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1. Hurwitz numbers of Riemann sphere

The Hurwitz numbers enumerate topologically nonequivalent finite
ramified coverings 7 : I' — I'g of a Riemann surface I'g. In the

following, we consider the case where I'g = CP!.

Partition as ramification data
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In a neighborhood of the fiber 7=1(P) of a point
P, T' looks like a union of cyclic coverings of

degree 11, o, --. They give a partition

po= (s proy o) = (17272 )

of the degree d of the covering.
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1. Hurwitz numbers of Riemann sphere

Hurwitz numbers

Given a positive integer d, a parti-
tion pM),---, u(™ of d and r points
P;,---, P. of CP!, we consider coverings
7w : ' — CP! of degree d that are rami-

fied over these points of ramification type

MONSEG]

P1 P2 e o o Pr
There are only a finite number of topologically nonequivalent
coverings of this type. The Hurwitz number counts the equivalence

classes |r] with weight Aut(m):

1
Ha(uW oo ) :E
d(:u ’ ) b ) = ‘Aut(ﬂ')‘




1. Hurwitz numbers of Riemann sphere

Formula (Burnside’s theorem)

Hyu®, -y = 3 (dlmk> ka N

[Al=d

dimA = (), fln) = 2D 6

where x(C) denotes the irreducible character (class function) of

the symmetric group Sy for the partition A\, C'(1) the conjugacy
class of cycle type p = (1™22™2...) and |C(u)| the cardinality of
C'(u) as a subset of Sy:

C(p)|=dl/z,, =z,= Hmi!imi.

i>1



2. Generating functions of Hurwitz numbers2

Generating function of almost simple Hurwitz numbers

Hd(}d_227 T 1d_2%v :u)

'
T

Introduce variables 5, () and & =
(1,22, ), the power sums pj =
Zi>1 $,If and their products p,, =
pm];M -+-. Define the generating

function Z(x) as
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2. Generating functions of Hurwitz numbers

Generating function of double Hurwitz numbers

N
Hd(ﬂ;}d_22 19—29 ﬁ) /< \

,...’ y \
7
'

Introduce yet another set of vari- \ Q —r
ables * = (Z1,Z2,--+) and their x > <

POWET SUmSs P = ) ;5q Z%. Define

the generating function Z(x, ) as
PO P1 Pr Pr+1

ZZ > Ha(p,177%2,.. 17722 u)ﬁdepum

r=0d=0 |[u|=|a|=d




2. Generating functions of Hurwitz numbers

Change of variables for KP and Toda hierarchies

ot = (t1,ta2,---) for KP hierarchy:

_Pe 1 k

= TR

1>1
ot=(t1,t3,--+) and t = ({1, s, --) for Toda hierarchy:
Pk 1 k7 Pk 1 _k

Schur functions are redefined as functions of these variables:

sx(x) = s)\[t], sa(®) = sy\[—t] (Zinn-Justin’s notation)



2. Generating functions of Hurwitz numbers

Generating functions in terms of Schur functions

C
Use Frobenius’ formula Z e\ (,u))pu = sx(x) to rewrite the
P
generating functions to sums over partitions A of arbitrary length:

Z(x) =) dimA€BKA/2Q|A|8A($) =) P 2QP sy [t]sA[1,0, - -],

— Al S
Z(x Z A 2Q sy () Z PN 2QI s\ 8] s A [ ).
Remark: Relevant formulae
dim A\
F;rll' =210, ], A2 =m =) N\ — 20+ 1).
' 1>1



2. Generating functions of Hurwitz numbers

Cut-and-join operator

l — 0 0?
My = — kiltit k+ 1)t
0= 3 kzlz:l ( L + (k+1) Hl@tk(‘?tl)

e Schur functions are eigenfunctions of Mj:

Mosa[t] = %s,\[t].

e Z[t| = Z(x) and Z[t,t] = Z(x, ) can be expressed as

Z[t] = ePMoelhr

oo

Z[t, t] = ePMoexp <— Z Qkktktk> .

k=1



2. Generating functions of Hurwitz numbers

Generating functions as tau functions

e Z|[t] is a tau function of the KP hierarchy (Kazarian & Lando,
Goulden & Jackson, ---).

e Z[t,t] is a tau function of the Toda hierarchy at a point, say
s = 0, of the lattice (Okounkov). In other words, Z[t, ] is a tau

function of the 2-component KP hierarchy.

Remark: Any tau function 7(s,t,t) of the Toda hierarchy is a
sequence of tau functions (indexed by s € Z) of the 2-component
KP hierarchy.
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3. Fermionic representation of tau functions

Fermionic operators and Fock space

e creation-annihilation operators ;, ¥} (i € Z)

e ground states in charge s sector of the Fock space

(8] = (—oo| -~ 1tg, |s) =Ystpsy1--| = 0)

e Fermion bilinears

Je =) onpkthi, Lo= Y nap i, Wo= ) n*

neZ nez ne

1 1 1 1
Remark: My < - ;(n —1/2)%0p_ )k = SWo = 5 Lo+ <o
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3. Fermionic representation of tau functions

Tau function for double Hurwitz numbers

The special GL(00) element
g= 6ﬁVVo/QQLo

determines a tau function

7(s,t,t) s| exp <Z thk> ePWo/20lo exp (— ZthIf) |s)
k=1

of the Toda hierarchy. This tau function has the Schur function

expansion

T(S, t, i) _ 6ﬁs(s—i—l)(23—}—1)/12C2s(s—|—1)/2

> Zeﬁ’“/Q(eﬁ(QS“)/QQ)Ws,\[t]sA[—i]

and reduces to Z[t, t] upon renormalizing () and setting s = 0.
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4. Generalized string equations

Intertwining relations of fermion bilinears

g = e PWo/2QLo intertwines special fermion bilinears as

— B2 *
Jrg = gQre PF /2 Z ™M tp_p ki

nez

gJ_j, = QreP/? Z ™M tp_p g

nez

Remark: These relations play a role in an integrable structure of

the melting crystal model as well.
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4. Generalized string equations

Lax and Orlov-Schulman operators

(©.@) (©.@)
S - 1 K T —1 — 9 —Us Y —1 s
L:ea—l—g upel T [ —u()ea—l—g Ui, e 10
n=1

n=1
(©.@) (©.@) (©.@) ©.@)
M=) nt,L"+s+ > v,L7", M==> nl,L™"+s+» 0,L"
n=1 n=1 n=1 n=1
Lax equations

oL oL _
O B L, S (B.L], k=1,2,--
8tk [ k ]7 8tk; [ k ]7 k y &y

same equations replacing L — M, L, M

Twisted canonical commutation relations

L,M] =1L, [L,M =L
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4. Generalized string equations

Theorem

e The generalized string equations

Ik — le—ﬁk2/2ikeﬁkj\_47 7k — leﬁk2/2L—k€6kM

hold for k=1,2,---.

e These equations reduce to the lowest ones

L = Qe_B/QZ_LeﬁM, L™t = Qef/2L=1ePM

Remark: Generalized string equations in ¢ = 1 string theory

L=LM+const.L, L '=L"1'M+ const.L™*

15



5. Classical limit of generalized string equations

Classical (= dispersionless) limit of Toda hierarchy

e Introduce a new parameter h, allow the tau function itself to
depend on A, and assume that the rescaled tau function

(s, t,t) = 7(h,h~ts, h~'t, i~ 1t) behaves as
log (s, t,t) ~ A 2F(s,t,t) + O(R™) (h— 0).

F(s,t,t) is called “free energy”, etc.

e In the Lax formalism, this amounts to replacing the difference
operators L, M, L, M (quantum observables) by functions
L, M, L, M (classical observables):

D an(hy9)e? = > aP(s)p",  an(h,s) = al) (s) + O(h).
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5. Classical limit of generalized string equations

Lax and Orlov-Schulman functions

L=p+ Z uOpt=n L7 = ﬂéo)p_l + Z a0 pnt,
n=1

n=1
o o oo o
M = Zntn£n+s+2v§?)ﬁ_”, M = —annﬁ_”JrerZfD?(%o)Ln
n=1 n=1 n=1 n=1
Lax equations and twisted canonical Poisson relations

oL oL _
— =18 — =18 k=1,2.---
atk { k:a'c}v atk { k:wc}a g &y

same equations replacing £ — M, L, M,
{LMYy=L, {LM}y=L

or oG oF 0G
Op Os &sp@p'

with respect to Poisson bracket {F,G} =p
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5. Classical limit of generalized string equations

Classical limit of generalized string equation

e Rescaling s,t,t as s,t,t — h™'s,h~'t, A= 't changes the

generalized string equation as
L = Qe_ﬁﬂl_)eﬁh_lﬂ, L~ = QeﬁmL_leﬁh_lM
These equations themselves do not have a limit as A — 0.

e By rescaling 3 as 3 — h '3, one can take the classical limit as
h — 0.

e Thus the generalized string equations
L=QLeSM, L71=QL M

in the classical limit is obtained.

18



5. Classical limit of generalized string equations

Theorem

There is a unique solution of the classical limit of the generalized

string equations that has power series expansion with respect to ¢, t:
log ig = log Q + Bs + (terms of positive orders in t,t),
U, = —0Ont,ug + (terms of higher orders in ¢, 1),
U, = Ont,tg + (terms of higher orders in ¢, ).

(“(0)” is omitted.) This solution is quasi-homogeneous with respect

to rescaling

19



5. Classical limit of generalized string equations

Solution at special values of ¢, ¢

When t is specialized to t;, = 19,1 (which amounts to specializing
to almost-simple Hurwitz numbers), £ simplifies as

L = pe—ﬁflﬂop_1’
and ug(= 0°F/0s?) is determined by the single equation

— kBt 1)k
k! '

log g = logQ—l—Bs—l—ﬁZktk(
k=1

Remarkably, the functional structure of L essentially coincides with
the defining equation z = we" of Lambert’s W-function w = W (2)

1

(L7t « z, p~! < w). Presumably, this will be related to the

spectral curve in the sense of Eynard and Orantin.
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