Singularity of Solutions to Schrodinger Equations
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We consider solutions to Schrodinger evolution equation with variable coef-
ficients. We characterize the microlocal singularity of the solution at time ¢t > 0
in terms of the initial condition. This is a refinement of the so-called microlocal
smoothing estimates due to Craig-Kappeler-Strauss, Wunsch, etc.

We consider the Schrédinger evolution equation:

i%u(t,x) = Hu(t,z), teR,zeR",

with w(0,z) = ug(z) € L?(R™). The Hamiltonian is

1 n n
H = D) Z 8ﬂijajk(x)a$k +V(z) on LQ(R ),

dk=1

where a;i(z), V(z) € C°(R™;R).
Assumption: There is ¢ > 0 such that Vo € Z7, 3C, > 0,

0% (ajk(x) — 0)| < Calz) ™71l |82V (2)| < Cyu ()11

Here we denote (z) = /1 + |z|2.

Classical Hamilton Flow: We denote the classical Hamiltonian by p(z,§) =
i szzl a;i(2)§;€,+V (). and the Hamilton flow is denoted by: exp tH,(zo, &o).
We also use the geodesic flow: exp tHy, with k(z, &) = 2 3" a;i,(2)€;&, and denote
exptH(wo,&0) = (§(t; 20, &0), 71(t; 20, 60))-
Def. (Nontrapping condition): (z,&y) € R?*" is called backward nontrapping
if |g(t, 20,&0)| — +o0 as t — —oo.

Then our main result is the following:
Theorem 1: If (z,&) is backward nontrapping, then for ¢ > 0,

Ja € C°(R?™) such that a(zo, 0, and
(@0.0) ¢ WF(u(t) <= e (rorbo) 7

|(ap o exptHp)(z, Dy)uo|l = O(h™) as h | 0.
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