of Rat (resp. P). Moreover, Rat,, (resp. P,,) is open and
closed in Rat (resp. P) and is a finite dimensional complex manifold. Also, h,, — h in P if and
only if deg(h,,) = deg(h) for each large n and the coefficients of h,, tend to the coefficients of h
appropriately as n — co.

Definition 2.5. Let Y be a compact metric space and let G be a subsemigroup of CM(Y"). The
Fatou set of G is defined to be

F(G) :={z €Y | 3 neighborhood U of z s.t.{g|y : U — @}geg is equicontinuous on U}.

(For the definition of equicontinuity, see [3].) The Julia set of G is defined to be J(G) := C\ F(G).
If G is generated by {g;}7, (i.e., G ={gi; 0---0g;, | n € Nyiy,...,in € {1,...,m}}) , then we
write G = (g1,92,...,9m). If G is generated by a subset I' of CM(Y") (i.e., G is equal to the set
{hio---oh, | n€Nhy...,h, €A}), then we write G = (T'). For a subset A of Y, we set
G(A) := Uyeq 9(A) and G71(A) := U,eq 971 (A). We set G* := G U {Id}, where Id denotes the
identity map.

Lemma 2.6 ([13, 12]). Let Y be a compact metric space and let G be a subsemigroup of OCM(Y).
Then, for each h € G, h(F(G)) C F(G) and h™'(J(G)) C J(G). Note that the equality does not
hold in general.

Regarding the dynamics of rational semigroups G, we have the following. F(G) is G-forward
invariant and .J(G) is G-backward invariant. Here, we say that a set A C C is G-backward
invariant, if g7!(A) C A for each g € G, and we say that A is G-forward invariant, if g(A) C A4,
for each g € G. If §(J(G)) > 3, then J(G) is a perfect set and §(E(G)) < 2, where E(G) :=
{z € C|1G ! (2) < oo}. (E(G) is called the exceptional set of G.) Moreover, if #.J(G) > 3 and
if z € C\ E(G), then J(G) € G~1(z). In particular, if $J(G) > 3 and z € J(G) \ E(G), then
G=1(z) = J(G). Also, if #(J(G)) > 3, then J(G) is the smallest closed subset of C containing
at least three points which is G-backward invariant. Furthermore, if §(J(G)) > 3, then we have
J(G) = {z € C| z is a repelling fixed point of some g € G} = UgeaJ (g). For the proofs of these
results, see [13] and [29]. We remark that [29] is a very nice introductory article of rational
semigroups.

The following is the key to investigating random complex dynamics.

Definition 2.7. Let Y be a compact metric space and let G be a subsemigroup of CM(Y"). We
set Jier(G) = e g 1(J(G)). This is called the kernel Julia set of G.

Remark 2.8. Let Y be a compact metric space and let G be a subsemigroup of CM(Y). (1)
Jker(G) 1s a compact subset of J(G). (2) For each h € G, h(Jker(G)) C Jier(G). (3) Let G be
a rational semigroup and suppose F(G) # (0. Then int(Jxe(G)) = 0. For, suppose F(G) #
and int(Jxe;(G)) # 0. Let A = int(Jxer(G)). Then for each g € G, we have g(A) C A since
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9(Jker (@) C Jier(G). Moreover, since F(G) # (), we have #(C \ A) > 3. By Montel’s theorem,
it follows that § # A C F(G). However, this is a contradiction since A C Jier(G) C J(G). (4)
If G € OCM(G) and G is generated by a single map or if G is a group, then Jye;(G) = J(G).
However, for a general rational semigroup G, it may happen that 0 = Jixe (G) # J(G) (see [38]).

In the rest of this paper we sometimes need some results of random complex dynamical systems
from [38, 39].

3 Random complex dynamical systems

In this section, we develope the theory of random complex dynamical systems and prove several
theorems including Theorems 1.1, 1.2 and the detailed versions Theorems 3.77, 3.82 of them.

3.1 Random dynamical systems on general compact metric spaces

In this subsection we show some results on random dynamical systems on general compact metric
spaces. It is sometimes important to investigate the dynamics of sequences of maps.

Definition 3.1. Let Y be a compact metric space. For each v = (y1,72,...) € (CM(Y))N and
each m,n € N with m > n, we set V. n = ¥m 0 -+ 07, and we set vp,1 = Id. Also, we set
Fyo:={2 €Y | {vn1}nen is equicontinuous at the one point z},

F, :={z € Y | 3 neighborhood U of z s.t. {7Vn,1}nen is equicontinuous on U},
Jyo =Y\ F,o and J, := Y \ F,. The set F, is called the Fatou set of the sequence v and
the set .J, is called the Julia set of the sequence 7. Moreover, we set F70 := {y} x F, o(C
(CMY))Y xY), F7:={y} x F, (C (CMY)N xY), J*0 := {4} x J,0(C (CM(Y))N x Y) and
JV = {y} x J, (C (CM(Y))N x Y).
Remark 3.2. Let v € (Rat)Y. Then by Montel’s theorem, .J, o = J,. Also, if v € (Rat)", then
by [3, Theorem 2.8.2], J., # (. Moreover, if I is a non-empty compact subset of Rat, and v € 'Y,
then by [33], J, is a perfect set and J, has uncountably many points.

Lemma 3.3. Let Y be a compact metric space. Let I' be a non-empty closed subset of an open
subset of CM(Y'). Then U, cpn F0 Uyern 7 U, epn J70 and U, ern J7 are Borel measurable
subsets of TN x Y and

1
U FY0 = {(y,y) e TN x Y| lim supdiamy, 1(B(y, —)) = 0}, (2)
yery = 1
v N . . / - _
U F7 = U{(W,y) el xY | n}l_rgo ilg; sup diamy, 1(B(y', m)) 0}. (3)

1
~ern pEN y/GB(y,;)

Proof. By the definition of F”7, we obtain (2) and (3). From (2) and (3), it follows that (. cpw F7°
and |J cpw 7 are Borel subsets of ' x Y. Thus U, e J70 and U, epw J7 are also Borel subsets
of TN x Y. O

We now give some notations on random dynamics.

Definition 3.4. For a metric space Y, we denote by 211 (Y") the space of all Borel probability mea-
sures on Y endowed with the topology such that p,, — w in 9% (Y) if and only if for each bounded
continuous function ¢ : Y — C, [ ¢ du,, — [ ¢ dp. Note that if Y is a compact metric space, then
o 1 | [oidui—[ ¢jdus|
J=1 20 14| [ ¢jdu1— [ ¢jduz|’
{#;};en is a dense subset of C'(Y). Furthermore, for each 7 € 9, (Y"), the topological support supp 7
of 7 is defined as supp 7 := {# € Y | V neighborhood U of z, 7(U) > 0}. Note that supp 7 is a closed
subset of Y. Furthermore, we set M (V) := {7 € M1 (Y) | supp 7 is a compact subset of Y'}.

For a complex Banach space B, we denote by B* the space of all continuous complex linear
functionals p : B — C, endowed with the weak* topology.

M1 (Y) is a compact metric space with the metric do(u1, p2) == where
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For any 7 € 91, (CM(Y)), we will consider the i.i.d. random dynamics on Y such that at every
step we choose a map g € CM(Y) according to 7 (thus this determines a time-discrete Markov
process with time-homogeneous transition probabilities on the state space Y such that for each
z € Y and each Borel measurable subset A of Y, the transition probability p(z, A) from = to A is
defined as p(z, A) = 7({g € CM(Y) | g(z) € A})).

Definition 3.5. Let Y be a compact metric space. Let 7 € 9t (CM(Y)).

1. We denote by supp 7 the topological support of 7 (thus supp 7 is a closed subset of CM(Y)).
Moreover, we set X, := (supp7) (= {v = (71,72,.-.) | 7; € supp7 (Vj)}) endowed with
the product topology. Furthermore, we set 7 := ®72 ;7. This is the unique Borel probability
measure on X, such that for each cylinder set A = Ay X -+ X A, X Supp7 X supp7 X - -+
in X, 7(4) = H?:l 7(A;). We denote by G, the subsemigroup of CM(Y") generated by the
subset supp 7 of CM(Y).

2. Let M, be the operator on C(Y') defined by M, (¢)(z) := fsuppr w(g(z)) dr(g). M, is called

the transition operator of the Markov process induced by 7. Moreover, let M} : C(Y)* —
C(Y)* be the dual of M,, which is defined as M*(u)(¢) = pw(M-(p)) for each p € C(Y)*
and each ¢ € C(Y). Remark: we have M*(9;(Y)) € My (Y) and for each p € My (Y) and
each open subset V of Y, we have M*(u)(V) = fsuppr w(g=1(V)) dr(g).

3. We denote by Fineas(7) the set of p € M (Y) satisfying that there exists a neighborhood B
of 1 in My (Y') such that the sequence {(M*)"|5 : B — M1 (Y ) }nen is equicontinuous on B.
We set Jmeas(7) := IM1(Y) \ Frieas(7)-

4. We denote by FY (1) the set of u € 9 (V) satisfying that {(M*)™ : M (V) — M1(Y) bnen
is equicontinuous at the one point p. Note that Fpeas(T) C F2 (7).
5. We set J), o (1) = M1 (C) \ Fp 4 (7)-
Remark 3.6. We have F,cos(7) C F2 . .(7) and J2, ... (T) C Jimeas(T)-

Remark 3.7. Let T' be a closed subset of an open subset U of Rat. Then there exists a 7 € 9 (U)
such that supp 7 (in the sense of Definition 3.4) is equal to T'. By using this fact, we sometimes
apply the results on random complex dynamics to the study of the dynamics of rational semigroups.

Definition 3.8. Let Y be a compact metric space. Let ® : Y — 9 (Y) be the topological
embedding defined by: ®(z) := 4., where 0, denotes the Dirac measure at z. Using this topological
embedding ® : Y — 9y (Y), we regard Y as a compact subset of M (V).

Remark 3.9. If h 6 Rat and T = 5h, then we have Mo ® = ®oh on C. Moreover, for a general
T € My (Rat), = [ h( ) for each p € 9y ((C) Therefore, for a general 7 € M (Rat),

the map M* : 93?1((C) — 9JI1(C) can be regarded as the “averaged map” on the extension 9t (C)
of C.

Definition 3.10. Let Y be a compact metric space. Let 7 € 9 (CM(Y)). Regarding YV as a
compact subset of M (V') as in Definition 3.8, we use the following notation.

1. We denote by F.(7) the set of z € Y satisfying that there exists a neighborhood B of z
in Y such that the sequence{(M*)"|p : B — MM1(Y)}nen is equicontinuous on B. We set

Ipt(T) =Y\ Fpe(7).

2. Similarly, we denote by FJ(7) the set of z € Y such that the sequence {(M;)"]y : ¥ —
M1 (Y)}nen is equicontinuous at the one point z € Y. We set J), (1) := Y \ FJ(7).

Also, the set Jier(G) is called the kernel Julia set of 7.
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Remark 3.11. We have F, (1) C F(7) and J3,(7) C Jpe(7)NT 0, (T) (regarding Y as a compact

subset of 9 (Y') by using the topological embedding ® : Y — 9t (Y)).

Remark 3.12. If 7 = §;, € 91 (Raty) with A € Rat, then Jgt (1) and Jyneqs(7) are uncountable.
In fact, we have 0 # J(h) C JJ;(7) and J(h) is uncountable.

Lemma 3.13. Let Y be a compact metric space. Let 7 € M(CM(Y)). Let y € Y. Suppose
F({y € (M) |y € Jyo}) = 0. Then y € F3,(r).

Proof. By (3) in Lemma 3.3 and the assumption of our lemma, we obtain that for 7-a.e.y €
(CM(Y))N, limy— o0 SUP,,>; diam(yn,1(B(y, =))) = 0. Let € > 0. By Egoroff’s theorem, there
exists a Borel subset A; of X, with 7(X, \ A1) < € such that

sup diam(5,.1 (B )0 (4)

as m — oo uniformly on A;. Let ¢ € C(Y). Then there exists a §; > 0 such that if d(z1, 22) < &;
then |p(z1) — ¢(22)] < €. By (4), there exists a d; > 0 such that for each z € Y with d(z,y) < da,
for each v € Ay, and for each n € N, we have d(vy,,1(2), Vn,1(¥)) < 1. Therefore for each z € Y
with d(z,y) < 2, we have

MR (9)(2) — MM (W) < /A 0t (2) — ol (W) (7) + /X TPl (2) — £ )Id70)

< 7(A1) e+ 2¢e-supp(a)
acC

IN

(1 4 2[l¢plloo)-
It follows that y € F),(7). Thus we have proved our lemma. O

For a smooth Riemannian real manifold ¥ with dimY = p, we denote by Leb, the (p-
dimensional) Lebesgue measure on Y.

Corollary 3.14. Let Y be a compact smooth manifold with dim(Y') = p and let 7 € M1 (CM(Y)).
Suppose that for 7-a.e.y € (CM(Y))N, Leby(Jy,0) = 0. Then Leby(J3,(1)) = 0.

Proof. Under the assumptions of our corollary, Lemma 3.3 and Fubini’s theorem imply that for
Leby-a.e.y € Y, we have 7({y € (CM(Y))Y | y € J,0}) = 0. By Lemma 3.13, it follows that for
Lebp-aeyeY,y e th(T). Thus we have proved our corollary. O

The following lemma is very important and useful to prove many results.

Lemma 3.15. LetY be a compact metric space. Let T € My (CM(Y')). Let V' be a non-empty open
subset of Y. Suppose that for each g € suppt, g(V) C V. Let Lyey := Ngeg,g {(Y \V). Lety €Y
and let E:={ye X, |y € ﬁj‘?’;ﬂjfll (Y\WV)} (Remark: E depends on V). Then for 7-a.ey € E,
we have d(Vn,1(Y), Lker) = 0 as n — oo.

Proof. For each ¢ > 0 and n € N, let A(6,n) :={y € E | y1(y) € Y \ V) \ B(Lker,9)} and
C) ={y € E|3Ing € Ns.t. Vo > ng,Vn,1(y) € B(Lyer,0)}. In order to prove our lemma, it
suffices to show that

T(E\ C(6)) =0 for each ¢ > 0. (5)

Since E\ C(§) = NP, US2 n A(S,n), we have

F(E\C(9) = lim F(UpLyA(4,n)) < lim > 7(A(5,n)).
n=N

13



Thus, in order to show (5), it suffices to prove that

i T(A(0,n)) < oo for each § > 0. (6)

n=1

In order to prove (6), let § > 0. Then for each z € (Y \ V) \ B(Lyer, d), there exists an element
g- € G and a neighborhood U, of z in Y such that g.(U,) C V. Since H := (Y \ V) \ B(Lyer, 6) is
compact, there exist finitely many points 21,...,2, € Y such that H C Uj_,U,;. Since g(V) C V
for each g € supp 7, we may assume that there exists an [ € N such that for each j = 1,...,r, there
exists an element v/ = (71,...,7/) € (supp7)! with g,, =~{ o---0~J. Then for each j =1,...,r,
there exists a neighborhood W; of 49 in (supp7)! such that for each a = (a1,...,qq) € Wy,
ago---om(Us;) C V. Let & := minfj_, 7/(W;) > 0, where 7! = @,_, 7 € 9 ((CM(Y))"). For each
1=0,1,...,1 — 1 and for each n € N, let

H(8,3,n) = {y € (supp 7)™ | Yisnt,1(y) € (Y \ V) \ B(Lier: 8), Vi ns1y,1(y) € V')

and
1(5,i,m) == {y € (supp )" | Yitn1,1(y) € (Y \ V) \ B(Lier,6)}-

Note that if n # m then H(d,i,n) N H(d,5,m) = 0. Let Q1,...,Qs be mutually disjoint Borel
subsets of (Y \ V) \ B(Lyer,0) such that (Y \ V) \ B(Lker,d) = Up_;Q, and such that for each
p=1,...,s there exists a j(p) € {1,...,7} with Q, C U, Then for each i =0,1...,1—1, we

J(p)*
have
T(H(6,i,n)) = TH(HH)Z(H{’Y € (SUPPT)H(HH)I | %‘+nl,1(y) € Qpa’Yi+(n+1)l,1(Z/) eV}
p=1
= ZTH(TLH)Z({V € (SUPPT)H("H)I | Vitnt,1(¥) € Qp, Vit (nt+1)1,1(y) € V})
p=1
> ZTH(”H”({V € (supp ) TV i1 1Y) € Qpy (Yistnttts - > Vi (nanyt) € Wi })
p=1
s . .
= D T {y € (supp )T | Yignia (v) € Q) - T (W)
p=1

> o7 (1(3,i,n)),
where ][ denotes the disjoint union. Therefore

1

v

F((J{v € (supp 7)™ [ 11 (y) € V})
neN

Y%

F(|J HG,i,n)) =D #(H(8,i,n)) =Y So7(I(6,4,n)).

Thus Y7, 7(1(8,4,n)) < oo for each i =0,1,...,] — 1. Hence

A ) = 33 AUEm) < o,

Therefore (6) holds. Thus we have proved our lemma. O
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3.2 Minimal sets with finite cardinality and related lemmas

In this subsection, we show some lemmas regarding random dynamical systems having minimal
sets with finite cardinality.

Definition 3.16. For a topological space Y, we denote by Cpt(Y") the space of all non-empty
compact subsets of Y. If Y is a metric space, we endow Cpt(Y") with the Hausdorff metric.

Definition 3.17. Let X be a metric space and let G be a subsemigroup of CM(Y). Let Y € Cpt(X)
be such that G(Y) C Y. Let K € Cpt(Y). We say that K is a minimal set of (G,Y) if K is
minimal among the space {L € Cpt(Y) | G(L) C L} with respect to inclusion. Moreover, we
denote by Min(G,Y) the set of all minimal sets for (G,Y).

Remark 3.18. Let G be a rational semigroup. By Zorn’s lemma, it is easy to see that if K; €
Cpt(C) and G(K,) C K1, then there exists a K € Min(G, C) with K C K;. Moreover, it is easy to
see that for each K € Min(G, C) and each z € K, G(z) = K. In particular, if K, K, € Min(G,@)
with K7 # Ks, then K3 N Ky = (). Moreover, by the formula G(z) = K, we obtain that for each
K € Min(G, C), either (1) $K < oo or (2) K is perfect and $K > Rg. Furthermore, it is easy to see
that if I' € Cpt(Rat), G = ('), and K € Min(G, C), then K = J, . h(K).

Remark 3.19. In [38, Remark 3.9], for the statement “for each K € Min(G,Y), either (1) {K < oo
or (2) K is perfect”, we should assume that each element g € G is a finite-to-one map. See [39,
Remark 2.24].

We now show some lemmas on the minimal sets whose cardinalities are finite (Lemmas 3.22,
3.23).

Definition 3.20. Let S be a finite space and let S = 2°. Let {X,,} be a Markov chain on the state
space S with transition probability p. Suppose that p is irreducible. Then by [9, Lemma 6.6.2],
there exists a positive integer d such that for each = € S, the number d is equal to the greatest
common divisor of {n € N | p™(z,z) > 0}. This d is called the period of this Markov chain.

Definition 3.21. Let Y be a compact metric space. Let 7 € 9ty .(CM(Y)). For each r € N, we
set G7 := ({g10---0gr | g1,...,9r €SUPDT}).

The following lemma is an easy consequence of [9, Theorem 6.6.4, Lemma 6.7.1] and some
fundamental arguments.

Lemma 3.22. Let Y be a compact metric space. Let 7 € My (CM(Y)). Let K be a nonempty
finite subset of Y. Suppose that G, (K) C K. Let {K; | i = 1,...,q} = Min(G,, K) where ¢ =
fMin(G,, K). For each i = 1,...q, let p; € N be the period of the finite Markov chain with
state space K; induced by 7 (i.e. the finite Markov chain with state space K; whose transition
probability p(x, A) from x € K; to A C K; satisfies p(z,A) = 7({g € supp7 | g(x) € A})). Let
m=[[,pi €N. Let {H; | j =1,...,7} = Min(G™, K) where r = §(Min(G", K)). Then all of
the following hold.

(1) Leti=1,...,q. Then §(Min(G?, K;)) = p;. Moreover, there exist K; 1,... K, p, € Min(G?¢, K;)
such that {Kz’k: | k=1,... ,pl‘} = Min(GZT’f,Ki), K; = Uzilei,k and h(Klk) C Ki,k+1 for
each h € suppt, where K; p,4+1 := K;1. Also, for each k = 1,...,p; there exists a unique
element w; ) € My (K; i) such that (M*)Pi(w; k) = wik. Also, M (@) — ([ ¢ dw; )1k, , in
C(K; ) asn — oo for each ¢ € C(K; ), suppwik = K; p and M w; p = w; 41 in My (K;)
foreach k=1,...,p;, where w; p, 41 := w; 1. Here, for each subset B of Y, we denote by 1p
the characteristic function of B.

(2) We haver =% 1_, p; and Ui Hj = U, K;. Moreover, we have that {H; | j =1,...,r} =
{Kirxli=1,...,q,k =1,...,p;} = Min(G?™, K) for each n € N. Moreover, for each j =
1,...,r, there exists a unique Borel probability measure n; on H; such that (M™)*(n;) = n;.
Also, M (@) = ([ ¢ dn;)-1g, in C(H;) asn — oo for each ¢ € C(H;). Also, suppn; = H;
for each j =1,...,7. Moreover, if H; = K; 1, then n; = w; j.
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(3) Lety € Y and let Q be a Borel subset of X,. Let A:={y € Q| d(vn1(y),K) =0 (n = 00)}
and Aj = {y € Q| d(Yam1(w),H;) = 0 (n — o0)} for each j = 1,...,7r. Then for each
p € C(Y), we have fA (Ynm1(y))d7(y) — 22:1 T(A4;) f wdn; as n — oo.

Proof. By [9, Theorem 6.6.4 and Lemma 6.7.1], it is easy to see that statements (1)(2) hold.
Statement (3) follows from statements (1)(2) and some fundamental arguments (or one can show
statement (3) directly from statements (1)(2)). O

Lemma 3.23. Let Y be a compact metric space. Let 7 € My (CM(Y)). Let V be a non-empty
open subset of Y. Suppose that for each g € suppt, g(V) C V. Let Lyer := Ngec, g (Y \ V).
Suppose that 1 < §Lyer < 0. Let {K; |i=1,...,q} = Min(G, Lyey) where ¢ = Min(G, Lier ).
For eachi=1,...q, let p; € N be the period of the finite Markov chain with state space K; induced
byT. Let m=[[_,pi e N. Let {H; | j =1,...,7} = Min(G?, Lxer) where r = §(Min(G?", Lie)).
Then all of the following hold.

(1) Leti=1,...,q. Then §(Min(G?, K;)) = p;. Moreover, there exist K; 1, ... K, p, € Min(G?¢, K;)
such that {K; | k =1,...,p;} = Min(G?"| K;), K; = U} K, and h(K; ) C K; 41 for
each h € suppt, where K; 41 := K; 1. Also, for each k = 1,...,p; there exists a unique
element w; i, € My (K, 1) such that (MF)Pi(w; i) = w; k. Also, M™"i(p) — ([ ¢ dwi )k, , in
C(K; ) asn — oo for each ¢ € C(K; ), suppw;k = K, and Miw; = w; g+1 in My (K;)
foreach k =1,...,p;, where w; p, 41 := w; 1.

(2) We have r = 37 p; and Uj_, H; = U{_, K;. Moreover, we have that {H; | j =1,...,7} =
{Kirxli=1,....,q,k =1,...,p;} = Min(G}™, K) for each n € N. Moreover, for each j =
1,...,r, there exists a unique Borel probability measure n; on H; such that (M)*(n;) = n;.
Also, M (@) = ([ ¢ dn;)-1g, in C(H;) asn — oo for each ¢ € C(H;). Also, suppn; = H;
for each j =1,...,r. Moreover, if H; = K; 1, then n; = w; k.

(3) Let y € Y and let Q be a Borel subset of X,. Let A :={y € Q |y € ﬁ;‘;ﬂjfll(Y \V)}
and A; == {y € A | dVam1(y),Hj) = 0 (n — o0)} for each j = 1,...,r. Then for each
p € O(Y), we have [, p(ym1(y))d7(y) = 325, T(Aj) [ wdnj as n — .

Proof. Let K = Ly, Then by the assumptions of our lemma, we have that G,(K) C K and
1 < K < oo. By Lemmas 3.15 and 3.22, the statement of our lemma holds. O

3.3 Invariant measures and Lyapunov exponents

In this subsection, we define invariant measures and the Lyapunov exponents for random dynam-
ical systems generated by elements of 9t (Rat). Also, we show some results on random complex
dynamical systems having minimal sets with non-zero Lyapunov exponents.

For a holomorphic map ¢ : U — C defined on an open subset U of C and for any z € U, we
denote by Dy, : T.U — Ty,(z)@ the complex differential map of ¢ at z, where T,U denotes the
complex tangential space of U at z and TW(Z)(AC denotes the complex tangential space of C at o(2).

Also, we denote by || Dy.||s the norm of Dy, with respect to the spherical metric on C.

Definition 3.24. Let Y be a compact metric space and let T’ be a non-empty subset of CM(Y).
We endow I' with the relative topology from CM(Y). We define a map f : TN xY — I'N x Y as
follows: For a point (7,y) € I'N x Y where v = (71,72, ...), we set f(7,y) := (¢(7),71(y)), where
o : TN — TV is the shift map, that is, o(v1,72,...) = (72,73,...). Themap f: TN xY - TN x Y
is called the skew product associated with the generator system I'. Moreover, we use the
following notation.

1. Let 7 : TN x C - I'V and 7y : IV x Y — Y be the canonical projections. Note that
7 4y} = {7} x C for each v € T'N. For each v € I'N and n € N, we set = ey
7y} = 77 Ho"(v)}. Moreover, we set fr , =Y, 0 071.
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2. We set j(f) = UVEFN J7, where the closure is taken in the product space I'N x Y. Furthermore,
we set F(f) := (TN x Y)\ J(f).

3. For each v € TV, we set J¥T := 7=~} N J(f), E¥T =2 Y ({y )\ JT, Jyr = 7y (JOT),
and F’Y,F =Y \ J,Y’F.

4. When I' C Rat, for each z = (v,y) € IV x C, we set Df, := D(71)y.

Remark 3.25. Under the above notation, let G = (T'). Then 7y (J(f)) C J(G) and 7o f =com
on I'N x Y. Note that J¥! is the set of accumulation points of fiberwise Julia sets J7 Y eI,
in the fiber 77 1{v}, for each v € I'N. Note also that J¥ c J¥!', J, C J,r for each v € TN,
Moreover, for each v € I, 41 (J;) C Jo(4), 11(Jy.r) C Jo(),rs and f(J(f)) C J(f). Furthermore,
if I' € Cpt(Rat), then f?r each 7€ A 71({7) = Jo(y), 7}71(J0(,¥))~: Jy 71(J7Jp) = Jo(y),1
N Uotyr) = Jyrs FU) = J(F) = F7HI(F), and f(E(f)) = F(f) = f7HE(S)) (see [33,
Lemma 2.4]).

We now define 7-invariant measures, 7-ergodic measures and the Lyapunov exponents for 7 €
gﬁl (Rat) .

Definition 3.26. Let 7 € 911 (Rat). Let p € M, (C). We say that p is T-invariant if M*(p) = p.
Moreover, we say that a 7-invariant measusure p is 7-ergodic if A is a Borel subset of C with
p(A) > 0 and M, (14)(z) = 1a(z) for p-a.e.z € C, then p(A) = 1. For a 7-ergodic measure p, we
set X (7, p) := [log||Df.||sd(7 @ p)(z), where f : X, x C — X, x C denotes the skew product map
associated with supp 7 (see Definition 3.24). This is called the Lyapunov exponent of (7, p).

Remark 3.27. Let 7 € 9% (Rat). Let p € 9 (C) be a 7-invariant measure. Let f: X, x C —
X, x C be the skew product map associated with supp 7. Then by [27, Lemma 3.1], the measure
T®Rp € M(X, X C) is f-invariant. Also, by [27, Theorem 4.1}, if p is 7-ergodic, then 7 ® p is
ergodic with respect to f.

Definition 3.28. Let 7 € M (Rat). Let L € Min(G,,C) with fL < co. Let m € N be the period
of the finite Markov chain with state space L induced by 7 (see Definition 3.20). Then by [9,
Theorem 6.6.4 and Lemma 6.7.1] we have the following.

e tMin(G7', L) = m and setting {L; | j = 1,...,m} = Min(G7", L) we have L = U7", L;.

e Renumbering Li,..., Ly, above, for each j = 1,...,m there exists a unique wr, ; € My (L;)
such that M () — (wr,j(v))- 11, in C(L;) as n — oo for each ¢ € C(L;), (M")*(wr,;) =
wr,j,suppwr,j = Lj and M*wy j = wr, j4+1 where wr m41 := wp 1.

1 m B .
o wp = 5> 5wy, is T-ergodic.

We call wy, the canonical 7-ergodic measure on L. By [27, Lemma 3.1, Theorem 4.1], T®wy, €
My (X, x (@) is f-invariant and ergodic with respect to f, where f: X, x C — X, x C is the skew
product map associated with supp7. We set x(7,L) := [log||Df.|sd(7 ® wr)(z). This is called
the Lyapunov exponent of (7, L).

We now show a lemma and its corollary on 7-invariant and 7-ergodic measures p with negative
Lyapunov exponents (Lemma 3.29 and Corollary 3.30).

Lemma 3.29. Let T € M o(Rat). Let p € My (C) be a T-invariant and T-ergodic measure. Suppose
X(7, 1) < 0. Then for (7 @ p)-a.e. (7y,2) € (Rat)N x C, there exist a constant 6, = 61(v, z0) > 0,
a constant C = C(vy,29) > 0 and a constant o = a(7, z0) € (0,1) such that for each m € N, we
have diam(ym, 1(B(z0,61))) < Ca™. In particular, for (7 ® p)-a.e. (7,20) € (Rat)¥ x C, we have
29 € F. Moreover, for p-a.e. zy € @, we have zg € Fp?t(T).
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Proof. For each r € N| let 1, : supp T X C — R be the function defined by

log ||Dhy||s if log ||Dhylls > —r
oy — {10101 8 log Dy |
—r if log ||Dhylls < —

Let ¢, : X, x C = R be the function defined by ¢,.(v,4) = (71, ). Since x(7, ) < 0, there
exists an r € N such that [ ¢, (2)d(7 ®p)(z) < 0. Let co = — [ ¢,(2)d(7 @ p)(2) > 0. By Birkhoff’s
ergodic theorem, there exists a Borel subset A of X, x C with (7 ® u)(A) = 1 such that for each
(v,20) € A, nzj 0 Y or(f (7, 20)) = —co as n — oo. Let ¢ € (0,%co). Let (v,20) € A. There
exists an ng € N such that for each n € N with n > ny,

n—1

. Zwr Vi+1s V4,1 ZO Z@T r}/azo _CO+€0a

where 79,1 = Id. Let ¢; € R with 0 < ¢ < co Since supp 7 is compact, there exists a 6 > 0 such
that for each w € C, for each h € supp 7 and for each z € B(w, ), we have

log | Dh.|[s < ¢r(h, w) + €1, thus [|Dh.|[s < exp(¢r(h, w) + €1).
There exists a 41 > 0 with §; < % such that for each j = 1,...,n0, v;,1(B(20,61)) C B(vj,1(20), g)

Therefore we obtain

’I’Lo*l

Yno 1 (B(20,61))  C B(3mg,1(20),61exp(( Y wr(7541,751(20))) + noer))
=0

C  B(Vno,1(20),01 exp((—co + €0 + €1)n0)).

Hence we can show that for each m € NU {0},

no+m—1
Ynotm1(B(20,01)) € B(yngym1(20),01exp( > (541,71 (20)) + (no +m)er))
=0
C  B(Vng+m.1(20), 61 exp((—co + €0 + €1)(no +m)))
1)
C B(Pynoer,l(ZO)ai)

by induction on m € N U {0}. Therefore there exist a constant §; = d1(7,20) > 0, a constant
C = C(v,2) > 0 and a constant o = «(v,29) € (0,1) such that for each m € N, we have
diam(ym.1(B(20,01))) < Ca™. Hence zy € F,. Thus for p-a.e. z € C, we obtain that 7({y €
(supp 7)Y | 20 € J,}) = 0. By Lemma 3.13, it follows that for p-a.e.zg € C, zp € EJ(7). Hence we
have proved our lemma. O

Corollary 3.30. Let 7 € M .(Rat) and let L € Min(G,,C) with L < co. Suppose x(r, L) < 0.
Then for each z € L, for 7-a.e.y € (Rat)N, we have 2o € F.,. Moreover, L C th(’]').

Proof. Since suppwy = L, Lemma 3.29 implies the statement of our corollary. O

We now show some lemmas on minimal sets of G, with positive Lyapunov exponents (Lem-
mas 3.31-3.35).

Lemma 3.31. Let 7 € My (Rat). Let L € Min(G,,C) with tL. < co. Suppose x(r,L) > 0.
Suppose also that for each zy € L and for each g € suppt, Dg,, # 0. Let o > 0. Then there exist
81 > 0,69 > 0 with 0y < «, and a Borel subset A of (supp7)N with 7(A) = 1, where 6; and A do
not depend on «, such that for each zy € L, for each z € B(zp,02) \ {z0} and for each v € A,
there exists an n1 = n1(7v,2) € N with v, 1(2) & B(L,01). In particular, for each zy € L, for
F-a.e.y € (suppT)N, we have 2o € J,,.
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Proof. Since supp 7 is compact, there exists a § > 0 such that for each wy € L and for each
g € suppT, g : B(wp,5d) — C is injective. Let u := min{d(a,b) | a,b € Lya b} >0 (if L =1
then let u = 1). Let 0 < € < 2x(7, L). Then there exists a d; > 0 with §; < min{%,§} such that

(i) for each wo € L and for each g € supp 7, we have g(B(wg,d1)) C B(g(wo), §), and

(ii) for each wg € L and for each g € supp 7, there exists an inverse branch g;ol : B(g(wp),201) —
B(wo,d) of g with g, }(g(wo)) = wo such that for each w € B(g(wp),261), we have

IOg”D(g;Ol)st < IOgHD(g;ol)g(wo)Hs + €. (7)

By Birkhoff’s ergodic theorem, there exists a Borel subset A of X, with 7(A) = 1 such that for
each (v, 29) € A x L, there exists an ng = ng(7, 2z0) € N such that for each n € N with n > ng we
have

n—1

]' n T —€ n T €
=3 10g 1D (41)s, eplls = X(7, D] < e thus "D <Dl < nOEDTO,(3)

J=0

Let 6> := 2min{c, 61} > 0. Let 29 € L. Let z € B(20,02) \ {20}. Let v € A. We now prove the
following claim.
Claim 1. There exists an n € N such that v, 1(2) & B(L, 01).

To prove this claim, suppose that for each n € N, 7, 1(2) € B(L,d1). Let ng = no(v,20) be

the number defined above. Let m € N with m > ng. Then we have v (Ym—-1,1(2)) = Ym1(2),
'Ym((Vm);ifl,l(zo)('Ym,l(z))) = Ym,1(2); Ym-1,1(2) € B(vm-1,1(20),59), (’Ym);:kl’l(ZO)('Vm,l(Z)) €

B(Ym-1,1(20),50), and Vu, : B(¥m-1,1(20),50) — C is injective. Hence
- 11(2) = )2t o it (2):
Similarly, it is easy to see that for each j =1,...,m,
g1 () = (g1 o o1 (2). 9)
Combining (7), (8), (9), we obtain that

d(z,20) < Srexp(— > 10glID()n, 11 lls +mer)
j=1

= 01l D(Ym1)z 15 €™
§e—m(nL)=e) . me

IN

— 516—777,()((7',[/)—26)'
Since the above inequality holds for any m € N, it follows that z = 2zy. However, this is a contra-
diction. Therefore Claim 1 holds.

We now let zp € L and v € A. Suppose 2y € F,. Then there exists a number d3 > 0 with d3 < Js
such that for each z € B(zp,d3) \ {20} and for each n € N, we have d(vy,1(2),7n,1(20)) < 1. Since
G,(L) C L, it implies that d(y,,1(2),L) < é1 for each n € N. However, this contradicts Claim 1.
Thus we have zy € J,.

Hence, for each zg € L, for 7-a.e. v € (supp 7)Y, we have 29 € J,. O

Lemma 3.32. Let 7 € My (Rat). Let L € Min(G,,C) with §L. < co. Suppose x(r,L) > 0.
Suppose also that for each x € L and for each g € suppt, we have Dg, # 0. Let y € C. Let
B={ye X, | dymi(y),L) = 0 asn — oo}. Then for T-a.e. v € B, there exists a number
no = no(7y,y) € N such that for each n € N with n > ng, we have v,1(y) € L.
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Proof. Suppose that there exists a Borel subset By of B with 7(By) > 0 such that for each
v € By and for each n € N, v, 1(y) ¢ L. Since 7 is invariant under the shift map o : X, — X,
Lemma 3.31 implies that for 7-a.e. v € By, limsup,_,., d(7vn1(y), L) > 0. However, this is a
contradiction. Hence the statement of our lemma holds. O

Lemma 3.33. Let 7 € M, (Rat). Let y € C. Then there exists a subset A of C with #(C\ A) < Ry
such that for each v € A, 7({g € Rat | g(z) = y}) =0.

Proof. For each finite subset F' = {x1,...,x,} of C such that z1,...,, are mutually distinct, let
Brp :={g € Rat | g(z;) =y, for each ¢ =1,...,n}. Since supp 7 is compact, there exists an N € N
such that for each g € supp, deg(g) < N. Hence, if £ > N, then 7(Bp) = 7(Bp Nsupp7) =
7(0) = 0. For each k € Z with 0 < k < N, let F, = {F c C|$F = N +1 — k,7(Bp) > 0}. Note
that Fo = () from the above argument. We now prove the following claim.

Claim 1. Let k € Z with 0 < k < N. If §F;, < Vo, then §F; 11 < Np.

To prove this claim, let 0 < & < N and suppose we have that §F, < Ng. Let H be the set
{H € Fiy1 | IF € Fj, such that H C F'}. Then §H < Ry. Moreover, for each Hy, Hy € Frp1 \ H
with Hy # Hs, we have

T(BHIQBH2):0. (10)

For, let * € Hy \ Hy and let F = Hy U {z}. Then $F = N +1—k and Hy C F. Since Hy & H, we
have F' ¢ Fj. Hence 7(Bp) = 0. Since By, N By, C B, (10) holds. By (10), #(Fr+1 \ H) < No.
Therefore §F;11 < Ng. Thus we have prove Claim 1.

By Claim 1, we obtain that #{H c C | H = 1,7(By) > 0} < Ry. Hence the statement of our
lemma holds. O

Lemma 3.34. Let 7 € My (Rat). Let C be a non-empty finite subset of C. Then there ezists a
subset A of C with 2(C\ Ac) < Rg such that for each x € Ac,

7({y € X; | 3n € N such that y,,1(x) € C}) =0.

Proof. Let Dy, = {z € C| 7"({(71,---,7n) € (Supp7)" | Yn--- 71 (x) = y}) > 0} for each y € C
and each n € N, where 7" = ®@7_;7 € My .((supp7)"). By using the argument in the proof of

Lemma 3.33, we can show that D, , < Ro. Let Ac = C \ (Uyec,nenDy,n). Then ﬁ((@ \ Ac) < No.
For each x € Ac, we have

7({y € X; | In € N such that v, 1(z) € C})

< T(Unenyec{y € X7 | ma(z) = y})
< > F{reXs [ malz) =y}
neN,yeC
= Y #({(n-7m) € (suppT)" [n-- @) =y} x [] suppr)
neN,yeC j=n+1
= > "{(n ) € (Supp )™ [ - (@) = y}) = 0.
neN,yeC
Thus the statement of our lemma holds. O

Lemma 3.35. Let 7 € M, (Rat). Let L € Min(G,,C) with tL < oo. Suppose that x(r,L) > 0
and for each x € L and for each g € suppt, Dg, # 0. Then for each y € C, we have

T{v e X, | d(Ym1(y),L) >0 asn — oo}) = T7({y € X; | In € N such that v, 1(y) € L})
and

#Hy e C|7#({y € X; | d(m1(y),L) = 0 as n — co}) > 0} < Ry.
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Proof. Lemma 3.32 implies that for each y € (@,
T({v e X, | d(ym1(y),L) > 0asn — oo}) =7({y € X, | In € N such that v,,1(y) € L}).
Hence
{yeC|7({y e X; | dyn1(y), L) = 0 as n — co}) > 0}
= {yeC|7({vy € X, |3IneNsuch that v,1(y) € L}) >0} c C\ AL,

where Ay is the set for L coming from Lemma 3.34. Since #(C\ A7) < R, the statement of our
lemma holds. O

3.4 Systems with finite kernel Julia sets

In this subsection, we show a theorem on the random dynamical systems generated by elements
T € My (Rat) with Jyer (Gr) < 00.

Theorem 3.36. Let 7 € My .(Rat). Suppose we have all of the following.
(1) #Jker(Gr) < 00.
(ii) For each L € Min(G,, Jxer(G+)), we have x(7, L) # 0.

(iii) For each L € Min(G, Jxer(G+)) with x(7,L) > 0, for each g € suppT and for each x € L,
we have Dg, # 0.

Let H. = {L € Min(G, Juex(G7)) | X(7,L) > 0} and we denote by Q the set of points y € C
for which 7({y € X | 3n € N s.t. v,1(y) € Uren,L}) = 0. Then, #(C\ Q) < Ry and for each
z€Q, 7({y € X; | z € J,}) = 0. Moreover, for 7-a.e.y € (Rat)", Leba(J,) = 0. Furthermore,
(1) € C\ Q and §(JD,(1)) < Rq.

Proof. Under the assumptions of our theorem, Lemma 3.35 implies that
Q={yeC|7({ye X, | d(Yn,1(y),Uren, L) = 0 as n — oo}) = 0}. (11)

From (11) and Lemma 3.35, it follows that #(C\ Q) < No. Let z € Q. Let C, = {y € X, | z €
Jy}. Suppose 7(C,) > 0. Let H_ be the set of all L € Min(G, Jxer(G+)) with x(7,L) < 0. By
Lemma 3.15 (with V = F(G;)), Remark 3.25 and the assumptions of our theorem, we have that
for 7-a.e.y € C., d(Vn,1(2),Urer,un_L) — 0 as n — oo. Combining this with (11), we obtain that

for 7 -a.e. v € Cy,d(Yn1(2),Uren_L) — 0 as n — 0. (12)

Let 0 < e < %%(C’Z). By Corollary 3.30, for each zp € Uren_L, for 7-a.e. v, we have zg € F.
Combining this with the argument to deduce (4) in the proof of Lemma 3.13, we obtain that there
exist a Borel subset A; of X, with 7(4;) > 1— € and a d > 0 such that for each zp € Upey_L, for

each v € Ay, we have sup,,~; diamy, 1(B(20,0)) < %Odiam(ff. In particular,
for each zp € Uren_ L and for each v € Ay, B(20,0) C F,. (13)

By (12) and Egoroff’s theorem, there exist a Borel subset Ay of C, with 7(A2) > 7(C.) — € and
an ng € N such that for each v € A,

Yno,1(2) € B(ULen_ L, 6). (14)

By (13) and (14), we obtain Ay N o~ ™ (A;) = 0. Therefore 7(42) < 7(X, \ 07™(41)) < e
Combining this with that 7(As) > 7(C,) — €, we obtain that 7(C,) < 2e. However, this is a
contradiction because € < 17(C.). Thus, we have proved that for each z € Q, 7(C.) = 0. By
Fubini’s theorem, it follows that for 7-a.e.y, Leba(J,) = 0. Moreover, by Lemma 3.13, we obtain

that J), (1) C C\ Q and #.J0:(T) < Ro. Thus we have proved our theorem. O
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3.5 Random dynamical systems generated by measures on weakly nice
sets

In this subsection, we show several results (including Theorems 1.1, 1.2 and their detailed and more
generalized version Theorems 3.77, 3.82) regarding random complex dynamical systems generated
by measures on weakly nice subsets of Rat.

We now consider holomorphic families of rational maps.

Definition 3.37. Let A be a complex manifold. Let W = {f\}aca be a family of rational maps
on C. We say that W is a holomorphic family of rational maps if (z,A) € CxArs fin(z) € (@
is holomorphic on C x A. Throughout the paper, we always assume that A is connected.
If W = {fr}rea is a holomorphic family of rational maps and each f is a polynomial, then we
say that V¥ is a holomorphic family of polynomial maps. We say that a holomorphic family
W = {fx}rea of rational maps is non-constant if A € A — f) € Rat is non-constant.

For each n € N, we set

S, (W) ={2€C|(A\,...,A\n) € A" = fr, 0---0 fr,(2) is constant on A"}.

Moreover, we set S(W) := N2, S, (W). Each point of S(W) is called a singular point of W and
the set S(W) is called the singular set of W.

Lemma 3.38. Let W = {fi}xea be a holomorphic family of rational maps. Then S, 1 (W) =
Meafal, (SaOV)) and SOV) = Mo Niay.amean (Fa 0 -+ 0 fa,) 7 (S1(W)). Moreover, if,
in addition to the assumption, W is non-constant, then §51(W) < oo and £S,(W) < oo for each

n € N.

Proof. We may assume that W is non-constant. We first show that £51(WV) < oo. Suppose that

#51(W) = co. Then there exist a sequence {z,} in S1(W) and a point zo € C such that z, = 2
and z, # zs for each n € N. By conjugating the family W by an element of Aut((@), we may
assume that z,, € C. Let b € A. Then there exist an open connected neighborhood Ay of b in A
and an open connected neighborhood U of z in C such that fy(z) € C for all A € A and all
z € U. We may suppose that Ag C C” where r = dim A € N. Let n € N, (41,...,4,) € ({1,...,r})"

and z € U. Let g(z) = M a=p for each z € U. Then g : U — C is holomorphic in U and
i1 in

g(z;) = 0 for each large j. Hence g(z) = 0 for all z € U. Therefore for each z € U, the function
A — fa(z) € C is constant on Ag. Thus, for each z € U, the function A — f(z) € C is constant
on A. Hence U C S1(W). Therefore

Zoo € Int(S1(W)). (15)

In particular, int(S;(W)) # 0. We now suppose that C # int(S;(W)). Then A(int(S;(W))) #
0. If we take any wy € 9(int(S1(W))), then by the argument of the proof of (15), we obtain
wo € int(S1(W)). However, this contradicts wy € 9(int(S1(W))). Therefore, we must have that
C = int(S;(W)). Hence, the function A — f € Rat is constant on A. However, this contradicts to
the assumption that W is non-constant. Thus, we have that #5; (W) < co.

It is easy to see that S, 1(W) C ﬂ,\nﬂe/\f/\_”lﬂ(Sn(W)). Since $S1(W) < oo, it follows that

£S,(W) < co. We now prove mkn+1eAf,\_n1+1(Sn(W)) C Spt1(W). Let z € ﬁ>\n+1€Af)\—n1H(Sn(W)).
Then for each A\,41 € A, we have fy ., (2) € S,(W). Since £5,(W) < oo and A is connected, it
follows that #{fx,,,(2) € Spn(W) | Any1 € A} = 1. Therefore we obtain that the cardinality of the
set {fa, 0 0 faa(2) | (Moo, Aug1) € A"} s equal to 1. In particular, z € S,41(W). Thus

we have proved our lemma. O

Corollary 3.39. Let W = {fa}rea be a holomorphic family of rational maps. Then fx(S(W)) C
SOW) for all X € A.
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We now define weakly nice subsets of Rat.

Definition 3.40. We say that a subset ) of Rat is weakly nice (with respect to holomorphic
families {WV;}2; of rational maps) if there exist an open subset U of Rat and finitely many non-
constant holomorphic families W; = {fj x}xea,,J = 1,...,m, of rational maps such that for each
J=1...,m, {fjx [ A€ A;}is aclosed subset of U and ¥ = UJL;{f;\ | A € A;}.

Moreover, for a weakly nice set ) with respect to holomorphic families {W;}72, of rational
maps, we set

M (Y AW, L) = {7 € M(Y) [ supp7 N{fin [ A€ A} #0 (Vi =1,...,m)}

and

My (VAW L) 1= D (V) N M (VW51 L).

Here, for the notation “supp 7", see Definition 3.4 (setting Y = ). (Thus supp 7 is a closed subset
of Y.) Also, each point of N2, S(W;) is called a singular point of (), {W;}7.,) and the set
NJL1S(W;) is called the singular set of (¥, {W;}].,).

Definition 3.41 ([38, 39]). Let Y be a closed subset of an open subset of Rat. Let O be the
topology in M (Y) such that the sequence {7,}72; in My () tends to an element 7 € My (Y)
with respect to the topology O if and only if (a) for each bounded ¢ € C(Y), [ ¢dr, — [ dr as
n — oo, and (b) supp 7, — supp7 as n — oo in Cpt()) with respect to the Hausdorff topology.
We call O the wH-topology in 9ty (V).

Remark 3.42. In general the topology O is really different from the weak-* topology. For example,
let Y ={22+c|ceC}=Candletr, =(1—-2)0+ 6 for each n € N, and let 7 = dy, where
§, denotes the Dirac measure concentrated at z € C = ). Then 7,, — 7 as n — oo with respect to
the weak-* topology, but 7,, /4 7 as n — oo with respect to the topology O.

By the definition of weakly nice subsets, it is easy to see the following lemma.

Lemma 3.43. Let Y be a weakly nice subset of Rat with respect to some holomorphic families
{W; Ly of rational maps. Then My (Y, {W;}]L,) is closed in My (V) with respect to the topology
0.

The following lemma is easy to show but it is one of the keys to proving many results.

Lemma 3.44. Let Y be a weakly nice subset of Rat with respect to some holomorphic fami-
lies {Wj}}":l of rational maps. We endow Y with the relative topology from Rat. Let T €
My (Y, {W;}L1). Suppose that int(suppT) # 0 with respect to the topology in Y and F(G) # 0.
Then Jyer(G7) C S(W;) for some j =1,...,m and §Jxer(G) < 0.

Proof. Let W; = {fja}xea, for each j. Then there exists an element j € {1,...,m} such that
int(supp7) N{fjx | A € A;} # 0. Suppose Jier (G-) \ SW;) # 0. Let 29 € Jier(G7) \ S(W;). Then
there exists an element n € N such that the map (A1,...,A,) € AT = fix, 0---0 fix, (20) € (@
is non-constant on AJ. Moreover, we have that 2o € Jker (Gr) and G (Jxer(G)) C Jier(Gr).
Hence, combining the open mapping theorem for holomorphic mappings and the assumption
“Int(supp7) # 07 implies that int(Jxey(Gr)) # 0. However, this contradicts to the assumption
F(G;) # 0 and Remark 2.8(3). Thus we must have that Jxe;(G-) C S(W;). Since §(S,(W;)) < oo
(see Lemma 3.38), it follows that fJker(G;) < 0. O

Lemma 3.45. Let Y be a weakly nice subset of Rat with respect to some holomorphic families
{W; YL, of rational maps, where W; = {fj}xen;, 5 = 1,...,m. Let 7 € M (Y, {W;}72,).
Suppose that for each j = 1,...,m, we have int(suppT N {fjx | A € Aj}) # 0 with respect to
the topology in {fjx | A € Aj} (which is endowed with the relative topology from Rat), and that
F(Gr) # 0. Then Jyer(G7) C N S(WV;).
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Proof. By using the argument in the proof of Lemma 3.44, it is easy to see that our lemma
holds. O

Lemma 3.46. Let Y be a weakly nice subset of Rat with respect to some holomorphic fami-
lies {W;}jL, of rational maps. Let T € My (Y, {W;}]L,). Let L € Min(G-,C) such that L C
YL S(W;). Then for each p € My (Y, {W;}7L,), we have L € Min(G,, C).

Proof. Let z € L. Let W; = {fj}xen, for each j. Let p € My (V,{W;}L;). Let h € suppp.
Then there exist an ¢ € {1,...,m} and an element Ay € A; such that h = f; »,. Since we have
suppT N {fix | A € A} # 0, there exists an element \; € A; such that f; », € suppr. Since
L € Min(G,,C), we have fix,(z) € L. Moreover, since L C S(W;) (which follows from the
assumption L C N7, S(W;)), we have that h(z) = fix,(2) = fix () € L. Hence h(L) C L.
Therefore L € Min(G), @) O

Definition 3.47. Let )Y be a weakly nice subset of Rat with respect to some holomorphic families
{W;}L, of rational maps. Let 7 € My (Y, {W;}]L;). Then we set

Smin({Wj };nzl) = ULeMin(G,,@),Lcm;ﬁzls(wj)l"

Note that this definition does not depend on the choice of 7 € My (Y, {W;}7L,) due to Lemma 3.46.

We now give the definition of attracting minimal sets which was introduced by the author in
[39].

Definition 3.48. Let I' € Cpt(Rat). We say that a minimal set L € Min((I'),C) is attracting
(for T) if there exist two open subsets A, B of C with #(C\ A) > 3 and an n € N such that
L C B C B C A and such that for each (y1,...,7,) € I', we have v, o ---071(A4) C B. In this
case, we say that L is an attracting minimal set of I'. Also, for an element 7 € M .(Rat),

if L e Min(GﬂC) is attracting for supp 7 then we say that L is attracting for 7, that L is an
attracting minimal set of supp 7, and that L is an attracting minimal set of 7.

Definition 3.49. Let ) be a subset of Rat endowed with the relative topology from Rat. We say
that ) is mild if for each I' € Cpt()), there exists an attracting minimal set of T.

We give some examples of mild sets.
Example 3.50 (Examples of mild sets).

(a) Any non-empty open subset U of P is a mild set. For, for each I" € Cpt(Uf), the set {co} is
an attracting minimal set of I'. Also, for any A € Cpt(P), there exists an open subset V of
Rat with ¥V D A such that V is mild.

(b) Let A € Cpt(Rat) such that A is an attracting minimal set of A. Then there exists an open
subset U of Rat with &/ D A such that ¢/ is mild.

(c) Let a € C and let Y = {f € Rat | a is an attracting fixed point of f}. Then Y is a mild
subset of Rat.

We now give the definition of mean stability which is introduced by the author in [38].

Definition 3.51. Let I' € Cpt(Rat). Let G = (I'). We say that I" is mean stable if there exist
non-empty open subsets U and V of F(G) and a number n € N such that all of the following hold.

(a) V.CU and U C F(G).
(b) For each v € TN, ,, 1(U) C V.

(¢) For each z € C, there exists an element g € G such that g(z) € U.
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Also, if T is mean stable, we say that G is mean stable (this notion does not depend on the choice
of ' € Cpt(Rat) with (I') = G). Moreover, for an element 7 € 91 .(Rat), if supp 7 is mean stable,
then we say that 7 is mean stable.

Remark 3.52. If 7 € 9 .(Rat) is mean stable and J(G;) # 0, then the random dynamical
system generated by 7 has many nice properties (e.g. Jxor(Gr) = 0, stability of the limit state
functions under the perturbation, negativity of Lyapunov exponent for any point of z € C for 7-a.e.
v ete., see [38, 39]).

Moreover, if I' € Cpt(Rat) and £J((I')) > 3, then I" is mean stable if and only if each L €

Min((I'), C) is attracting for I" (see [39, Remark 3.7]).

We now give a result of the density of mean stable elements. Recall that an element g € Aut(C)
is called loxodromic if g has exactly two fixed points a,b € C and the modulus of multiplier of
(g, a) is strictly larger than 1 and the modulus of multiplier of (g, b) is strictly less than 1.

Lemma 3.53. Let YV be a mild subset of Rat and suppose that Y is weakly nice with respect
to some holomorphic families {W;}7", of rational maps, where W; = {fjx}ren,; for each j =
L,...,m. Suppose that for each T € My (V,{W;}]L,) and for each L € Min(GT,C), we have
L (UL S(W;) N J(G5)) = 0. Suppose also that for each z € Swin({W;}j,) and for each j =
1,...,m, either (a) the map X\ — D(f; ). is nonconstant on Aj, or (b) D(f;jx). =0 for all X € A;.
Then A := {1 € M1 (V,{W;}]L1) | T is mean stable} is open and dense in My (Y, {W;}]L,) with
respect to the topology O.

Proof. By [38, Lemma 3.62], A is open in M (¥, {W;}};) with respect to the topology O. To
prove the density of A, let p € 9y (Y, {W;}72,). Then there exists an element py € My (Y, {W;}7L,)
which is arbitrarily close to p with respect to O such that for each j € {1,...,m}, int(supp pp N
{fia | X € Aj}) # 0 with respect to the topology in {f;x | A € A;}, where W; = {fjr}rea,. For
each j we endow {f;\ | A € A;} with the relative topology from Rat. By Lemma 3.45 and the
assumption of our lemma, we obtain Jie,(G,,) = 0. Since Y is mild, each g € supp po N Aut(@)
is loxodromic. Let p1 € My (Y, {W;}]L;) be an element such that p; is close enough to py with
respect to the topology O and supp poN{fjx | A € A;} C int(supppi N{fjr | A € A;}) with respect
to the topology in {f; x» | A € A;} for each j. Then by the assumptions of our lemma, Lemma 3.38,
[39, Lemmas 3.8, 3.16, and Theorem 3.26] and their proofs, we obtain that each L € Min(G,, , (@)
is attracting for pg. From [39, Remark 3.7], it follows that p; is mean stable.

Thus A is dense in 90y (Y, {W;}72,). O

Definition 3.54. Let )Y be a weakly nice subset of Rat with respect to some holomorphic families
{W;}jL, of rational maps. We say that ) is exceptional with respect to {W;}", if there
exists a non-empty subset L of ML, S(W;) such that for each 7 € My (¥, {W;}7L,), we have that
L € Min(G,,C) and x(r, L) = 0. We say that ) is non-exceptional with respect to W,
if J is not exceptional with respect to {W;}7 .

Proposition 3.55. Let Y be a mild subset of Rat and suppose that ) is weakly nice and non-

exceptional with respect to some holomorphic families {W); }}”:1 of rational maps. Then there exists

a dense subset A of the topological space (M (Y, {W;}L,), O) such that all of the following (a)(b)
hold.

(a) For each T € A and for each L € Min(G,,C) with L C N7 S(W;), we have x(7, L) # 0.

(b) Let 7 € A. Then §Jxer(Gr) < 00 and Jyer(Gr) C NJL1S(W)). Moreover, setting Hy =
{L € Min(G+, Jier(G-)) | X(7,L) > 0} and denoting by Q the set of points y € C for which
T({y € X+ | 3n € Ns.t. vp1(y) € Uren, L}) = 0, we have that H(C\ Q) < Ry and for
each z € Q, 7({y € (suppT)V | 2 € J,}) = 0. Moreover, for 7-a.e. v € (Rat)N, we have
Leby(Jy) = 0. Furthermore, J0,(1) C C\ Q and §10: (1) < Ro.
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Proof. For each j =1,...,m, let W; = {fj x}rea, and we endow {f;x | A € A;} with the relative
topology from Rat. Suppose that for each 7 € 90 (¥, {W;}7~,) and for each L € Min(G-, C),
we have L ¢ N7, S(W;). Let A be the set of elements p € My (Y, {W;}]L,) satisfying that
int(supp pN{fix | A € A;}) # 0 with respect to the topology in {f;x | A€ A} forallj=1,...,m
Then A is dense in M (Y, {W;}72,) and satisfies (a). Let 7 € A. By Lemma 3.45, the fact that
G+ (Jker(Gr)) C Jrer(Gr) and the above assumption, we have Jye,(Gr) = 0. From [38, Theorem
1.5], it follows that Leba(J,) = 0 for 7-a.e.y € Rat" and Joi(1) = 0. Hence A satisfies (b).

Thus we may assume that there exist a 7 € My (¥, {W;}) and an L € Min(G,,C) such that
L c Ny S(W;)). For such L, Lemma 3.46 implies that for each p € My (¥, {W;}7L,), we have

Le Mln(G C)and L C MY S(W;). Let
{L1,...,L,} == {K C N, S(W;) | K € Min(G,,C) for each p € My (¥, {W;}7)}.

Here, note that the right hand side of the above is a finite set since N;S(W;) is a finite set (see
Lemma 3.38).

Since (Y, {W;}7.,) is non-exceptional with respect to {W;}J,, for each k = 1,...,r there
exists a 7, € My (Y, {W;}7L;) such that x(7,Lx) # 0. Let W; = {f;x | A € A;} for each
j=1....,m. We consider the following two cases.

Case (I). For each k = 1,...,r, for each z € Lj and for each j = 1,...,m, there exists a A € A;
such that D(f; ). # 0.

Case (II). There exist a k € {1,...,7}, a point z € Lj, and an element j € {1,...,m} such that
for each A € A;, D(f;.2). =0.

Suppose that we have Case (I). We now prove the following claim.

Claim 1. For each k there exists an element p, € My (Y, {W;}]L;) which is arbitrarily close to
T such that fsupppi < oo, such that for each g € supppy and for each z € Ly, we have Dg, # 0,
and such that x(pg, Li) # 0.

To prove this claim, for each 7 € My (Y, {W;}L,) and for each L € Min(G-, C), let purz, be
the canonical T-ergodic measure on L (see Definition 3.28). Let k € {1,...,r}. We now consider
the following two cases.

Case (I)(a). x(7x,Li) # —oo. Case (I)(b). x(1, L) = —o0.

Suppose we have Case (I)(a). Let By := {g € Y | Dg, = 0 for some z € Ly}. Since x (7%, Lx) =
J1,. Jy 108 |Dg: [|sdmi(g)dpir,, L, (2), We obtain that 74(Bx) = 0. Let Cj,, be the set of elements
g € Y with (g, Bx) > 1/n. Then [, ka log || Dg. || sdmi(9)dpir, 1, (2) — x(Lk,7) as n — oo

% — T as n — oo in My (Y, 0). Modifying — (lck "), we obtain py which is arbitrarily
close to 7 such that fsupppy < oo, such that for each g € supppy and for each z € Ly, we have
Dg, # 0, and such that x(pg, Lx) # 0.

We now suppose that we have Case (I)(b). Let o, (g, z) = max{log ||Dg.|s, —n} for each n € N.
Since x (7, Lx) = —00, we have [} [}, an(g,2)dmi(g)dpin, 1, (2) = —00 as n — co. Hence for each
M < 0 there exists an n € N such that ka fy an (g, 2)dmi(9)dpir, 1, (2) < M. Therefore there exists
a pr, € My (Y, {W;}jL,) which is arbitrarily close to 7 such that fsupppy < oo, such that for each

g € supppg, and for each z € Ly, we have Dg, # 0, and such that ka_ fy an(g, 2)dpr(9)dpp,, L, (2) <

and

M Hence x(px, Lk) < Jo, Jy an(g: 2)dp(9)dpp, . (2) < Y Thus we have proved Claim 1.
For each n € N, let

m
Dy = {((Nji)i=1,....n)j=1,...m € H A% | D(fjx;:)- =0 for some z € Ly}.
=1

Moreover, let

m

Eyn = {(pu) Lon,j=1,...m € (0 1 nm I me - 1} HA;L) \Dk,n)
j=1

i,
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and let g, : E,n — R be the function defined by au,n ((pij), (Aji)) = X(3272, 22021 pijdr, > L)
Then (H;nzl A?)\ Dy, is connected and ayp, : Ejn — R is real-analytic. Hence claim 1 implies
the following claim.
Claim 2. There exists an ny € N such that for each n € N with n > ng, the function oy, : Ex,, = R
is not identically equal to zero in any open subset of E, .

We now let ¢ € My (Y, {W;}]L,) be an arbitrary element. Then there exists an element
Co € My (Y, {W;}}L,) arbitrarily close to ¢ such that fsupp(y < oo and such that for each
g € supp(p, for each k, and for each z € L, we have Dg, # 0. We may assume that for some
n > ng there exists an element (((pij)i=1,....n)j=1,...ms (Nji)i=1,...n)j=1,...m) € Nh_y Ex n such that
(o = Z;nzl Dy pijéijkji. By claim 2, there exists a (1 close to (o such that for each g € supp (3,
for each k, and for each z € Ly, we have Dg, # 0, and such that for each k, x((1, Lx) # 0. By
enlarging the support of (i, we obtain an element (; € My (Y, {W; };”:1) which is close to ¢; such
that for each g € supp (s, for each k, and for each z € L, we have Dg, # 0, such that for each k,
X (G2, Li) # 0, and such that for each j = 1,...,m, int(supp ¢ N {fjx | X € W;}) # 0 in the space
{fix | X € W;} which is endowed with the relative topology from Rat. By Lemma 3.45, we obtain
that Jier(G¢,) C NTLS(W;). In particular, fJier(G¢,) < oo by Lemma 3.38. By Theorem 3.36,
denoting by H the set of elements L € Min(G¢,, Jker(G¢,)) with x(¢2, L) > 0 and denoting by €2
the set of elements y € C for which (({y € Xe¢, | In € Nsit. vn1(y) € Uren, L}) = 0, we have
that #(C\ Q) < Rg and for each z € Q, &({y € X¢, | z € J,}) = 0. Moreover, for (s-a.e.y € (Rat)Y,
Lebsy(J) = 0. Furthermore, J, (1) C C\ Q and B0 (1) < Ro.

We now suppose that we have Case (II). Let

I'={ke{l,...,r} |3z € Ly 3j € {1,...,m} such that for each A € A;, D(f; ). = 0}.

We modify the argument in Case (I). Namely, we can choose (; and (3 in the argument of Case
(I) so that x(¢1, Li) = x({2, Lg) = —oco for any k € I. For any k ¢ I, we use the same argument
in that of Case (I). Thus we have proved our proposition. O

Lemma 3.56. Under the assumptions of Proposition 3.55, there exists an open dense subset A of
the topological space (My,c(V, {W;}L;), O) such that all of the following hold.

(i) For each T € A and for each L € Min(G,,C) with L C N7 S(W;), we have x(7, L) # 0.

(i) For each T € A and for each L € Min(G,,C) with L C N7 S(W;), if x(1,L) > 0, then for
each z € L and for each g € G, we have Dg, # 0.

Proof. Let W; = {fj,A}AeAj for all j. We use the arguments in the proof of Proposition 3.55.
We may assume that there exists a 7 € My (Y, {W;}L,) and an L € Min(G,,C) such that
L i S(W;). Let Ly, ..., L be as in the proof of Proposition 3.55. Let ¢ € My (Y, {W;}]L,).
Let Co € My (Y, {W;}7L,) with fsupp (o < oo which is arbirarily close to { with respect to 0. We
classify the elements & of {1,...,r} into the following two types (I) and (II).

Type (I). There exist an element ¢ = 1,...,m and an element zy € Ly, such that D(fix)., =0
for all A € A;.

Type (II). Not type (I).

Note that if k is of type (I), then x({o, Lx) = —oo. Note also that if k is of type (II), then
perturbing (y if necessary, we may assume that for each g € supp(y and for each z € Ly, we
have Dg, # 0. Therefore, by using the arguments in the proof of Proposition 3.55, we can take
C1 € My (Y, {W;}72,) with fsupp (1 < oo which is arbitrarily close to (o such that the following
hold.

(a) x((1, L) = —oo for any k of type (I).

(b) For any k of type (II), for any z € Ly and for any g € supp (1, we have Dg, # 0.
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(c) For any k of type (II) and for any z € Ly, we have x((1, L) # 0.
Hence for any (o € My (Y, {W;}}L,) which is close enough to (1, we have the following.
(a)’ x(Ca2, Lg) < 0 for any k of type (I).
(b)’ For any k of type (II), for any z € L, and for any g € supp (2, we have Dg, # 0.
(c)’ For any k of type (II) and for any z € Ly, we have x((2, Li) # 0.
Thus we have proved our lemma. O

Definition 3.57. For a topological space X, we denote by Con(X) the set of connected components
of X.

Definition 3.58. Let 7 € 9t (Rat). For an element L € Min(G,, C), we denote by U 1, the space
of all finite linear combinations of unitary eigenfunctions of M, : C(L) — C(L), where we say that
an element ¢ € C(L)\{0} is a unitary eigenfunction of M, : C'(L) — C(L) if there exists an element
a € C with |a| = 1 such that M, (¢) = o in L. Also, we say that an element a € C with |a| =1
is a unitary eigenvalue of M, : C'(L) — C(L) if there exists an element ¢ € C(L) \ {0} such that
M, () = ap. Moreover, we denote by U, 1, . the set of unitary eigenvalues of M, : C(L) — C(L).

Definition 3.59. Let U be an open subset of C and let {p, : U — C}22, be a sequence of
holomorphic maps from U to C. We say that a map ¢ : U — C is a limit function of {¢,}52,
if there exists a subsequence {¢n; }52; of {¢,}52, such that ¢,; — ¥ as j — oo locally uniformly
on U.

The following lemma is very important to analyze the random dynamical system generated by
T € My (Rat) with §Jker(G) < 0o0. The proof is based on careful observations of limit functions
on Fatou components of G by using the hyperbolic metrics on the Fatou components of G..

Lemma 3.60. Let T € M, (Rat) and suppose #.J(G,) > 3. Let L € Min(G, C) with LNF(G,) # 0.
Let Qp := UyreCon(r(G. ) vnLzoU- Suppose that §((00L) N Jxer (G7)) < o0. Then we have the
following (T)(IT)(III).

(I) There exists a Borel subset A of X, with 7(A) =1 such that for each v = (y1,72,...) € A
and for each z € Qr, there exists a § = 6(z,v) > 0 satisfying that d(vn1(2),L) — 0 and
diam(yn1(B(z,9))) = 0 as n — oo.

(II) We have C(L) = U, ® {¢ € C(L) | M*(¢) — 0asn — oo} in the Banach space
C(L) endowed with the supremum norm and dimc U, < oo. Moreover, setting ri :=
dimc U1, we have fMin(GZF,L) = rr. Also, there exist Lq,...,L,, € Min(Gr:, L) such
that {L] | ] = 1,...,TL} = MiH(G:L7L), L = U;ile and h(L]) = Lj+1 fOT’ each h €
suppT, where Ly, 11 = Li. Moreover, for each 57 = 1,...,rL, there exists a unique ele-
ment wr, ; € M (L) such that (MI")*(wr ;) = wr ;. Also, for each j =1,...,rL, we have
M (@) — ([ ¢ dwr ;) - 11, in the Banach space C(L;) endowed with the supremum norm
as n — oo for each ¢ € C(L;), suppwr,; = L; and M*(wr ;) = wp j+1 n My (L) where
WL 41 = wr 1. Also, we have Uy . = {a € C | @™ =1} and for each oo € U, , .., we have
dimc{p € C(L) | Mrp = ap} = 1.

(II) The function Ty, ; : C — [0,1] of probability of tending to L is locally constant on F(G,).
Here, we set Ty, -(z) = 7({v = (m1,72,...) € X7 | d(yn,1(2),L) = 0 asn — oo}) for each
zeC.
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Proof. Let Q = Q. Let U € Con(Q2). Let a € U N L. To prove item (I), it suffices to prove that
there exists a Borel subset A, of X, with 7(A4,) = 1 such that for each v € A,, each limit function
of the sequence {v,1}22, around a is constant. Since L N F(G,) # 0, we have L N Jier(G7) = 0.
Hence there exists a § > 0 such that

B(Jker(Gr),6) N G+(B(a,d)) = 0. (16)

Since we are assuming f(J(G,)) > 3, we have that J(G,) is perfect. Since we are assuming
F(0Q N Jker (G1)) < 00, taking § so small, we may assume that

J(G7)\ B((0Q) N Jier(G7), 0) # 0. (17)

Here, if (0Q) N Jyer (G7) = 0, then we set B((09Q) N Jier (G, ) = 0. By (16) and (17), taking § so
small, we may assume that for each Uy € Con(F(G;)) with L N Uy # 0, we have

(0Uo) \ B((092) N Jier(G),0) # 0. (18)

For each z € (0Q) \ B((09) N Jxer(G+), ), there exist an element g, € G, and an open disk

neighborhood V, of z in C such that ¢.(V,) C F(G,). Since (09Q) \ (B((992) N Jxer(G-),9) is
compact, there exists a finite set {z1,...,2,} in (0Q) \ B((9Q) N Jxer (G+), 6) such that

UI_1 V2, D () \ B((09) N Jier(G),6) and g, (Vz,) C F(G) for each j. (19)

For each j = 1,...,p there exists an element o/ = (o, ..., O‘i(j)) € (supp 1)k for some k(j) € N
such that g,, = ai(j) 0---0 a{. Since G(F(G.)) C F(G;), we may assume that there exists
a k € N such that for each j = 1,...,p, we have k(j) = k. For each j = 1,...,p, let W; be

a compact neighborhood of o’ in (supp7)* such that for each 8 = (81,...,8x) € W;, we have
Bro---opi1(V,,) C F(G;). Also, for each j =1,...,p, let B; := UpeCon(a) Brv. 2B Let n € N

and let ¢, = 1/q for each ¢ € N. Let (41,...,4) be a finite sequence of positive integers with
i1 < --- < ;. Let ¢ > 0. We denote by A, ;(i1,...,4) the set of elements v € X, which satisfies
all of the following (a) and (b).

(a) re1(a) € (C\ B(9Q),¢y)) N By ift € {iy,... i1}

(b) Yke1(a) & (C\B(@Q,cq)) NB;itte{l,...;u}\{ir,..., 4}

Moreover, when [ > n, we denote by By jn(i1,...,4%) the set of elements v € X, which satisfies
items (a) and (b) above and the following (c).

(©) (Veig+1s- -+ Vhis+k) € Wy for each s=n,n+1,...,1L

Furthermore, we denote by Cy ;n(i1,...,%) the set of elements v € X, which satisfies items (a)
and (b) above and the following (d).

(d) (Ykig+1s---»Vhiotk) € Wj foreach s=n,n+1,...,1—1.

Furthermore, for each ¢, j, n, { with | > n, let By jn; = Ui1<~~<il By jn(i1,...,4). Let D =
Uget Ui—1 Unen Nisn By,jn,i- We show the following claim.

Claim 1. Let v € X; be such that there exists a non-constant limit function of the sequence
{Yni1lv : U — C}$2,. Then v € D.

To show this claim, let v € X- be an element such that there exists a non-constant limit function
of {ymily : U = C}22,. Then there exists a ¢ € N, a j € {1,...,p}, and a strictly increasing
sequence {i;}7°; in N such that v € ()2 Aq,j(i1,...,%) and any subsequence of {v;, 1|lv : U —
C}fil does not converge to a constant map. Suppose that there exists a strictly increasing sequence
{lp}p21 in N such that for each p € N, (ki +1,- -, Vhi,+k) € Wj. Since §J(Gr) > 3, for each
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A € Con(F(G,)), we can take the hyperbolic metric on A. From the definition of W; and [26, Pick
Theorem], we obtain that there exists a constant 0 < o < 1 such that for each p € N and for each
a’ in a small neighborhood U, of a, we have ||(Yxi,,+& = Ykir, 1) (Vkiy, ,1(a"))|n < o, where for each
g € G, and for each z € F(G,), ||¢’(2)||r denotes the norm of the derivative of g at z measured
from the hyperbolic metric on the element of Con(F(G;)) containing z to that on the element of
Con(F'(G)) containing g(z). Hence, for each a’ € Ua, [[(Vki,, 1) (a")[ln — 0 as p — oco. However,
this is a contradiction, since {’Ykilp,1 |l }p21 does not converge to a constant map. Therefore, v € D.
Thus, we have proved claim 1.

Let n := max§:1(®’§:17)((supp )%\ W;) (< 1). Then we have for each (I,n) with [ > n,

T(Bgjn(it, - i41)) < T(Cogn(ins -5 i141) MY € X | (Vkiga+15- -5 Vhirgn+k) € Wi})
< %(C‘Z,jﬂ(ilv cee 7il+1)) R

Hence, for each | with [ > n,

FByjnir) =7 |J  Bagmlin, i) = > F(Byjmlin,-. i)

11 < <hp41 i1 <+ <hp41

= Z N7 (Cqjm(in, - it41)) = 07 ( U Cojn(its -5 i41)) < N7 (Bgjmn)-
<< 1< <dig
Therefore 7(D) < 3202 378 1 30 en T((isn Bayjini) = 0. Hence we have proved item (I) of our
lemma.

We now prove item (II). Since LN Jier(G) = 0, Lemmas 3.13 and 3.15 imply that L C F(7).
Thus we obtain that for each ¢ € C(L), {M™(¢)|L}52, is equicontinuous on L. Combining this
with item (I) and the argument in [38, page 83-87], we easily see that item (II) holds. Note that
in [38, page 83-87], we work on the system on the whole C, but here, we work on the system on
L and Q, by using the argument based on the hyperbolic metric on each connected component of
Qp, which is amost the same as the argument given in [38, page 83-87].

We now prove (III). Let U be a connected component of F'(G;) and let 1,22 € U. Let H; :=
{v e X; |d(yn1(x;),L) = 0 as n — oo} for each i = 1,2. Then Ty, - (z;) = 7(H;). Let Z; :== {vy €
H; | 3n € N such that v, 1(z;) € Q}. Let A be as in (I). Since 7(A) = 1 and 7 is o-invariant, we
have 7(Z;) = 7(Z; NNS2,0 " (A)). By (I), we have Zy NN 0 "(A) = T, N NS0~ "(A). Hence
7(T1) = 7(Z2). Let v € H1 \ Zi. Then d(yn,1(z1),L N J(G;)) = 0 as n — oo and every limit
function of {7,,1}22, on U should be constant. Therefore v € Ha \ Z. Thus H1 \ Z; C Ha \ To.
Similarly, we have Ho \ Zo C H1 \ Z1. Hence Hq \ Z1 = Ha \ Zo. From these arguments, it follows
that Ty, - (x1) = Ty - (x2). Therefore T}, ; is locally constant on F(G.).

Thus, we have completed the proof of Lemma 3.60. O

Definition 3.61. Under the assumptions of Lemma 3.60, we call the number r; the period of
(. L).

Remark 3.62. The above argument in the proof of item (I) generalizes the argument in the
proof of [38, Lemma 5.2]. In the proof of [38, Lemma 5.2], in order to make the argument more
precise, “and {7y, 1]y : U — C}°, converges to a non-constant map.” ([38, page 81,line -5])
should be “and any subsequence of {7y, 1|t : U — C};2, does not converge to a constant map.”
and “converges to a non-constant map.” ([38, page 82, line 4]) should be “does not converge
to a constant map.” Also, in the proof of [38, Lemma 5.3], the definition of E, ,, should be
“Enm = {7 € Al vir1(ao) € Uj_,V;, N B(0J(G~),b),i =mn,...,m}, where the number b is equal
to min{d(u,v) | u € dJ(G;),v € U§:1 Ulys,eiymew; Yo 71(Vz;)} > 07, (This is a correction to
the proofs in [38].)

The following is an important result on random dynamical systems generated by 7 € 9t .(Rat)
with #Jxer(G7) < 00. In the proof we use the no-wandering-domain theorem ([31]) and the well-
known fact that the number of periodic non-repelling cycles of one element f € Rat, is finite (its
sofisticated result is known as the Fatou-Shishikura inequality ([28])).
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Suppose §Jxer(Gr) < 00. Then 1 <

Proposition 3.63. Let 7 € 9 (Rat) with §J(G,) > 3.
N F(G;) # 0, statements (I)(I1)(II1) of

fMin(G,) < oo and for each L € Min(G,) with L
Lemma 3.60 hold.

Proof. By Lemma 3.60, for each L € Min(G,) with L N F(G;) # 0, statements (I)(II)(III) of
Lemma 3.60 hold. Also, by Lemma 3.60, we obtain that

for each W € Con(F(G,)),#{L € Min(G,,C) | LNW # 0} < 1. (20)

We now suppose that §Min(G., (@) = o0o. Then, since we are assuming #Jxe;(Gr) < 00, we obtain
that
#{L € Min(G,,C) | LN F(G;) # 0} = co. (21)

We now show the following claim.

Claim 1. Let {L;}72; be a sequence in Min(G, C) consisting of mutually distinct elements such
that for each j, L; N F(G;) # 0. Moreover, let {w;}32; be a sequence in C such that w; € L; for
each j and {w;} tends to a point we, € C. Then we € Jker (Gr)-

To show this claim, suppose that wo, & Jker(Gr). Then there exists an element o € G, such
that a(ws) € F(G;). Let U € Con(F(G,)) with a(ws) € U. Then for each large j, we have
UNL; # 0. However, this contradicts (20). Hence, Claim 1 holds.

Let {L;}32; be a sequence in Min(G-, C) consisting of mutually distinct elements such that
for each j, L; N F(G,) # 0. For each j, let z; € L; N F(G;) be a point. Since §J(G-) > 3, by the
density of repelling fixed points in the Julia set ([29]), either there exists a loxodromic element of

Aut(C) N G or there exists an element in G of degree two or more.

Suppose that there exists a loxodromic element g € Aut(@) NG. Let a4 be the attracting fixed
point of g. Then for each j, we have g"(z;) = a4 as n — oo. This implies a;, € L; for each j.
However, this is a contradiction.

Suppose that there exists an element ¢ € G with deg(g) > 2. By the no-wandering-domain
theorem ([31]), we have that for each z € F(G,), ¢g"(z) tends to one of the following cycles. (I)
attracting cycle. (II) parabolic cycle. (III) Siegel disc cycle. (IV) Hermann ring cycle. Moreover,
by the Fatou-Shishikura inequality ([28]), the number of those cycles for one element g is finite.
Suppose that there exist a subsequence {z;, } of {2;} and a sequence {n;} in N such that g"*(z;,)
tends to an attracting or parabolic cycle ¢, of g. Then ¢, € Lj, for each large k € N and this is a
contradiction. Therefore, there exist a subsequence {z;, } of {z;} and a sequence {ny} in N such
that ¢g"*(z;,) belongs to a Siegel disk cycle or Hermann ring cycle of g for each k. By taking a
higher iterate of g, we may assume that the period of the cycle is one. Also, by renaming ¢g"*(z;, )
as zi, we may assume that there exists a B € Con(F'(g)) which is either Siegel disk or Hermann
ring of g such that for each j, we have z; € BN L; N F(G;). Note that each BN L; N F(G;) is a
union of analytic Jordan curves in B. Let

D:={zecC]| foreach § >0,4{j € N| B(2,6) N BNL; N F(G,) # 0} = oo}.

Then by Claim 1, we have D C Jie,(G-). Since we are assuming #Jier (Gr) < 00, Claim 1 implies
that for any connected component A of 9B, we cannot have that A C D. Thus it follows that there
exists a point zeo € Jyer(Gr) such that D = {z.}. Therefore B is a Siegel disk for g and 2, is the
center of B, i.e. 20 € B and g(z2e0) = oo Let 0 < € < 2 min{d(a,b) | a,b € Jxer(G-),a # b}. Here,
if §Jker (G-) = 1, then we set min{d(a,d) | a,b € Jxer(G+),a # b} = 1. For each j € N, let C; be the
connected component of @\(BOLJ-) such that zo € C;. Let eg := max{||Dh.||s | h € supp T,z € Cy.
We may assume that for each j, max,ec; d(200,a) < %eale. Since zoo € Jier(Gr) C J(G,), it
follows that for each j there exists an element h; € G, such that

1
max d(h;(z0), hj(a)) = Feg e (22)
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We may assume that fixing the generator system supp 7 of G, the word length of h; is the minimum
among the word lengths of elements of G, satisfying the same property as that of h;. Then, by
(22) and the minimality of the word length of h;, it follows that

max d(hj(ze0), hj(a)) < €, for each j. (23)

Let a; € C; be a point such that d(h;(2x0), hj(a;)) = maxaeec, d(hj(200), hj(a)). Then a; € IC; C
L; for each j. Hence, setting u; = h;(a;), we have

u; € L; for each j. (24)

By (22) and (23), we have
1
560_16 < d(hj(ze0),u;) < €. (25)

Since h;j(200) € Jrer(G-) and by the way of the choice of ¢, (25) implies that {u;}32, cannot accu-
mulate in any point of Jier(G). Combining this with (24) and Claim 1, we obtain a contradiction.

Hence, §Min(G,,C) < co.
Thus we have proved our proposition. O

The following is an important and interesting object in random dynamics.

Definition 3.64. Let A be a subset of C. Let 7 € 9 (Rat). For each z € C, we set Ty +(z) :=
7{v = (m1,72,---) € X+ | d(yn1(2),A) — 0 as n — co}). This is the probability of tending to
A regarding the random orbits starting with the initial value z € C. For any a € C, we
set T,  := T{a}ﬂ..

We now prove the following theorem regarding the systems with finite kernel Julia sets.

Theorem 3.65. Let 7 € My (Rat) with §J(G,) > 3. Suppose that §Jxer(G-) < 00 and for each
z € F(G;), we have G-(z) N (ULeMin(G’mC),LQ_‘chr(GT) L) # (. Then we have the following.

(i) Min(G,,C) < co. Moreover, for each L € Min(G,,C), we have
CL)y=U;p®{peC(L)| M (p) =0 asn— oo}

in the Banach space C(L) endowed with the supremum norm and dimc U, 1, < co. Moreover,

for each L € Min(GT,@), let v, = dime(Ur,1). Then tMin(GIt, L) = rp,. Also, there exist
Li,...,Ly, € Min(G7*, L) such that {L; | j = 1,...,rp} = Min(G7*, L), L = U}L, L; and
h(L;) C Liy1 for each h € suppT, where Ly, 41 := Ly.

(ii) For each L € Min(GT,C), for each j = 1,...,7rr, there exists a unique element wy ; €
M (L;) such that (MI*)*(wr, ;) = wr,j. Also, for each j = 1,... 71, we have M (p) —
([ ¢ dwr ;) 1z, in the Banach space C(L;) endowed with the supremum norm asn — oo for
each ¢ € C(L;), suppwr,j = L; and M*(wr ;) = wr j+1 in M (L) where wrpp41 = wr 1
Moreover, Uy 1. = {a € C | a"™ = 1} and for each a € U, 1+, we have dimc{p € C(L) |
M, = ap} = 1.

iii) Let | := ' ~1rr. For each L € Min GT,C , for each j = 1,...,ry and for each
LeMin(G,,C)
y € C, let a(Lj,y) = 7({y € (supp)N | d(yuia(y), Lj) — 0 as n — oc.}). Then for each
y € C and for each ¢ € C(C), we have

rL
MM (o) (y) — Z Za(Lj, Y) / @ dwr,j as n — oo (pointwise convergence), (26)
LeMin(G,,C) 7=1
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i.e. we have

(MH™©G,) = > > el y)wr, asn— oo in My(C) (27)

LeMin(G,,C) 7=1
with respect to the weak convergence topology. Also,
(M:)l(ZLGMin(GT,@) 2521 a(Lj y)wr,;) = ZLeMin(G,,C) Z;il a(Lj, y)wr ;-

(iv) For each z € C there exists a Borel subset A, of (supp)N with 7(A.) = 1 such that for
each v = (1,72, -..) € A, there exists an element L = L(z,7) € Min(G,,C) satisfying that
d(yn1(2),L) = 0 as n — 0.

(v) There exists a Borel subset A of Rat™ with 7(A) = 1 such that for each L € Min(G,C) with
L ¢ Jxer(G:), for each point z € Q, := UveCon(r(c.))unnzolU and for each v € A, there
exists a 6 = 6(z,7y) > 0 such that diam(yn1(B(2,9))) = 0 and d(yn,1(2),L) — 0 as n — occ.
In particular, for each L € Min(GT,C) with L ¢ Jxer(G) and for each j = 1,...,rp, if
Y € Q5 = UpcCon(r(a.))unrjzoU» then a(Ly,y) =1, and if y € Qpr i with (L)1) # (L, 5)
then a(Lj,y) = 0.

(vi) Let L € Min(G,,C) and let j =1,...,71. Then the functions Ty, » : C — [0,1] and o(L;,-) :
C — [0,1] are locally constant on F(G.).

(vii) Let L € Min(G,,C) and let j =1,...,r. Then for each y € FY.(T), we have
lim o, Trr(2) =TL-(y) andlim_ce ., a(L;, 2) = a(Ly,y).

Proof. Let L := ULeMin(GT &),L¢ Jren (G) L. Then, by the assumption of our theorem, we have
L # 0. Moreover, we have £ = Uy cin(a. &).20r(G. )20 L Let

V= | J{U € Con(F(G)) | 3L € Min(G,C) with LN U # §}.

Then G, (V) C V. Moreover, by the assumptions of our theorem, we obtain Ngeq, g~ (C\ V) =
Jker (Gr). Therefore, the statements (i)—(v) of our theorem follow from Lemma 3.23, Proposi-
tion 3.63 and Lemma 3.15.

We now prove statement (vi). Let L € Min(G,,C) and j = 1,...,rp. If L ¢ Jier(G), then
by Lemma 3.60 (III) and its proof, the functions T, . and «(Lj;,-) are locally constant on F(G).
If L C Jker(Gr), then for any U € Con(F(G,)), for any x,y € U and for any v € X, with
d(Yn1(x),L) — 0 (n — o0), we have that any limit function of {v,,1}52, is constant on U.
Hence d(vn,1(y),L) — 0 as n — oo. This argument implies that T}, , is constant on U for any
U € Con(F(G;)). Therefore Ty, ; is locally constant on F(G;). By the same method as above, we
can show that a(L;,-) is locally constant on F/(G-).

We now prove (vii). Let L € Min(G,,C) and let j = 1,...,7rz. Since fMin(G,,C) < oo, there
exists an element ¢;, € C(C) such that ¢r|, = 1 and ¢p| = 0 for any L' € Min(G,,C) with
L' # L. By statement (iv), we have T ,(x) = lim,_, M”(pr)(z) for any 2 € C. Thus for any
y € FY (), we have lim Tr,-(2) = Tr,-(y). Similarly, we can show that for any y € Fg,(7),

ZE([A:,zﬁy
lim, e, a(Lj,2) = a(L;,y).
Thus we have proved our theorem. O

We now prove the following theorem, which is a generalization of [38, Theorem 3.15].
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Theorem 3.66. Let 7 € My (Rat). Suppose that fJyer(Gr) < 00, §J(G7) > 3 and that for each
L € Min(Gr, Jiex(Gr)), x(7, L) < 0. Then we have F%(7) = C, Feas(t) = M1(C), Leby(J,) =0
for 7-a.e.y € (Rat)N, and all statements in [38, Theorem 3.15 (1)—(3),(4a),(5)(6),(8)-(16), (19)(20)]
hold for T. Moreover, for each z € C, there exists a Borel subset A, of X, with 7(A,) = 1 satisfying
that for each v = (y1,72,...) € A, and for each m € NU {0}, we have

nh—>H;o ||D('7n+m,1+m)’vm,1(2) HS =0.

Also, if, in addition to the assumptions of our theorem, each L € Min(GT,@) with L ¢ Jyer(G)
is attracting for T, then there exist a constant ¢; < 0 and a constant p; € (0,1) such that for each
z € C, there exists a Borel subset A, of X, with 7(A.) = 1 such that for each v € A, and for each
m € NU {0}, we have the following (a) and (b).

(a) .
lim sup — log | D (Yn4m,14m)ym 1 (=) |ls < ¢ < 0.
n—oo T
(b) There exist a constant 6 = 6(t,z,v,m) > 0, a constant ( = ((7,z,7,m) > 0 and a minimal
set L = L(7,z,v) of T which is either (i) “attracting for 77, or (ii) “finite and included in
Jxer (Gr) with x(r,L) < 07, such that

diam(7n+m,l+m(B(7m,1(2)v5))) < (py foralln €N,

and
d(77z+7n,1+m(7m,1(2))7 L) < sz fO?” alln € N.

Proof. We modify the proof of Theorem 3.36. By the assumption of our theorem, the set {2
in the proof of Theorem 3.36 is equal to C. By Theorem 3.36, we see that for each z € (@,
#({y € X, | z€ Jy}) =0 and FY(r) = C. Therefore by [38, Lemma 4.2(6)], Fineas(r) = M1(C).

Let §; > 0 be a small number. Let € > 0 be an arbitrarily small number. Then by the
argument in the proof of Lemma 3.13, there exist a do > 0 with d9 < §; and a Borel subset A
of X, with 7(A.) > 1 — € such that for each L € Min(G, Jxer(G+)), for each z € L, and for each
v=(71,7...) € A, we have diam(vy,,1(B(z,d2))) < d1. For this d2, by the argument in the proof
of Lemma 3.13 again, there exist a d3 > 0 and a Borel subset B, of X, with 7(B.) > 1 — € such
that for each L € Min(G, Jxer(G+)), for each z € L, and for each v = (v1,72...) € Be, we have
diam(yp,1(B(z,03))) < 2.

Let I, := {L € Min(G,,C) | L C Jyx(G)} and I, := {L € Min(G,,C) | LN F(G,) # 0}.
Note that I; UIy = Min(G-, (@) For each L € I, let Wy, := UUeCOD(F(GT)),UﬂLgéV)U' Then for each

z € C, there exists an element 9. € G, such that g,(z) € B(Uper, L,03) UUrer,Wr. Let §, > 0
be a number such that g.(B(z,0.)) € B(Urer, L, d3) UUrer,Wr. Since C is compact, there exist
finitely many points z1,...,2, € C such that C = U?ZlB(zj762].). Note that G.(W) C Wy, for
each L € I,. Thus if g,(z) € W, for some L € I, then for each g € G, we have gg.(z) € Wp.
Moreover, for each L € I, for each z € L, for each v € B, and for each n € N, we have
Yn,1(B(2,03)) C B(Urer, L, d2). Hence, considering o o g.; for some a; € G for each j, we have
the following claim.
Claim 1. There exist an | € N and p elements h,,, ..., h., € G- such that each h, is a composition
of [ elements of supp 7 and such that for each j = 1,...,p, we have h_,(B(z,0.;)) C B(Urer, L, 62)U
Urer, Wr. , , , ,
For each j = 1,...,p, let (7{,...,7{) € (supp7)’ be an element such that h., =~/ o o0~1.

For each j = 1,...,p, let V; be a neighborhood of (’y{,...,*ﬁ) € (supp7)’ such that for each
(a1,...,0q) € Vj, we have oy - - - a1(B(25,0.;)) C B(Urer, L,02) UULer,Wr. Let Qy, ..., be the
measurable partition of C such that each ; is a finite intersection of elements of {B(z;, 02, =1
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For each i = 1,...,t, let (i) € {1,...,p} be an element such that Q; C B(z,(),0-,,)- For each
z € C, let i(z) € {1,...,t} be the unique element such that z € Q). Let j(z) = o(i(z)) €
{1,...,p}. For each n € N and each z € C, let C,, . be the set of elements v = (y1,72,...) € X,
satisfying the following.

o (v, m) € Vi) (Vi1 --5720) & Viewa@)s- - (V=241 - s Yn—1)1) & Vitym_aya(2))
and (’Y(nfl)lJrl; s a'Ynl) € Vj(v(n_m,l(z))'

Similarly, let Dy, , :={y € Cp 2 | (Yni+1, Yni+2, - --) & Ae}. Moreover, let E, be the set of elements
v = (7,72,---) € X; satisfying that for each n € N, (Y(n—1)141,--+>Vn1) & Vi(4m-1y1(2))- Then for

each z € C we have
{ve€X:|vmi1(2) & B(Urer, L, 1) UUrer, Wy, for infinitely many n € N} C Uy, D,, ., UE.,.

It is easy to see that 7(E,) = 0. Moreover,

7~'(U;L.O=1Dn,z} = 220:1 7~'(DTL,Z) = 220:1 7~'(OH,Z) : %(XT \ Ae) = 7~'(U%O=1Cn,Z) ’ %(XT \Ae) <e
Hence

T({v € X; | Ym1(2) € B(Urer, L, 61) UULe, Wy, for infinitely many n € N}) <e. (28)

Since €, d; are arbitrary, combining (28) and Lemma 3.60 implies that for each z € (@, there exists
a Borel subset @, of X, with 7(Q,) = 1 such that for each v € @, we have

d(yn1(2), ULeMin(G,,C)L) —0asn — oo. (29)
By the result Fieqs(7) = 9)”(1(@), (29), Lemma 3.22 and its proof, Lemma 3.29 and its proof,
Theorem 3.36, Lemma 3.60, the proof of [38, Theorem 3.15] and [38, Theorem 3.14], the statement
of our theorem holds. O

Remark 3.67. Under the assumptions of Theorem 3.66, suppose that Jie (G,) # 0. Then 7 is
not mean stable. Also, 7 does not satisfy the assumptions of [38, Theorem 3.15], although most of
the statements of [38, Theorem 3.15] hold for 7. Note that we have many examples 7 € 9 .(Rat)
with Jier(Gr) # () satisfying the assumptions of Theorem 3.66. See Section 5, Example 5.4.

We now give the definition of nice sets and strongly nice sets of Rat.

Definition 3.68. Let ) be a weakly nice subset of Rat with respect to some holomorphic families
{W;}7L, of rational maps, where W; = {f;x | A € A;} for each j =1,...,m.

e We say that ) is nice (with respect to holomorphic families {W;}72, of rational maps) if for
each 2 € Swin({W;}7L,) (see Definition 3.47) and for each j = 1,...,m, either (a) the map
A= D(fj ). is non-constant on A; or (b) D(f;x). =0 for all A € A;.

e We say that a finite sequence {z; }?; of points of C is a peripheral cycle for (Y, W5 1L1)
if there exists a I' € Cpt()) such that both of the following (a)(b) hold.
(&) {z: [i=1,...,n} C (UL S1(WV;)) \ ULemin(r),&),Lcum, 8wy L

(b) There exists a finite sequence {v;}?_; of elements of I' such that for each i = 1,...,n,
there exists a number j; € {1,...,n} satisfying that for each ¢ = 1,...,n, we have
Yi € {fia | A €A}, 2z € S1(W;,) and 7i(2i) = zit1 where 2,41 1= 21.

e We say that ) is strongly nice with respect to {W;}72, if J is nice with respect to {W;}7",
and there exists no peripheral cycle for (3, {W;}7.,).
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Definition 3.69. Let ) be a weakly nice subset of Rat; with respect to some holomorphic families
{W;}JL, of rational maps, where W; = {f;x | A € A;} for each j = 1,...,m. Let I € Cpt()) such
that TN {fjx | A€ A;} #0 for each j =1,...,m. Let L € Min((I'), C) with L # C. Let g € T" and
j€{l,...,m}. We say that g is a strict bifurcation element for (I', L) with corresponding
suffix j if one of the following statements (a)(b) holds.

(a) g € {fia | A € A;} and there exists a point z € (LN J((I))) \ S1(W;) such that g(z) €
LnJyD)).

(b) g € {fix | A € A;} and there exist an open subset U of C and finitely many elements
V1y--eyYn—1 € I such that go~y,—1---1(U) C U, U is a subset of a Siegel disk or a
Hermann ring of goy,_10---0v1, and (yp—10---0oy(U)NL)\ St (W;) # 0.

Lemma 3.70. Let YV be a weakly nice subset of Raty with respect to some holomorphic families
{W;}iL, of rational maps, where Wy = {fjx | X € A;} for each j =1,...,m. Suppose there exists
no peripheral cycle for (¥, {W;}jL,). Let T' € Cpt(Y) such that T N{fjx | X € A;} # 0 for each
j=1,...,m. Let L € Min((I'), C) with L # C. Suppose that Jie:((I')) C N7 S(W;y) and 4L = oo.
Suppose also that L is not attracting for T'. Then there exists an element (g,j) € T x {1,...,m}
such that g is a strict bifurcation element for (T, L) with corresponding suffix j. Moreover, if
(h,i) e T x {1,...,m} and h is a strict bifurcation element for (T, L) with corresponding suffiz i,
then h € 0T N {fix | A € Ai}) with respect to the topology in {fix | A € A;}. Here, we endow
{fix | A € Ay} with the relative topology from Rat.

Proof. Let G = (T'). [39, Lemma 3.8] implies that we have one of the following two situations
(D).

(I) There exist an element (g,7) € I' x {1,...,m} with g € TN {f;x | A € A;} and a point
20 € LN J(G) such that g(29) € LN J(G).

(IT) There exist an open subset U of CwithUNL # () and finitely many elements ~;,...,v. € T
such that v,.0---v1(U) C U and U is a subset of a Siegel disk or a Hermann ring of v,.0- - -o~;.

Suppose we have case (II). Since §L = oo, by using [38, Remark 3.9] and [39, Remark 2.24] we
obtain that (U N'L) = co. Let j € {1,...,m} with v1 € {f;x | A € A;}. Since §51(W,) < oo
(Lemma 3.38), it follows that v; is a strict bifurcation element with corresponding suffix j.

Suppose we have case (I). Then there exist a sequence {v;}72, in I" with v; € {f;, » | A € A}, },
Ji € {1,...,m} and a point zp € L N J(G) such that v;---v1(20) € LN J(G) for each i. We now
consider the following two cases (a)(b).

(a) There exists an ¢ € N such that v;---v1(20) € STWj,,, )
(b) For each i € N, ;- --y1(20) € S1(W;

i+1)'

Suppose we have case (a). Then ;41 is a strict bifurcation element with corresponding suffix j;.
Suppose we have case (b). Since §L = oo and § U}, S1(W;) < oo (Lemma 3.38), we have that
L ¢ UL S1(W;). Then for each i € N, we have

vis M) € (UL 5100))) \UKeMin(G,@),Kcuy;lsl(wj)K-

Since we are assuming case (b) and since f U2, S1(W;) < oo, there exist two elements i,j € N
with j > ¢ such that v;---v;---v1(20) = ¥ ---71(20). This contradicts to the assumption that
there exists no peripheral cycle for (¥, {W;}7.,).

We now suppose that (h,i) € I' x {1,...,m} is a strict bifurcation element for (I', L) with
corresponding suffix ¢. Supoose that h € int(I' N {f; » | A € A;}) with respect to the topology in
{fix | A € A;}. Then for each z € C\ S;(W;), we have that int((T')(z)) # 0. Hence it is easy to
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see that int(L) N J(G) # 0. It implies that L = C. However, this contradicts the assumption of our
lemma. Hence h € (T N{fix | A€ Aj}).
Thus we have proved our lemma. O

Lemma 3.71. Let YV be a weakly nice subset of Raty with respect to some holomorphic families
{W; Ly of rational maps, where Wj = {fjx}xen;»d = 1,...,m. Suppose that there exists no
peripheral cycle for (V,{W;}"L,). Let p € My (V,{W;}jL,) and suppose that the interior of
suppp N {fix | X € Aj} is not empty with respect to the topology in {fjx | X € Aj} (which is
endowed with the relative topology from Rat) for each j =1,...,m. Suppose also that F(G,) # 0.
Then we have the following.

(1) Jrer(Gp) CNILLSW), Bdker(Gp) < 00 and §Min(G,) < oo.

(ii) Let L € Min(G,, (@) with L ¢ N7 S(W;). Suppose that L is not attracting for p. Then there
exists an element (g,7) € suppp x {1,...,m} such that g is a strict bifurcation element for
(supp p, L) with corresponding suffiz j. Moreover, if (h,i) € suppp X {1,...,m} such that h
is a strict bifurcation element for (suppp, L) with corresponding suffix i, then h belongs to
the boundary of suppp N {fix | A € A;}, where the boundary of suppp N {fix | X € A;} is
taken with respect to the topology in {fix | X € Ai}.

(iii) Suppose that there exists an element Lo € Min(Gp,@) which is attracting for p. Then there
exists an open neighborhood V' of p in (M (V,{W;}L,),0) such that for each p1 € V
satisfying that suppp N {fir | A € A;} C int(supppi N{fjr | XA € A;}) with respect to the
topology in {fjx | A € Aj} for each j =1,...,m, we have the following (a)(b)(c)(d).

(@) PMin(G,, €)=
H{L' € Min(G,,€) | I/ € M7, SOV,)})
+#{L' € Min(G,,C) | L' ¢ N S(W;) and L' is attracting for p}.
(b) For each L € Min(G,,,C) there exists a unique L' € Min(G,, C) with L' C L such that
either “L" C N1 S(W;)” or “L" ¢ N7 S(W;) and L' is attracting for p”.
¢) In item (b), of L' C N, SW;), then L =L'. If L' ¢ N, S(W;) and L’ is attracting
J=1 J j=1 J
for p, then L is attracting for p;.
(d) Each L € Min(G,,,C) with L ¢ N7 S(W;) is attracting for py.

(iv) Suppose that each element Lo € Min(G,,, C) is not attracting for p. Let p; € My (Y, {W; Fita)
be an element such that suppp N{fix | A€ Aj} C int(supppr N{fjx | A€ A;}) with respect
to the topology in {fjx | A € A;} for each j =1,...,m. Then we have the following.

(a) If there exists an element L € Min(Gp,@) with L C N1 S(W;), then Min(G),,C) =
{L € Min(G,,C) | L C N7, S(OWV;)}.

(b) If there em}'sts no L € Min(G,,C) with L C N S(W;), then Min(G,,l,C) = C and
J(Gﬂl) =C.

Proof. By Lemma 3.45, we obtain that Jie:(G,) C ﬁyl:lS(Wj). Thus by Lemma 3.38, §Jke: (G)) <

oo. From Proposition 3.63, it follows that §Min(G,,C) < co. Thus statement (i) holds.

To prove statement (ii), since L ¢ N2, S(W;) and since int(T, N {fjx | A € A;}) # 0 with
respect to the topology in {f;» | A € A;} for each j = 1,...,m, we obtain that L = oo.
Moreover, since int(supp p N {f;x | A € A;}) # 0 for each j and since J(G,) is perfect (see [13])
and J(Gp) \ UL, S1(W;) # 0, we have int(J(G,)) # (. Combining this with the assumption
F(G,) # 0, we obtain that C cannot be a minimal set for (G, C). Thus statement (ii) follows from
Lemma 3.70.
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To prove statement (iii), let V' be a small open neighborhood V' of p in (90 (¥, {W;}7~,), O)
and let p; € V such that suppp N {fjr | A € A;} Cint(supppi N{fjx | A € A;}). Taking V small
enough, we have that for each p/ € V, F(G,/) # 0. By Zorn’s lemma, for each L € Min(G,,,C)
there exists an element L' € Min(G,, C)with L' c L. If L/ ¢ N7 S(W;) and L' is not attracting
for p, then statement (ii) (for p and p;) implies a contradiction. Hence either L' C N7, S(OWV;)
or L' is attracting for p. If L' C NJL;S(W;), then Lemma 3.46 implies that L’ = L. Suppose
L' ¢ N7, S(W;) and L' is attracting for p. Then taking V' so small, [39, Remark 3.6, Lemma
5.2] implies that L is attacting for p; and there is no L” € Min(G,,C) with L” # L' such
that L C L. Also, by Lemma 3.46 again, for any K € Min(G,,C) with K C NI S(Wy), we
have K € Min(G,,,C). Moreover, by [39, Lemma 5.2] again, for any K € Min(G C) with
K ¢ 0L S(W;) which is attracting for p, there exists a unique element K € Min(G,,,C) close to
K, and this K is attracting for p;. From these arguments, statement (iii) follows.

We now prove statement (iv). Suppose that each Ly € Min(G,, C) is not attracting for p. Let
p1 € My (Y, {W;}]L,) be an element such that supp pN{f;jr [ A € A;} Cint(supppr N{fjn | A €
A;}) for each j =1,...,m. Let L € Min(G,,,C). Suppose that L # C and L ¢ N7, S(W;). Then
0 # int(L), ﬁ((@\int(L)) >3 and G, (int(L)) C int(L). Hence @ # int(L) C F(G), ). Also, L is not
attracting for p; (otherwise by Zorn s lemma there exists an element Ly € Min(G,, L) which is
attracting for p). By applying statement (ii) for p and p;, we obtain a contradiction. Thus either
L=CorLcC NJL SWy). IE L = C, then since int(J(G,,)) # 0 (see the argument in the proof of
(ii)), we obtain that F(G,,) = (). Hence statements (a) and (b) in (iv) hold.

Thus we have proved our lemma. O

Definition 3.72. Let I' € Cpt(Rat). We say that I" is weakly mean stable if there exist a positive
integer n and two non-empty open subsets Vi, Vor of C with Vi C Vor and §(C\ Vor) > 3
such that the following three conditions hold.

(a) For each (7y1,...,v) €T™, y,0---0y1(Var) C Vir.
(b) Let Dr := Nger ~1(C\ Var). Then #Dr < oc.

(c) For each L € Min((I‘>, Dr) there exist an element z € L and an element g, € (I') such that
z is a repelling fixed point of g,.

Moreover, we say that 7 € 9 .(Rat) is weakly mean stable if supp 7 is weakly mean stable. If
T € My (Rat) is weakly mean stable, then we set V; » = Vi supp - and D = Dsupp 7

Remark 3.73. If T € Cpt(Rat) is mean stable and §J((I')) > 3, then I' is weakly mean stable.
Moreover, if T' € Cpt(Rat) is weakly mean stable and Dr = (), then T" is mean stable.

Lemma 3.74. Let A:= {I' € Cpt(Rat) | T is weakly mean stable}. Then A is open in Cpt(Rat).
In particular, the set A" = {1 € My (Rat) | 7 is weakly mean stadle} is open in (M; .(Rat), O).

Proof. Let I' € A. For this mean stable I', let Vi r, Vo, n as in Definition 3.72. Let VI'F be an

open subset of C such that V1 rc v/ r C V1 r C Vo r. Then, since the topology in Rat is the
compact-open topology, there exists a nelghborhood U of T in Cpt(Rat) such that for each A € U
and for each (y1,...,7,) € A", we have y, 0--- oy (Var) C V{ .

If Dr =0 (i.e., T is mean stable), then by [39, Lemma 5.7], there exists an open neighborhood
B of ' in Cpt(Rat) such that for each A € B, A is mean stable and weakly mean stable. Thus, we
may assume that Dr # ().

For each L € Min((T'), Dr), let z, € L and g5, € (I') such that zy, is a repelling fixed point
of gr,. Let € > 0 be a small number. By considering linearizing coordinate for g at z; and the
fundamental region for g, near zj, it is easy to see that for each L € Min((I'), Dr) there exist
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small simply connected open neighborhoods Hy, r 1, Hr 2 of zp with Hyro C Hp r,;1 such that
for each z € B(zp,¢€) \ {z1} there exists an element n € N such that ¢7(z) € Hrr1 \ Hrr 2.

Shrinking U if necessary, we may assume that for each A € U and for each L € Min((T"), Dr)
there exist zp 4 € B(zr, 5) and g a € (A) such that 2z 4 is a repelling fixed point of gz o and such
that gr, A — g1, and z;, A — 21, as A — I'. Since the linearizing coordinate for a repelling fixed point
is continuous on Rat, if ¢ is small enough, then for each A € U, for each L € Min((I'), Dr) there
exist two small simply connected open neighborhoods Hy, a1, Hp a2 of zp a with Hp a0 C Hpan
such that the following hold.

1. For each z € B(zp a,€)\{zr,a} there exists an element n € N with gra(2) € Hpan \HpA2-

2. There exist two small numbers €1, €3 > 0 with €; < €9 < %min{d(a, b) | a,b € Dr,a # b} (if
#Dr = 1 then we set min{d(a,b) | a,b € Dr,a # b} = 1) such that for each A € U and for
each L € Min((I'), Dr),

B(ZL,€1) C HL,A,Q, HL,A,l C B(ZL,EQ). (30)

For each w € Dr, let L,, € Min({I'), Dr) be an element such that (I')(w) N Ly, # 0. Moreover, let
hw € (') such that h,,(w) = zr,,. Taking ¢ small enough, there exists a § > 0 with

1
0 < e€1,0 < gmin{d(a,b) | a,b € Dr,a # b}. (31)

such that for each A € U and for each w € Dr, there exists an element h,, o € (A) close to hy,
such that c
hwa(B(w,d)) C B(zL,,, 5) C B(zp, A, €). (32)

Let K5 = C \ B(Dr,d). Then for each z € Kj there exists an element a, € (I') such that
a,(z) € Var. Since Kj is compact, there exist a finite set {z1,...,2,} in K5, a number ¢y > 0 and
elements B, ..., 5, € (') such that

Ks c Uj_ B(z, €0) (33)

and §;(B(zj,€0)) C Vo for all j =1,...,q. Hence shrinking U/ if necessary, we have that for each
A € U, there exist elements B 4, ..., 04,4 € (A) such that

Bin(B(zj,€0)) C Var, forall j=1,...,q. (34)
We now let A € U and let 2z € ﬂge<A>g_1((AC\V27p). Then by (33) and (34), we have 2 ¢ Ks. Thus
2o € B(Dr, ). Moreover, by (30) and (31), we have Hy a2\ Hp a1 C K for all L € Min((T"), Dr)

and for all A € Y. Combining this with (32) (33) (34), we obtain that taking an element w € Dr
with d(zo, w) < §, we have hqy a(20) = 2z, 4 for all A € Y. It follows that

ﬂ g HC\ Var) C U h;}A(zLyA) for all A € Y. (35)
ge(A) LeMin((I'y,Dr),w&€Dr

Since the right hand side of the above is a finite set, we obtain that D, < oo, where Dy :=
ﬂgeu\)g’l((@ \ Var). Moreover, by (35), we have that for each K" € Min((A), D) there exist an
element z € K and an element ¢, € (A) such that z is a repelling fixed point of .. Thus A is
weakly mean stable. Hence we have proved our lemma. O

Lemma 3.75. Let I’ € Cpt(Rat) be weakly mean stable. Let Dr be as in Definition 3.72. Then
Dr = Jxer ((I)), #(Jker ({T))) < 00, and for each z € F({T')), we have

T (z)N U L|#0.

LeMin((I'),€), L& Jier ({T))

In particular, if 7 € My (Rat) is weakly mean stable and 8J(G,) > 3, then statements (i)-(vii) in
Theorem 3.65 hold for T.
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Proof. By definition of Dr, we have (I')(Dr) C Dr. Also, by condition (c) in Definition 3.72, we
have Dr C J((I')). Thus Dr C Jxer({I')). Let Vo p be as in Definition 3.72. Then Vo C F((T)).
Since (I')(Jier (1)) C Jier((T)) € J((I)) € €\ Vo, we obtain Jie((I)) € Dp. Hence we have
Dr = Jier((T')). By definition of weakly mean stable elements again, we have §Dr < oo. Thus
fJker ({T')) < 00. Let Vo be as in Definition 3.72 for I'. Let z € F((T')). Since z ¢ Jier((I')) and
Dr = Jie:((I')), it follows that (I')(2) N Va,r # 0. Thus (I')(2) N (U pemin(ry.€). L s () L) 7# 0.
If 7 € My (Rat) is weakly mean stable and #J(G,) > 3, then combining the above argument and
Theorem 3.65 implies that statements (i)—(vii) in Theorem 3.65 hold for 7. O

Lemma 3.76. Let I' € Cpt(Rat). Let G = (T'). Let L € Min(G, C) with L < co. Then we have
the following.

(i) Suppose that for each z € L and for each g € G with g(z) = z, we have ||Dg.||s > 1. Then
there exist a constant Cy > 0 and a constant o > 1 such that for each v € TN, for eachn € N
and for each z € L, we have |D(vn,1):|ls > Cia™.

(ii) Suppose that for each z € L and for each g € G with g(z) = z, we have ||Dg,||s < 1. Then
there exist a constant Co > 0 and a constant 3 < 1 such that for each v € TV, for eachn € N
and for each z € L, we have | D(Vn,1)z|ls < Caf".

Proof. We first prove statement (i). We show the following claim.
Claim 1. Under the assumptions of our lemma and statement (i), let k¥ € N with 1 < k < {L.
Then there exist a constant A; > 0 and a constant «y > 1 such that for any subset H C L with
tH =k, for any n € N, for any z € H and for any v € I'V, if v;1(2) € H for each j = 1,...,n,
then [D(7,1)-1ls > Axaf.

To prove this claim, we use the induction on k. Apparently, the statement of the conclusion of
the claim holds for £ = 1. Suppose that the statement of the conclusion of the claim holds for k,
where 1 < k < §L. Let u € N with u > §L + 1 such that for each v’ € N with v’ > u, we have

(min || Dgo ) Axa = 2. (36)

For this u, let
B :=min{||D(pro---0p1)wls | w € L,r <u,(p1,...,pr) ET",pro---0p(w) =w}>1. (37)
Also, let v € N be a large number such that

(min | Dga ls) Agai” - (mind [ D(py-o -0 pr)uls | @ € L < u, (i, pp) €T7H > 2. (38)

Let p € N be a large number such that
BP -min{||D(p, 0+ 0 p1)ulls |w € L7 <wu,(p1,...,pr) €7} > 2. (39)

Let n € N with n > puv. Let H C L with #H = k+1. Let v € 'V, 2 € H and suppose that vi1(z) €
Hforeach j=1,...,n. Let j1,...,jm € Nwith 1 < j; < jo <--- < jp < nsuch that v, 1(2) =2
foreachi=1,...,m and y,1(z) # z foreach l € {1,...,n}\ {4 | i =1,...,m}. Also, let jo :=0
and jm41 = n. (If there is no j € N such that v;1(2) = z, then we set jo = 0,m =0, j; = n.) We
now want to show that ||D(yy,1)z]ls > 2. In order to do that, we consider the following three cases
1,2,3.

Case 1. jme1 — Jm > u. In this case, by the definition of {j;}, assumptions of our lemma and
(36), we obtain that [|[D(yn1)|ls > 2.

Case 2. jm+1 — jm < u and there exists an element ¢ € NU {0} with 0 < ¢ < m — 1 such
that jg+1 — jq > wv. In this case, by the definition of {j;}, assumptions of our lemma and (38), we
obtain that || D(vn,1)z]ls > 2.
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Case 3. jm+1 — Jjm < u and for each i € NU {0} with 0 < ¢ <m —1, ;11 — j; < uv. In this
case, we have puv < n = >.1" (jit1 — ji) < (m + 1)uv. Hence m > p. Combining this with the
definition of {j;} and (39), we obtain that

[D(vn,1)zlls = B™ -min{||[D(py 0 -+ -0 p1)uwlls [ 7 < u,(p1,...,pr) €T} > 2.

From these arguments, the induction step for k+ 1 is complete. Thus we have proved Claim 1. By
Claim 1, statement (i) of our lemma holds.
By the similar method to the above, we can show that statement (ii) of our lemma holds.
Thus we have proved our lemma. O

We now prove the following theorem, which is one of the main results of this paper.

Theorem 3.77. Let Y be a mild subset of Raty and suppose that Y is strongly nice with respect
to some holomorphic families {W;}"", of rational maps. Then the set

{T €My (V,{W;}]Ly) | T is weakly mean stable}

is open and dense in (M (Y, {W;}jL,),0). Moreover, there erists the largest open and dense
subset A of (MY, {W;}L,), O) such that for each T € A, all of the following statements (i)—(v)
hold.

(i) 7 is weakly mean stable.

(ii) Let D, be as sz Definition 3.72 for 7. Then §Jxer(G-) < 00, Dr = Jyer(G) C NJL;S(W;)
and fMin(G,,C) < oo.

(iii) For each L € Min(G,, (@) with L ¢ Jyer(G), we have that L is attracting for 7.

(iv) For each z € F(G;), we have that G+(2) N (Upcnin(a, @), 0¢ Jer () L) # 0.
(v) All statements (i)—(vil) of Theorem 3.65 hold for .

Proof. Let 7 € My (Y, {W;}]L,) be an element. There exists an element 79 € My (Y, {W;}7L,)
with fsupp 7o < oo arbitrarily close to 7. Since Y is nice with respect to {W;}}L,, we may assume
that for each z € Smin({W;}]L;) and for each j € {1,...,m}, either

e Dh, #0 forall h € suppro N{fjr| A€ A}, or
e D(fjr).=0forall A€ Aj.

Let W; = {fjx}aen, for each j =1,...,m. By enlarging the support of 7y a little bit, we obtain an
element 71 € My (Y, {W;}]L,) arbitrarily close to 7 such that int(supp7i N {fjx | A € A;}) # 0
with respect to the topology in {f; x | A € A;} (which is endowed with the relative topology from
Rat) for each j = 1,...,m. By enlarging the support of 7 a little bit again, Lemma 3.71 implies
that, we can obtain an element 75 € My (Y, {W;}7L,) arbitrarily close to 7 such that int(supp 2N
{fix | A € Aj}) # 0 with respect to the topology in {f;x | A € A;} for each j = 1,...,m, such
that Jxer(Gr,) C NJLS(W;), such that §Jker(Gr,) < 00, such that §Min(G,,,C) < oo, and such
that each L € Min(G,,,C) with L ¢ NJL,S(W;) is attracting for 72. We now prove the following
claim.

Claim 1. There exists an element 73 € (M (Y, {W;}L,) arbitrarily close to 72 such that the
interior of supp7s N {f;x | A € A;} is not empty with respect to the topology in {f;x | A € A;}
for each j = 1,...,m, and such that for each L € Min(G,,,C) with L C NJL1S(W;), exactly one
of the following (I)-(IV) holds.

(I) For each z € L and for each g € G, with g(z) = z, we have ||Dg.||s > 1.
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(IT) For each z € L and for each g € G, with g(z) = z, we have ||Dg,||s < 1.

(IIT) There exist a point z; € L and elements g1, g2, g3 € G, such that ¢1(z1) = 21, | D(91) 2, ||s >
1, g2(z1) = 21,0 < ||D(92)2 1| < 1, g3(21) = 21, and z; is the center of a Siegel disk of gs.
Also, there exist some elements a1, . .., o € supp 13 with ag € int(supp sN{fjr | A € A, })
with respect to the topology in {f;j, x | A€ A, }, k=1,...,[, such that g3 =a;0---0qy.

IV) There exist a point z3 € L and a j € {1,...,m} such that for each A\ € A;, we have
J
D(f;jx)2, = 0. Moreover, there exist a point zp € L and an element g € G, such that
g(z2) = 2z and || Dg,,||s > 1.

To prove this claim, we first remark that regarding the minimal set L € Min(GTwC) with L C
N7 S(W;) of type (I), by Lemmas 3.46 and 3.76, if we perturb 72 a little bit to 73, then L €
Min(GTé,C) with L C N7, S(W;) and L is of type (I) for 73. By Lemmas 3.46 and 3.76 again,
the similar thing holds for minimal sets L € Min(G,,,C) with L N7LS(W;) of type (II). Let
T3 € My (Y, {Wj };":1) be an element such that 73 is close enough to 7 and such that suppm» C
int(supp 73N {fj.x | A € A;}) with respect to the topology in {f; » | A € A;}), foreach j =1,...,m.
Regarding the element 73, suppose that we do not have (I) or (II). Then there exist a point
z1 € L, an element g1 € G, a point zo € L, and an element hy € G, such that g1(z1) = 21,
[D(g1)z lls > 1, ha(z2) = 22, and [[D(h2)s,|s < 1. Since Y is nice with respect to {W;}72,, by
enlarging the support of 73 a little bit, we may assume that |[D(g1),|ls > 1 and ||D(h2).,]ls < 1.
(For, if g1 = yp 0--- 071 where v, € supps N {fj, A | A€ Aj. }, k=1,...,n, we may assume that
Yn € int(supp7s N {fj, x| A € Aj,}). Since Y is nice with respect to {W;}"2,, perturbing v, a
little bit if necessary, we may assume that ||D(g1)., | > 1. Similar argument is valid for hs.) Let
a, 8 € supp 73 such that a(z) = 21 and 8(21) = 22. Take a large n € N so that | D(ahS).,|ls < 1.
Let g2 = ahf 5. Suppose we do not have (IV). Then we may assume that 0 < [|D(g2), ||s- In order
to take an element g3 as in (III), let a = ||D(g1)2|ls > 1 and b = || D(g2),|ls € (0,1). Let

Q:= {mloga+nlogh| (m,n) € (NU{0})?\ {(0,0)}}.

We now prove the following subclaim which is needed in the proof of Claim 1.
Subclaim (*). 0 € Q with respect to the topology in R.

To prove this subclaim, let 24 = QN{zx € R |z > 0} and Q_ := {x € R | z < 0}. Suppose that
0 ¢ Q. Then inf Q, > 0 and supQ_ < 0. Suppose that inf Q, > —supQ_. Then for each ¢ > 0
with € < max{inf Q; + supQ_, —sup Q_}, there exist an element ¢; € Q. with ¢; < infQ; + €
and an element dy € Q_ with dy > supQ_ —e. Then ¢; +dy > inf Q4 +supQ_ — e > 0. Hence
c1 +di € Q4. However, ¢; +di < infQ  +supQ_ + e < inf Q.. This is a contradiction. Thus
we must have that inf Q; < —supQ_. Similarly, we must have that inf 2, > —sup{2_. Hence
inf O, = —supQ_. This implies 0 € Q. However, this is a contradiction. Thus we have proved
subclaim ().

Going back to the proof of Claim 1, for each i = 1,2, we write g; = 7} o --- 0 7} where
vi € suppTs N {fiixn | A € Aj, . }. By enlarging the support of 73 a little bit, we may assume
that v; € int(supp7s N {fj,.a | A € Aj, . }) with respect to the topology in {fj, x| A € Ay, .}
for all i = 1,2, k = 1,...,p;. Then there exist an ¢ > 0 and a neighborhood Vj; of 7i in
int(supp7s 0 {f5,., 2 | A € Ay, ,}) such that (loga — e,loga + ) © {log|[D(3} -3} ) 1« | 3} €
Vi k = 1,...,pi} and (logh — e, logb+ ) C {log||D(32 -+ 32,)c s | 32 € Veas b = 1,...,pa}.
We set

Q= {mlog|[D(3 -3, )z s +nlog DT -+~ 37,)= |18
| (m,n) € (NU{0})*\{(0,0)}, %} € Vi1, % € Va2, Yk}

Then for each ¢ € Q, we have (¢ — €, ¢+ €) C Q. By Subclaim (%), it follows that 0 € €. Therefore
there exist an element (m,n) € (NU{0})?\ {(0,0)}, pi-elements 7} € Vi 1,k = 1,...,p1, and
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po-elements 37 € Vio,k = 1,...,py such that setting hs = (3] ---75, )" (5% ---75,)", we have
|D(h3)., ||s = 1. Perturbing 7i a little bit, we obtain an element gs which is close to hg such that
g4(z1) is a Brjuno number (we may assume z, € C by conjugating G, by an element of Aut(C)).
Thus g3 has a Siegel disk whose center is z; ([26]). Thus we have proved Claim 1.

By Lemma 3.76, we have the following two claims.

Claim 2 There exists a k € N such that for each L € Min(Go,, Smin({W;}7%,)) of type (I), for each
z € L and for each (v1,...,7) € (supp73)¥, we have ||[D(qx 0---071).|ls > 2.

Claim 3. There exists a k € N such that for each L € Min(Gr,, Smin({W}7%,)) of type (II), for
each z € L and for each (71,...,7) € (supp73)¥, we have ||D(yr 0---0v1).|ls < % Moreover,
there exists a neighborhood V of L with #(C\ V) > 3 such that for each (v1,...,v) € (supp 73)*,
we have v o -+ o1 (V) C V. In particular, L is attracting for 73 and L C F(G,).

Throughout the rest of the proof, we fix an element k& € N which satisfies the statements in
Claims 2,3.

We now prove the following claim.

Claim 4. Let L € Min(Gry, Smin({W;1}72;)) be of type (IIT). Then L C int(J(G~,)). In particular,
for each 2z € F(G,,), we have G, (2) N L = 0.

To prove Claim 4, let 21, g1, g2, g3 be as in (III). Since z; is a repelling fixed point of g1, we
have z; € J(G4,). Since J(G,,) is perfect (see [13]), there exists a point w € J(Gr,) N (B\ {z1}),
where B denotes the Siegel disk of g3 whose center is z;. Therefore there exists a gs-invariant
analytic Jordan curve ¢ in J(G,,) N B with w € ¢. If K is a compact subset in C \ S;(W;), A4 is
a subset of {f;x | A € A;} with int(A) # (0 with respect to the topology in {f; | A € A;}, and
ho € int(A), then there exists an € > 0 such that for each z € K, B(ho(z),€) C {h(z) | h € A}.
From this fact and that £(S1(W;)) < oo for each j, it follows that ¢ C int(J(G,,)). Similarly, for
each w' € BN J(G,,), if we take the gs-invariant analytic Jordan curve ¢’ in B with w’ € {’, then
¢’ C int(J(Gr,)). From this argument, we obtain that z; € int(J(Gr,)). Therefore L C int(J(Gr,)).
Thus we have proved Claim 4.

We now prove the following claim.

Claim 5. Let L € Min(G,, Smin({W;1}72,)) be of type (IV). Then L C int(J(G~,)). In particular,
for each z € F(G+,), Gr,(z) N L = 0.

To prove Claim 5, let j € {1,...,m}, 21,22 € Land g € G, be as in (IV). Since z; is a repelling
fixed point of g, we have 2o € J(Gr,). Moreover, let A € A; with f; » € supp7s and let o, 5 € G,
such that a(z2) = 21, 8(fjx(21)) = z2. Then B o fj\ 0 a(z2) = 22 and D(B o fjxoa)., = 0. By
[14, Corollary 4.1], we obtain that zo € int(J((g, 3 o fj o a))) C int(J(Gr,)). Moreover, for each
z € L, there exists an element v € G, such that y(z) = z3. Thus L C int(J(G+,)). Hence we have
proved Claim 5.

Let 7 := {L € Min(G~,,C) | L € N7, S(W;), L is of type (I)}. Let

Cr, i={we C\UpezL | I(11,.. ., 1) € (supp73)® s.t. v - y1(w) € Uper L}
Note that C;, C J(G~,). Moreover, by Claim 2,
Cr, N ULeMin(Gr, &)L = ¢ and C,, is compact. (40)
By Lemma 3.71, we may assume that

each L € Min(G,,,C) with L N F(G,,) # 0 is attracting for 3. (41)

We now prove the following claim.
Claim 6. Let z € F(G,). If G, (2) N (ULQ\/HH(GT3 ’@)’LﬂF(Gm#@L) = (, then

Gry(2) N (Urez.zci(,,)L) # 0 and Gy (2) N Cory # 0.

To prove Claim 6, let z € F(G,,) and suppose G, (z) N (ULeMin(GT3,@),LHF(GT?’)#(DL) = {). Since
GTB(z)ﬂuLeMin(GW@)L # 0, Claims 3,4,5 imply that G, (2)(Urez,zcs(q,,)L) # 0. Let & > 0 be
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a number such that for each (71,...,7:) € (supp73)*, for each L € Z and for each = € L, we have
Yk -+ 71|B(a,5,) 18 injective and we can take well-defined inverse branch ¢ : B(vyx ---v1(x),01) — C
of vk - - -1 such that ((yx---v1(x)) = . We may assume

91 < (1/2) - min{d(a,b) | L € Z,a,b € L,a # b}

(if 4L = 1 for each Z then we set min{d(a,b) | L € Z,a,b € L,a # b} = 1). Let d2 € (0,01)
be a number such that for each L € Z, for each z € L and for each y € B(x,d2), we have
dve @) ,n(z)) < 01. Let € € (0,61) be any small number with € < d(z,UrezL).
Then there exist an element v = (v1,72,...) € X,, an element n € N, and an element L € 7
such that v,x,1(2) € B(L,€). We may assume that n is the minimum one. Suppose v(,—1),1(2) €
UrezB(L,d2). Then there exist an element Ly € Z and an element 2o € Lo such that vy;,_1),1(2) €
B(z0,02). It implies that d(Vnk,1(2), Ynk = Vn-1)k+1(20)) < 61. Let & : B(Ynk -+ - Y(n-1)k+1(20), 61) —
C be the well-defined inverse branch of 7, - - “Yn—1)k+1 such that &(vur -+ - Yn—1)k+1(20)) = 20
By Claim 2, taking §; small enough, we obtain that

3
f(B(Wnk e "V(n—l)k+1(ZO)7 6)) - B(Zm 16) - B(ZO>51)-
Since Ynk « - Y(n—1)k+1|B(z0,5:) 18 injective, it follows that

Yin—1)k,1(2) € E(B(Ynk - Ym—1)k+1(20),€)) C B(20,¢€).

However, this contradicts the minimality of n. Therefore we should have that v,_1)x,1(2) &
UrezB(L,02). Since the above argument is valid for arbitrarily small e > 0, we obtain that
Gr,(2) N Cr, # 0. Thus we have proved Claim 6.

Let p € N with p > 377" | 451 (W;) + 1 and let H := {z € F(G+,) | Gr,(2) N Cy, # 0}. For each
z € H and for each n € N, there exist an element (w; 5,0, -, Wz np) € (Gr,(2))PT and an element
(Vam,1s -3 Yzm,p) € (supp73)? such that v, p i1 (Wan i) = Wsmit1 for each i =0,...,p — 1 and
such that d(w.,,,p,Cr,) < 1. We may assume that for each i = 0,...,p, there exists an element

Wy 00i € Gry(2) such that w, i — W, 00, as n — 0o. Moreover, we may assume that for each
i =1,...,p, there exists an element 7, o ; € supp 73 such that v, , ; = 7.,00,s as n — co. Then we
have that v, co,i+1(Wz,00,i) = Wz c0,i+1 for each i = 0,...,p — 1. Since w; o p € Cry C J(G4,), We
obtain that w, «; € J(Gr,) for each i =0,...,p. Foreach i =1,...,p, let j,;, € {1,...,m} be an
element such that . o ; € supp73 N {f;., x| A € A;_,}. We now prove the following claim.
Claim 7. There exists a number e > 0 such that for each z € H, there exists an element i € N with
1 <i < psuch that d(w., s0,i—1,S1(Wj.,)) > €.

To prove Claim 7, suppose that the statement of Claim 7 does not hold. Then for each r € N
there exists a 2, € H such that for each i € Nwith 1 <14 < p, we have d(w., o0,i—1,S1(Wj., ,)) < %
We may assume that for each ¢ = 1,...,p, there exist an element a;_; € C,,, an element j; €
{1,...,m}, and an element ~; € suppsN{fj, » | A € Aj, } such that j. ; = j; for each r, such that
Wy, 00,i—1 — @j—1 @8 T — 00, and such that v, - ; = 7; as r = 0o. Also we may assume that there
exists an element a, € C;, such that w,, o, — a, as r — co. Then we have that a;_1 € S1(W},)
and ~;(a;—1) = a; for each i = 1,...,p and thus a,_1 ¢ ULeMin(GTB,C)L for each i = 1,...,p (by
(40) and the fact a, € C,,). However, this contradicts to the assumption that there exists no
peripheral cycle for (¥, {W;}};). Thus we have proved Claim 7.

Since Wy 00 € J(Gry) for each z € H and ¢ = 1,...,p, Claim 7 implies that if 7y €
My (Y, {W;}7L,) is an element such that supp 3 N{fjx | A € A;} Cint(supp7aN{fjx [ A€ A;})
with respect to the topology in {f;x | A € A;} for each j = 1,...,m, then for each z € H there
exists an element g, € supp 74 such that

Gry(92(2)) N ULeMin(Gra,@), L is attracting for T3L # 0.
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Combining this with Lemma 3.71, Claim 6 and (41), we easily see that if we assume further that
74 is close enough to 73, then for each L € Min(G,,,C) with L ¢ Jxer(G,), we have that L is
attracting for 74 and

for each z € F'(G,,), we have that G,,(z) NU (42)

LeMin(G-,,C), L is attracting for T4L # 0.

Moreover, Lemma 3.71 implies that there exist two non-empty open neighborhoods Vi ,, V5 -, of
the union of attracting minimal sets for (G,,C) and an element n € N such that Vi ., C Va.r,,
ﬁ(@ \ V2,-,) > 3 and for each (v1,...,7vn) € (supp74)™, we have vy, 0---0v1(Var,) C Vi 5,. By (42)
and Lemma 3.71 (i), we have

Dryi= () 97HC\Var) = Je(Gry) C T SOV)). (43)
9€Gry

Furthermore, for each L € Min(G,,,C) with L C N7L1S1(W;), L satisfies exactly one of (I)—(IV)
in Claim 1. Therefore 74 is weakly mean stable. By (43), Lemma 3.46, Lemma 3.74 and its proof,
and Lemma 3.75, we see that there exists an neighborhood V' of 74 in (9 (Y, {W;}}L,), O) such
that for each 75 € V, we have that statements (i)(iii)(iv)(v) in our theorem hold for 75 and that
#Jker(Gry) < 00, Dy = Jier(G,) and #Min(G,,,C) < co. We now prove that there exists an open
neighborhood V' of 74 such that for each 75 € V,, Do, C N7, S (W;). We use the argument in the
proof of Lemma 3.74 with I' = supp 74. By (43), in the proof of Lemma 3.74, if V' is small enough,
then for each 75 € V, for each L € Min(G,,, D.,), we can take ZL,supp s S0 that zp suppr = 2L €
L C Dy, C N1 S(W;). Also, if we take h,, € G, appropriately for each w € Dy, , then there exist a
neighborhood V' of 74 such that for each 75 € V' and for each w € D, we can take hy, supp € Gry
(in the proof of Lemma 3.74) so that hy supp - (w) = 2L, supp+ = 2z and the order of hy, supp =5
at w is equal to a constant a,, € N which does not depend on the choice of 75 € V. From this, in
the argument just before (35), for each 75 € V, any point 2z € ﬂgegT5g_1(C \ Va,suppr,) must be
equal to some w € L C D, C NJL;S(W;). Hence D, C ML S(W;) for each 75 € V.

Thus we have proved Theorem 3.77. O

Definition 3.78. Let ) be a weakly nice subset of Rat with respect to some holomorphic families
{W;}yL, of rational maps. We set

M e mitad(V, AW, HT1) o= {1 € My (Y, {W;}721) | 3L € Min(G,, C) which is attracting for 7}.

Also, we denote by My . e (Y, {W;}]L,) the set of elements 7 € My (Y, {W;}]L;) satisfying that
J(G,) = C and either Min(G,,C) = {C} or ULemin(a, &)L € NjZ1 S(W;).

Remark 3.79. Let )Y be a weakly nice subset of Rat with respect to some holomorphic families
{W;}iL, of rational maps. Then it is easy to see that My . maa(YV, {W;}7L,) is an open subset of
(ml,C(y’ {W7 ?:1% O)

We now prove a theorem in which we do not assume that J is mild with {W;}7L,.

Theorem 3.80. Let ) be a strongly nice subset of Rat, with respect to some holomorphic families
{Wj;}IL, of rational maps. Then the set

{7 €My cmua(V, AW, }jL1) | T is weakly mean stable}

is open and dense in (M ¢ mira(V, {W;}7L,), O). Moreover, there exists the largest open and dense
subset A of (M1 c.mira(V, {W;}7L1), O) such that for each T € A, all statements (i)—(v) in Theo-
rem 8.77 hold. Furthermore, we have

AU e gp (VAW 1L1) = M (VAW 120)

with respect to the topology O.
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Proof. By using the argument in the proof of Theorem 3.77, we obtain that the set of weakly
mean stable elements 7 € My miq is open and dense in (M1 ¢ mia(V, {Wj};-nzl),o), and there
exists the largest open and dense subset A of (91 ¢, maia(V, {WV; };”:1), O) such that for each 7 € A,
all statements (7)-(v) in Theorem 3.77 hold. To prove the last statement of the theorem, let
7 € My (Y, {W;}]L;) and suppose that there exists no element in Min(G, C) which is attracting
for 7. We want to find an element in 9% . ;7 (Y, {W;}72,) which is arbitrarily close to 7, by using
the arguments in the proof of Theorem 3.77 with some modifications. We take 71 close to 7 as in
the proof of Theorem 3.77. We may assume that there exists no element in Min(G,,, C) which is
attracting for 7. We now consider the following two cases.

Case 1. F(G.,) =0. Case 2. F(G.,) # 0.

Suppose we have Case 1. Let L € Min(G,,,C) and suppose L # C and L ¢ N7, S(W;). Then
0 # int(L), #(C \ (int(L))) > 3 and G, (int(L)) C int(L). Hence by Montel’s theorem, we obtain
0 # int(L) C F(G,). However, this is a contradiction. Thus 71 € My ¢ 7r (Y, {W;}7L,).

Suppose that we have Case 2. Let W; = {fj\}xen, for each j. Let o € 9y (Y, {W;}72,)
such that suppm N {fjr | A € A;} Cint(suppm N{f;x | A € A;}) with respect to the topology
in {fjx | A € A;} which is endowed with the relative topology from Rat for each j = 1,...,m,
and such that 7, is close to 7. Then by Lemma 3.71 (iv), we have that either Min(G,,,C) =
{C} or UbLemin(an, &)L C© N2 SOWV)), and if Min(G,,,C) = {C} then J(G,,) = C. Thus we
may assume that Up ey, e L C N7, S(W;). Under this condition, if F(G,,) = 0, then 7 €
My e 7 (Y, {W;}7L,). Thus we may assume F'(G,) # 0. By the argument in the proof of Claim 1 in
the proof of Theorem 3.77, there exists an element 73 arbitrarily close to 7 such that supp 72N{f; x |
A€ A} Cint(supprs N{fjr | A € Aj}) for each j = 1,...,m, and such that the statement in
Claim 1 in the proof of Theorem 3.77 holds for 5. By Lemmas 3.46 and 3.71, we have

ULEMin(GTB,@)L - m?:ls(wj) (44)

Also, since supp 72 C supp 73, there exists no element in Min(G,, C) which is attracting for 75. As
before, we may assume that F(G,,) # . There exists a k € N for which the statement of Claim 2
in the proof of Theorem 3.77 holds. We fix such an element. It is easy to see that statements in
Claims 4,5 hold for 73 even under our assumptions. Let Z, C, be as in the proof of Theorem 3.77.
Then the statement of Claim 6 in the proof of Theorem 3.77 holds for 75. More precisely, by (44)
we have that

if z € F(G.,), then G, (2) N (UpezL) # 0 and G, (2) N Cr, # 0. (45)

As in the proof of Theorem 3.77, let p > >" | #S(W;) + 1 and let

H:={z€ F(G,) | Gr,(2) N Cr, # 0}. (46)
Then we have that
the statement of Claim 7 in the proof of Theorem 3.77 holds for our 3. (47)

Let 74 be an element close to 73 such that supp s N{f;x | A € A;} Cint(suppra N{fjr | A € A;})
with respect to the topology in {f; x» | A € A;} foreach j =1,...,m. Then by (44) and Lemmas 3.46
and 3.71, we have that

ULeMin(a,, &)L C N7 S(W;). (48)

Moreover, by (47), we see that for each z € H there exists an element g, € supp7y such
that Gry(g2(2)) Nint(J(Gry)) # 0. In particular, H C J(G,,). Combining this with (45) and

(46), it follows that F(G,,) C J(G.,). Hence J(G,,) = C. Therefore we obtain that 7, €
My .7 (Y, {W;}7). Thus we have proved our theorem. O
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We now prove the following theorem on the systems generated by weakly mean stable elements.

Theorem 3.81. Let 7 € My (Rat) be weakly mean stable. Suppose $J(G,) > 3. Suppose
that for each L € Min(G,, Jxer(G-)), we have x(L,7) # 0. Suppose also that for each L €
Min(G+, Jxer (G+)), if x(L,7) > 0 then for each z € L and for each g € suppT, we have Dg, # 0.
Then all of the following hold.

(i) Her(Gy) < 0.

(ii) For each L € Min(G,,C) with L ¢ Jier(G~), we have that L is attracting for 7.

)
)
(iii) For each z € F(G,), we have that G(z) N ((ULeMin(GT,C),Lnger(G’T)L) £ 0.
(iv) All statements (i) —(vii) in Theorem 3.65 hold for T.

)

(v) Let Hy ; = {L € Min(Gy, Jyex(G7)) | x(,L) > 0} and let Q, be the set of points y € C
Jor which 7({y € X; | In € N s.t. v,1(y) € Uren, . L}) = 0. Then we have Q. = Fy (1),
#(C\ Q) < Rg and for each z € Q,, 7({y € X, | z € J,}) = 0. Moreover, for 7-a.ey € X,
we have Leby(J,) = 0. Moreover, Uren, L C JJ,(1) = C\Q, and #J0, (1) < Rq.

(vi) Let Q. be as in (v). Then #(C\ Q) < Ry and there exist a constant ¢, < 0 and a constant
pr € (0,1) such that for each z € 1, there exists a Borel subset C. , of X; with 7(C;,) =1
satisfying that for each v = (y1,72,...) € Cr, and for each m € N U {0}, we have the
following (a) and (b).

(a)

. 1
lim Sup — IOg ||D(7n+m,1+m)’ym,1(z)Hs <er <0.
n—oo N
(b) There exist a constant 6 = 6(t,z,v,m) > 0, a constant ( = ((1,z,v,m) > 0 and an
element L = L(t, z,7) € Min(G, C) which is either (i) “attracting for 77, or (i) “finite
and included in Jxer(Gr) with x(7,L) < 07, such that

diam(Vn-i—m,l-i—nL(B(’Ym,l(Z)7 5))) < CP: for allm € N,

and
d(Vntm,1+m(¥ym,1(2)), L) < Cp7 for alln € N.

(vii) For 7-a.e. v € X,, for Leby-a.e. z € C, there exists an element L = L(t,~,z) € Min(G, C)
which is either (1) “attracting for 77, or (ii) “finite and included in Jyer(Gr) with x(7,L) <
07, such that d(yn,1(2),L) = 00 as n — oco. Also, for 7-a.e. v € X, for each z € F,, there
exists an element L = L(t,7,z) € Min(G,,C) which is either (i) “attracting for 77, or (ii)
“finite and included in Jyer(G-) with x(7,L) < 07, such that d(vn,1(2),L) = 00 as n — oo.

(viii) Let Q. be as in (v). Then we have Q, = F(7), #(C \ E(7)) < No and for each L €
Min(GT,@), for each j =1,...,rL, where r;, = dimc U, 1, and for each y € th(T), we have

that lim_ e, Tp-(2) = Tp+(y) and lim a(Lj, z) = a(Lj,y), where o(Lj,-) is the
function coming from Theorem 3.65 (iii).

zEC,z—)y
(ix) Let Hy ; and Q; be as in (v). Lety € Jp,(1) = C\Q,. Then there exist an element L € H,

and j € {1,...,r} such that all of the following hold.

(a) Tr.(2) does not tend to Tt -(y) as z — y.
(b) Ly, z) does not tend to a(Lj,y) as z — y. Here, for the notation L;, see Theorem 3.65

(4)-
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(c) Let ¢, € C(C) be any element such that ¢r|l, = 1 and @r|p = 0 for any L' €
Min(G,,C) with L' # L. Then the convergence in (26) in Theorem 3.65 for ¢ = ¢y, is
not uniform in any neighborhood of y.

(d) There exists a Borel subset E., of X, with 7(E;,) = Tr .(y) > 0 such that for each
v € E.,, there exists an element m € N such that ym1(y) € L and
lim, o %log 1D (Yt 14m )y 1 () |s = x(7, L) > 0.

Proof. By Lemma 3.75, statements (i)—(iv) hold. By Theorem 3.36, we have #(C\Q,) < R, and for
each z € Q., 7({y € (supp7)N | 2z € J,}) = 0. Moreover, for 7-a.e.y € X,, we have Leby(J,) = 0.
Moreover, J (1) € C\ Q. and $.J3,(7) < Ro. In order to prove Q, = F;(7), let y € C\ Q.. Then
by Lemma 3.35,

T({v € X7 | d(yn1(y),ULen, L) = 0 as n — oo}) > 0. (49)

Since #(C\ Q,) < Ry, there exists a sequence {, }2°_, in Q, such that 2, — y as m — oo. Then
by Lemma 3.35 again, we have 7({y € X; | d(yn,1(2m),Uren, , L) = 0 as n — oo}) = 0 for each
m € N. Combining this with (iv) and Theorem 3.65 (iv), we obtain that

T({v € X; | d(yn,1(2m), ULeMin(GT’@)\HJ”L) — 0asn — oo}) =1 for each m € N. (50)

By (49) and (50), it follows that y € JJ,(7). Hence Q, = FJ (7). Also, by the definition of Q,,

we have Urem, L C ® \ Q.. Thus statement (v) holds. Moreover, by using the above argument,
we can show that there exist an element L € H, ; and an element j € {1,...,7.} such that (a)
and (b) in (ix) hold. By statement (a) in (ix) and the fact {Min(G,) < oo, statement (c) in (ix)
holds. Statement (d) in (ix) follows from the definition of €2, Lemma 3.35 and Birkhoft’s ergodic
theorem. Hence statement (ix) holds.

We now prove statement (vi). By Theorem 3.65 (iv) and Lemma 3.35, it follows that for
each z € Q., there exists a Borel subset D, , of X, with 7(D;,.) = 1 satisfying that for each
v=(7,7%,...) € D;, we have

d | vnai(2), U LU L] —=0asn— oo
LeMin(G,,C),L is attracting LeMin(Gy,Jiker (G-)) and x(L,7)<0

(51)
There exist a constant A, € (0,1) and a constant C, > 0 such that for each v = (y1,72...,) €
Xr, for each z € Uy c\iuia, ©).1 is attracting L and for each n € N, we have 1D(vn1):ls <
C: 7. Let ¢, := max{log \r, MaxX1ecMin(G, ,Juer (G, ))x(L,r)<0 X (L, )} < 0 (if there exists no L €
Min(G, Jxer (G+)) with x(L,7) < 0, then we set ¢; =logA;). Then for each z € ., there exists a
Borel subset C . of D, , with 7(C; .) = 1 such that for each v = (y1,72,...) € C; . and for each
m € NU {0}, we have

lim sup l log ||D('Yn+m,1+m)7m,1(z) s <er <O,
n—oo N
Also, by (51) and Lemma 3.29 and its proof, there exists an element p, € (0,1) such that we can
arrange C; , so that for any v € C; . and for any m € NU {0}, statement (vi)(b) holds. Hence
statement (vi) holds for 7.
By statements (vi) and (v), statement (vii) holds.
By (iv)(v) and Theorem 3.65 (vii), statement (viii) holds. Thus we have proved our theorem. [J

We now prove the following theorem, which is one of the main results of this paper.

Theorem 3.82. Let Y be a mild subset of Raty and suppose that ) is non-exceptional and strongly
nice with respect to some holomorphic families {Wj};ﬁ:l of rational maps. Then there exists the
largest open and dense subset A of (M (Y, {W;}7L,),O) such that for each T € A, all of the
following hold.
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(i) 7 is weakly mean stable.

(ii) For each L € Min(G,,C) with L C N7 S(W;), we have x(L,T) # 0. Moreover, for each
L € Min(GT,@) with L C N7 S(W;), if x(L,7) > 0, then for each z € L and for each
g € suppT, we have Dg, # 0.

(iil) fJker(Gr) < 00 and Jyer(Gr) C ML SONV;).

(iv) For each L € Min(G,C) with L ¢ Jiyer(G), we have that L is attracting for 7.

(v) For each z € F(G,), we have that G+(z) N ((ULeMin(GT,(C),L(ZJker(G,-)L) # 0.

(vi) All statements (i) —(vii) in Theorem 3.65 hold for T.

(vii) Let Hy , = {L € Min(G,, Juex(G-)) | x(7,L) > 0} and let Q. be the set of points y € C
for which 7({y € X; | 3n € N s.t. 7,1(y) € Uren, . L}) = 0. Then we have Q. = FJ (1),
4(C\ Q) < Ry and for each z € Q, 7({y € (supp™)N | 2 € J,}) = 0. Moreover, for 7-
a.ey € X, we have Leby(J,) = 0. Moreover, Urer, L C Jo (1) = C\Q, and #70, (1) < Ro.

(viii) Let Q, be as in (vii). Then #(C\ Q,) < Rq and there exist a constant ¢, < 0 and a constant
pr € (0,1) such that for each z € Q, there exists a Borel subset C. , of X; with 7(C;,) =1
satisfying that for each v = (y1,72,...) € Cr, and for each m € N U {0}, we have the
following (a) and (b).

(a)

) 1
lim sup — log ||D('Yn+m,1+m)vm,1(z)Hs <c¢r <0.

n—oo T

(b) There exist a constant 6 = 6(t,z,v,m) > 0, a constant ( = ((1,z,v7,m) > 0 and an
element L = L(7, z,7) € Min(G, C) which is either (1) “attracting for 77, or (ii) “finite
and included in Jyer(G) with x(7,L) <07, such that

diam(7n+m,1+m(B(me71(Z)a5))) < (p} foralln €N,

and
d(’Yn-}-mJ-‘,-m(me,l(z))a L) S Cp: fOT alln € N.

(ix) For 7-a.e. v € X, for Lebg-a.e. z € C, there exists an element L = L(r,7, z) € Min(G,, C)
which is either (1) “attracting for 77, or (ii) “finite and included in Jyer(Gr) with x(7, L) <
07, such that d(yn,1(2),L) = 00 as n — co. Also, for T-a.e. v € X., for each z € F,, there
exists an element L = L(7,7,z) € Min(G, C) which is either (i) “attracting for 77, or (ii)
“finite and included in Jyer(Gr) with x(7,L) < 07, such that d(yn1(2), L) = 00 as n — oo.

(x) Let Q; be as in (vii). Then we have Q. = Fp(7), #(C\ F(7)) < Ro and for each L €
Min(GT,(@), for each j =1,...,rL, where r;, = dimc U, 1, and for each y € F&(T), we have

that lim_ ¢ ., Tr -(2) = T1,-(y) and lim a(Lj, z) = a(Lj,y), where o(Lj,-) is the
function coming from Theorem 8.65 (iii).

zE(f:,z—>y
(xi) Let Hy . and Q. be as in (vii). Let y € Jo(1) = C\ Q,. Then there exist an element

L e Hy ; and an element j € {1,...,rp} such that all of the following hold.

(a) TL -(2) does not tend to Ty, ,(y) as z — y.
(b) «(Lj, 2) does not tend to a(Lj,y) as z — y. Here, for the notation L;, see Theorem 3.65

(1)-

49



(c) Let ¢, € C(C) be any element such that ¢r|l, = 1 and @r|p = 0 for any L' €
Min(G,,C) with L' # L. Then the convergence in (26) in Theorem 3.65 for ¢ = @y, is
not uniform in any neighborhood of y.

(d) There exists a Borel subset E., of X, with 7(E;,) = T -(y) > 0 such that for each
v € E.,, there exists an element m € N such that ym1(y) € L and
limy, o %log 1D (Yntm 14m) v 1 () |s = x(7, L) > 0.

Proof. By Theorem 3.77 and Lemma 3.56, there exists an open and dense subset A of the space
(Dy,(V, {W;}7L1), O) such that for each 7 € A, statements (i), (ii) and (iii) hold. By Theo-
rem 3.81, for each 7 € A, statements (iv)—(xi) hold. Thus we have proved our theorem. O

We now prove a theorem in which we do not assume that J is mild with {W;}7%,.

Theorem 3.83. Let Y be a non-exceptional and strongly nice subset of Rat with respect to some
holomorphic families {W;}7", of rational maps. Then there exists the largest open and dense subset
A of (M cmita(V, {W;}7L1), O) such that for each T € A, all statements (1)—(xi) in Theorem 3.82
hold. Furthermore, we have

AUMy g (VAW L) = Mo (VAW H21)

with respect to the topology O.

Proof. By the arguments in the proof of Theorem 3.82 and Theorem 3.80, it is easy to see that
the statements of our theorem hold. O

We now give corollaries of Theorems 3.77 and 3.82.

Corollary 3.84. Let Y be a mild subset of Raty and suppose that Y is strongly nice with respect
to some holomorphic families {W;}*, of rational maps. Then the set

{1 €My (Y, AW;}Ly) | T is weakly mean stable and §suppT < 0o}

is dense in (M (Y, {W;}72,), O). Moreover, there exists a dense subset A of (M (Y, {W;}7L,), O)
such that for each T € A, we have fsuppT < oo and all statements (1)—(v) of Theorem 8.77 hold
for .

Corollary 3.85. Let YV be a mild supset of Raty and suppose that Y is non-exceptional and
strongly nice with respect to some holomorphic families {Wj}}”:l of rational maps. Let A be the
largest open and dense subset of (M (Y, {W;}jL,),0) given in Theorem 3.82. Let Al = {r ¢
Al tsuppT < o0o}. Then A’ is a dense subset of A and is a dense subset of (IMy (Y, W51, 0)
such that for each T € Af, we have that fsupp T < oo and all statements (i)—(xi) in Theorem 3.82
hold for r. Also, let Ay = {r € A| 3L € Min(G,,C) s.t. x(r,L) > 0} and let .Ai =A,NAS.
Then A, is an open subset of A (hence an open subset of (M (Y, {W;}7L,),0)) and Ai is a
dense subset of A.. Moreover, for each T € Ai, we have J),(1) = J(G-) which is a perfect set.

Proof. Tt is easy to show that A7 is dense in A. Thus A7 is dense in (M .(V, {W; }ita), 0). Also,
by statement (ii) in Theorem 3.82, it is easy to show that A, is open in A. In order to prove the
last statement, suppose T € Ai. Since Urep, , L C Jgt, where Hy ;= {L € Min(G,, Jxer (G+)) |
x(7,L) > 0} (see Theorem 3.82), we have JJ; # ). Moreover, since supp 7 C Rat, we have .J), C

J(G,) c C\ E(G,) (recall that E(G,) denotes the exceptional set of G,). Hence GIl(J[?t(T)) D
J(G,) (see [13, Lemma 3.2]). Also, by the definition of €, since supp 7 is finite, we have C\ Q =
(GrU{Id}) " (Uren, L) and G-1(C\ ;) C C\Q,. Furthermore, by Theorem 3.82 (vii), we have
JO(7) = C\ Q.. It follows that G7'(JS%(7)) C J%(7) C J(G). Therefore JO () = G5 (J9(7)) =
J(G;). Finally, by [13, Lemma 3.1], J(G) is perfect. O
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4 Random relaxed Newton’s method

In this section we apply Theorems 3.77, 3.82 and the other results in the previous sections to random
relaxed Newton’s methods in which we find roots of given any polynomial g with deg(g) > 2.

Definition 4.1. Let g € P. Let A :={A € C| |A — 1] < 1} and let Ny (z) =z — A;,((ZZ)) for each
A€ A Let Wy = {Ng x}rea. (Note that this is a holomorphic family of rational maps over A.)
Let Yy := {Ny» € Rat | A € A}. Then ), is called the random relaxed Newton’s method set for g
and W, is called the random relaxed Newton’s method family for g. Also, (),, W,) is called
the random relaxed Newton’s method scheme for g. Moreover, for each 7 € 93?176(32) the

random dynamical system on C generated by 7 is called a random relaxed Newton’s method
(or random relaxed Newton’s method system) for g. Also, let Q4 := {20 € C | g(20) = 0}.

We need the following lemma to investigate random relaxed Newton’s methods and other
examples to which we can apply Theorems 3.77 and 3.82. The proof is easy and it is left to the
reader.

Lemma 4.2. Let Y be a nice subset of Rat with respect to a holomorphic family W = {fx}xea
of rational maps. Then Y is strongly nice with respect to W. Moreover, if, in addition to the
assumption of our lemma, Y satisfies that for each T' € Cpt({fx | A € A}) and for each L €
Min((T'), S(W)), we have §L = 1, then Y is non-exceptional and strongly nice with respect to W.

We now show that we can apply Theorem 3.82 to random relaxed Newton’s methods.

Lemma 4.3. Let g € P and let (Y4, W,) be the random relaxed Newton’s method scheme for
g. Then Y, is a mild subset of Rat and Y, is non-exceptional and strongly nice with respect to
Wy. Also, for each x € Qg4 and A € A, we have that Nyx(v) = = and Ny ,(z) = 1 — ==

where my denotes the order of g at the zero x, and [Ny \(z)| < 1. Moreover, for each A € A mif)e
have Ny »(00) = 0o, the multiplier of Ny at oo is equal to (1 — ﬁ(g))* , and ||D(Ng x)oolls =
|1 — deg(q)| 1'> 1. Moreover, we have SW,) = Q4 11 {occ} 1 {29 € C | ¢'(20) = 0 g(zo) # 0}.

Moreover, for each T' € Cpt(Yy), we have Min((T'), S(Wy)) = {{z} | x € Q4} U {{o0}}.
Proof. It is easy to see that S(Wy) = Qg I {co} I {zy € C | ¢'(20) = 0,g(20) # 0} and for each

I € Cpt(Y),), we have Min({T), SOV,)) = {{z} | & € Qg} U{{oc}}.

It is easy to see that Ny (z) = z and N, ,(z) =1 - i for each z € Q4 and A € A. Since
{17— [ ANe Ay ={z€C| \27(17—)| < —}, wehave [Ny A(@)] <1forallz € Qg A €A
Slmllarly, it is easy to see that for each A € A, we ‘have Ng A(00) = o0, the multiplier of N, » at oo
is equal to (1 — deg(g)) ,and ||[D(Nga)oolls = |1 — deg(g)| 1> 1. From the above arguments, we
obtain that ), is a mild subset of Rat and ), is non-exceptional and nice with respect to W,. By
Lemma, 4.2, it follows that )V, is strongly nice with respect to Wj,. O

We now prove the following theorem on random relaxed Newton’s methods.

Theorem 4.4. Let g € P. Let (Vg, Wy) be the random relazed Newton’s method scheme for g.
Then we have the following.

(i) There exists the largest open and dense subset A of (M o(Vy, W), O) such that for each
T € A, all statements (i)—(xi) in Theorem 3.82 hold.

(ii) Let T € A. Let Q. be the set defined in Theorem 3.82. Then #(C\ Q,) < Rq and
Q={yeCl|7({y=(n,72,...) € Xr | In €N s.t. v,,1(y) = o0}) =0}

Moreover, there exists a constant p- € (0,1) such that for each z € Fy (1) = Q, there exists
a Borel subset C; . of X, with 7(C; ) = 1 satisfying that for each v = (y1,72,...) € Cr 2,
there exists a constant ( = ((7,z,7) > 0 such that

d(yn,1(2), Qg U LeMin(G,,C),L is attracting for +,LNQ,=0 L) <¢p7f for alln € N.
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(iii)

(iv)

For each T € A, we have 0o € J,(1) = C\ Q. and
Jier(Gr) = {20 € C | g'(20) = 0,9(20) # 0} U {oo}.

In particular, O # J9(7) and Juex(Gr) # O for each 7 € A. Moreover, if we set Al :=
{r € A| tsuppt < oo}, then A is dense in (IMy .(V,, W,),0). Also, if, in addition to the
assumptions of our theorem, g/g’ is not a polynomial of degree one, then for each 7 € A7,

we have JY, (1) = J(G) which is perfect.
Let Acony = {17 € A| Min(G,,C) = {{z} | 2 € Q,} U {00}}}. Then Aeony is open in A.

Let 7 € Aconw. Then we have ﬁ(@ \ ;) <Ny and max,cq, ex(m{2}) < 1. Moreover, for each
a € (max,eq, X" 1) and for each z € FD(1) = Q, there exists a Borel subset Cs . o
of X, with ?(CT,Z,Q) = 1 satisfying that for each v = (v1,72,.--,) € Cr. 2., there exist an
element © = x(7,2,0,77) € Qg and a constant & = £(7,2z,a,7y) > 0 such that

d(Yn1(2),z) <€a™ for allm € N, (52)

Also, for T-a.e. v = (71,72,...,) € X;, we have Leba(J,) = 0 and for each z € F,, there
exists an element v = x(7,7,2) € Qg4 such that

d(Yn,1(2),2) = 0 as n — . (53)
Moreover, for each x € Q4 and for each z € §);, we have

lim T (w) = Tor (). (54)

weC,w—z

Furthermore, we have

T{ve X; | IneN st v,1(2) = 00}) + Z Tyr(2) =1 for all z € C, (55)
TEQ

and we have

Z Ty r(2) >0 forall z€ C\ Jier(G7) =C\ {20 € C | ¢'(20) = 0, 9(z0) # O}. (56)
TEQ

In particular, for any subset B of C with §B > deg(g), there exists an element z € B such
that 3 ,cq, Tur(2) > 0.

Let 7 € My o(Vg, Wy) and suppose that int(suppT) D {Ngx € Vy | A € C,|A — 1| < 3} with
respect to the topology in Vy. Then T € Acony. In particular, the statements regarding (52),
(53), (54), (55) and (56) hold for T.

Let 7 € My (g, Wy) and suppose that int(supp7) D {Ngx € Vy | A € C,|A — 1| < 3} with
respect to the topology in Yy and T is absolutely continuous with respect to the 2-dimensional
Lebesgue measure on Yy = A (e.g., let T be the normalized 2-dimensional Lebesque measure
on the set {Nyx € Yy | A € C,|A — 1] < r} where + < r < 1, under the identification
Yy = A). Then T € Acony and the statements regarding (52), (53), (54), (55) and (56) hold
for 7. Moreover, we have

Q, =C\{20€C|g(2)=0,g(z0) # 0}. (57)

In particular, we have ﬁ((@ \ Q) <deg(g) — 1, and for any subset B of C with §B > deg(yg),
there exists an element z € B such that

TEQ
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Furthermore, for each ¢ € C’((@) and for each z € Q.,, we have

M) (2) = > Tor(2)p(x) asn — oo (59)
TEQ

and this convergence is uniform on any compact subset of Q).

Proof. When g/g’ is a polynomial of degree one (i.e., g(z) is of the form a(z — ¢)™), then it is
easy to see that statements (i)-(vii) hold. Thus we may assume that g/¢’ is not a polynomial. By
Lemma 4.3, Lemma 3.74 and its proof, Theorem 3.82, the proof of Lemma 3.29 and Corollary 3.85,
statements (i)—(v) hold.

We now prove (vi). Let © := {L € Min((NgJ),@) | L C C\ Qg,L is attracting for dy, , }.
Then each L is an attracting periodic cycle of Ny 1. Let L € ©. If the period pr of (Ngyl,L) is
equal to 1, then there exists an element z € @, with L = {«}. However, this is a contradiction.
Hence, we have py, > 2. In particular, two different points of L never belong to the same connected
component of F(Ny1).

We now let 7 € My (Y, W,) and suppose int(supp7) D I'g with respect to the topology in
Vg, where I'g := {Nyx € Yy, | A € C,[A—1] < 1}. Let I' € Cpt(),) be an element such that
int(T") D Ty, int(supp7) D T, and I is close enough to I'g with respect to the Hausdorff metric. We
now use the arguments in the proof of Theorem 3.82 and we modify them a little. By Lemma 4.3,
we have the following claim.
Claim 1. Let h € T and = € ;. Then we have h(z) = = and ||Dh,||s < 1. Also, h(co) = oo and
|[Dhoolls > 1.

We now prove the following claim.
Claim 2. Let L € Min({T'y), C) and suppose L C C\ Q4. Then L is not attracting for T'y.

To prove this claim, suppose that there exists an element L € Min((Fo),C) with L C C\ Qq
which is attracting for I'g. Then there exists an element Ly € © with Ly C L. We have that the
period of (N 1, Lo) is not 1. Let B := max{|Ny1(z) — x| | € Lo} > 0. Let g € Ly be an element
such that [Ny 1(zo) — xo| = B. Then we have

g(wo)

9'(x0)
Let Ny o = Id. By (60) and the fact [Ny 1(zo) — N2 (x0)| < B, we obtain that

{Nga(Nga(z0)) [ A €[0,1]}

[Ny ANy (20)) | A € 0, 51} U [N r (Nt () | A € [5,11)

C (=€ Clls— Nyaleo)| < 3INpa(w0) = N2y (@)} U {Nya(Nya(z) | A € €, A= 1] < 5)

1 1 1
[Nga(@o) | A € C,]A-1] < 3} = {mo—A (A€ CA-1| < 5} ={z €C | [z=Nya(w0)| < 3B}.

(60)

1 1
C ANga(@o) [ 1A € C A =1 < S} U{Nga(Nga(wo)) [A € C, A1 < 5} C L.

Moreover, since two different points Ny 1(20) and N7, (x0) in Lo cannot belong to the same con-
nected component of F/(N 1), we have that { Ny x(Ng1(z0)) | A € [0,1]} NJ(Ng,1) # 0. From these
arguments, it follows that L N J({I'o)) # 0. However, this contradicts the assumption that L is
attracting for I'y. Thus we have proved Claim 2.

We now prove the following claim.
Claim 3. We have Min((I'),C) = {{z} | z € Q,} U {{cc0}}.

This claim is proved by combining Claims 1, 2, Lemma 3.71 and Zorn’s lemma.

By using Claim 3, Lemma 4.3 and the arguments in the part from Claims 6, 7 and the last in
the proof of Theorem 3.77, we obtain that 7 is weakly mean stable, 7 satisfies the assumptions of

Theorem 3.81, and there is no L € Min(G-,C) with L C C\ Q4. By Theorem 3.81, it follows that
T € Aconw- Thus we have proved statement (vi) in our theorem.
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Statement (vii) follows from statements (i), (ii), (iv), (v), (vi) and Theorem 3.65. (Note that
if 7 is absolutely continuous with respect to the 2-dimensional Lebesgue measure on Y, = A, then
the formula for €, in (ii) gives us (57).)

Thus we have proved our theorem. O

Remark 4.5. Let g be a non-constant polynomial. We say that g is normalized if the set
{z0 € C | g(20) = 0} is contained in D := {z € C | |z| < 1}. Note that if g € P is normalized,
then ¢’ is also a normalized polynomial (see [1, page 29]). Thus, for a normalized polynomial
g € P, for a random relaxed Newton’s method scheme (),, W,) for g, 1f T € My,c(Vyg, W,y) is
an element such that int(supp7) D {Nyr € YV, | A € C | |)\ — 1| < 1} with respect to the
topology in YV, and 7 is absolutely continuous with respect to the 2—dimensional Lebesgue measure
on Y, 2 {\ e C||\—1] <1}, then for any 2o € C\D, for 7-a.e. v = (y1,72,...) € (Rat)¥,
{Vn,1(20)}22, converges to a root of g as n — 0.

5 Examples

In this section, we give some examples to which we can apply our main theorems.

Example 5.1. Let ) be a weakly nice subset of P with respect to some holomorphic families
{W;}iL, of polynomial maps. Suppose that S(W;) = {oo} for each j = 1,...,m. Then Y is
nice Wlth respect to {W;}7L; and (Y, {W;}]L,) satisfies the assumptions of Lemma 3.53. Thus
by Lemma 3.53, the set .A ={rei C(y {Wj;}1L1) | 7 is mean stable} is open and dense in
M (Y, {W; };”:1) with respect to the topology O. In particular, all statements (i)—(xi) of Theo-

rem 3.82 hold for any 7 € A and the set €, in Theorem 3.82 is equal to C.

We give some examples of ) which are mild, non-exceptional and strongly nice and satisfies
the assumptions in Theorem 3.82.

Example 5.2. For each ¢ € N with ¢ > 2, let P, := {f € P | deg(f) = ¢}. Let (q1,...,¢m) € N™
with ¢1 < g2 < -+ < ¢, and let W; = {f}fep ,j=1,...,mand let Y = U7, P,,. In this case,
S(Wj) = {oo} Thus by Example 5.1, the set A= {r e SD?LC()) {Wj;}jLy) | 7 is mean stable} is
open and dense in My (Y, {W;}72;) With respect to the topology O and the set €2 in Theorem 3.82
is equal to C.

Example 5.3. Let ¢ € N with ¢ > 2 and let W = {29 + c}cec. Let Y = {294 ¢ | ¢ € C}. In this
case, S(W) = {oo}. Thus by Example 5.1, the set A := {7 € My (Y, W) | 7 is mean stable} is
open and dense in M (Y, W) with respect to the topology O and the set 2, in Theorem 3.82 is
equal to C.

We now give an important example of J to which we can apply Theorems 3.77 and 3.82 but
in which €, # C for any 7 in an open subset of 4, where A is the set in Theorems 3.77 and 3.82.

Example 5.4. Let W = {Az(1 — 2)}rec\foy and let ¥ = {Az(1 —2) € P, | A € C\ {0}}. In
this case, S(W) = {0,1,00} and S(W) \ {0} = {0,1} # 0. It is easy to see that ) is a mild
subset of P and )Y is non-exceptional and strongly nice with respect to holomorphic family W.
Thus the statements of Theorems 3.77, 3.82 hold. Let A be the largest open and dense subset of
(MM1,.(Y, W), O) such that for each 7 € A, all statements (i)-(v) of Theorem 3.77 and all statements
(i)—(ix) of Theorem 3.82 hold. Since each element of ) is a quadratic polynomial, for each 7 € A,
exactly one of the followings holds.

o Type (I). Min(G,,C) = {{0}, {o0}}.

e Type (II). Min(GT,@) = {{0}, {o0}, L, }, where L, is an attracting minimal set with L, #
{0}, {oo}-
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If 7 € Ais of type (I), then Theorem 3.77 (v) and Theorem 3.65 imply that
M2(0)(y) = To.r (1)¢(0) + T, (y)p(00) as n — oo, for each y € C,p € C(C) (61)

ie., (M)"(dy) = To,-(¥)d0 + Too,r(y)0o as n — co. If 7 € A is of type (II), then Theorem 3.77

T

(v) and Theorem 3.65 imply that

T

M7 (@)0)  Tor D9 0) + T (o) + 3 al(T)n) [0 don jasnso0 (62)

for each y € C and for each ¢ € C(C), where r, = dim¢(U,.,) (the period of (7,L,), see
Lemma 3.60 and Definition 3.61), and {(L;);}’Z,, {wr, ;};Z, are elements coming from Theo-
rem 3.65.

Note that there exists an element 7 € A of type (I). For example, let go(z) = Moz(l —2) € Y
where 0 < |\g| < 1 and let 79 = d4,. Then any element 7 € A which is close enough to 7y is of type
(I). Also, there exists an element 7 € A of type (II). For example, let g; € )V be an element which
has an attracting periodic cycle with period p > 2. Let 71 = dg4,. Then any element 7 € A which
is close enough to 77 is of type (II) with r, = p.

We now classify elements 7 € A of type (I) into the following three types.

e Type (Ia). 0 € F(G;) and {0} € Min(G,, C) is attracting for 7.
[ Type (Ib) 0e Jker(G'r) and X(T7 {0}) <0.
[ Type (IC) 0e Jker(GT) and X(Ta {0}) > 0.

We first remark that for each type (x) above, there exists an element 7 € A of type (x). In
fact, for the above 79, any element 7 € A which is close enough to 7y is of type (Ia). Also, let
93(2) = 32(1 = 2) € Y,94(2) = 62(1 — z) € Y and let 75 := p1y, + p2dy,, where (p1,p2) € (0,1)?
with p1 +p2 = 1, py log% + polog6 < 0. Then any element 7 € A which is close enough to
3 is of type (Ib). Moreover, let 73 := q1d4, + q20,,, Where (q1,q2) € (0,1)? with ¢1 +¢2 = 1,
Q1 log% + g2log6 > 0. Then any element 7 € A which is close enough to 73 is of type (Ic). Hence
for each type (), there exists an element 7 € A of type (x).

For each type (x)=(Ia), (Ib), (Ic), (II), we set A, the set of element 7 € A of type (). We
show the following claim.

Claim 1. For each (x)=(Ta), (Ib), (Ic), (II), the set A, is a non-empty open subset of A. Also,
A =11, A,, where IT denotes the disjoint union.

To show this claim, we first remark that we have already shown that each A, is non-empty and
A = U, A.. By [39, Lemma 5.2], the sets Aj,, Arr are open in A. Also, since x(7, {0}) is continuous
with respect to 7 € A, we see that Aj. is open in A. Finally, since each 7 € A is weakly mean
stable, for each 7 € Ay, there exists an element g € supp 7 with [¢’(0)| > 1. From this, we obtain
that Ajp is open in A. Thus we have proved Claim 1.

We now show the following claim.

Claim 2. For each 7 € Aj; and for each g € supp 7, we have |¢’(0)| > 1. In particular, 0 € Jie (G)
and x(7,{0}) > 0.

To show this claim, let 7 € Ay and g € supp 7. Then g has an attracting periodic cycle in L.,
which does not meet 0. Thus |¢’(0)| > 1. Hence we have proved Claim 2.

For each 7 € A, we have that 7 is weakly mean stable. We now show the following claim.
Claim 3. Each element 7 € Aj, is mean stable. However, each element 7 € Ap, U Aj. U Ajy is
weakly mean stable but not mean stable.

To show this claim, let 7 € Ayp,. Since each minimal set is attracting, 7 is mean stable. We now
let 7€ Ay UAr. UArr. Then 0 € Jie (G). Thus 7 is not mean stable. Hence we have proved
Claim 3.
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For each 7 € Ajq,, the convergence in (61) is uniform on y € C since 7 is mean stable.

Let U :={r € A| x(7,{0}) > 0} = A;. UA;;. Then U is a non-empty open subset of A. We
now prove the following claim.
Claim 4. For each 7 € U, the set Q, (with #(C\ €,) < Rg) in Theorem 3.82 is not equal to C. In
particular, () # JO,(7) = C\ Q..

To prove this claim, let 7 € U. Then x(7,{0}) > 0. By the definition of Q,, we obtain that
0 € C\ Q,. Also, by Theorem 3.82 (vii), we have J(7) = C\ ©Q,. Hence we have proved Claim 4.

We now prove the following claim. Note that the set {7 € U | isupp 7 < oo} is dense in Y.
Claim 5. Let 7 € U with fisupp7 < oo. Then we have J0,(7) = J(G-) and this is a perfect set.

Also, there exists an element L € Min(G,,C) such that letting ¢, € C(C) be any element such
that ¢z|z = 1 and ¢r|; = 0 for any L' € Min(G,,C) with L’ # L, the convergence in (26) in
Theorem 3.65 for ¢ = ¢y, is not uniform in any open subset V of C with V N J(G,) # 0.

This claim follows from Claim 4, Corollary 3.85 and Theorem 3.82. We have proved Claim 5.

We now prove the following claim.

Claim 6. For each 7 € Ay, the functions Ty ,, 7o, are continuous on C and there exists a neigh-
borhood V' of 0 such that Ty .|y = 1 and T -|v = 0. Also, for each 7 € Ay, the functions Tp -
and T, , are continuous on C and To.-(0) =1, Ts -(0) = 0, but for any neighborhood V of 0, we
have Ty -|v # 1 and Teo |y # 0.

To prove this claim, let 7 € A, UAp. Then by Theorem 3.66 (or Theorem 3.82), the functions
To.r, Too are continuous. If 7 € Ay, then 0 € F(G,) and since the functions Tp , and T, . are
locally constant on F(G.) (see [38, Theorem 3.15] or Theorems 3.77 and 3.65 (vi)), there exists a
neighborhood V' of 0 such that T -|yv = 1 and To |y = 0. We now suppose 7 € Ap,. Let Fioo (G)
be the connected component of F(G) with co € Fio(G). Then T +|p(q,) = 1. Let V be any
neighborhood of 0. Since 0 € J(G), there exist an element z € V and an element g € G, such
that g(z) € Foo(G;). Let (y1...,7v,) € (supp7)™ be an element such that g =y, o---o0v;. Then
there exists a neighborhood A of (y1,...,7,) in (supp7)™ such that for each (aq,...,a,) € A,
ano---oa(z) € Fo(G7). It implies that Too -(2) > (®}_;7)(A) > 0. Therefore T, ;v # 0. Since
To.r + Too,r = 1, it follows that Tp ;| # 1. Thus we have proved Claim 6.

We now prove the following claim.

Claim 7. Let 7 € Aj.. Then for each z € Q),, where {2, is the subset of C defined in Theorem 3.82,
we have T, -(2) = 1. Also, #(C\ 2,) < R.

To prove this claim, by Theorem 3.82, we have ]i(@ \ ;) < Ng. Also, by the definition of Q,,
the result Ty, + To, = 1 on C and Lemma 3.35, we see that Th, ,(y) = 1 for each y € Q. Thus
we have proved Claim 7.

We now prove the following claim.

Claim 8. Let 7 € A. Then 7 € Ay, if and only if for 7-a.e.y € X, we have Leby(K,) = 0, where
K., denotes the filled-in Julia set of v, i.e., K, := {z € C | {y,,1(2)}72; is bounded in C}.

To prove this claim, let 7 € Aj.. Then by Claim 7 and the Fubini theorem, for 7-a.e.y € X,
we have Leby (K ) = 0. We now suppose that 7 € A and for 7-a.e.y € X, we have Leby(K,) = 0.
Then by the Fubini theorem, we obtain that for Lebs-a.e. z € C, we have Too,r(2) = 1. Therefore
by Claim 6, 7 &€ A7, U Ap, U Ajr. Hence by Claim 1, we obtain 7 € Aj.. Thus we have proved
Claim 8.

We also give some further examples to which we can apply Theorems 3.77 and 3.82.

Example 5.5. Let Q = {z1,...,2,} be any non-empty finite subset of C, where z1,...,z, are
mutually distinct points. Let f(z) = aH?Zl(z — ;) € P, where a € C\ {0}. Then we have
{20 € C| f(20) = 0} = Q and if 2o € C, f(20) = 0, then f'(20) # 0. Let W = {2 + A f(2) }rec\{0}
and let Y = {z+ Af(z) € P | A € C\ {0}}. In this case, SWW) = Q U {oo} and SWW)NC =
{z0 € C | f(20) = 0} = Q # (). By Lemma 4.2, we obtain that ) is a mild subset of P, the set
Y is strongly nice and non-exceptional with respect to holomorphic family W and (Y, W) satisfies
the assumptions of Theorems 3.77, 3.82. Thus there exists the largest open and dense subset A of
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(OM1,.(Y, W), O) such that for each 7 € A, all statements (i)—(xi) in Theorem 3.82 hold for 7. In
particular, each 7 € A is weakly mean stable. Let f\(z) = z + Af(z). Then we have

AR =14+ Af(2). (63)

Let Ay := {7 € A| 3L € Min(G,, Q) s.t. x(7,L) > 0}. Also, let Ay oy :=={7 € A| forall L €
Min(G, Q) we have x(7, L) > 0}. Moreover, let Af := {7 € A | supp7 < oo}, Af_ =A;nAS,
and Ai_a” = Ay 1N A7

We now show the following claim.
Claim 1. The sets A4 and Aj 4 are non-empty open subsets of A (and thus they are non-empty

open subsets of (M (¥, W), 0)). Also, Ai is dense in A4 and Aiya” is dense in A4 4. Moreover,

for each 7 € Ay, we have ) # Urepn, L C Jy(7) = C\Q,, where Q, and H . are the sets defined
in Theorem 3.82, and for each 7 € Ay a1, we have Q C J,(7). Furthermore, for each 7 € .Af;, we

have J9, (1) = J(G-) which is a perfect set.

To prove this claim, it is easy to see that A4 and A, 4 are open in A. By (63) and the fact
f'(z) # 0 for each = € Q, if Ao is large enough, then letting 7o := dy, , we have x(7o, {z}) > 0
for each x € Q. Therefore for each 7 € A which is close enough to 7y and for each x € Q, we
have x(7,{z}) > 0. Thus Ay D Ay .y # 0. The rest statements follow from Theorem 3.82 and
Corollary 3.85. Thus we have proved Claim 1.

Let A_ .y = {r € A | forall L € Min(G,,Q) we have x(7,L) < 0}. We now prove the
following claim.

Claim 2. The set A_ 4 is a non-empty open subset of A and A_ ,;; N A4 o = 0.

To prove this claim, it is easy to see A_ oy N Ay o = 0 and A_ 4y is open in A. For each
x € @, combining (63), the fact f'(x) # 0 and the method above, we see that there exists an
element A, € C\ {0} such that f{ () =0.Let 1 =3 o 164, . Then x(71,{z}) = —ooc for each
z € Q. Hence for each 7 € A which is close enough to 71, we have x(7,{z}) < 0 for all z € Q.
Thus A_ 4 # 0. Hence we have proved Claim 2.

We now prove the following claim.

Claim 3. Let 7 € A_ 4. Then for each L € Min(G;, Jker(G-)), we have x(7,L) < 0, and each
L € Min(G-, (C) with L ¢ Jyer(G) is attracting 7. Thus 7 satisfies all assumptions of Theorem 3.66
and all conclusions in Theorem 3.66 hold. In particular, J9(7) = 0 and Fycas(T) = M, (C).

This claim follows from Theorem 3.82, the fact 7 is weakly mean stable and Theorem 3.66.

Example 5.6. Let n € N with n > 2 and let w = e>™/* € C. For each i = 1,...,n, let
W; = {wz(z + A(z" — 1))}>\€C\{0}~ Let i1,...,0m € {1,...,n} with i3 < 43+ < 4. Let Y =
U;-”Zl{w”(z +Xj(z"—1)) e P| X € C\{0}}. Foreach j = 1,...,m, let A; := C\ {0} and let
fin (2) = w (z+ (2" — 1)) for each z € C,\j € Aj. Let W, = {fix faen, foreach j=1,...,m.
We show the following claim.

Claim 1. Y is a mild subset of P and ) is strongly nice and non-exceptional with respect to
holomorphic families {W;}2; of polynomial maps and (Y, {W;}}L) satisfies the assumptions of
Theorem 3.82.

To prove this claim, we first note that S(W;) = {w* |k =1,...,n}U{cc} for each j = 1,...,m.
Hence we have N, SOWV;) N C = {w* | k = 1,...,n} # 0. For each w* € N, S(W;) and
for each j = 1,...,m and for each \; € C\ {0}, we have f;x, (w*) = w**5 e N, S(W;).
Thus for each 7 € My (Y, {W;}7L,), we have G- (N7 SW;) N C) C N7 S(W;) NC. Let Q :=
N SW;)NC = {w* | k=1,...,m}. For each j = 1,...,m, let a; : @ — Q be the map defined
by a;(z) = w" - z,z € Q. Then for each j = 1,...,m and for each \; € A;, we have f; x,|q = ;.
Since the semigroup {04;1 | n € N} is a cyclic group generated by «;, there exists an element n; € N
such that a;l = o7, Therefore we obtain that @ is equal to the union of minimal sets of the
semigroup generated by {a1,...,am}. Thus @ = Urcmin(a, @)L for each 7 € My (Y, {W;}]L,).
Hence there is no peripheral cycle for (Y, {W,}). Moreover, for cach z € Q, for each j =1,...,m
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and for each A\; € A;, we have

f;;\j (2) = w" (14 Ajnz""1). (64)

Hence ) is strongly nice with respect to holomorphic families {W; }}”:1 of polynomial maps. More-
over, by (64), it is easy to see that ) is non-exceptional with respect to {W;}7.,. Thus we have
proved Claim 1.

Let A be the open and dense subset of (91 (Y, {W;}]L;), O) given in Theorem 3.82. Then
for each 7 € A, all statements (i)—(xi) in Theorem 3.82 hold. In particular, any 7 € A is weakly
mean stable. Let A, := {7 € A|3L € Min(G., Q) s.t. x(7,L) > 0}. Also, let

Ap g :={7 € A| for all L € Min(G,, Q) we have x(7, L) > 0}.

Moreover, let A/ := {7 € A | fsuppT < <}, .Ai =A, N A/, and Aia” =Ay i NAS.
We now show the following claim.
Claim 2. The sets A, and A; 4 are non-empty open subsets of A (and thus they are non-empty
open subsets of (9, .(V,{W;}]L),0)). Also, Af_ is dense in A4 and Aia” is dense in A4 4.
Moreover, for each 7 € Ay, we have 0 # Urep, . L C Jpi(1) = C\ Q,, where Q, and H, , are the
sets defined in Theorem 3.82, and for each 7 € Ay 41, we have Q C Jgt(T). Furthermore, for each
T e AL, we have J9(1) = J(G-) which is a perfect set.
To prove this claim, by (64), we obtain that A4 and A, 4 are non-empty. It is easy to see that
Ay and Ay 4y are open in A. The rest statements follow from Theorem 3.82 and Corollary 3.85.
Let A_ 4y = {7 € A | forall L € Min(G,,Q) we have. x(7,L) < 0}. We now prove the
following claims.
Claim 3. The set A_ 4 is a non-empty open subset of A and A_ ,;; N AL o = 0.
Claim 4. Let 7 € A_ 4. Then for each L € Min(G;, Jxer(Gr)), we have x(7,L) < 0, and each
L € Min(G, C) with L ¢ Jyer(G+) is attracting 7. Thus 7 satisfies all assumptions of Theorem 3.66
and all conclusions in Theorem 3.66 hold. In particular, J%,(7) = 0 and Fieas(7) = M, (C).
These claims 3,4 can be shown by (64) and the method in Example 5.5.

Example 5.7. Let z1,...,2, € C be mutually distinct points with u > 2. Let a € C\ {0}
and let g(z2) = al_[?zl(z —x;). Let @ = {z1,...,24}. Let Pi,..., P, be mutually distinct non-
constant polynomials and suppose that P;(Q) C @ for each j = 1,....m. Also, suppose that
Q = ULeMin((Pr,...,P),@) - Note that we have the following claim.

Claim 1. For any finite subset @ of C, we can take such elements Py, ..., P,.

To prove this claim, we remark that for any map ¢ : Q — @, there exists a polynomial P such
that P|g = ¢ on Q. This fact can be shown by using van der Monde determinant argument. Thus
the statement of Claim 1 holds.

For each j = 1,...,m, let A; := C\ {0} and for each \; € Aj, let f;\;(2) = Pj(z + A\jg(2)).
Let W; = {fjx; }rea, and let Y = UTL {fjx; | Aj € A;}. Then Y is a weakly nice subset of P
with respect to holomorphic families {W); };":1 of polynomials. We now prove the following claim.
Claim 2. We have S(W;) = QU {oo} for each j = 1,...,m. Moreover, ) is a mild subset of P and
Y is non-exceptional and strongly nice with respect to holomorphic families {WV;}2; of polynomial
maps. Hence, there exists the largest open and dense subset A of (9 (Y, {W;}}L,), O) such that
for each 7 € A, all statements (i)—(xi) in Theorem 3.82 hold. In particular, any 7 € A is weakly
mean stable.

We give the proof of this claim. Since ) C P, the set ) is mild. For each x € @Q, for each
j=1,...,m and for each \; € A;, we have f;,(x) = Pj(x). Thus for each j =1,...,m, we have
S(W;) = QU{oo}. Hence UL, S(W;) = QU {oo}. Also, by the property of {P;}7";, we have that
for each 7 € My (Y, {W;}]L,), we have Q = Uremin(q,,@)L- Hence there is no peripheral cycle
for (¥, {W;}7L,). Also, we have
fin, (@) = Pi(z)(1+ \;g'(z)) forallz € Q,j = 1,...,m,\; € A;. (65)
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Therefore ) is strongly nice with respect to {W;}7",. By (65), it is easy to see that ) is non-
exceptional with respect to {W;}J;. By Theorem 3.82, the statement of Claim 2 holds. Thus we
have proved Claim 2.

We define subsets A, Ay a1, Af, Af_,Ai ais A—,au of Ain the same way as that of Exam-
ple 5.6. Then by (65) and the arguments in Eiamples 5.6 and 5.5, we obtain the following claims.
Claim 3. The set A_ 4 is a non-empty open subset of A and A_ ,;; N AL o = 0.

Claim 4. Let 7 € A_ 4. Then for each L € Min(G;, Jker(G-)), we have x(7,L) < 0, and each

L € Min(G,,C) with L ¢ Jyer(G;) is attracting 7. Thus 7 satisfies all assumptions of Theorem 3.66
and all conclusions in Theorem 3.66 hold. In particular, J9(7) = 0 and Fycas(T) = M, (C).

Claim 5. Suppose that Pj’(x) # 0 for any j = 1,...,m and for any € ). Then the sets A,
and Aj 4 are non-empty open subsets of A (and thus they are non-empty open subsets of
(O (Y, {W;}7L,), 0)). Also, .Afr is dense in A, and Ai,au is dense in Ay 4. Moreover, for
each 7 € Ay, we have ) # Upen, L C JY () = C\ Q,, where Q, and H, , are the sets defined
in Theorem 3.82, and for each 7 € Ay 41, we have Q C Jgt(T). Furthermore, for each 7 € .Ai, we

have J9, (1) = J(G-) which is a perfect set.

Remark 5.8. As in Example 5.7, we can embed many finite irreducible Markov chains into C
as weak attractors (i.e. minimal sets with negative Lyapunov exponents) of one random complex
polynomial dynamical system generated by 7 € 9t .(P) which is weakly mean stable and satisfies

all statements in Theorem 3.66 (e.g. Fieqs(7) = M1 (C)).

6 List of notations

In this section we give the list of notations of this paper.
e B(A,r),D(C,r),int(A),Con(A). Notation in section 2.
e CM(Y),OCM(Y),C(Y) for metric spaces Y. Definition 2.1
e rational semigroup, polynomial semigroup, Rat, x, Raty, P. Definition 2.3.
e Rat,,. P,,. Remark 2.4.
o F(G),J(G), (g1, gm), (L), G(A),G"(A), G*. Definition 2.5.
o FE(G) (exceptional set of a rational semigroup G). Remark after Lemma 2.6.
o Jker(G) (kernel Julia set). Definition 2.7.
® Vi Fy,0, Fyy Iy 0, Jys Fv0 v Jv0 J7. Definition 3.1.
o My (Y), My (Y),suppT,do, B*. Definition 3.4.
o X,\ 7, Gr, My, M2, Frcas (1), Tmeas(7)s Foena(7), Jeas (7). Definition 3.5.
o &:Y — My (Y). Definition 3.8.
o Fpu(7), Jpe(7), F (), J3 (7). Definition 3.10.
e Cpt(Y). Definition 3.16.
e Minimal set for (G,Y), Min(G,Y). Definition 3.17.
e period of irreducible finite Markov chain. Definition 3.20.
e G”. Definition 3.21.
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e Dy,,T,U,||Dy,| s subsection 3.3.

o f:TNx C—>TINxC (skew product associated with the generator system ), 7: V% C— ry,
my :INxY =Y, I3 Fyms (), F(f), JYEFYY L p Fyp, Df, for skew product map f
at a point z = (v, y). Definition 3.24.

e 7-invariant measure, 7-ergodic measure, x(7, p) (Lyapunov exponent of (7, p)). Definition 3.26.

e wy, j,wr(canonical T-ergodic measure on L), x(7, L) (Lyapunov exponent of (7, L)). Defini-
tion 3.28.

e holomorphic family of rational maps, holomorphic family of polynomial maps, non-constant
holomorphic family of rational maps, S, (W), S(W) (singular set of a holomorphic family W
of rational maps), singular point of holomorphic family W of rational maps. Definition 3.37.

e weakly nice subset of Rat, 9011 (Y, {W;}7L,), M1 (Y, {W;}72,), N7 S(W;) (singular set of
(Y, {W;}7L,). Definition 3.40.

o O (wH-topology in 9y .(¥) where Y is a closed subset of an open subset of Rat). Defini-
tion 3.41.

. Smin({Wj}}”zl). Definition 3.47.

e attracting minimal set. Definition 3.48.
e mild subset of Rat. Definition 3.49.

e mean stable. Definition 3.51.

e exceptional with respect to {W;}L,, non-exceptional with respect to {W;}J.,. Defini-
tion 3.54.

e unitary eigenfunction, unitary eigenvalue, U, r,U; 1 .. Definition 3.58.
e limit function. Definition 3.59.
e 7, period of (7, L). Definition 3.61.

e T4 .(z) (the probability of tending to A regarding the random orbits starting with the initial
value z € C), T, ,. Definition 3.64.

e nice subset of Rat, peripheral cycle, strongly nice subset of Rat. Definition 3.68.
e strict bifurcation element for (I", L) with corresponding suffix j. Definition 3.69.
e weakly mean stable. Definition 3.72.

o My cmita(V, W5 17L1), M e ar (Y, {W;}jL,). Definition 3.78.

o Nya(z), W, (random relaxed Newton’s method family for g), V,, (Vg4 Wy) (random re-
laxed Newton’s method scheme for g), random relaxed Newton’s method (or random relaxed
Newton’s method system) for g, Q4. Definition 4.1.

e normalized polynomial. Remark 4.5.
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