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Abstract

We investigate the random dynamics of rational maps on the Riemann sphere C and
the dynamics of semigroups of rational maps on C. We show that regarding random complex
dynamics of polynomials, in most cases, the chaos of the averaged system disappears, due to the
cooperation of the generators. We investigate the iteration and spectral properties of transition
operators. We show that under certain conditions, in the limit stage, “singular functions
on the complex plane” appear. In particular, we consider the functions 7" which represent
the probability of tending to infinity with respect to the random dynamics of polynomials.
Under certain conditions these functions 1" are complex analogues of the devil’s staircase and
Lebesgue’s singular functions. More precisely, we show that these functions T" are continuous
on C and vary only on the Julia sets of associated semigroups. Furthermore, by using ergodic
theory and potential theory, we investigate the non-differentiability and regularity of these
functions. We find many phenomena which can hold in the random complex dynamics and
the dynamics of semigroups of rational maps, but cannot hold in the usual iteration dynamics
of a single holomorphic map. We carry out a systematic study of these phenomena and their
mechanisms.

1 Introduction

In this paper, we investigate the random dynamics of rational maps on the Riemann sphere C
and the dynamics of rational semigroups (i.e., semigroups of non-constant rational maps where the
semigroup operation is functional composition) on C. We see that the both fields are related to
each other very deeply. In fact, we develop both theories simultaneously.

One motivation for research in complex dynamical systems is to describe some mathematical
models on ethology. For example, the behavior of the population of a certain species can be
described by the dynamical system associated with iteration of a polynomial f(z) = az(1 — 2)
such that f preserves the unit interval and the postcritical set in the plane is bounded (cf. [7]).
However, when there is a change in the natural environment, some species have several strategies
to survive in nature. From this point of view, it is very natural and important not only to consider
the dynamics of iteration, where the same survival strategy (i.e., function) is repeatedly applied,
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but also to consider random dynamics, where a new strategy might be applied at each time step.
The first study of random complex dynamics was given by J. E. Fornaess and N. Sibony ([9]). For
research on random complex dynamics of quadratic polynomials, see [2, 3, 4, 5, 6, 10]. For research
on random dynamics of polynomials (of general degrees) with bounded planar postcritical set, see
the author’s works [35, 34, 36, 37, 38, 39].

The first study of dynamics of rational semigroups was conducted by A. Hinkkanen and G.
J. Martin ([13]), who were interested in the role of the dynamics of polynomial semigroups (i.e.,
semigroups of non-constant polynomial maps) while studying various one-complex-dimensional
moduli spaces for discrete groups, and by F. Ren’s group ([11]), who studied such semigroups from
the perspective of random dynamical systems. Since the Julia set J(G) of a finitely generated
rational semigroup G = (h1,. .., hy) has “backward self-similarity,” i.e., J(G) = UjL, h;l(J(G))
(see Lemma 4.1 and [26, Lemma 1.1.4]), the study of the dynamics of rational semigroups can be
regarded as the study of “backward iterated function systems,” and also as a generalization of the
study of self-similar sets in fractal geometry.

For recent work on the dynamics of rational semigroups, see the author’s papers [26]-[39], [41],
and [25, 42, 43, 44, 45].

In order to consider the random dynamics of a family of polynomials on C, let Too(z) be the
probability of tending to oo € @ starting with the initial value z € C. In this paper, we see that
under certain conditions, the function Th : C — [0,1] is continuous on C and has some singular
properties (for instance, varies only on a thin fractal set, the so-called Julia set of a polynomial
semigroup), and this function is a complex analogue of the devil’s staircase (Cantor function) or
Lebesgue’s singular functions (see Example 6.2, Figures 2, 3, and 4). Before going into detail, let
us recall the definition of the devil’s staircase (Cantor function) and Lebesgue’s singular functions.
Note that the following definitions look a little bit different from those in [46], but it turns out
that they are equivalent to those in [46].

Definition 1.1 ([46]). Let ¢ : R — [0, 1] be the unique bounded function which satisfies the
following functional equation:

1 1
590(395) + 5%0(390 —2) = 0(), (00,00 =0, @l[1,400) = 1. (1)

The function ¢|jgq) : [0,1] — [0, 1] is called the devil’s staircase (or Cantor function).

Remark 1.2. The above ¢ : R — [0,1] is continuous on R and varies precisely on the Cantor
middle third set. Moreover, it is monotone (see Figure 1).

Definition 1.3 ([46]). Let 0 < a < 1 be a constant. We denote by ¢, : R — [0, 1] the unique
bounded function which satisfies the following functional equation:

m/Ja(%) + (1 - a)%(?f - 1) = wa(l')? wa|(—oo,0] =0, ¢a|[1,+oo) =1L (2)

For each a € (0,1) with a # 1/2, the function L, := 94|j0,1) : [0,1] — [0,1] is called Lebesgue’s
singular function with respect to the parameter a.

Remark 1.4. The function ¢, : R — [0,1] is continuous on R, monotone on R, and strictly
monotone on [0,1]. Moreover, if a # 1/2, then for almost every x € [0,1] with respect to the
one-dimensional Lebesgue measure, the derivative of ¥, at x is equal to zero (see Figure 1). For
the details on the devil’s staircase and Lebesgue’s singular functions and their related topics, see
[46, 12].

These singular functions defined on [0, 1] can be redefined by using random dynamical systems
on R as follows. Let fi(z) := 3z, fo(z) := 3(x — 1) + 1 (z € R) and we consider the random
dynamical system (random walk) on R such that at every step we choose f; with probability 1/2
and fo with probability 1/2. We set R := R U {#00}. We denote by Ty (z) the probability of



Figure 1: (From left to right) The graphs of the devil’s staircase and Lebesgue’s singular function.

tending to +o0 € R starting with the initial value z € R. Then, we can see that the function
Ty ooljo,) : [0,1] — [0, 1] is equal to the devil’s staircase.

Similarly, let g1 (z) := 2z,92(z) := 2(x — 1) +1 (z € R) and let 0 < a < 1 be a constant.
We consider the random dynamical system on R such that at every step we choose the map
g1 with probability a and the map go with probability 1 — a. Let T o o(x) be the probability
of tending to +oo starting with the initial value z € R. Then, we can see that the function
T 00,alj0,1) + [0,1] — [0, 1] is equal to Lebesgue’s singular function L, with respect to the parameter
a.

We remark that in most of the literature, the theory of random dynamical systems has not been
used directly to investigate these singular functions on the interval, although some researchers have
used it implicitly.

One of the main purposes of this paper is to consider the complex analogue of the above story.
In order to do that, we have to investigate the independent and identically-distributed (abbreviated
by i.i.d.) random dynamics of rational maps and the dynamics of semigroups of rational maps on
¢ simultaneously. We develop both the theory of random dynamics of rational maps and that of
the dynamics of semigroups of rational maps. The author thinks this is the best strategy since
when we want to investigate one of them, we need to investigate the other.

To introduce the main idea of this paper, we let G be a rational semigroup and denote by F'(G)
the Fatou set of G, which is defined to be the maximal open subset of C where G is equicontinuous
with respect to the spherical distance on C. We call J(G) := C\ F(G) the Julia set of G. The
Julia set is backward invariant under each element h € G, but might not be forward invariant.
This is a difficulty of the theory of rational semigroups. Nevertheless, we “utilize” this as follows.
The key to investigating random complex dynamics is to consider the following kernel Julia set
of G, which is defined by Jier(G) = (e g Y(J(Q)). This is the largest forward invariant subset
of J(G) under the action of G. Note that if G is a group or if G is a commutative semigroup, then
Jker(G) = J(G). However, for a general rational semigroup G generated by a family of rational
maps h with deg(h) > 2, it may happen that §§ = Jie; (G) # J(G) (see subsection 3.5, section 6).

Let Rat be the space of all non-constant rational maps on the Riemann sphere C, endowed with
the distance x which is defined by x(f,g) := sup, .z d(f(2),9(2)), where d denotes the spherical

distance on C. Let Rat; be the space of all rational maps g with deg(g) > 2. Let P be the space
of all polynomial maps g with deg(g) > 2. Let 7 be a Borel probability measure on Rat with
compact support. We consider the i.i.d. random dynamics on C such that at every step we choose
a map h € Rat according to 7. Thus this determines a time-discrete Markov process with time-
homogeneous transition probabilities on the phase space C such that for each z € C and each Borel
measurable subset A of C, the transition probability p(z, A) of the Markov process is defined as
p(z,A) = 7({g € Rat | g(z) € A}). Let G, be the rational semigroup generated by the support
of 7. Let C(C) be the space of all complex-valued continuous functions on C endowed with the
supremum norm. Let M, be the operator on C(C) defined by M, (¢)(z) = [ ¢(g(2))dr(g). This
M is called the transition operator of the Markov process induced by 7. For a topological space
X, let M4 (X) be the space of all Borel probability measures on X endowed with the topology
induced by the weak convergence (thus s, — g in 9 (X) if and only if [ pdu, — [ @du for each
bounded continuous function ¢ : X — R). Note that if X is a compact metric space, then 9t (X)
is compact and metrizable. For each 7 € 9t (X), we denote by supp 7 the topological support of



7. Let My (X)) be the space of all Borel probability measures 7 on X such that supp 7 is compact.
Let M* : 9 (C) — 9 (C) be the dual of M,. This M* can be regarded as the “averaged
map” on the extension sml(C) of C (see Remark 2.21). We define the “Julia set” Jyeqs(7) of the
dynamics of M} as the set of all elements p € 5)3?1(@) satisfying that for each neighborhood B
of pu, {(M*)"|5 : B — 91 (C)}pney is not equicontinuous on B (see Definition 2.17). For each
sequence v = (71,72, - -.) € (Rat)Y, we denote by J, the set of non-equicontinuity of the sequence
{Yn 0+ 071 }nen with respect to the spherical distance on C. This J is called the Julia set of .
Let 7 := ®32,7 € My ((Rat)").
We prove the following theorem.

Theorem 1.5 (Cooperation Principle I, see Theorem 3.14 and Proposition 4.7). Let 7 € 9 .(Rat).
Suppose that Jxer(Gr) = 0. Then Jpmeas(T) = 0. Moreover, for T-a.e. v € (Rat)Y, the 2-dimensional
Lebesgue measure of J., is equal to zero.

This theorem means that if all the maps in the support of 7 cooperate, the set of sensitive
initial values of the averaged system disappears. Note that for any h € Raty, Jimeas(dn) # 0. Thus
the above result deals with a phenomenon which can hold in the random complex dynamics but
cannot hold in the usual iteration dynamics of a single rational map h with deg(h) > 2.

From the above result and some further detailed arguments, we prove the following theorem. To
state the theorem, for a 7 € M .(Rat), we denote by U, the space of all finite linear combinations

of unitary eigenvectors of M, : C(C) — C(C), where an eigenvector is said to be unitary if the
absolute value of the corresponding eigenvalue is equal to one. Moreover, we set By . := {¢ €

C(C) | M™(¢) — 0}. Under the above notations, we have the following.

Theorem 1.6 (Cooperation Principle II: Disappearance of Chaos, see Theorem 3.15).
Let T € My (Rat). Suppose that Jyer(Gr) =0 and J(G.) # 0. Then we have all of the following
statements.

(1) There exists a direct decomposition C(@) = U, @By .. Moreover, dimc U, < 0o and By - is a
closed subspace of C’(C) Moreover, there exists a non-empty M -invariant compact subset A
of My (C) with finite topological dimension such that for each p € My (C), d((M*)™(u), A) —
0 in M (C) as n — oo. Furthermore, each element of U, is locally constant on F(G.).

Therefore each element of U, is a continuous function on C which varies only on the Julia
set J(Gr).

(2) For each z € C, there exists a Borel subset A, of (Rat)Y with 7(A.) = 1 with the following
property.

— For each v = (y1,72,...) € A,, there exists a number § = 0(z,7) > 0 such that
diam(vn, - -1 (B(2,0))) — 0 as n — oo, where diam denotes the diameter with respect
to the spherical distance on C, and B(z,d) denotes the ball with center z and radius 0.

(3) There exists at least one and at most finitely many minimal sets for (GT,@), where we say
that a non-empty compact subset L of C is a minimal set for (G,,C) if L is minimal in
{C CC|0+#C is compact,Vg € G,,g(C) C C} with respect to inclusion.

(4) Let S, be the union of minimal sets for (G, C). Then for each z € C there exists a Borel sub-
set C. of (Rat)N with 7(C.) = 1 such that for each vy = (y1,%2,...) € Co, d(Vn -+ 71(2),S7) —
0 as n — oo.

This theorem means that if all the maps in the support of 7 cooperate, the chaos of the
averaged system disappears. Theorem 1.6 describes new phenomena which can hold in random
complex dynamics but cannot hold in the usual iteration dynamics of a single h € Rat,. For
example, for any h € Raty, if we take a point z € J(h), where J(h) denotes the Julia set of the



semigroup generated by h, then for any ball B with BN .J(h) # 0, h™(B) expands as n — oo, and
we have infinitely many minimal sets (periodic cycles) of h.

In Theorem 3.15, we completely investigate the structure of U, and the set of unitary eigenval-
ues of M, (Theorem 3.15). Using the above result, we show that if dim¢ U, > 1 and int(J(G,)) = 0
where int(-) denotes the set of interior points, then F(G.) has infinitely many connected compo-
nents (Theorem 3.15-20). Thus the random complex dynamics can be applied to the theory of
dynamics of rational semigroups. The key to proving Theorem 1.6 (Theorem 3.15) is to show that
for almost every v = (71,72, ...) € (Rat)N with respect to 7 := ®2°,7 and for each compact set
@ contained in a connected component U of F(G;), diam~y, o ---041(Q) — 0 as n — oo. This is
shown by using careful arguments on the hyperbolic metric of each connected component of F'(G).
Combining this with the decomposition theorem on “almost periodic operators” on Banach spaces
from [18], we prove Theorem 1.6 (Theorem 3.15).

Considering these results, we have the following natural question: “When is the kernel Julia
set empty?” Since the kernel Julia set of GG is forward invariant under G, Montel’s theorem implies
that if 7 is a Borel probability measure on P with compact support, and if the support of 7 contains
an admissible subset of P (see Definition 3.54), then Jye;(G;) = 0 (Lemma 3.56). In particular, if
the support of 7 contains an interior point with respect to the topology of P, then Jyer(G,) = 0
(Lemma 3.52). From this result, it follows that for any Borel probability measure 7 on P with
compact support, there exists a Borel probability measure p with finite support, such that p is
arbitrarily close to 7, such that the support of p is arbitrarily close to the support of 7 , and such
that Jier(G,) = 0 (Proposition 3.57). The above results mean that in a certain sense, Jier(G7) = ()
for most Borel probability measures 7 on P. Summarizing these results we can state the following.

Theorem 1.7 (Cooperation Principle III, see Lemmas 3.52, 3.56, Proposition 3.57). Let 9y .(P)
be endowed with the topology O such that 7, — 7 in (My (P),O) if and only if (a) [ dr, —
[ pdr for each bounded continuous function ¢ on P, and (b) supp 7, —supp 7 with respect to the
Hausdorff metric. We set A := {1 € M1 (P) | Jer(G~) = 0} and B := {7 € My (P) | Jxer(G+) =
(), tsupp T < 0o}. Then we have all of the following.

(1) A and B are dense in (9 .(P), O).
(2) If the interior of the support of T is not empty with respect to the topology of P, then T € A.

(3) For each T € A, the chaos of the averaged system of the Markov process induced by T disap-
pears (more precisely, all the statements in Theorems 1.5, 1.6 hold).

In the subsequent paper [40], we investigate more detail on the above result (some results of
[40] are announced in [41]).

We remark that in 1983, by numerical experiments, K. Matsumoto and I. Tsuda ([20]) observed
that if we add some uniform noise to the dynamical system associated with iteration of a chaotic
map on the unit interval [0, 1], then under certain conditions, the quantities which represent chaos
(e.g., entropy, Lyapunov exponent, etc.) decrease. More precisely, they observed that the entropy
decreases and the Lyapunov exponent turns negative. They called this phenomenon “noise-induced
order”, and many physicists have investigated it by numerical experiments, although there has been
only a few mathematical supports for it.

Moreover, in this paper, we introduce “mean stable” rational semigroups in subsection 3.6. If
G is mean stable, then Jie:(G) = 0 and a small perturbation H of G is still mean stable. We show
that if I' is a compact subset of Rat, and if the semigroup G generated by I' is semi-hyperbolic
(see Definition 2.12) and Jye:(G) = 0, then there exists a neighborhood V of T in the space of
non-empty compact subset of Rat such that for each IV € V, the semigroup G’ generated by I' is
mean stable, and Jye (G') = ().

By using the above results, we investigate the random dynamics of polynomials. Let 7 be
a Borel probability measure on P with compact support. Suppose that Jxe;(G;) = () and the
smallest filled-in Julia set K (G,) (see Definition 3.19) of G is not empty. Then we show that the



function T, , of probability of tending to oo € @ belongs to U, and is not constant (Theorem 3.22).
Thus T - is non-constant and continuous on C and varies only on J(G;). Moreover, the function
T, is characterized as the unique Borel measurable bounded function ¢ : C — R which satisfies
M:(¢) = ¢, ¢lr.(c.) =1, and |z (g ) = 0, where Fio (G) denotes the connected component of
the Fatou set F(G,) of G, containing oo (Proposition 3.26). From these results, we can show that
T, has a kind of “monotonicity,” and applying it, we get information regarding the structure
of the Julia set J(G,) of G, (Theorem 3.31). We call the function T, , a devil’s coliseum,
especially when int(J(G,)) = 0 (see Example 6.2, Figures 2, 3, and 4). Note that for any h € P,
Tw.5, 1s not continuous at any point of J(h) # 0. Thus the above results deal with a phenomenon
which can hold in the random complex dynamics, but cannot hold in the usual iteration dynamics
of a single polynomial.

It is a natural question to ask about the regularity of non-constant ¢ € U, (e.g., ¢ = T ) ON

the Julia set J(G). For arational semigroup G, we set P(G) := |J,,c{all critical values of h : ¢ — ¢},

where the closure is taken in C, and we say that G is hyperbolic if P(G) C F(QG). If G is generated
by {h1,...,hy} as a semigroup, we write G = (hq,..., hy,). We prove the following theorem.

Theorem 1.8 (see Theorem 3.82 and Theorem 3.84). Let m > 2 and let (hy,...,hy,) € P™. Let
G={(h1,....hn). Let 0 < p1,pa,....,pm <1 with > i~ p;=1. Let 7 = . p;n,. Suppose that
hH(J(G)) N hj_l(J(G)) =0 for each (i,7) with i # j and suppose also that G is hyperbolic. Then
we have all of the following statements.

(1) Jker(Gr) = 0, int(J(G;)) = 0, and dimy(J(G)) < 2, where dimy denotes the Hausdor(f
dimension with respect to the spherical distance on C.

(2) Suppose further that at least one of the following conditions (a)(b)(c) holds.

(a) Y271, pjlog(p; deg(hy)) > 0.
(b) P(G)\ {oo} is bounded in C.
(c) m=2.

Then there exists a non-atomic “invariant measure” A on J(G) with supp\ = J(G) and an
uncountable dense subset A of J(G) with A\(A) = 1 and dimgy(A) > 0, such that for every
z € A and for each non-constant ¢ € U, the pointwise Hélder exponent of ¢ at z, which is
defined to be

inf{a € R | limsup lely) = w(z)] = oo},

y—z ly — 2|
is strictly less than 1 and ¢ is not differentiable at z (Theorem 3.82).

(3) In(2) above, the pointwise Holder exponent of ¢ at z can be represented in terms of p;, log(deg(h;))
and the integral of the sum of the values of the Green’s function of the basin of oo for the
sequence ¥ = (y1,72,--.) € {h1,..., hy} at the finite critical points of 1 (Theorem 3.82).

(4) Under the assumption of (2), for almost every point z € J(G) with respect to the d-dimensional
Hausdorff measure H? where § = dimpy(J(G)), the pointwise Hélder exponent of a non-
constant ¢ € U, at z can be represented in terms of the p; and the derivatives of h; (Theo-
rem 3.84).

Combining Theorems 1.5, 1.6, 1.8, it follows that under the assumptions of Theorem 1.8, the
chaos of the averaged system disappears in the C? “sense”, but it remains in the C' “sense”. From
Theorem 1.8, we also obtain that if p; is small enough, then for almost every z € J(G) with respect
to H® and for each ¢ € U,, ¢ is differentiable at z and the derivative of ¢ at z is equal to zero,
even though a non-constant ¢ € U, is not differentiable at any point of an uncountable dense
subset of J(G) (Remark 3.86). To prove these results, we use Birkhoff’s ergodic theorem, potential



theory, the Koebe distortion theorem and thermodynamic formalisms in ergodic theory. We can
construct many examples of (hy, ..., k) € P™ such that h;l(J(G))ﬂthl(J(G)) = () for each (3, j)
with ¢ # j, where G = (hy,...,hy,), G is hyperbolic, K(G) # ), and U, possesses non-constant
elements (e.g., T ,) for any 7 = >, p;dy, (see Proposition 6.1, Example 6.2, Proposition 6.3,
Proposition 6.4, and Remark 6.6).

We also investigate the topology of the Julia sets J, of sequences v € (supp 7)Y, where 7 is
a Borel probability measure on P with compact support. We show that if P(G,) \ {co} is not
bounded in C, then for almost every sequence vy with respect to 7 := ®52, 7, the Julia set J, of v
has uncountably many connected components (Theorem 3.38). This generalizes [2, Theorem 1.5
and [4, Theorem 2.3]. Moreover, we show that K(G,) = 0 if and only if T, = 1, and that if
K (G;) = 0, then for almost every v with respect to 7, the 2-dimensional Lebesgue measure of
filled-in Julia set K, (see Definition 3.40) of « is equal to zero and K, = J, has uncountably many
connected components (Theorem 3.41 and Example 3.59). These results generalize [4, Theorem
2.2] and one of the statements of [2, Theorem 2.4].

Another matter of considerable interest is what happens when Jie (G,) # 0. We show that
if 7 is a Borel probability measure on Rat, with compact support and G, is “semi-hyperbolic”
(see Definition 2.12), then Jyer(G-) # 0 if and only if Jyeas(7) # @ (Theorem 3.71). We define
several types of “smaller Julia sets” of M7*. We denote by JJ,(7) the “pointwise Julia set” of M

restricted to C (see Definition 3.44). We show that if G is semi-hyperbolic, then dimg (J3,(1)) <
2 (Theorem 3.71). Moreover, if Jier(G;) # 0, G, is semi-hyperbolic, and fisuppT < oo, then
Jo (1) = J(G-) (Theorem 3.71). Thus the dual of the transition operator of the Markov process
induced by 7 can detect the Julia set of G.. To prove these results, we utilize some observations
concerning semi-hyperbolic rational semigroups that may be found in [29, 32]. In particular, the
continuity of v +— J, is required. (This is non-trivial, and does not hold for an arbitrary rational
semigroup.)

Moreover, even when Jyer(G) # 0, it is shown that if Jie, (G-) is included in the unbounded
component of the complement of the intersection of the set of non-semi-hyperbolic points of G, and
J(G,), then for almost every v € PN with respect to 7, the 2-dimensional Lebesgue measure of the
Julia set J,, of v is equal to zero (Theorem 3.48). To prove this result, we again utilize observations
concerning the kernel Julia set of G, and non-constant limit functions must be handled carefully
(Lemmas 4.6, 5.32 and 5.33).

As pointed out in the previous paragraphs, we find many new phenomena which can hold in
random complex dynamics and the dynamics of rational semigroups, but cannot hold in the usual
iteration dynamics of a single rational map. These new phenomena and their mechanisms are
systematically investigated.

In the proofs of all results, we employ the skew product map associated with the support of 7
(Definition 3.46), and some detailed observations concerning the skew product are required. It is
a new idea to use the kernel Julia set of the associated semigroup to investigate random complex
dynamics. Moreover, it is both natural and new to combine the theory of random complex dynamics
and the theory of rational semigroups. Without considering the Julia sets of rational semigroups,
we are unable to discern the singular properties of the non-constant finite linear combinations ¢
(e.g., ¢ = To 7, a devil’s coliseum) of the unitary eigenvectors of M.

In section 2, we give some fundamental notations and definitions. In section 3, we present the
main results of this paper. In section 4, we introduce the basic tools used to prove the main results.
In section 5, we provide the proofs of the main results. In section 6, we give many examples to
which the main results are applicable.

In the subsequent paper [40], we investigate the stability and bifurcation of M, (some results
of [40] are announced in [41]).

Acknowledgment: The author thanks Rich Stankewitz for valuable comments. This work was
supported by JSPS Grant-in-Aid for Scientific Research(C) 21540216.



2 Preliminaries

In this section, we give some basic definitions and notations on the dynamics of semigroups of
holomorphic maps and the i.i.d. random dynamics of holomorphic maps.

Notation: Let (X, d) be a metric space, A a subset of X, and r > 0. We set B(4,r) := {z €
X | d(z,A) < r}. Moreover, for a subset C of C, we set D(C,r) := {z € C | inf,cc |z — a| < r}.
Moreover, for any topological space Y and for any subset A of Y, we denote by int(A) the set of
all interior points of A.

Definition 2.1. Let Y be a metric space. We set CM(Y) := {f : Y — Y | f is continuous} en-
dowed with the compact-open topology. Moreover, we set OCM(Y') := {f € CM(Y') | f is an open map}
endowed with the relative topology from CM(Y). Furthermore, we set C(Y) := {¢ : Y — C |

© is continuous }. When Y is compact, we endow C(Y') with the supremum norm || - ||o. More-
over, for a subset F of C(Y), we set Fy. := {p € F | ¢ is not constant}.

Definition 2.2. Let Y be a complex manifold. We set HM(Y) := {f : Y — Y | f is holomorphic}
endowed with the compact open topology. Moreover, we set NHM(Y') := {f € HM(Y') | f is not constant}
endowed with the compact open topology.

Remark 2.3. CM(Y), OCM(Y), HM(Y), and NHM(Y") are semigroups with the semigroup op-
eration being functional composition.

Definition 2.4. A rational semigroup is a semigroup generated by a family of non-constant ra-
tional maps on the Riemann sphere C with the semigroup operation being functional composition([13,
11]). A polynomial semigroup is a semigroup generated by a family of non-constant polynomial
maps. We set Rat : = {h: C — C | h is a non-constant rational map} endowed with the distance
x which is defined by x(f, g) := sup_.a d(f(2),9(2)), where d denotes the spherical distance on C.
Moreover, we set Raty := {h € Rat | deg(h) > 2} endowed with the relative topology from Rat.
Furthermore, we set P := {g : C—-C | g is a polynomial, deg(g) > 2} endowed with the relative
topology from Rat.

Definition 2.5. Let Y be a compact metric space and let G be a subsemigroup of CM(Y'). The
Fatou set of G is defined to be F(G) :=

{z € Y | 3 neighborhood U of z s.t. {g|y : U — Y }4c¢ is equicontinuous on U'}. (For the definition
of equicontinuity, see [1].) The Julia set of G is defined to be J(G) := Y \ F(G). If G is generated
by {g:}:, then we write G = (g1, g2, ...). If G is generated by a subset I of CM(Y"), then we write
G = (I"). For finitely many elements g1, ..., gm € CM(Y), we set F(g1,...,9m) = F({g1,--.,9m))
and J(g1,...,9m) = J((g1,...,9m)). For a subset A of Y, we set G(A4) := J,c59(A) and
G (A) :=U,eq 9 ' (4). We set G* := G U {Id}, where Id denotes the identity map.

By using the method in [13, 11], it is easy to see that the following lemma holds.

Lemma 2.6. Let Y be a compact metric space and let G be a subsemigroup of OCM(Y"). Then
for each h € G, h(F(G)) C F(G) and h=*(J(G)) C J(G). Note that the equality does not hold in
general.

The following is the key to investigating random complex dynamics.

Definition 2.7. Let Y be a compact metric space and let G be a subsemigroup of CM(Y). We
set Jier(G) 1= Nyeq 9~ ' (J(G)). This is called the kernel Julia set of G.

Remark 2.8. Let Y be a compact metric space and let G be a subsemigroup of CM(Y). (1)
Jker(G) is a compact subset of J(G). (2) For each h € G, h(Jxer(G)) C Jker(G). (3) If G is a
rational semigroup and if F(G) # 0, then int(Jxe;(G)) = 0. (4) If G is generated by a single map or
if G is a group, then Ji.(G) = J(G). However, for a general rational semigroup G, it may happen
that ) = Jier (G) # J(G) (see subsection 3.5 and section 6).



The following postcritical set is important when we investigate the dynamics of rational
semigroups.

Definition 2.9. For a rational semigroup G, let P(G) := J,c{all critical values of g : C—C}
where the closure is taken in C. This is called the postcritical set of G.

Remark 2.10. If I' C Rat and G' = (T'), then P(G) = G*(U,cr1{all critical values of h}). From
this one may know the figure of P(G), in the finitely generated case, using a computer.

Definition 2.11. Let G be a rational semigroup. Let N be a positive integer. We denote by
SHp(G) the set of points z € C satisfying that there exists a positive number § such that for each
g € G, deg(g:V — B(z,6)) < N, for each connected component V of g=*(B(z,6)). Moreover, we
set UH(G) := C\ Uyen SHN(G).

Definition 2.12. Let G be a rational semigroup. We say that G is hyperbolic if P(G) C F(G).
We say that G is semi-hyperbolic if UH(G) C F(G).

Remark 2.13. We have UH(G) C P(G). If G is hyperbolic, then G is semi-hyperbolic.
It is sometimes important to investigate the dynamics of sequences of maps.

Definition 2.14. Let Y be a compact metric space. For each v = (v1,72,...) € (CM(Y))Y and
each m,n € N with m > n, we set v, , = ¥m 0 -+ 0y, and we set

F, :={z € Y | 3 neighborhood U of z s.t. {¥n,1}nen is equicontinuous on U}

and J, := Y \ F,. The set F, is called the Fatou set of the sequence v and the set .J, is called
the Julia set of the sequence 7.

Remark 2.15. Let Y = C and let v € (Raty)N. Then by [1, Theorem 2.8.2], J, # (). Moreover,
if T is a non-empty compact subset of Raty and v € I'N, then by [29], J, is a perfect set and J,
has uncountably many points.

We now give some notations on random dynamics.

Definition 2.16. For a topological space Y, we denote by 9 (Y") the space of all Borel prob-
ability measures on Y endowed with the topology such that p, — p in 9 (Y) if and only if
for each bounded continuous function ¢ : ¥ — C, [¢ du, — [¢ du. Note that if Y is a
compact metric space, then 9;(Y) is a compact metric space with the metric do(p1, p2) =
ZOO 1 [ jdpa—[ ¢;dus|
J=1 27 14| [ $dpr— [ djdpa|’
M1 (Y), we set supp7 := {z € Y | ¥V neighborhood U of z, 7(U) > 0}. Note that supp 7 is a closed

subset of Y. Furthermore, we set My .(Y') := {7 € M (V) | supp 7 is compact}.
For a complex Banach space B, we denote by B* the space of all continuous complex linear
functionals p : B — C, endowed with the weak* topology.

where {¢;}jen is a dense subset of C(Y'). Moreover, for each 7 €

For any 7 € 9, (CM(Y)), we will consider the i.i.d. random dynamics on Y such that at every
step we choose a map g € CM(Y) according to 7 (thus this determines a time-discrete Markov
process with time-homogeneous transition probabilities on the phase space Y such that for each
x € Y and each Borel measurable subset A of Y, the transition probability p(x, A) of the Markov
process is defined as p(z, A) = 7({g € CM(Y) | g(z) € A})).

Definition 2.17. Let Y be a compact metric space. Let 7 € 9 (CM(Y)).

1. We set I'; := supp T (thus I'; is a closed subset of CM(Y')). Moreover, we set X, := (I'; )Y
(={y = (n,7,.-) | v € T+ (Vj)}) endowed with the product topology. Furthermore,
we set 7 := ®j2,7. This is the unique Borel probability measure on X; such that for each
cylinder set A= Ay xooox Ay xTo xTp x -+ in X, 7(A) =[]}, 7(A4;). We denote by G,

the subsemigroup of CM( ) generated by the subset I'; of CM(jY



2. Let M., be the operator on C(Y') defined by M, ( = Jr. (g dr(g). M, is called
the transition operator of the Markov process 1nduced by T. Moreover let M*:C(Y)* —
C(Y)* be the dual of M., which is defined as M*(u)(¢) = p(M-(p)) for each p € C(Y)*
and each ¢ € C(Y). Remark: we have M*(Sml( ) C E)ﬁl( ) and for each p € M4 (Y) and
each open subset V of Y, we have M*( = Jr ) dr(g).

3. We denote by Fpeqs(7) the set of € 9 (V) satisfying that there exists a neighborhood B
of 1 in My (Y') such that the sequence {(M?)"|p : B — M1 (Y )}nen is equicontinuous on B.
We set Jmeas(7) := IM1(Y) \ Freas(7)-

4. We denote by FY (1) the set of u € 9 (V) satisfying that the sequence{(M*) (YY) —
91 (Y) }nen is equicontinuous at the one point p. We set JO,_ . (1) := My (V) \ F2 .o (7).

( ) and Jmeas( ) c Jm'BllS(T)'

Remark 2.19. Let I" be a closed subset of Rat. Then there exists a 7 € 2 (Rat) such that
I'> = TI'. By using this fact, we sometimes apply the results on random complex dynamics to the
study of the dynamics of rational semigroups.

Remark 2.18. We have F,.qs(7) C F2

meas

Definition 2.20. Let Y be a compact metric space. Let ® : Y — 9% (Y) be the topological
embedding defined by: ®(z) := 4., where d, denotes the Dirac measure at z. Using this topological
embedding ® : Y — 9 (Y), we regard Y as a compact subset of 9 (V).

Remark 2.21. If h € CM( ) and T = 5h, then we have M* o ® = ® o h on Y. Moreover, for
a general 7 € My (CM(Y)), = [ h( ) for each p € My (Y). Therefore, for a general
7 € M (CM(Y)), the map M* 93?1( ) — sml( ) can be regarded as the “averaged map” on the
extension M7 (V) of Y.

Remark 2.22. If 7 = 6, € M (Raty) with h € Raty, then Jyeqs(7) # 0. In fact, using the
embedding ® : C — 91 (C), we have § # O(J(h)) C Jmeas(7).

The following is an important and interesting object in random dynamics.

Definition 2.23. Let Y be a compact metric space and let A be a subset of Y. Let 7 € 9t (CM(Y')).
For each z € Y, we set Ta () :=7({v = (11,7%2,.-.) € X7 | d(yn1(2), A) — 0 as n — oo}). This
is the probability of tending to A starting with the initial value z € Y. For any a € Y, we set
TLL,T = T{a},‘r~

3 Results

In this section, we present the main results of this paper.

3.1 General results and properties of M,

In this subsection, we present some general results and some results on properties of the iteration
of M, : C(C) — C(C) and M* : C(C)* — C(C)*. The proofs are given in subsection 5.1. We need
some notations.

Definition 3.1. Let Y be a n-dimensional smooth manifold. We denote by Leb,, the two-
dimensional Lebesgue measure on Y.

Definition 3.2. Let B be a complex vector space and let M : B — B be a linear operator. Let
p € B and a € C be such that ¢ # 0,]a] = 1, and M () = ap. Then we say that ¢ is a unitary
eigenvector of M with respect to a, and we say that a is a unitary eigenvalue.
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Definition 3.3. Let Y be a compact metric space and let 7 € 9 (CM(Y)). Let K be a non-
empty subset of Y such that G(K) C K. We denote by Uy - (K) the set of all unitary eigenvectors
of M, : C(K) — C(K). Moreover, we denote by U, -(K) the set of all unitary eigenvalues of
M, : C(K) — C(K). Similarly, we denote by Uy . .(K) the set of all unitary eigenvectors of
M C(K)* — C(K)*, and we denote by U, .(K) the set of all unitary eigenvalues of M* :
C(K)* — C(K)*.

Definition 3.4. Let V be a complex vector space and let A be a subset of V. We set LS(A) :=
{Z;n:lajvj lat,...,am € Cuy,...,0y € A;m € N}

Definition 3.5. Let Y be a topological space and let V' be a subset of Y. We denote by Cy (Y)
the space of all ¢ € C(Y') such that for each connected component U of V, there exists a constant
cy € C with ¢|ly = cy.

Remark 3.6. Cy(Y) is a linear subspace of C(Y'). Moreover, if Y is compact, metrizable, and
locally connected and V' is an open subset of Y, then Cy (Y) is a closed subspace of C(Y'). Fur-
thermore, if Y is compact, metrizable, and locally connected, 7 € 9 (CM(Y)), and G, is a
subsemigroup of OCM(Y'), then M, (Crc,y(Y)) C Cpa,)(Y).

Definition 3.7. For a topological space Y, we denote by Cpt(Y) the space of all non-empty
compact subsets of Y. If Y is a metric space, we endow Cpt(Y') with the Hausdorfl metric.

Definition 3.8. Let Y be a metric space and let G be a subsemigroup of CM(Y). Let K €
Cpt(Y). We say that K is a minimal set for (G,Y) if K is minimal among the space {L €
Cpt(Y) | G(L) C L} with respect to inclusion. Moreover, we set Min(G,Y) := {K € Cpt(Y) |
K is a minimal set for (G,Y)}.

Remark 3.9. Let Y be a metric space and let G be a subsemigroup of CM(Y). By Zorn’s lemma,
it is easy to see that if K7 € Cpt(Y) and G(K;) C Kj, then there exists a K € Min(G,Y) with
K C K;. Moreover, it is easy to see that for each K € Min(G,Y) and each z € K, G(z) = K. In
particular, if K1, K, € Min(G,Y) with Ky # K», then K; N Ky = (). Moreover, by the formula
G(z) = K, we obtain that for each K € Min(G,Y), either (1) K < oo or (2) K is perfect and
fK > Rg. Furthermore, it is easy to see that if I' € Cpt(CM(Y)),G = (I'), and K € Min(G,Y),
then K = (J,,cp h(K).

Definition 3.10. Let Y be a compact metric space. Let p € C(Y)*. We denote by a(p) the set
of points z € Y which satisfies that there exists a neighborhood U of z in Y such that for each
p € C(Y) with suppp C U, p(p) = 0. We set suppp :=Y \ a(p).

Definition 3.11. Let {¢, : U — C}22, be a sequence of holomorphic maps on an open set U of
C. Let ¢ : U — C be a holomorphic map. We say that ¢ is a limit function of {¢,}°2, if there
exists a strictly increasing sequence {n;}°2 521 in N such that ¢,; — ¢ as j — oo locally uniformly
on U.

Definition 3.12. For a topological space Z, we denote by Con(Z) the set of all connected com-
ponents of Z.

Definition 3.13. Let G be a rational semigroup. We set J..s(G) = {z € J(G) | VU €
Con(F(QG)),z ¢ OU}. This is called the residual Julia set of G.

We now present the main results.

Theorem 3.14 (Cooperation Principle I). Let 7 € 9 (NHM(CP")), where CP™ denotes the
n-dimensional complex projective space. Suppose that Jyer(Gr) = 0. Then, Fpeas(T) = 91 (CP™),
and for 7-a.e. v € (NHM(CP™))N, Leby,(.J,) = 0.
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Theorem 3.15 (Cooperation Principle II: Disappearance of Chaos). Let 7 € 9y (Rat) and let
= ULeMm(G & L. Suppose that Juex(G7) = 0 and J(G) # 0. Then, all of the following
statements 1,. 21 hold

1. Let By, == {p € C(C) | M*(p) — 0 asn — oco}. Then, Bo, is a closed subspace of
C(C) and there exists a direct sum decomposition C(C) = LS(Us - (C)) @ Bo.,. Moreover,
LS(Uy-(C)) C Cr(a,)(C) and dime(LS(Uy - (C))) < oo.

2. Let q := dimg(LSUy,(C))). Let {p; 41 be a basis of LS(Z/lfVT(@)) such that for each j =
1,...,q, there exists an oy € I/{M(@) with M. (p;) = ajp;. Then, there exists a unique
family {p; : c(C) — (C}?:1 of complex linear functionals such that for each ¢ € C(C),
(| M (p — 23:1 pi(©)¢i)llc — 0 as n — oco. Moreover, {pj}?:l satisfies all of the following.

(a) Foreachj=1,...,q, pj : C(C) — C is continuous.

(b) Foreach j=1,...,q, M*(p;) = a;jp;.

(c) For each (i,j), pi(wj) = dij. Moreover, {p;}i_, is a basis of LSUs.».(C)).
(d) For each j=1,...,q, suppp; C Sr.

3. We have £J(G;) > 3. In particular, for each U € Con(F(G,)), we can take the hyperbolic
metric on U.

4. There exists a Borel measurable subset A of (Rat)N with 7(A) = 1 such that
(a) for each v € A and for each U € Con(F(G.)), each limit function of {yn1|lu}or, is
constant, and

(b) for each v € A and for each Q € Cpt(F(G)), supueq l7m.1(@)l|n — 0 as n — oo, where
[7.1(a)lln denotes the norm of the derivative of v,1 at a point a measured from the
hyperbolic metric on the element Uy € Con(F(G,)) with a € Uy to that on the element
U, € Con(F(G,)) with yn1(a) € U,.

5. For each z € C, there exists a Borel subset A, of (Rat)Y with 7(A.) = 1 with the following
property.

e For each v = (v1,7%2,...) € A,, there exists a number § = §(z,7) > 0 such that
diam(~yp, - - v1(B(z,9))) — 0 as n — oo, where diam denotes the diameter with respect
to the spherical distance on C, and B(z,0) denotes the ball with center z and radius §.

6. tMin(G,,C) < oc.

7. Let W = UAeCon(F(GT)),AﬂST;éV) A. Then S; is compact. Moreover, for each z € C there

ezists a Borel measurable subset C, of (Rat)N with 7(C,) = 1 such that for each vy € C., there
exists an n € N with v,.1(2) € W and d(ym,1(2),S7) — 0 as m — .

8. Let L € Min(G,,C) and ry, := dimc(LSU; ,(L))). Then, Uy, +(L) is a finite subgroup of S*
with Uy, (L) = r1,. Moreover, there exists an a;, € S* and a family WLtk in Uy - (L)
such that

(a) ap* =1, Uy (L) = {al }}=,,

(b) M:(yr;) = alibr,; for each j=1,...,rL,
(c) ¥r; = (Yr1)? for each j=1,...,r, and
(d) {9}k, is a basis of LS(Uy,+(L)).
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10.

11.

12.

15.

1.

15.

16.

17.

18.

19.

20.

21.

Let g : LS(U;,(C)) — C(S,) be the map defined by ¢ — o|s.. Then, Ug_ (LS(Us.-(C))) =
LS(Uy-(S;)) and Vs, : LS(Uys +(C)) — LSU; +(S,)) is a linear isomorphism. Furthermore,
Us oM, =M, oWs onLSU;,(C)).

Z’{v,f(@) =Uy7(S7) = ULEMin(GT,@) Uy, (L) = ULeMin(G,,C){ai};i1 and dimC(LS(uﬁ‘r(C))) =
ZLEMin(GT,@) rL.

Uy ro(C) = Uy +(C), Uy 7.(S7) = Uy +(S;), andUy 7..(L) = Uy (L) for each L € Min(G,,C).

Let L € Min(G,,C). Let A, :== {gio---0g,, | Vi, g; € [+}. Moreover, let GI* := (A,,).
Then, v, = tMin(G%:, L).

There exists a basis {¢r; | L € Min(G,,C),i = 1,...,r.} of LSU;,(C)) and a basis
{pri| L € Min(G,,C),i = 1,...,7.} of LSUs .+ .(C)) such that for each L € Min(G,,C)

and for each i =1,...,7, we have all of the following.
(a) M:(¢r;) = ager

(b) lerlle =1.

(¢) @rilr =0 for any L' € Min(G,,C) with L' # L.
(d) ¢rile = (pralL)".

(e) supppr,; = L.

(f) pr,i(er,;) =65 foreach j=1,...,rL

For each v € 9, (C), do((M*)™(v),LSUs +.(C)) N M1 (C)) — 0 as n — oo. Moreover,
C

o
dlmT(LS(Z/{f,TV*((C))ﬂiml(C)) < 2dim¢ LS(Uy - (C)) < oo, where dimr denotes the topological
dimension.
For each L € Min(G,, ) T5, - :C — [O 1] is continuous and M, (Tr ) = T1,-. Moreover,
> remin(a,.¢) TL,-(2) =1 for each z € C.

If $Min(G,,C) > 2, then (a) for each L € Min(G,,C), Ty .(J(G,)) = [0,1], and (b)
dime (LS(Us - (C))) > 1.

S, ={ze F(G)NS, |3g € G, st. g(z) = z,|m(g, 2)| < 1}, where the closure is taken in C,
and m(g,z) denotes the multiplier ([1]) of g at the fized point z.

IfT.NRaty # 0, then S; = {z € F(G)N S: | 3g € G- NRat s.t. g(z) = z,|m(g,2)| <1} C
UH(G,) C P(G,).

If dime (LS(Uy - (C))) > 1, then for any ¢ € LS(Us - (C))ne there exists an uncountable subset
A of C such that for eacht € A, 0 # ¢ 1 ({t}) N J(G;) C Jres(Gr).

If dime(LSU; - (C))) > 1 and int(J(G,)) = 0, then Con(F(G,)) = occ.

Suppose that G N Aut(C) # 0, where Aut(C) denotes the set of all holomorphic auto-
morphisms on C. If there exists a loxodromic or parabolic element of G N Aut(@), then

#Min(G,,C) =1 and dime (LS(Us - (C))) = 1.

Remark 3.16. Let G be a rational semigroup with G N Raty # (. Then by [1, Theorem 4.2.4],
1(J(G)) =z 3.

Remark 3.17. Let 7 € 9y .(Rat) be such that Jxe;(G-) = 0 and J(G,) # 0. The union S, of
minimal sets for (G, C) may meet J(G,). See Example 6.7.
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Remark 3.18. Let 7 € 9 .(Rat) be such that Jie (G-) = 0 and J(G) # 0. Then dimC(LS(Uf,T(@))) >

1 if and only if (LSUs,+(C)))ne # 0.

Definition 3.19. Let G be a polynomial semigroup. We set
K(G):={2€ C|{g(2) | g € G} is bounded in C}. K(G) is called the smallest filled-in Julia
set of G. For any h € P, we set K(h) := K((h)). This is called the filled-in Julia set of h.

Remark 3.20. Let 7 € My .(P) be such that Jie,(G-) = 0 and K’(GT) # (. Then ijin(GT,(C) >

2. Thus by Theorem 3.15-16, dimc(LS(Uy . (C))) > 1.

Remark 3.21. There exist many examples of 7 € 9 (P) such that Jie (Gr) = @,K(GT) #0
and int(J(G,)) = 0 (see Proposition 6.1, Proposition 6.3, Proposition 6.4, Theorem 3.82, and [27,
Theorem 2.3]).

3.2 Properties on T ;

In this subsection, we present some results on properties of T, , for a 7 € 9 .(P). Moreover, we
present some results on the structure of J(G,) for a 7 € My o(P) with Jyer(G-) = 0. The proofs
are given in subsection 5.2.

By Theorem 3.14 or Theorem 3.15, we obtain the following result.

Theorem 3.22. Let 7 € My (P). Suppose that Jyer(Gr) = 0. Then, the function Tw ; : C— [0,1]
18 continuous on the whole (C, and M:(Too 7)) = Tso r-

Remark 3.23. Let h € P and let 7 := . Then, TOOJ(((A:) = {0,1} and T, - is not continuous at
every point in J(h) # (.

On the one hand, we have the following, due to Vitali’s theorem.

Lemma 3.24. Let 7 € My o(P). Then, for each connected component U of F(G;), there ezists a
constant Cy € [0, 1] such that T - |uv = Cu.

Definition 3.25. Let GG be a polynomial semigroup. If co € F(G), then we denote by F,(G) the
connected component of F'(G) containing co. (Note that if G is generated by a compact subset of
P, then 0o € F(G).)

We give a characterization of T, .

Proposition 3.26. Let 7 € M, (P). Suppose that Jue(G,) = 0 and K(G,) # 0. Then, there
exists a unique bounded Borel measurable function ¢ : C — R such that o = M (), ¢|p_(c,) =1
and (Plk(GT) = 0. Moreover, p = T 1.

Remark 3.27. Combining Theorem 3.22 and Lemma 3.24, it follows that under the assumptions
of Theorem 3.22, if T, ; # 1, then the function T - is continuous on C and varies only on the
Julia set J(G;) of G-. In this case, the function T ; is called the devil’s coliseum (see Figures 3,
4). This is a complex analogue of the devil’s staircase or Lebesgue’s singular functions. We will
see the monotonicity of this function T, » in Theorem 3.31.

In order to present the result on the monotonicity of the function Tt ; : ¢ — [0, 1], the level
set of Toe 7| s(c,) and the structure of the Julia set J(G), we need the following notations.

Definition 3.28. Let K, K2 € Cpt(C).
1. “K; <, K" indicates that K is included in the union of all bounded components of C\ K.

2. “Kj <4 K35” indicates that K; <5 K or K7 = K.
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Remark 3.29. This “<,” is a partial order in Cpt(C). This “<,” is called the surrounding
order.

We present a necessary and sufficient condition for T - to be the constant function 1.

Lemma 3.30. Let 7 € My (P). Then, the following (1), (2), and (3) are equivalent. (1) T, » = 1.
(2) Toorrl s,y = 1. (3) K(G,) = 0.

By Theorem 3.22 and Lemma 3.24, we obtain the following result.

Theorem 3.31 (Monotonicity of Tt » and the structure of J(G;)). Let 7 € My (P). Suppose
that Jxer(G-) = 0 and K(GT) # (. Then, we have all of the following.

1. int(K(G,)) # 0.

2 Tour(J(G1)) = [0,1].

3. For each t1,ty € [0,1] with 0 < t; <ty <1, we have T.' ({t1}) <s T ({t2}) N J(G-).
4. For each t € (0,1), we have K(G,) <4 TLL () N J(Gr) <s Fuo(Gr).

5. There exists an uncountable dense subset A of [0, 1] with #([0,1]\ A) < Yo such that for each
te A, we have ) # T ({t}) N J(G;) C Jres(Gr).

Remark 3.32. If G is generated by a single map h € P, then K (G) = 8F(G) = J(G) and
so K(G) and Fu(G) cannot be separated. However, under the assumptions of Theorem 3.31,
the theorem implies that & (G;) and F(G;) are separated by the uncountably many level sets
{TOO,T|;(1GT)({t})}t€(O,l)7 and that these level sets are totally ordered with respect to the surround-

ing order, respecting the usual order in (0,1). Note that there are many 7 € 9 .(P) such that
Jker (Gr) = 0 and K(G;) # ). See section 6.

Remark 3.33. For each I' € Cpt(Rat), there exists a 7 € 91 (Rat) such that I'; = I'. Thus,
Theorem 3.31 tells us the information of the Julia set of a polynomial semigroup G generated by
a compact subset I' of P such that Jie,(G) = 0 and K(G) # 0.

Applying Theorem 3.22 and Lemma 3.24, we obtain the following result.

Theorem 3.34. Let T be a non-empty compact subset of P and let G = (T'). Suppose that K(G) # 0
and Jxer (G) = 0. Then, at least one of the following statements (a) and (b) holds.

(a) int(J(G)) # 0. (b) H{U € Con(F(Q)) | U # Fx(G) and U ¢ int(K(G))} = oo.

Remark 3.35. There exist finitely generated polynomial semigroups G in P such that int(J(G)) #
0 and J(G) # C (see [14], Example 6.11).

3.3 Planar postcritical set and the condition that K(GT) =0

In this subsection, we present some results which are deduced from the condition that the planar
postcritical set is unbounded. Moreover, we present some results which are deduced from the
condition that K(G,) = 0. The proofs are given in subsection 5.3.

Definition 3.36. For a polynomial semigroup G, we set P*(G) := P(G) \ {oc}. This is called the
planar postcritical set of the polynomial semigroup G.

Definition 3.37. Let Y be a complete metric space. We say that a subset A of Y is residual
if A contains a countable intersection of open dense subsets of Y. Note that by Baire’s category
theorem, a residual subset A of Y is dense in Y.
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The following theorem generalizes [2, Theorem 1.5] and [4, Theorem 2.3].

Theorem 3.38. Let ' € Cpt(P) and let G = (T'). Suppose that P*(G) is not bounded in C. Then,
there exists a residual subset U of TN such that for each T € My (P) with T, =T, we have 7(U) = 1,
and such that for each v € U, the Julia set J, of v has uncountably many connected components.

Question 3.39. What happens if K(G,) =0 (i.e., if Too, =1) ?

Definition 3.40. Let v = (1,72, ...) € PN. Weset K, := {z € C | {75,1(2) }nen is bounded in C}.
Moreover, we set Ao := {2 € C | yp.1(2) — 00}

Theorem 3.41. Let 7 € My (P). Suppose that K( +) = 0. Then, we have all of the following
statements 1,...,4.

1. Jker(GT) = @
2. Freas(T) = M1 (C) and (M?)"(v) — 0o as n — oo uniformly on v € My (C).
3 Twr=1o0n C.

4. For 7-a.e. v € PN, (a) Lebo(K,,) =0, (b) K, = J,, and (c) K., = J, has uncountably many
connected components.

Remark 3.42. Let 7 € 9 (P). Suppose that Jier(Gr) = . From Theorem 3.22 and Theo-
rem 3.41, it follows that K(G,) # 0 if and only if (LS. (C)))ne # 0.

Example 3.43. Let 7 € 9 .(P) and suppose that there exist two elements hi, ha € I'; such that
K(h1)N K (hy) = 0. Then K(G,) = ). For more examples of 7 with K(G,) = (), see Example 3.59.

3.4 Conditions to be Leby(J,) =0 for 7-a.e. v (even if Ji, (G,) # 0)

In this subsection, we present some sufficient conditions to be Lebs(J,) = 0 for 7-a.e. . More
precisely, we show that even if Jyo(G) # 0, under certain conditions, for 7-a.e. -, for Lebs-a.e.
z € C, there exists a number ny € N such that for each n with n > ng, v,,1(2) € F(G;). The
proofs are given in subsection 5.4. We also define other kinds of Julia sets of M.

Definition 3.44. Let Y be a compact metric space. Let 7 € M (CM(Y)). Regarding YV as a
compact subset of M1 (V) as in Definition 2.20, we use the following notation.

1. We denote by F,(7) the set of z € Y satisfying that there exists a neighborhood B of z
in Y such that the sequence{(M*)"|p : B — MM1(Y)}nen is equicontinuous on B. We set
Ipt(T) =Y\ Fpi(7).

2. Similarly, we denote by Fy(7) the set of z € Y such that the sequence {(M})"]y : YV —
M1 (Y)}nen is equicontinuous at the one point z € Y. We set J),(7) :=Y \ F(7).

Remark 3.45. We have F,(7) C FJ,(1) and J,(7) C Jp () N J)

meas ( )

We also need the following notations on the skew products. In fact, we heavily use the idea
and the notations of the dynamics of skew products, to prove many results of this paper.

Definition 3.46. Let Y be a compact metric space and let I' be a non-empty compact subset
of CM(Y). We define a map f : TN x Y — I'N x Y as follows: For a point (y,y) € TN x Y
where v = (v1,72, - ..), we set f(7,y) := (¢(7),71(y)), where o : TN — TN is the shift map, that is,
o(v1,7v2,--.) = (72,73,...). Themap f : TN xY — I'N x Y is called the skew product associated
with the generator system I'. Moreover, we use the following notation.
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1. Let 7 : TN xC — I and 7y : TN XY — Y be the canonical projections. For each v € TN and
neN,weset fI' := f*|—1(4y 7 H{y} = 77 {o™(7)}. Moreover, we set f,, :=y,0---071.

2. Foreachy € TN, weset J7 := {y} x.J, (C TNxY'). Moreover, we set .J (f) := U, erw J7, where
the closure is taken in the product space I'N x Y. Furthermore, we set F/(f) := (TN xY)\ J(f).

3. For each v € TV, we set J*T := 7=y} N J(f), F*T =72 ({y) \ J'T, Jyr:= 7wy (JVT),
and F, r:= Y\ J, r. Note that J, C J, .

—

4. When T C Rat, for each z = (v,y) € TN x C, we set f/(z) := (11)"(y).

Remark 3.47. Under the above notation, let G = (I'). Then ﬂy(j(f)) J(G)and o f=0com
on I'N x Y. Moreover, for each v € '™, v1(J,) C Jy(4), Y (Jyr) C J, o(7),Ts and f(J(f)) J(f) (bee
Lemma 4.4). Furthermore ifI" € Cpt(Rat) then for each v € FN " (JA,) fl( W) =

N(r) = oty A Uatyr) = e FUW) = () = £, i A SR

FUE(f)) (see [29, Lemma 2.4]).
We now present the results. Even if Jio:(G,) # 0, we have the following.

Theorem 3.48. Let 7 € My o(P). Suppose that Jyer(G+) is included in the unbounded component
of C\(UH(G,)NJ(G,)). Then, we have the following.

1. For 7-a.e. v € X,, Leba(Jy) = Lebg(j%pT) =0.

2. For Lebg-a.e. y € (C, there exists a Borel subset A, of X, with 7(Ay) =1 such that for each
v € Ay, there exists an n = n(y,v) € N with v,1(y) € F(G-).

3. Lebg(Jgt(T)) =0.
4. For Lebs-a.e. point y € (@, Too,r 15 continuous at y.

Remark 3.49. Let 7 € My (P). If Jxer(G~) is included in the unbounded component of C \
(P(G:)NJ(G,)), then Jyer(G) is included in the unbounded component of C\ (UH(G,)NJ(G,))
(see Remark 2.13).

Remark 3.50. Let 7 € 9 .(P). Suppose that for each h € I+, h is a real polynomial and each
critical value of h in C belongs to R. Suppose also that for each z € P(G,)NJ(G;), there exists an
element g, € G, such that g,(z) € F(G,). Then Jye (G;) is included in the unbounded component
of C\ (UH(G,) N J(G,)).

3.5 Conditions to be Ji(G) =0

In this subsection, we present some sufficient conditions to be Jye:(G) = . The proofs are given
in subsection 5.5.
The following is a natural question.

Question 3.51. When do we have that Jie(G) = 07
We give several answers to this question.

Lemma 3.52. Let I' be a subset of Rat such that the interior of I' with respect to the topology of
Rat is not empty. Let G = (T'). Suppose that F(G) # 0. Then, Jier(G) = 0.

Definition 3.53. Let A be a finite dimensional complex manifold and let {g)}rea be a family
of rational maps on C. We say that {gx}rea is a holomorphic family of rational maps if the map
(z,A) € Cx A — g(2) € C is holomorphic on C x A. We say that {gx }rea is a holomorphic family
of polynomials if {gx}rea is a holomorphic family of rational maps and each g, is a polynomial.
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Definition 3.54. Let ) be a subset of P.

1. We say that ) is admissible if for each zy € C there exists a holomorphic family of polynomials
{gr}rea such that {gx | A € A} C Y and the map A — g¢x(z0) is nonconstant in A.

2. We say that Y is strongly admissible if for each (2o, hg) € C x ) there exists a holomorphic
family {gx}rea of polynomials and a point Ay € A such that {gx | A € A} C Y, gx, = ho,
and the map A — g)(29) € C is nonconstant in any neighborhood of Ag in A.

Example 3.55.

1. Let Y be a strongly admissible subset of P. Let ) be endowed with the relative topology
from P. If T is a non-empty open subset of ), then I is strongly admissible. If I is a subset
of Y such that the interior of I in ) is not empty, then I is admissible.

2. P is strongly admissible. If T" is a subset of P such that the interior of " in P is not empty,
then I' is admissible.

3. For a fixed hg € P,Y := {ho + ¢ | ¢ € C} is a strongly admissible closed subset of P. If T" is
a subset of ) such that the interior of ' in ) is not empty, then I" is admissible.

Lemma 3.56. Let I be a relative compact admissible subset of P. Let G = (T'). Then, Jxer(G) = 0.

Proposition 3.57. Let Y be a closed subset of an open subset of P. Suppose that Y is strongly
admissible. Let T € My (V). Let V1 be any neighborhood of T in M1 (Y) and Va be any neighborhood

of 'y in Cpt(C). Then, there exists an element p € My (Y) such that p € V1, T, € Vo, ', < o0,
and Jyer(G,) = 0.

Remark 3.58 (Cooperation Principle IIT). By Lemma 3.56, Proposition 3.57, Theorems 3.14,
3.15, we can state that for most 7 € My (P), the chaos of the averaged system of the Markov
process induced by 7 disappears. In the subsequent paper [40], we investigate the further detail
regarding this result. Some results of [40] are announced in [41].

Example 3.59. Let 7 € 9 (P) be such that I'; is admissible. Suppose that there exists an

element h € T, with int(K(h)) = §. Then K(G,) = 0 and the statements in Theorem 3.41
hold. For, if K(G,) # 0, then since I'; is admissible and since G,(K(G,)) € K(G,), we have
int(K(G,)) # 0. However, since int(K (h)) = (), this is a contradiction. Thus K (G,) = 0.

From the above argument, we obtain many examples of 7 € 9 .(P) such that K(G,) = 0.
For example, if h(z) = 22 + ¢ belongs to the boundary of the Mandelbrot set and I'; contains a
neighborhood of h in the ¢-plane, then from the above argument, K (G;) = 0 and the statements
in Theorem 3.41 hold. Thus the above argument generalizes [4, Theorem 2.2] and a statement in

[2, Theorem 2.4].

3.6 Mean stability

In this subsection, we introduce mean stable rational semigroups, and we present some results on
mean stability. The proofs are given in subsection 5.6.

Definition 3.60. Let Y be a compact metric space and let I' € Cpt(CM(Y")). Let G = (T'). We
say that G is mean stable if there exist non-empty open subsets U,V of F(G) and a number
n € N such that all of the following hold.

(1) VcUand U C F(G).
(2) For each v € TN, v, 1(U) C V.

(3) For each point z € Y, there exists an element g € G such that g(z) € U.
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Note that this definition does not depend on the choice of a compact set I' which generates G.
Moreover, for a I’ € Cpt(CM(Y)), we say that I" is mean stable if (I') is mean stable. Furthermore,
for a 7 € My (CM(Y)), we say that 7 is mean stable if G is mean stable.

Remark 3.61. It is easy to see that if G is mean stable, then Jie(G) = 0.
By Montel’s theorem, it is easy to see that the following lemma holds.

Lemma 3.62. Let I' € Cpt(Rat) be mean stable. Suppose $(C\ V) > 3, where V is the open set
coming from Definition 3.60. Then there exists a neighborhood U of T in Cpt(Rat) with respect to
the Hausdorff metric such that each T € U is mean stable.

Proposition 3.63. Let I' € Cpt(Raty). Suppose that Jiey (L)) = 0 and (T') is semi-hyperbolic.
Then there exists an open neighborhood U of T' in Cpt(Rat) such that for each T € U, TV is mean
stable and Jyxer ((I')) = 0.

Remark 3.64. Let I’ € Cpt(Rat, ). Suppose that Jie: ({T')) = @ and (') is semi-hyperbolic. Then
for a small perturbation I of ", T is mean stable, which is the consequence of Proposition 3.63,
but (I'") may not be semi-hyperbolic. See Proposition 6.1-(c).

Proposition 3.65. Let 7 € My . be mean stable. Suppose that J(G,) # 0. Let V' be the set coming
from Definition 3.60. Let S, := ULGMin(Gﬁ@) L. Then we have all of the following.

1. S C G:(V) C F(G,).

2. Let W := UAECOH(F(GT)),AOST#Z) A. Let Uy == {p € Cw(W) | Ja € S*, M, (¢) = ap,p #

0} Moreover, let Uy : LS(Us-(C)) — Cw (W) be the map defined by ¢ — ¢lw. Then

Uy (LS(Uy ~(C))) = LS(Uw) and Ty : LS(Uy ~(C)) — LSUw) is a linear isomorphism.

— — 1 _
3. Let Z := UAeCon(F(G,)),AmG*(V);fQ) A. Let Uy == {p € Cz(Z) | Ja € S', M, (¢) = ap,p #

0} Moreover, let U, : LSUy . (C)) — Cz(Z) be the map defined by ¢ — ¢|z. Then

U, (LSUy-(C))) = LS(Uz) and Wy : LS(Us - (C)) — LS(Uz) is a linear isomorphism.
Remark 3.66. Under the assumptions and notation of Proposition 3.65, we have dim¢ Cy (W) <
oo and dime Cz(Z) < oco. Thus, in order to seek Uy -(C) and U, -(C), it suffices to consider the
eigenvectors and eigenvalues of the matrix representation of M, on the finite dimensional linear
space Cyw (W) or Cz(Z).

Remark 3.67. Let I' € Cpt(Rat,) and let G = (T').

1. Suppose that G is semi-hyperbolic and Jye, (G) = (0. Then by Proposition 3.63, G is mean sta-
ble. Moreover, by Lemma 5.42, the set V' in Definition 3.60 can be taken to be a small neigh-

borhood of A(G) in F(G), where A(G) := G({z € C|3ge G s.t. g(z) = z,|mlg, 2)| < 1}).

In this case, {A € Con (F(GQ)) | ANG*(V) # 0} ={A € Con(F(G)) | AN A(G) # 0.}.

2. Similarly, suppose that G is hyperbolic and Jie (G) = (. Then by Proposition 3.63, G is
mean stable. Moreover, by Lemma 5.42; the set V' in Definition 3.60 can be taken to be a
small neighborhood of P(G) in F(G). In this case, {4 € Con (F(G)) | ANG*(V) # 0} =
{A € Con(F(G)) | AnP(G) #0.}.

3.7 Necessary and Sufficient conditions to be Ji.(G,) # ()

In this subsection, we present some results on necessary and sufficient conditions to be Jier (G ) # 0.
The proofs are given in subsection 3.7.
The following is a natural question.
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Question 3.68. What happens if Jie, (G;) # 07

Definition 3.69. Let Y be a compact metric space with dimg(Y') < co and let 7 € 9y (CM(Y)).

Since the function v +— dimg(Jy,r,) is Borel measurable and since (o, 7) is ergodic, there exists a

number g € [0, 00) such that for 7-a.e. v € I';, dimy (J, r.) = a. We set MHD(7) := a.

Remark 3.70. Let T' € Cpt(Raty) and let G = (I'). Suppose that G is semi-hyperbolic and
F(G) # 0. Then, v — J, is continuous on I'V with respect to the Hausdorff metric (this is non-
trivial) and for each v € TN, J, = j%F (see Lemma 5.42 and [29, Theorem 2.14]). Moreover, there
exists a constant 0 < b < 2 such that for each v € I'N, dimgy(J,) < b (see Lemma 5.42 and [32,
Theorem 1.16]). Note that if we do not assume semi-hyperbolicity, then v — J, is not continuous
in general.

Theorem 3.71. Let 7 € My .(Raty). Suppose that G, is semi-hyperbolic and F(G;) # 0. Then,
we have all of the following.

1. dimg (J,(7)) < MHD(7) < 2.

2. Jwer(G7) C I (7).

3. Freas(T) = M1 (C) if and only if Juex(Gr) = 0. If ier(Gr) # 0, then Jpeas(1) = My (C).
4. If, in addition to the assumption, ', < oo, then we have the following.

(a) G;I(Jker(G‘r)) C J;?t(T)-

(b) Either Freas(T) = M1 (C) or Jp (1) = J(G7).

Remark 3.72. Let G be a hyperbolic rational semigroup with G N Raty # (. Then, G is semi-
hyperbolic and F(G) # 0.

3.8 Singular properties and regularity of non-constant finite linear com-
binations of unitary eigenvectors of M,

In this subsection, we present some results on singular properties and regularity of non-constant
finite linear combinations ¢ of unitary eigenvectors of M, : C(C) — C(C). It turns out that under
certain conditions, such ¢ is non-differentiable at each point of an uncountable dense subset of
J(G;) (see Theorem 3.82). Moreover, we investigate the pointwise Holder exponent of such ¢ (see

Theorem 3.82 and Theorem 3.84). The proofs are given in subsection 5.8.

Lemma 3.73. Let m € N with m > 2. Let Y be a compact metric space and let hy,ha, ..., h
OCM(Y). Let G = (h1, ..., hm). Suppose that for each (i, j) withi # j, h;l(J(G))ﬂhgl(J(G))
Then, Jxer(G) = 0.

3

€
0.

Definition 3.74. For each m € N, we set Wy, := {(p1,...,pm) € (0,1)™ [ 2271, p; = 1}.

Lemma 3.75. Let m € N with m > 2. Let h = (hy,...,hn) € (Rat)™ and let G = (hq,..., hp).
Letp = (p1,...,Dm) € Wp, and let T = Z;n:l p;jOn,- Suppose that J(G) # O and that h; ' (J(G)) N

hfl(J(G)) = for each (i,7) with i # j. Then int(J(G)) =0 and for each ¢ € (LS(UfyT(C)))m,

J

J(G)={zeC| for any neighborhood U of z,¢|y is non-constant}.
Definition 3.76. Let U be a domain in C and let g:U — C be a meromorphic function. For

each z € U, we denote by ||¢’(2)||s the norm of the derivative of g at z with respect to the spherical
metric.
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Definition 3.77. Let m € N. Let h = (hq, ..., hy,) € (Rat)™ be an element such that hqy,..., hy,
are mutually distinct. We set T := {hy,..., by} Let f: I'N x C — I'N x C be the skew product
associated with T'. Let p € 9t (I'N x C) be an f-invariant Borel probability measure. For each
p=(p1,--Pm) € W, we define a function p : TV x C — R by p(v,y) == p; if 1 = h; (where
v =(7,7%,--.)), and we set
w(hp ) ~(Jpw e logp du)

Jrsxe log [LF]ls dp

(when the integral of the denominator converges).

Definition 3.78. Let h = (hy, ..., hy,) € P™ be an element such that hq, ..., hy, are mutually dis-
tinct. Weset I' := {h1,...,hy}. For any (v,y) € TNXC, let G, (y) := lim,,— o0 m log™ [ym.1 (¥)],
where log" a := max{log a, 0} for each a > 0. By the arguments in [24], for each v € TN, G (y) ex-
ists, GG, is subharmonic on C, and G, |4, ., is equal to the Green’s function on A  with pole at oco.
Moreover, (7,y) — G- (y) is continuous on I'N x C. Let p, := dd°G.,, where d° := 5-(d — 9). Note
that by the argument in [16, 17], 1, is a Borel probability measure on J, such that supp p, = J,.
Furthermore, for each v € 'V, let Q(y) = 3°_G,(c), where ¢ runs over all critical points of y; in
C, counting multiplicities.

Remark 3.79. Let h = (hy,..., hy) € (Raty)™ be an element such that hq, ..., hy, are mutually
distinet. Let I' = {hy,...,hy} and let f: TN x C — I'N x C be the skew product map associated
with T'. Moreover, let p = (p1,...,pm) € Wy, and let 7 = Z;n:1 p;on, € M (). Then, there exists
a unique f-invariant ergodic Borel probability measure p on I'N x C such that m(p) = 7 and
hu(flo) = maX,ce, (tvx ). f. (p)=pm (p)=7 Mo (flo) = > iy pjlog(deg(hy)), where hy(f|o) denotes
the relative metric entropy of (f, p) with respect to (o, 7), and &;(-) denotes the space of ergodic
measures (see [28]). This p is called the maximal relative entropy measure for f with respect
to (o, 7).

Definition 3.80. Let V be a non-empty open subset of C. Let p:V — C be a function and let
y € V be a point. Suppose that ¢ is bounded around y. Then we set

Hol(p,y) ;== inf{B € R | liglj;lp % = o0},
where d denotes the spherical distance. This is called the pointwise Holder exponent of ¢ at
Y.
Remark 3.81. If Hol(p,y) < 1, then ¢ is non-differentiable at y. If Hol(p,y) > 1, then ¢ is
differentiable at y and the derivative at y is equal to 0.

We now present a result on non-differentiability of non-constant finite linear combinations of
unitary eigenvectors of M, at almost every point in J(G,) with respect to the projection of the
maximal relative entropy measure.

Theorem 3.82 (Non-differentiability of ¢ € (LS(U-(C)))ne at points in J(G,)). Let m €
N with m > 2. Let h = (h1,...,hy) € (RatL)™ and we set I' := {h1,he,...,hp}. Let G =
(h1y... hm). Let p= (p1,..-,pm) € Win. Let f: TN x C — I'N x C be the skew product associated
with T. Let 7 := 370 pjdp, € My (L) C My(P). Let p € My (TN x C) be the mazimal relative
entropy measure for f : TN x C — I'N x C with respect to (o,7). Moreover, let \ := (me)« (1) €
M, (C). Suppose that G is hyperbolic, and h7*(J(G)) N h;l(J(G)) = 0 for each (i,j) with i # j.
Then, we have all of the following.

1. G; = G is mean stable and Jyer(G) = 0.
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0 < dimy(J(GQ)) < 2.
supp A = J(G).
For each z € J(G), AM({z}) =0.

Gvot o e

There exists a Borel subset A of J(G) with A(A) = 1 such that for each zy € A and each

¢ € (LS(Uy,+(C)))ne, Hol(p, z0) = u(h, p, p).
6. If h = (h1,...,hm) € P™, then

_(Z;‘nﬂ p;logp;)
iy pjlogdeg(hy) + [rn Q) d7(v)

u(h, p, ) = 5

and
2 >dimy({z € J(GQ) | for each ¢ € (LSUs+(C)))ne, HOW(p,2) = u(h,p, p1)})

_ X1 pilogdeg(hy) — 507, pilogps
~ Yoy pjlogdeg(hy) + [ Q(7) dT(7)

7. Suppose h = (hq,..., hy) € P™. Moreover, suppose that at least one of the following (a), (b),
and (c) holds: (a) E;"Zl pjlog(pj deg(h;)) > 0. (b) P*(G) is bounded in C. (c) m = 2. Then,
u(h,p,pu) < 1 and for each non-empty open subset U of J(G) there exists an uncountable

dense subset Ay of U such that for each z € Ay and each ¢ € (LSUy,(C)))ne, ¢ is non-
differentiable at z.

Remark 3.83. By Theorems 3.15 and 3.82, it follows that under the assumptions of Theorem 3.82,
the chaos of the averaged system disappears in the C° “sense”, but it remains in the C! “sense”.

We now present a result on the representation of pointwise Hélder exponent of ¢ € (LS(Us,+(C)))ne

at almost every point in J(G,) with respect to the §-dimensional Hausdorff measure, where
6 = dimp (J(G,)).
Theorem 3.84. Let m € N with m > 2. Let h = (hq,...,hy) € (Raty)™ and we set T :=
{hi,ho,...,hm}. Let G = (hy,...,hy). Let p= (p1,...,pm) € Wyn. Let f : TN x C TV xC be
the skew product associated with T'. Let T := 377" | pjop, € My(T) C My (Raty ). Suppose that G is
hyperbolic and h; *(J(G)) N h;l(J(G)) =0 for each (i,7) with i # j. Let 6 := dimpy J(G) and let
@ﬁ be the 8-dimensional Hausdorff measure. Let L : C(J(f)) — C(J(f)) be the operator defined by
L(©)(2) = X (w)== o(w)||f(w)||5°. Moreover, let L : C(J(G)) — C(J(Q)) be the operator defined
by L(p)(2) = Z;n:l Zhj(w):z <p(w)||h;(w)||;5 Then, we have all of the following.

1. G, = G is mean stable and Jye:(G) = 0.

2. There exists a unique element U € My (J(f)) such that L*(#) = . Moreover, the limits
a = lim,—o L™(1) € C(J(f)) and a = lim, o L™(1) € C(J(G)) ewxist, where 1 denotes the
constant function taking its value 1.

L)

3. Let v:= ()« (7) € M (J(G)). Then 0 <6 <2,0< H*(J(G)) < oo, and v = m

4. Let p:=av € My(J(f)). Then p is f-invariant and ergodic. Moreover, min,¢ jqy a(z) > 0.

5. There exists a Borel subset of A of J(G) with HY(A) = H(J(G)) such that for each 2z € A

and each ¢ € (LSU;,+(C)))nes

- Z;-n:l(logpj) fh;l(J(G)) a(y) dH® (v)
Z;nzl fhj_l(J(G)) a(y) log Hh;(y)”‘z dH%(y)

HOI(@? ZO) = U(h,p, ﬁ) =
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Remark 3.85. Let m € N with m > 2. Let h = (h1,...,hy) € P™ and let G = (hy,..., hp).
Let p= (p1,-,Pm) € Wy, and let 7 = 377" | p;dy;. Suppose that K(G) # 0, G is hyperbolic, and
h N (J(G)) N hj_l(J(G)) = () for each (¢,7) with ¢ # j. Then, by Lemma 3.73 and Theorem 3.22,

Toon' € (Ls(ufﬂ' (C)))nc

Remark 3.86. Let m € N with m > 2. Let h = (hq,...,hy) € P™ and we set T := {hq,..., hm }.
Let G = (hy,...,hy). Let p = (1, Pm) € Wi Let f : TN x C — 'V x ((:f be the skew
product associated with I'. Let 7 := 377" | p;jop, € MMy (I') C My (P). Suppose that K(G) # 0, G is
hyperbolic, and h; ' (J(G)) N h;l(J(G)) = () for each (i, j) with ¢ # j. Moreover, suppose we have
at least one of the following (a),(b),(c): (a) Z;nzl pjlog(pj deg(h;)) > 0. (b) P*(G) is bounded
in C. (¢) m = 2. Then, combining Theorem 3.82, Theorem 3.84, and Remark 3.85, it follows that
there exists a number ¢ > 0 such that if p; < ¢, then we have all of the following.

1. Let p be the maximal relative entropy measure for f with respect to (o, 7). Let A = (7).t €

M1 (J(G)). Then for \-ae. z € J(G) and for any ¢ € LSUs+(C))ne (e.gey ¢ = Toor),

le(y)—e(20)|

T and ¢ is not differentiable at z.

limsup,,

2. Let 6 = dimy(J(G)) and let H° be the J-dimensional Hausdorff measure. Then 0 <

H%(J(G)) < oo and for Ho-a.e. z € J(G) and for any ¢ € LS(Us+(C)) (e.g., ¢ = Toor),

le(y)—p(z0)| _
ly—zol

lim sup,, _, 0 and ¢ is differentiable at zg.

Combining Theorem 3.15 and Theorem 3.82, we obtain the following result.

Corollary 3.87. Letm € N withm > 2. Leth = (hy,...,hy) € P™ and we set T :={hy, ..., hm}.
Let G = (hi,...,hy). Let p = (p1,...,Pm) € Wi Let f : TN x ¢ - v XAC be the skew
product associated with T Let T := Y 7" p;iop; € My (T) C M1(P). Suppose that K(G) # 0, G is
hyperbolic, and h;*(J(G)) N h;l(J(G)) =0 for each (i,7) with i # j. Moreover, suppose we have
at least one of the following (a), (b), (c): (a) Y_7_, p;log(p; deg(h;)) > 0. (b) P*(G) is bounded

in C. (¢) m=2. Let ¢ € C(C). Then, we have exactly one of the following (i) and (ii).
(i) There exists a constant function ¢ € C(C) such that M™(p) — ¢ as n — oo in C(C).
(ii) There exists an element ¢ € (LS(Uf,T((@)))nC and a number | € N such that

- M‘f‘(d}) =1,
- {qu—('d)) é;%) - (Ls(uf,T((C)))nc - CF(G) ((C);
— there ezists an uncountable dense subset A of J(G) such that for each zy € A and each

3, MZ(¢) is not differentiable at zy, and

T

— M™M*I(p) — MI(¢)) as n — oo for each j =0,...,1— 1.
We present a result on Hélder continuity of ¢ € LS(Uy . (C)).

Theorem 3.88. Let m € N with m > 2. Let h = (hy,...,hy) € Rat' and we set T' :=
{h1,. .. hm}. Let G = (h1,...,hm). Let p = (p1,...,pm) € Wi and let T = Z;":lpjcshj €
oMy (T) C 9y (Raty). Suppose that G is hyperbolic and hy *(J(G)) N hj_l(J(G)) =0 for each (i,7)

with © # j. Then, G is mean stable and there exists an o > 0 such that for each ¢ € LS(Us -(C)),
¢ : C —[0,1] is a-Hélder continuous on C.

Remark 3.89. In the proof of Theorem 3.82, we use the Birkhoff ergodic theorem and the Koebe
distortion theorem, in order to show that for each ¢ € (LS(Uy +))ne, HOl(p,20) = u(h,p, ).
Moreover, we apply potential theory in order to calculate u(h, p, ) by using p, deg(h;), and (7).
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4 Tools

In this section, we give some basic tools to prove the main results.

Lemma 4.1 (Lemma 0.2 in [29]). Let Y be a compact metric space and let I' € Cpt(OCM(Y)).
Let G = (T). Then, J(G) = Uper b1 (J(G)). In particular, if G = (hq,..., hy) C OCM(Y), then
J(G) =T, h; Y(J(Q)). This property is called the backward self-similarity.

J=1""]
Proof. By Lemma 2.6, J(G) D U, cr b~ (J(G)). By using the method in the proof of [29, Lemma
0.2], we easily see that J(G) C Uyep b (J(G)). Thus, J(G) = Uper 1 (J(G)). O

Notation: Let Y be a topological space. Let p € 9 (Y) and let ¢ : ¥ — R be a bounded
continuous function. Then we set u(¢) := [, ¢ du.

Lemma 4.2. Let Y be a compact metric space and let 7 € M (CM(Y)). Then, we have the
following.

1. (M:)il(leeaS(T)) C FmeflS(T)’ and (M ) (Fvcr)meae( )) c FT?L@GS( )

2. Lety € Y be a point. Then, y € Fy(T) if and only if there exists a neighborhood U of y
in'Y such that for any ¢ € C(Y), the sequence {z — M?(¢)(2)}nen of functions on U is
equicontinuous on U. Similarly, y € Fy(7) if and only if for any ¢ € C(Y), the sequence
{z+— MI(¢)(2)}en of functions on'Y is equicontinuous at the one point y.

Freas(T) NY C Fpi(7).
Fnoleas( )m Y = Fz?t(T)

F(G;) C Fu(T).
F[?t(T) =Y if and only if Freas(7) = M (V).

S v %

Proof. Since M* : 91 (Y) — M4 (Y) is continuous, it is easy to see that statement 1 holds.

Let {¢,};en be a dense subset of C(Y) and let dy be as in Definition 2.16. We now prove
statement 2. Let y € Fp (7). Then there exists a neighborhood U of y in X with the following
property that for each z € U and each € > 0 there exists a = d(z,¢€) > 0 such that if d(z,2) <
0,7 € U then for each n € N, do((M*)™(6,), (M)"(0,)) < €. Let z € U and let € > 0. Let

¢ € C(Y) be any element and let ¢; be such that ||¢ — ¢|lc < €. Let 6 = 0(z, 57). Then for each
n € N and each z’ € U with d(z,2') < 4, 1J|r(‘](\(4 ) )( zg gt)b(quj)((J(\f )n)( (5)25?{;|)‘ < €. Hence for each

)
n € N and each z’ € U with d(z,2") < 6, |(M*)" ( z)j( ¢5) — (M) (0.))(¢5)] < 7% Tt follows
that for each n € N and each 2’ € U with d(z,2’) < 4,

[((M7)"(62)) (@) — (M7)" (62))(@)] < [(M7)"(82))(&) — (M7)"(62))(¢5)]

+ [((M7)"(0:2))(¢5) — (MF)"(621))(95)]
+ [((M7)"(02))(¢5) — ((M7)™"(821)) ()]
<2+ 1i

Therefore, {z — M™(¢)(2) }nen is equicontinuous on U. To show the converse, let y € X and sup-
pose that there exists a neighborhood U of y in X such that for any ¢ € C(Y), {z — M (¢)(2) }nen
is equicontinuous on U. Let z € U. For each € > 0, there exists an ng € N such that Zn>n0 2% <e.
Moreover, there exists a § > 0 such that if 2/ € U and d(z,2') < 0, then for each n € N and each
J=1,...,ng, |M(¢;)(z) — M*(¢;)(2")| < €/ng. It follows that if 2’ € U and d(z,2") < §, then
for each n € N, do((M})™(6,), (M*)™(0,)) < 2e. Therefore, y € Fp (7). Thus, we have proved
that y € F,(7) if and only if there exists a neighborhood U of y such that for any ¢ € C(Y),
{z — M} (¢)(2)}nen is equicontinuous on U. Similarly, we can prove that y € FJ(7) if and only
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if for any ¢ € C(Y), {z — M™(¢)(2) }nen is equicontinuous at the one point y. Hence, we have
proved statement 2.

Statement 3 easily follows from the definition of Feqs(7) and Fpi(7 )

We now prove statement 4. From the definition of I, () and FJ (1), it is easy to see that
Fp cas(T)NY C ER (7). To show the opposite inclusion, let y € Fo (7). Let e>0andlet p € C(Y).
Then there exists a §; > 0 such that for each y’ € Y with d(y y') < 4, and each n € N, we
have |[M™(¢)(y) — M (¢)(y')| < e. Moreover, there exists a d2 > 0 such that for each pu € 9 (Y)
with do(dy, ) < 2, we have p({y’ € Y | d(v',y) > 61}) < €. Hence, for each p € MM (Y) with
do(0y, 1) < 02 and for each n € N, we have

[((MZ)"(0y)) (@) — (M7)" () ()] = I/B( S )Mi’(@(y) du(y’)—/( S )M?(¢>)(y') dp(y')|

+ M2 6)(y) duly) — /Y s MEOW) )

Y\B(y,61)
< / | M7 (9)(y) — M7 () (y)] du(y') + 2¢[|6]| o
B(y,01)
< e+ 2¢)[¢| oo

Hence, 6, € F)),..s(7). Therefore, F),(7) C F}.,(7) NY. Thus, we have proved statement 4.

We now prove statement 5. Let y € F(G;). Then there exists a neighborhood B of y in
Y such that G, is equicontinuous on B. Let ¢ € C(Y) and let ¢ > 0. Since ¢ : ¥ — R is
uniformly continuous, there exists a d; > 0 such that for each z,2’ € Y with d(z, 2’) < 41, we have
|p(z) — ¢(2')| < €. Let z € B. Since G is equicontinuous on B, there exists a d2 > 0 such that for
each 2’ € B with d(z,2") < d2 and for each g € G, we have d(g(z),g(z")) < é;. Hence, for each

z' € B with d(z,2") < 3 and for each n € N, we have

MP(8)(2) - |—|/¢%1 ) dF(y /ml 47(7)
/|¢> 1 (2)) — ()] d7() < ¢

From statement 2, it follows that y € Fp. (7). Therefore, F(G,) C Fp (7). Thus, we have proved

statement 5.
We now prove statement 6. It is easy to see that if Fieas(7) = MMy (Y) then FJ (1) =Y. To
show the converse, suppose F, (1) = Y. Then Fy,;(7) = Y. Suppose that there exists an element
€ JY ..s(7). Then there exists an element ¢ € C(Y), an € > 0, a strictly increasing sequence
{n]}JeN of positive integers, and a sequence {y;};en in My (Y) with p; — p such that for each

JeN,

(M) ())(@) = (M7)™ (1)) ()] = e. (3)

Combining Fj,;(7) = Y and the Ascoli-Arzela theorem, we may assume that there exists an element
¢ € C(Y) such that M;7(¢) — ¢ as j — oo. Hence, for each large j € N, ||[M;7(¢) — ||o0 <
Moreover, since y1; — i, we have that for each large j € N, |u; () — u()| < §. It follows that for
alarge j € N,

(M) ())(@) = (MZ)™) () (@)] < [((M7)™ ())(@) = ()] + () = ()]
+ 1 () = ((M7)") (1) ()]

< €.
However, this contradicts (3). Hence, FO_  (7) = 9 (Y). Therefore, Fyeqs(7) = My (Y). Thus,
we have proved statement 6.
Hence, we have completed the proof of Lemma 4.2. O
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Lemma 4.3. Let Y be a compact metric space and let T € 9y (CM(Y)) wzth ', C OCM(Y). Let

y €Y be a point. Suppose that 7 ({7 =(V1,72,73,---) €E X, |y € ﬂ Lt ’Yj_l(‘](GT))} =0.
Then, we have that y € Fpi (1) = F) . (1) NY.

meas

Proof. By the assumption of our lemma and Lemma 2.6, we obtain that for 7-a.e. v € X,
limy, o0 1p(G,) (Yn,1(y)) = 1. Hence limy—.o0 [ 1r(G.)(Yn,1(y)) d7(v) = 1. Therefore, for a given
€ > 0, there exists an ny € N such that for each n € N with n > ng, 7({y € X | 71(y) €
F(G;)}) > 1 —e. Since F(G,) is an open subset of a compact metric space, F(G;) is a countable
union of compact subsets of F(G,). Hence, there exists a compact subset K of F'(G;) such that
T({v € X7 | Yno.1(y) € K}) > 1 —2e. Since G is equicontinuous on the compact set K, for a given
¢ € C(Y), there exists a 6; > 0 such that for each z € K, 2/ € Y with d(z,2") < §; and for each
l €N, [ML(¢)(z) — ML(¢)(2")| < e. Moreover, since I'; is compact, there exists a § > 0 such that
for each ¢ € Y with d(y,y’) < d2 and for each v € X+, d(Vny,1(Y)s Yno,1(¥)) < 1. It follows that
for each 3/ € Y with d(y,y’) < 2 and for each [ € N,

M () () — MO (B) (3] = | M2 (ML(6)) (y) — Mo (M (6)) ()
oy / (ML ()t (1)) — MLD) (g 1 () ()]

< / M (g1 (4)) — ML) (o ()] d7(7)
{veX~ "Yn()-,l(y)eK}

+ M g (1)) = M) s ()] d7(3)
{'YEXrl"Yno,l(y)gK}
< e+ 2€-2||¢||0o-

Therefore, by Lemma 4.2-2, we obtain that y € F5%(7). Thus, we have completed the proof of
Lemma 4.3. O

Lemma 4.4. LetY be a compact metric space and let ' € Cpt(CM(Y)). Let f : TN xY — TN xY
be the skew product associated with T'. Then, f(J(f)) C J(f) and for each v € T', v1(Jy) C Jo(v)

and y1(J,r) C Jyr.

Proof. Let v € T'N. Let y € Y and suppose 71 (y) € F,(+). Then it is easy to see that y € F’,. Hence,
we have y1(Jy) C Jy(y). By the continuity of f : I x ¥ — I'N x Y, we obtain FUI) € J(f).
Therefore, vl(j,y,p) C JA.Y,F. Thus, we have completed the proof of our lemma. O

Lemma 4.5. Let ' € Cpt(Rat) and let G = (I). Let f : TN x C — TN x C be the skew
product associated with T'. Then, 74(J(f)) = J(G) and for each v = (y1,72,...) € IV, we have

Jyr =52t (J(G)).

Proof. We first prove 7a(J(f)) = J(G). Since J, C J(G) for each v € I'N, it is easy to see
W@(j (f)) € J(G). In order to show the opposite inclusion, we consider the following four cases:
Case 1: #(J(G)) > 3; Case 2: J(G) = 0; Case 3: J(G) = {a}; and Case 4: J(G) = {a1,a2},a1 # as.

Suppose we have case 1: §(J(G)) > 3. Then, by 28, Lemma 2.3 (g)], J(G) = U,eq /(9)- Hence,
re(J(1) = J(G). N

Suppose we have case 2: J(G) = (). Then it is easy to see ma(J(f)) = J(G) = 0.

Suppose we have case 3: J(GQ) = {a},a € C. Then G C Aut(C). Since g~ (J(G)) c J(G)
for each g € G, it follows that g(a) = a for each g € G. If there exists an element g € G with
|m(g,a)| < 1, then the repelling fixed point b of g is different from a and b € J(G). This is a
contradiction. Hence, |m(g,a)] > 1 for each g € G. If there exists an element g such that g is
either loxodromic or parabolic, then a € J(g) C J(G) and it implies wé(j(f)) = J(G). Hence, in
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order to show 7 (J(f)) = J(G), we may assume that each g € G is either an elliptic element or
the identity map. Under this assumption, we will show the following claim:
Claim 1: There exists an element v € I'N such that J, = {a}.

In order to prove claim 1, since we are assuming J(G) = {a} # (), there exists an hy € I" and an
ha € T such that #(Fix(h;)) = 2 and #(Fix(h1) N Fix(h2)) = 1, where Fix(-) denotes the set of all
fixed points. By [19, page 12], hihoh 'hy ' is parabolic. Hence, there exists a sequence {g, }2°_,
in the semigroup (h1,hy) and a parabolic element h € Aut(C) such that g, — h as m — co. We
may assume that Fix(hy) N Fix(hs) = {a} and a = co. Then there exists a sequence {n,,}>>_; in
NU{0} such that sup{d(c0, z) | z € gitm -+ g7* (D)} — 0 as m — oo, where D denotes the unit disc
and d denotes the spherical distance. Let v € {h1, ha}" be an element and {k,,}>°_; a sequence in
N such that vy, 1 = g/t - - - g1* for each m € N. Then sup{d(co, 2) | z € y,, 1(D)} — 0 as m — .

Hence, if J, = 0, then 7, 1 — 00 as m — oo uniformly on C. It implies that for each € > 0 there

exists a j € N such that v, 1(C) C B(oo, €). However, this is a contradiction. Therefore, we must
have that J, # 0. Hence, we have proved claim 1.

By claim 1, 7o (J(f)) = J(G) = {a}.

We now suppose we have case 4: J(G) = {aj1,a2},a1 # as. Then G C Aut(C). Since
g Y(J(@)) C J(G) for each g € G, it follows that g(J(G)) = J(G) for each g € G. Hence there
exists no parabolic element in G. Let A := {g1 0 g2 | g1,92 € T'}. Then A is a compact subset of
Aut(C). It is easy to see that J((A)) = J(G). Moreover, for each g € A, g(a;) = a; for each i = 1,2.
Since each a; belongs to J(G) = J((A)), it follows that for each i = 1,2, there exists an element
g; € A such that |m(g;, a;)| > 1. Hence, a; € J(g;). Therefore, na(J(f)) = J(G) = {a1, az}.

Thus, we have proved that 7 (J(f)) = J(G).
We now prove that for each v = (v1,72,...) € I', j%p = ﬂ;’il 'y;ll(J(G)) Let v = (y1,72,...) €

'Y, By [32, Lemma 2.1], we see that for each j € N, 7]-,1(.]A77p) = Agj(,y),l“ C J(G). Hence,

oo

Jyr € N2 ’yj_ll(J(G)) Suppose that there exists a point (v,y) € I'N x C such that y €

(ﬂjil vj_ll(J(G))> \ Jy.r. Then, we have (y,y) € (TN x C) \ J(f). Hence, there exists a neighbor-

hood U of v in I'N and a neighborhood V of ¥ in C such that U x V C F(f) Then, there exists
an n € N such that {p € X, | p; =7;,7 =1,...,n} C U. Combining it with [32, Lemma 2.1], we
obtain F(f) D f™(U x V) > TN x {v,.,1(y)}. Moreover, since we have v, 1(y) € J(G) = na(J(f)),
we get that there exists an element 4/ € TN such that (v, 7,.1(y)) € J(f). However, it contradicts

(V3 ¥m1(9)) € T X {3,1(y)} C F(f). Hence, we obtain J,(f) = ;2,75 (J(G)).
Thus, we have proved Lemma 4.5. O

Lemma 4.6. Let Y be a compact metric space and let 7 € My (CM(Y)). Let V be a non-
empty open subset of Y such that G.(V) C V. For each v = (71,72,...) € X;, we set L, =
Ni= %1 (Y \ V). Moreover, we set Lier := Nyea, 9" (Y \V). Let y € Y be a point. Then, we
have that

({7 € Xo |y € Ly, Timinf d(31(y), Lier) > 0}) = 0.

(When Lyer = 0, we set d(z, Lier) := 0o for each z € Y.)

Proof. For each ¢ > 0, we set E, :={y € X; |y € L,,Yn,d(vn,1(¥), Lxer) > ¢}. In order to prove
our lemma, it is enough to show that for each ¢ > 0, 7(E.) = 0. It clearly holds when y € V.
Hence, we assume y € Y\ V. Let B, := {z € Y\ V | d(z, Lxer) > c}. For each z € B, there exists a

positive integer k(z), an element (a1 -, ..., p(s)2) € I‘ﬁ(z)7 a neighborhood U, of (a2, ..., (s, )
in I‘]ﬁ(z), and a 0, > 0 such that for each & = (G1,...,0k)) € Us, Qg - ar(B(z,0.)) C V.
Since B. is compact, there exists an [ € N, a finite sequence {k(j) 3-21 in N, a finite subset

{zj}é-zl of B, a finite subset {a; = (aj1,...,5k3)) € rk) 2-21, a neighborhood U; of a; in
T*0) for each j = 1,...,1, and a finite sequence {5j}§-:1, such that Ué.:l B(z,9;) D B. and
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such that for each j = 1,...,l and each & = (G1,...,ax;)) € Uj, aygy---a1(B(z;,05)) C V.
Since G,(V) C V, we may assume that there exists a k € N such that for each j = 1,...,[,
k(j) = k. For each n € N, we set E! := {y € X: | vju1(y) € Be,j = 1,...,n}. For each
v = (71,72, -..) € E?, there exists a neighborhood A, of (y1,...,9,k) in ¥ and a j(v) € N such
that for each & € A, anr---a1(y) € B(zj(4),dj(y))- Hence, there exists a finite sequence {W;}j_;
of subsets of I'"* and a finite sequence {p(i)}/_, of positive integers such that setting E™* :=
{vy € EX | (m,---,mk) € Wi}, we have that B C {y € X | Yr,1(y) € B(2p3:),0ps))} and
By =11, B Let a:= maxj—1,.{(®5_,7) (05 \ Uj) H(< 1). Since B = [Ti_, (B2 0 EXY),
it follows that for each n € N,

.....

T

%(E?—H) = Z%(E?—H N EZM) < Z%({'V € X, | ('YnkJrlv e 77(n+1)k) ¢ Up(i)} N E;M)
=1 i=1

= DA TE\ Upgo) - 7(BEY) < 0 3 F(EL) = af(ED).

Combining it with E. C (), E", we obtain that 7(E.) < 7(,—, EY) = 0. Thus, we have

n=1"c

completed the proof of Lemma 4.6. O

Proposition 4.7 (Cooperation PrincipleI). LetY be a compact metric space and let 7 € 9y (CM(Y))
with T, € OCM(Y). Suppose that Jer(Gr) = 0. Then, Freas(T) = 9 (Y) and for each y € Y,
there exists a Borel subset A, of X, with 7(A,) = 1 such that for each v € A, there exists an

n € N with v,.1(y) € F(G-).

Proof. Let V := F(G,). By Lemma 2.6, for each g € G, g(V) C V. By Lemma 4.6, we obtain
that for each y € Y and for 7-a.e. v € X, there exists an n € N such that v, 1(y) € F(G-). From
Lemma 4.3 and Lemma 4.2-6, it follows that Fjeqs(7) = M1 (Y). Thus, we have completed the
proof of Proposition 4.7. O

Proposition 4.8. Let Y be a compact metric space. Let X\ be a Borel finite measure on Y. Let
7 € M (CM(Y)) with T'» € OCM(Y). Suppose that Jyer(Gr) = 0. Then, for 7-a.e. v € X,
A(Jy) = AMJyr,) = 0.

Proof. By Proposition 4.7, for each y € Y, for 7-a.e. v € X, there exists an n € N such that
Yn,1(y) € F(Gr) C (Y \ U,ex, Jyr,). Combining it with Lemma 4.4, we obtain that for each
yeY, 7({v€ X | (7,9) eAj(f)}) = 0. From Fubini’s theorem, it follows that for 7-a.e. v € X,
AJy,r,) = 0. Since J, C J,r, for each v € X, we obtain that for 7-a.e. v € X;, A(Jy) = 0.
Thus, we have completed the proof of Proposition 4.8. O

Lemma 4.9. Let Y be a compact metric space and let A be a Borel finite measure on Y. Let T €
My, (CM(Y)) with T'r € OCM(Y'). Suppose that for 7-a.e. v € X7, M(;2, At -fyj_l(J(GT))) =
0. Then, for A-a.e. y €Y, there exists a Borel subset A, of X, with 7(A,) =1 such that for each
v € Ay, there exists an n € N with v, 1(y) € F(G,). Moreover, A(J9,()) = 0.

Proof. Let f: X; xY — X, xY be the skew product associated with I';. Let M := {(v,y) €
X xY | Vn € N,v,1(y) € J(G;)}. By the assumption of our lemma and Fubini’s theorem, we
obtain that there exists a measurable subset Z of Y with A(Z) = A(Y) such that for each y € Z,
7({v € X, | (v,y) € M}) = 0. For this Z, we have that for each y € Z, 7{y € X, | y €
Ni= S TEERE 'yj_l(J(GT))}) = 0. By Lemma 4.3, we obtain Z C FJ}(7). Thus, we have completed
the proof of our lemma. O

5 Proofs of the main results

In this section, we prove the main results.
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5.1 Proofs of results in subsection 3.1

In this subsection, we give the proofs of subsection 3.1.

Proof of Theorem 3.14: Since NHM(CP") Cc OCM(CP"), the statement of Theorem 3.14 follows
from Proposition 4.7 and Proposition 4.8. O

In order to prove Theorem 3.15, we need several lemmas.

Lemma 5.1. Under the assumptions of Theorem 3.15, §J(G,) > 3.

Proof. Suppose §J(G,) < 2. Then, G, C Aut(C). By Lemma 2.6, it follows that G,(J(G,)) =
J(G;). This implies Jxer(Gr) = J(G;), which contradicts our assumption. Thus, our lemma
holds. O

Lemma 5.2. Under the assumption of Theorem 3.15, there exists a Borel measurable subset A
of X; with 7(A) = 1 such that for each v € A and for each U € Con(F(G,)), there exists no
non-constant limit function of {yn1lv : U — C}o,.

Proof. Since §Con(F(G,)) < N, it is enough to show that for each U € Con(F(G.)), there exists
a Borel measurable subset Ay of X, with 7(Ay) = 1 such that for each v € Ay, there exists no
non-constant limit function of {4, 1|y : U — C}22,. In order to show this, let U € Con(F(G,))
and let a € U. Since Jyeor (G) = 0, for each z € 9J(G,) there exists an element g, € G, and a disk
neighborhood V. of z in C such that g.(V.) € F(G,). Since 8.J(G) is compact, there exists a finite
family {z1,...,2p} of points in 0J(G;) such that U§=1 V., D 0J(G;) and g.,(V.,) C F(G,) for

each j = 1,...,p. For each j, there exists a k(j) € N and an element o/ = (oﬂi, .. .,ai(j)) e Tk

such that g., = ai(j) o---0aj. Since G.(F(G,)) C F(G,), we may assume that there exists
a k € N such that for each j € N, k(j) = k. For each j, let W, be a compact neighborhood
of af in T'¥ such that for each 3 = (B1,...,0:) € W;, B+ B1(Vz,) C F(G.). For each j, let
Bj = UBeCOD(F(GT)),BﬂVZj £0 B. Let n € N and let {c,}4en be a decreasing sequence of positive

numbers such that ¢, — 0 as ¢ — 0o. Let (i1,...,4;) be a finite sequence of positive integers with
iy < --- < 1. Let ¢ > 0. We denote by Ag ;(i1,...,%) the set of elements v € X, which satisfies
all of the following (a) and (b).

(a) Yea(a) € (C\ B@J(Gr)
(b) Yre1(a) € (C\ B(8J(Gr),cq)) N By if t € {1,... i} \ {in,..., i}

Moreover, when [ > n, we denote by By jn(i1,...,4%) the set of elements v € X, which satisfies
items (a) and (b) above and the following (c).

,Cq))mBj ift e {il,...,il}.

(©) (Vrig+1s- -2 Vhig+k) € Wj for each s=n,n+1,...,1

Furthermore, we denote by Cy ; »(i1,...,%;) the set of elements v € X, which satisfies items (a)
and (b) above and the following (d).

(d) (Ykist1s- - Vhiotk) € Wj for each s=n,n+1,...,1—1.

Furthermore, for each ¢, j, n,l with [ > n, let By jn; = Ul-1<m<il By jn(i1,...,4). Let D :=
Ui Ui Unen Nizp By.jini- We show the following claim.

Claim 1. Let v € X, be such that there exists a non-constant limit function of {y, 1|y : U —
C}e2,. Then ~ € D.

To show this claim, let v be such an element. Then there exists a ¢ € N, a j € {1,...,p}, and
a strictly increasing sequence {4;}7°; in N such that v € (2, Ag;(i1,..., %) and {vg;,1lv : U —
@}fil converges to a non-constant map. Suppose that there exists a strictly increasing sequence
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{lp}p21 in N such that for each p € N, ('y;gilp+1,...,7kilp+k) € W,. By Lemma 5.1, for each
A € Con(F(G-)), we can take the hyperbolic metric on A. From the definition of W}, we obtain that
there exists a constant 0 < a < 1 such that for each p € N, [[(vai,, +k =~ Vhir, 11) (Vrir, ,1(0) [0 < @,
where for each g € G, and for each z € F(G,), ||¢'(z)||n denotes the norm of the derivative of g
at z measured from the hyperbolic metric on the element of Con(F(G,)) containing z to that on
the element of Con(F(G;)) containing g(z). Hence, |[(vki,,,1) (a)|ln — 0 as p — oo. However, this
is a contradiction, since {vyk;, 1|v}p2; converges to a non-constant map. Therefore, v € D. Thus,
we have proved claim 1.
Let 7 := max _(@F_,7) (T \ W;) (< 1). Then we have for each (I,n) with [ > n,

il

F(Bgjn (i, yi141) < T(Coymnliny -y iip1) N{Y € Xo | (Yhiryr 15+ Vhirpa+k) € Wit
< (Cq,j,n(ilv cee >il+1)) 1.

Hence, for each [ with [ > n,

F(Bgjmas1) =7 | Bajmlin,-.ig1) = Y. #(Bgjnlin, - irg1))

i1<"'<il+1 i1<“'<il+1

> i (Cogmlin,-vig)) =0 | Cajnlin,- . i) < 07 (Bgjina)-

i< <ip41 G <o <ipg1

IN

Therefore 7(D) < 352, 3% 1 >, en T(Misn Bajing) = 0. Thus, we have completed the proof of
Lemma 5.2. - O

Lemma 5.3. Under the assumptions of Theorem 3.15, there exists a Borel measurable subset V of
X, with 7(V) = 1 such that for each v € V and for each Q € Cpt(F(G-)), sup,eq 7n.1(a)|ln — 0
as n — oo, where ||y, 1(a)||ln denotes the norm of the derivative of v, 1 at a point a measured
from the hyperbolic metric on the element Uy € Con(F(G;)) with a € Uy to that on the element
U, € Con(F(G,)) with n1(a) € Up,.

Proof. Let A be the subset of X, in Lemma 5.2. Let U € Con(F(G;)) be an element and
let ag € U. Let n(ag) := {y € A | d(yu1(a0), J(G7)) — 0asn — oo}. Let {2} 1, {V;,})_1,
k, {Wj};?:l be as in the proof of Lemma 5.2. For each (n,m) € N? with n < m, let E, ,, :== {y €
A | vik1(ag) € U§:1 V.,yi=mn,...,m}. Let (n,m) € N? with n < m. Then there exist mutually
disjoint Borel subsets Z1, ..., Z, of I'"* and a sequence {j(s)}’_; C {1,...,p} such that setting
Enms =17 € Enm | (11, ..,fymk) € Zs}, we have Ep s C {v € X: | ymk,1(a0) € V2, } and
Epm=1,_1Epms. Let o := max _{(@F_ ) @E\ W)} (< 1). Since Eymy1 = 07 (Epmt1 N
Epm,s), we have

T

7~—(l;n,m-‘rl) - Z %(En,m—i-l N En,m,s)
s=1

<Z {ve X, | %nk+1,---,7(m+1)k)¢ (s}mEnmg)

_Z i= 1T P \W]( )) nms <OZZ nms = %(En,m)

Therefore, 7((,,cnm>n En,m) = 0 for each n € N. Thus, 7(n(ag)) = 0. Let v € A\ n(ag) be an
element. Then for each compact subset @y of U there exists a compact subset C' of F(G;) and a
strictly increasing sequence {m;}32; in N such that v,,,1(Qo) C C for each j € N. Therefore, for
each v € A\ n(ao), sup,,cq, .1 (wo)lln — 0 as n — oco. From these arguments, the statement of
our lemma follows. O
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Lemma 5.4. Under the assumptions of Theorem 3.15, statement 5 of Theorem 3.15 holds.

Proof. Let z € C. By Proposition 4.7, there exists a Borel subset A’ of X, with 7(A.) = 1 such that
for each v € A., there exists an n € N such that v,,1(z) € F(G,). Let A, := A, N(o_ 0 "(A),
where A is the set in Lemma 5.2. Then A, satisfies the desired property. O

Lemma 5.5. Under the assumptions of Theorem 3.15, Min(G,,C) < cc.

Proof. Let {z;}_,, {g=;}}—, and {V;}}_, be as in the proof of Lemma 5.2. Then | J}_, g.,(Vj) is
a compact subset of F(G;). Let A := U§=1 g-,(V;). Suppose Min(G-, C) = oo. Then there exists
a sequence {K,}°°, of mutually distinct elements of Min(G,C). By Lemma 5.2, for each (n,m)
with n # m, there exists no U € Con(F(G,)) such that U N K,, # @ and U N K,, # 0. Hence,
there exists a sequence {n;}72, in N and a sequence {a;}32, in C such that a; € K, for each j
and such that d(a;,0J(G;)) — 0 as j — oo. Hence, there exists a jo € N such that for each j € N
with j > jo, K, N A # (0. However, this is a contradiction. Thus, we have proved Lemma 5.5. [

Lemma 5.6. Under the assumptions of Theorem 3.15, statement 7 of Theorem 3.15 holds.

Proof. By Lemma 5.5, S, = ULeMin(G77C)L is comp?ct. Moreover, G,(S;) C S;. Let W :=
UAECOH(F(GT)) ANS. £0 A. Then G, (W) C W. Let zy € C. From the definition of S, G,(20) NS, #

(). Combining this with that Jier(G,) = @, we obtain that G,(29) N W # @. Thus, we have shown
that for each zy € C there exists an element g € G, such that g(z9) € W. Combining this with
G-(W) C W and Lemma 4.6, it follows that for each zo € C there exists a Borel measurable subset
V., of X with 7(V,,) = 1 such that for each v € V,,, there exists an n € N with 7, 1(z0) € W. By
Lemma 5.2, there exists a Borel measurable subset A of X with 7(A) = 1 such that for each v € A
and for each z € W, d(y,1(2), S7) — 0 as n — oo. For each zg € C, let Cop = Ve NN "(A).
Then 7(C,,) = 1. Moreover, for each v € C,,, d(Vn,1(20),S-) — 0 as n — oo. Thus, we have proved
our lemma. O

Lemma 5.7. Under the assumptions of Theorem 3.15, LS(U; . (C)) C CF(GT)(C)-

Proof. Let ¢ € C(C) be such that ¢ # 0 and M, (¢) = ayp for some a € S'. By Theorem 3.14, there
exists a sequence {n;}?2; in N and an element 1 € C(C) such that My (¢) — 1 and a™ — 1 as
j — oo. Thus ¢ = G%JM;” (¢) — ¢ as j — oo. Therefore ¢ = 1. Let U € Con(F(G,)) and let
z,y € U. By Lemma 5.2, we have ¢(z) —¢(y) = lim;_, oo (M7? (p)(x) — M77 (¢)(y)) = 0. Therefore,

¢ =1 € Cp(q,)(C). Thus, we have proved our lemma. O
Lemma 5.8. Under the assumptions of Theorem 3.15, statement 8 holds.

Proof. Let L € Min(G,,C). Let ¢ € Uy, (L) be such that M,(p) = ayp for some a € S* and
sup,cr |p(z)| = 1. Let Q :={z € L | |¢(2)| = 1}. For each z € L, we have |p(z)| = |M-(¢)(2)| <
M. (J¢|)(z) < 1. Thus, G-(Q) C Q. Since L € Min(G,,C), G,(z) = L for each z € Q. Hence, we
obtain 2 = L. By using the argument of the proof of Lemma 5.7, it is easy to see the following
claim.
Claim 1: For each A € Con(F(G,)) with AN L # (), ¢|anz is constant.

Let Ag € Con(F(G,)) be an element with Ay N L # () and let 29 € Ay N L be a point. We now
show the following claim.
Claim 2: The map h — ¢(h(z)),h € T';, is constant.

To show this claim, by claim 1 and that (J,cp {h(20)} is a compact subset of F(G), we

obtain that ¢(z9) = 1 M- (¢)(20) is equal to a finite convex combination of elements of S*. Since
|o(z0)| = 1, it follows that h — @(h(29)),h € T'; is constant. Thus, claim 2 holds.

By claim 2 and M. (p) = ap, we immediately obtain the following claim.
Claim 3: For each h € T'7, o(h(20)) = ap(20)-
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Since L € Min(G,,C), G,(20) = L. Hence there exists an [ € N and an element § =
(B1,---,8) € TL such that 3 ---B1(20) € Ap. From claim 3, it follows that a! = 1. Thus, we
have shown that U, (L) C {a € S | a' = 1}. Moreover, by claim 3 and the previous argument,
we obtain that if ¢1,2 € C(L) with sup,c; |@i(2)| = 1, a1,a2 € ST, and M, (¢;) = a;¢;, then
lpil = 1, M, (p19p2) = a1azp1p2 and MT(gpfl) = aflgafl. From these arguments, it follows that
Uy (L) is a finite subgroup of S*. Let 7y, := Uy - (L). Let ar, € Us (L) be an element such that
{a] "Ly =Uy-(L). By claim 3 and G- (20) = L, we obtain that any element ¢ € C(L) satisfying

M, (p) = aigp is uniquely determined by the constant ¢|a,nr. Thus, for each j = 1,...rp, there
exists a unique ¢ ; € Uy (L) such that M,y ; = alvp ; and ¥y jla,nr = 1. It is easy to see
that {¢r,;};L, is a basis of LS(L{f,T(L)). Moreover, by the previous argument, we obtain that
Yr; = (Yr, 1)3 for each j = 1,...,ry. Thus, we have proved our lemma. O

Lemma 5.9. Under the assumptions and notation of Theorem 3.15, the map o : LS(Uys +(S-)) —
Dremin(a, &) LSUyr (L)) defined by a(p) = (PlL) pertin(a, ¢) i o linear isomorphism.

Proof. By Lemma 5.5, fMin(G, C) < 00. Moreover, elements of Min(G,, C) are mutually disjoint.
Furthermore, for each L € Min(G,,C) and for each ¢ € C(S;), (M. (¢))|r = M,(¢|5). Thus, we
easily see that the statement of our lemma holds. O

Lemma 5.10. Under the assumptions and notation of Theorem 3.15, Ws_(LS(Uy.-(C))) € LS(Uy ~(S5))
and U : LSU; - (C)) — LS(Uy~(S,)) is injective.

Proof. We first prove the following claim.
Claim 1: Ug_: LS(U; ,(C)) — C(S,) is injective.

To prove this claim, let ¢ € Z/{f’f((C) and let a € S* with M, (¢) = ayp and suppose p|s. = 0.
Let {n;}$2, be a sequence in N such that a"/ — 1 as j — oco. By Lemma 5.6, it follows that

p= G%M:-” (¢) — 0 as j — oco. Thus ¢ = 0, However, this is a contradiction. Therefore, claim 1
holds.
The statement of our lemma, easily follows from claim 1. Thus, we have proved our lemma. [J

Lemma 5.11. Under the assumptions and notation of Theorem 3.15, By . is a closed subspace
of C(C) and there exists a direct sum decomposition C(C) = LSU;,(C)) ® Bo.. Moreover,
dime(LS(Uy - (C))) < oo and the projection 7 : C(C) — LS(U; ,(C)) is continuous. Furthermore,
setting r 1= HLeMin(Gﬁ@) r1., we have that for each ¢ € LS(Uy » (C)), MI(p) = .

Proof. By Theorem 3.14, for each ¢ € C(C), >, {Mr ()} is compact in C(C). By [18, p.352],
it follows that there exists a direct sum decomposition C(C) = LS(U;,(C)) @ By ,. Moreover,
combining Lemma 5.10, Lemma 5.8 and Lemma 5.9, we obtain that dime (LS +(C))) < oo and
for each ¢ € LSU;,(C)), MZ(p) = ¢. Hence there exists a direct sum decomposition C(C) =
LS(Us - (C)) ® Bo.,. Since By, is closed in C(C) and dime(LS(Uy - (C))) < oo, it follows that the
projection 7 : C(C) — LS(Uy ,(C)) is continuous. Thus, we have proved our lemma. O

Lemma 5.12. Under the assumptions and notation of Theorem 3.15, statement 9 holds.

Proof. Tt is easy to see that g o M, = M, o Ug_ on LS(uf,T(C)). To prove our lemma, by
Lemma 5.10, it is enough to show that Wg_ : LSUs - (C)) — LS(Us - (S,)) = D pemin(a, &) LS U, (L))
is surjective. In order to show this, let L € Min(G,,C) and let ar,rr, and {41 ;}72; be as in
Lemma 5.8 (statement 8 of Theorem 3.15). Let 97, ; € C(C) be an element such that ¢y ;|7 = 9.
and ¢y ;| = 0 for each I’ € Min(G,,C) with L’ # L. Let 7 be the number in Lemma 5.11 and
let 7 : C(C) — LS(Z/{f-,—((C)) be the projection. Then Mm(wLJ) — 7(¢1,;) as n — oo. Therefore,
7(Yr;)| L = limy, oo MI™(Pr j|1) = 1. Similarly, 7(4r, ;)| = 0 for each L’ € Min(G,, C) with
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L' # L. Therefore, Us, : LS(U;,(C)) — LS(U;.+(S,)) is surjective. Thus, we have completed the
proof of our lemma. O

Lemma 5.13. Under the assumptions of Theorem 3.15, statement 10 holds.
Proof. Statement 10 of Theorem 3.15 follows from Lemma 5.12, 5.9, and Lemma 5.8. O

Lemma 5.14. Under the assumptions of Theorem 3.15, statement 2 holds.

Proof. Let {¢;} and {a;} be as in statement 2 of Theorem 3.15. Let ¢ € C'(C). Then there exist a
unique family {p;()}-, in C such that m(¢) = Z?zl p;(p)p;. It is easy to see that p; : cC)—-cC
is a linear functional. Moreover, since 7 : C(C) — LS(Us.~ (C)) is continuous (Lemma 5.11), each
p;: C(C) — C is continuous. By Lemma 5.11 again, it is easy to see that pi(pj) = &;5. In order to
show M} (p;) = a;p;, let ¢ € C(C) and let ¢ := p—m(¢). Then M () = Y1, pj(p)ajip;+M-(C).
Hence p;(M-(¢)) = a;jpj(¢). Therefore, M}(p;) = a;p;. In order to prove that {p;} is a basis

of LSUs.7.+(C)), let p € Uy +.(C) and a € S' be such that M} (p) = ap. Let r be the number

in Lemma 5.11. Let {n;}$2; be a sequence in N such that ™ — 1 as i — oco. Let ¢ € C(C)
and let ¢ = ¢ — m(p). Then p(p) = 7 (MZ)™ (p)(p) = o p(Xi=y pi(@)es + MI™(C) —
> iz pi(p)p(p;) as i — oco. Therefore p € LS({p;}7_;). Thus {p;}1_, is a basis of LS(Us +..(C)).
In order to prove supp p; C S;, let ¢ € C(C) be such that supp ¢ € C\ S;. Let ¢ = ¢ —m(¢). Then
o= 23‘21 pi(p)p; + (. Let r be the number in Lemma 5.11. Then MI"(y) — 23:1 p;i(p)p; as
n — oo. Hence 3 25_, pj(¢)@;ls, = lim, oo M (¢|s,) = 0. By Lemma 5.10, we obtain p;(¢) =0
for each j. Therefore supp p; C S; for each j. Thus, we have completed the proof of our lemma. [J

Lemma 5.15. Under the assumptions of Theorem 3.15, statement 11 holds.

Proof. By items (b), (c) of statement 2 of Theorem 3.15 (see Lemma 5.14), we obtain U, ,..(C) =
Uu,r(@)~ By using the same method as that in the proof of Lemma 5.14, we obtain U, - «(S;) =

Uy +(Sr) and Uy - (L) = Uy, ~(L) for each L € Min(G,C). Thus, we have completed the proof of

our lemma. O

Lemma 5.16. Under the assumptions of Theorem 3.15, statements 12 and 18 of Theorem 8.15
hold.

Proof. Let L € Min(G,,C) and let zy € LNF(G,) be a point. Let {41, ; L1 be as in statement 8 of
Theorem 3.15. We may assume 1, 1(z0) = 1. Foreach j =1,...,rp, let Ly :={z € L | Yp1(2) =
ai}. By claim 3 in the proof of Lemma 5.8, L is equal to the disjoint union of compact subsets L;,
and for each h € T'; and for each j = 1,...,rp, h(L;) C Lj41 where L, 41 := L. In particular,
G7+(Lj) C Lj for each j =1,...,7r. Since G-(z) = L for each z € L, it follows that G7*(z) = L;
for each j =1,...,7r and for each z € L;. Therefore, {L;}"Z, = Min(G7*, L). Thus, statement 12
of Theorem 3.15 holds. Let j € {1,...,r.}. Let us consider the argument in the proof of Lemma 5.8,
replacing L by L; and G, by G7*. Then the number 7, in the proof of Lemma 5.8 is equal to 1

in this case. For, if there exists a non-zero element ¢ € C(L;) and a b= e’ # 1 with s € N such
that ML (1) = by, then extending ¢ to the element ¢ € C(L) by setting 1|1, = 0 for each i with

i # j, and setting ¢ := Z;;Ll(effg )~IMi () € C(L), we obtain ¢ # 0 and M, (1) = ¢*72 1), which
is a contradiction. Therefore, by using the argument in the proof of Lemmas 5.8 and 5.11, it follows
that for each ¢ € C(L;), there exists a number wy, ;(¢) € C such that M= (p) — wr (@) - 1L, as
n — oo. It is easy to see that wy, ; is a positive linear functional. Therefore, wy, ; € MMy (L;). Thus,
wr,,; is the unique (M})"*-invariant element of M (L,). Since L; € Min(G7*, L), it is easy to see
that suppwz ; = L;. Since M} (wr ;) € Mi(Lj41) and (M) (M (wr,;)) = M} (wr ), it follows

that M’ (wr ;) = wrj41 foreach j =1,...,ry, where wr, ,, 41 :=wr 1. Foreach i =1,... 7, let
pLi = %Zgil ap?wr; € C(L)* and ¢ ; = > 3L, af 1y, € C(L). Then it is easy to see that
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M (pri) =atpri, M (wL i) = akir, and pr, z(Q/JLJ) = §;j. By Lemma 5.12, there exists a unique
element ¢, ; € LS(L{fJ((C)) such that ¢ ;|1 = wL ;and ¢p ;| =0 for each L' € Mln(GT,(C) with
L' # L. It is easy to see that {yr;}; and {pL,Z}LZ are the desired families. Thus, we have
completed the proof of our lemma. O

Lemma 5.17. Under the assumptions of Theorem 3.15, statement 14 holds.
Proof. Statement 14 follows from Lemma 5.14. O
Lemma 5.18. Under the assumptions and notation of Theorem 3.15, statement 15 holds.

Proof. By Lemma 5.6, we have ZLEMin(GT,@) Ty,.-(z) = 1 for each z € C. For each L € Min(G,,C),
let Wi = Uiccon(r(c.)),annzo A- Then G(WL) € Wp and W = (U, Wr. By Lemma 5.7 and
Lemma 5.12, we obtain that W, N Wy, = () whenever L, L’ € Min(G’T,@) and L # L'. For each
L € Min(G,,C), let ¢, € C(C) be such that ¢p|w, = 1 and ecly,,, w,, = 0. From Lemma 5.6
and Lemma 5.2, it follows that

TL,T(Z)=/ im ¢ (yn,1(2)) d7(y) = lim [ @r(ye,1(2)) d7(y) = lim M7 (er)(2)  (4)
X‘r n—oo n—oo - n—oo
for each z € C. Combining (4) and Theorem 3.14, we obtain that T , € C(@) for each L €
Min (G, C). Moreover, from (4) again, we obtain M, (T}, .) = Tp .

Thus, we have proved our lemma. O

Lemma 5.19. Under the assumptions of Theorem 3.15, statement 16 holds.

Proof. We now suppose #Min(G,,C) > 2. Let L € Min(G,,C). Since Ty, : C — [0, 1] is con-
tinuous, and since Ty, |, = 1 and 11 | = 0 for each L’ # L, it follows that Ty, -(C) = [0, 1].
Since T, , is continuous on C and since Ty, , € Cr. )((C) we obtain that 17, -(J(G,)) = [0,1]. In
particular, dime (LS -(C))) > 1. Thus, we have proved our lemma. O

Lemma 5.20. Under the assumptions of Theorem 3.15, statement 17 holds.

Proof. Let L € Min(GT,(@). Since Jyxer(Gr) = 0, LN F(G;) # 0. Let a € LN F(G;). Since
G.(a) = L, we obtain L = L N F(G,). Hence, in order to prove our lemma, it suffices to prove the
following claim.

Claim: LNF(G;) C{z€ LNF(G,)|3g € G; s.t. g(z) = z,|m(g, z)| < 1}.

In order to prove the above claim, let b € LNF(G,). Let U € Con(F(G,)) with b € U. We take
the hyperbolic metric on each element of Con(F(G.)). For each ey > 0 and for each ¢ € F(G,), let
By, (c, €9) be the disc with center ¢ and radius €y in F(G,) with respect to the hyperbolic distance.
Let € > 0. By Lemma 5.3, there exists an element g, € G- such that g, (B, (b,€)) C Bx(g1(b), 5).
Since G;(g1(b)) = L, there exists an element go € G such that ga(Bx(g1(b), 5)) C Ba(b,€). Thus
9291 (Bp (b, €)) C Bp(b,€). Let g = gog1. Then zg := lim,,_, g"(b) € Bpr(b,e) N L is an attracting
fixed point of g. Therefore, we have proved the above claim. Thus, we have proved our lemma. [

Lemma 5.21. Under the assumptions of Theorem 3.15, statement 18 holds.

Proof. We will modify the proof of Lemma 5.20. If I', N Rat, # (), then by Lemma 5.3, we
may assume that the element g; in the proof of Lemma 5.20 belongs to Raty. Therefore, S, =
{z€ F(G)N S, |39 € G- NRaty s.t. g(z) = z,|m(g,z)| < 1}. Since any attracting fixed point of
g € G- NRat belongs to UH(G ), our lemma holds. O

Lemma 5.22. Under the assumptions of Theorem 3.15, statement 19 holds.
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Proof. Suppose dimg(LS(Uy+(C))) > 1 and let ¢ € LSUj+(C))ne. Let A := o(C) \ p(F(G)).
Since ¢ € C’F(GT)(@) and since fCon(F(G;)) < ¥y, we have 4 > Ny. Moreover, since ¢ is
continuous on C, it is easy to see that for each t € A, 0 # ¢~ ({t}) C Jyes(G,). Thus we have
proved our lemma. O

Lemma 5.23. Under the assumptions of Theorem 3.15, statement 20 holds.
Proof. Suppose dime(LS(U ,(C))) > 1 and int(J(G,)) = 0. Let ¢ € LSUs +(C))ne. Then to(C) >

Ng. Since int(J(G;)) = 0 and ¢ is continuous on C, we have ¢(C) = ¢(F(G;)). Therefore,
gCon(F(G)) = oo. Thus, we have proved our lemma. O

We now prove Theorem 3.15.

Proof of Theorem 3.15: Combining Lemma 5.1-Lemma 5.23, we easily see that all of the
statements 1-20 of Theorem 3.15 hold. Statement 21 follows from statements 17 and 12. O

5.2 Proofs of results in subsection 3.2
In this subsection, we give the proofs of the results in subsection 3.2.

Lemma 5.24. Let 7 € 9 (P) and suppose that oo € F(G,). Let ¢ € C(C) be such that ¢ is
equal to constant function 1 around oo and such that supp ¢ C Foo(G;). Then, for each v € X,

Yni — 00 as n — oo locally uniformly on Foo (G-) and for each y € C,

TOO,T(y) T({y e X+ | (b('Yn,l(y)) — 00 (n— 00)})
(€ Xo | 3n € N 6(a(y) = 1)) = lim MP(6)()

In particular, M (Too +) = Toor-

Proof. First, we show the following claim.
Claim. For each v € X;, v,1 — 00 as n — oo locally uniformly on Fi(G-).

To prove the claim, let v € X . Then {,,1}7%; is normal in F. (G;). Let {n;};en be a sequence
in N such that v, 1 converges to some « as j — oo locally uniformly on F,(G). Since the local
degree of v, 1 at oo tends to oo, a should be the constant co. Thus, the above claim holds.

Let v € X, and let y € C. By the above claim, the following (1),(2) and (3) are equivalent:
(1) Yn,1(y) — o0 as n — 0. (2) é(vn1(y)) — 1 as n — oo. (3) There exists an n € N such that
P(ma(y)) = 1.

Moreover, by the claim, for a point y € C, either d(Yn1(y)) — 1 or ¢(yn1(y)) — 0. Hence

T (6) = {3 € Xe [ 600 0) = 1) = [ lim 6(30.1(0) d7(3)

—
x, "

= lim (M1 (y)) d7(y) = lim MZ(¢)(y).

n—oo XT n—oo
From these arguments, the statement of the lemma follows. O

Lemma 5.25. Let 7 € My (P) and suppose that co € F(G,). Let y € FJ(1) be a point. Then,
T+ 15 continuous at y.

Proof. Let ¢ € C(C) be as in Lemma 5.24. By Lemma 5.24, we have that for each y € C,
Toor(y) = limy, 0o M7 (¢)(y). From Lemma 4.2-2, it follows that T, » is continuous at y. Thus,
we have completed the proof of our lemma. O

Lemma 5.26. Let 7 € M4 (P). Suppose that oo € F(G;) and Fpeqs(T) = My (C) Then, T r :

C — [0,1] is continuous on C.
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Proof. The statement of our lemma easily follows from Lemma 5.25. O

We now prove Theorem 3.22.
Proof of Theorem 3.22: Since supp 7 is compact, co € F(G,). Combining Theorem 3.14 and
Lemma 5.26, the statement of Theorem 3.22 follows. O

Lemma 5.27. Let 7 € 91 (P). Suppose 0o € F(G,). Then, for each U € Con(F(G.)), there exists
a constant Cy € [0,1] such that T -|u = Cy.

Proof. Let U € Con(F(G,)) and let y € U. Moreover, let v € X,. By Lemma 5.24 and Lemma 2.6,
if p,1(y) — o0 as n — oo, then for each y' € U, y,1(y’) — 00 as n — oo. Thus, there exists a
constant Cy € [0, 1] such that Teo v = Cu. O

We now prove Lemma 3.24.
Proof of Lemma 3.24: Since supp 7 is compact, it follows that co € F(G,), and the statement
of Lemma 3.24 follows from Lemma 5.27. [

Lemma 5.28. Let G be a polynomial semigroup generated by a family of P. Then, K(G) s a
compact subset of C, g(K(G)) C K(G) for each g € G, OK(G) C J(G), and F(G) N K(G) =

int(K(Q)).

Proof. Let h € G be an element. Then K(G) = Nyea g Y(K(h)). Thus, K(G) is a compact

subset of C and for each g € G, g(f((g)) C IA((G)A. Hence, we obtain that 0K (G) N F(G) = 0.
Therefore, 0K (G) C J(G) and F(G)NK(G) C int(K(G)). Moreover, it is easy to see int(K(G)) C
F(G) N K(G). Thus we have completed the proof of our lemma. O

We now prove Proposition 3.26.

Proof of Proposition 3.26: It is easy to see that M, (Tw ) = Toors Tooyr|lr(c,) = 1 and

TOO»T|1‘<(GT) = 0. Let ¢ : C — R be a bounded Borel measurable function such that ¢ = M. (o),

¢lr.(c,) =1 and ¢|g ) = 0. For each L € Min(G,,C) with L # {cc}, L € K(G,). Hence, by

Theorem 3.15-7 and Lemma 5.28, we obtain that ¢(z) = lim, oo M7 (¢)(2) = Two,-(2) for each

zeC. Thus, we have proved Proposition 3.26. O
We now prove Lemma 3.30.

Proof of Lemma 3.30:

It is easy to see that (1) = (2).

We now show (2) = (3). Suppose T | s(c,) = 1 and K(G,) #0. Let y € 0K(G,) C J(G,).
Since we are assuming 7w r|s(q,) = 1, there exists a v € X, such that v, 1(y) — oo. However,
this contradicts y € K(G,). Thus, we have proved (2) = (3).

We now prove (3) = (1). Since suppr is compact, co € F(G,). Let V := F(G;). By
Lemma 2.6, for each g € G-, g(V) C V. Moreover, we have (), ¢ g YC\ V) = K(G,). Hence,

from Lemma 4.6 and Lemma 5.24, it follows that if K’(GT) = (), then for each y € @, for T-a.e.
v € Xr, n1(y) — oo as n — oco. Hence, for each y € C, Too.~(y) = 1. Therefore, we have proved
(3) = (1).

Thus, we have proved Lemma 3.30. O

We now prove Theorem 3.31.
Proof of Theorem 3.31: We first prove statement 1. Let y € dK(G;) be a point. By
Lemma 5.28, y € J(G,). Since Jier(G-) = 0, there exists an element g € G, such that g(z) €
F(G,). By Lemma 5.28 again, we obtain g(z) € int(K(G;)). Therefore, int(K(G)) # 0.

We next show statement 2. By Theorem 3.22, T ; : C — [0,1] is continuous. Furthermore,
since supp 7 is compact, oo € F(G,). Since T00,T|I”{(G,) =0 and T |p_(c.) = 1, it follows that

To.-(C) = [0,1]. Let t € [0,1] be any number. From the above argument, there exists a point
2o € C such that Te (20) = t. Suppose zg € F(G;). Then denoting by U the connected component
of F(G,) containing zo, Theorem 3.22 and Lemma, 3.24 imply that T ;|77 = t. Since U C J(G;),
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it follows that there exists a point z; € J(G;) such that Tw, -(21) = ¢. This argument shows that
Too,~(J(G;)) = [0,1]. Therefore, we have proved statement 2.

We next show statement 3. Suppose that the statement is false. Then, there exist ¢; and ¢, in
[0,1] with #; < ¢ such that denoting by A the unbounded component of C\ (T}, ({t2}) N J(G-)),
T (i) nA#0.

Let wo € Tl ({t1}) N A be a point. Let ¢ : [0,1] — A be a curve such that ((0) = oo €
T3 ({1}) and (1) = wp € T3 (t1). Since t; < to < 1, there exists an s € [0,1) such that
((s) € T3 (t2). Then, we have ((s) € AN F(G;). Let U be the connected component of F(G)
containing ¢(s). By Theorem 3.22 and Lemma 3.24, we have Two ;|7 = t2. Since ((1) € T ({t1}),
¢(s) € U and T - |y = t2, we obtain that there exists an s’ € (s, 1) such that {(s') € OU C J(G.)N
T, ({t2}). However, this is a contradiction since ((s') € A and AN (J(G;) NTL' ({t2})) = 0.
Therefore, statement 3 holds.

We now prove statement 4. Let ¢ € (0,1). Since K(G,) C T3, ({0}), statement 3 implies that

K(G,) <, T2 ({t}) N J(G;). By Lemma 5.24 and Theorem 3.22, Fo(G,) C T5;' ({1}). Hence,

T

T3, ({t}) N J(G;) <s Fx(G-). Therefore, we have proved statement 4.
We now prove statement 5. Let A := [0,1] \ Too - (F(G+)). Since T, € CF(GT)((C), we have

£([0,1] \ A) < Rg. Let t € A. Since Too (J(G7)) = [0,1] and Teo r € Cp(c,)(C), it follows that
0# T ({t}) N J(G7) C Jres(G7). Therefore, we have proved statement 5.
Thus, we have completed the proof of Theorem 3.31. O
We now prove Theorem 3.34.
Proof of Theorem 3.34: Let 7 € 9 (P) be an element such that I'; = I'. By Theorem 3.22,
Twr : C — [0,1] is continuous. By Theorem 3.31-2, Ts, (C) = [0,1]. Suppose that each of
statements (a) and (b) of the theorem does not hold. Since statement (b) does not hold, there
exists a finite set C' = {c1,...,¢,} of [0,1] such that T -(F(G)) C C. Since int(J(G)) = 0 and
Toor : C - [0,1] is continuous, it follows that TOO’T(((A:) C C. However, this is a contradiction.
Therefore, at least one of the statements (a) and (b) holds. Thus, we have completed the proof of
Theorem 3.34. O

5.3 Proofs of results in subsection 3.3

In this subsection, we give the proofs of results in subsection 3.3.
In order to prove Theorem 3.38, we need several lemmas.

Lemma 5.29. Let I € Cpt(P) and let f : TN x C — TN x C be the skew product associated with T
Let v € TN be an element such that §Con(.J,) < oo. Then, there exists an n € N such that Jon(y)
is connected.

Proof. Let B € Con(Jy). Since §Con(.J,) < oo, B is an open subset of J,. By the self-similarity of
Jy (see [5]), there exists an n € N such that f, ,,(B) = Jyn(y). It follows that for this n, Jon(4) is
connected. Thus, we have completed the proof of our lemma. O

Lemma 5.30. Let I' € Cpt(P) and let f: I'N x C — I'N x C be the skew product associated with
[. Let v € TN be an element such that §Con(.J,) > Rg. Then, §Con(.J,) > No.

Proof. We first show the following claim.
Claim 1: Let B € Con(Jy). Then there exists an sequence {B;};jen in Con(Jy) \ {B} such that
Minge g pep; d(a,b) — 0 as j — oo.

To prove claim 1, suppose that there exists no such sequence {B; }jen. Then, B is an open subset
of J,. By the self-similarity of J, (see [5]), there exists an n € N such that f, ,(B) = Jon(,) and
Jon(y) is connected. Since f ! (Jon(y)) = Jy, [1, Lemma 5.7.2] implies that §Con(.J,) < deg(fy,n) <
0o. However, this contradicts the assumption of our lemma. Therefore, we have proved claim 1.

Let Z be the space obtained by making each element of Con(J,) into one point, endowed with
the quotient topology. Then, by the cut wire theorem (see [22]), Z is a compact normal Hausdorff
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space. Suppose that §Con(J,) = Xg. Then there exists a sequence {C}} ey of mutually distinct
elements of Con(J,) such that Con(J,) = U;’;I{Cj}. Let 7 : J, — Z be the canonical projection
and let Z; := n(C;) for each j € N. Then Z = U;’;l{Zj}. We now prove the following claim.
Claim 2: For each j € N, Z\ {Z;} is dense in Z.

To prove claim 2, let j € N. By claim 1, there exists a sequence {k, }nen in N\ {j} such that
mingec; pec;, d(a,b) — 0 asn — oo. Let V be an open set in Z with Z; € V. Then 7~ HV) is an
open set in J, with C; C 7= (V). Therefore there exists an n € N with 7#=*(V) N Cy, # 0. Let
z € H(V)NCy,. Then Zy, = m(z) € V. Therefore, Z\ {Z;} is dense in Z. Thus, we have proved
claim 2.

Since 0 = Z\ U;21{Z;} = N;j=1(Z \ {Z;}), claim 2 and the Baire category theorem imply a
contradiction. Therefore, §Con(.J,) > Rg. Thus, we have completed the proof of our lemma. O

We now prove Theorem 3.38.

Proof of Theorem 3.38: Since P*(G) is not bounded in C, there exists an element g € G and a
critical value c of g such that ¢ € Fo(G). Then g'(¢c) — oo as | — oo. We write g as g = hp0---0hy,
where h; € I" for each j = 1,...,n. For each j =1,...,n, let B; be the small neighborhood of h;
in P such that for each o = (a1,...,a,) € By X --- X By, there exists a critical value ¢, € F(G)
of ayo---oay. Weset U := {y € IV | 35 }22, — o0,Vk,vj, € Bi,...,Vjp+n-1 € By}. Then,
U is a residual subset of IV and for each 7 € 9 (P) with I'; = I', #(U) = 1. We now prove the
following claim.

Claim: For each v € U, §Con(J,) > Ny.

To prove the claim, by Lemma 5.30, it is enough to show that for each v € U, §Con(J,) > Ry.
Suppose that there exists an element v € U such that §Con(J,) < co. Then, Lemma 5.29 implies
that there exists an s € N such that J,s(,) is connected. Since v € U, there exists an m € N
such that v, s11 has a critical point in Ay ,¢(y). For this m € N, Jystm(4) = Ystm,s11(Jos (1)) I8
connected. Hence, Ay, s() and A ;s+m () are simply connected. Applying the Riemann-Hurwitz
formula to Ysym,s+1 @ Aso,os(y) = Aso,ostm(y), We obtain a contradiction. Therefore, the above
claim holds.

By the above claim, the statement of Theorem 3.38 holds. O

We now prove Theorem 3.41.
Proof of Theorem 3.41: By Lemma 3.30, Tx = 1. Moreover, since supp7 is compact,
00 € F(G;). Hence for each z € C, there exists an element g € G, such that g(z) € Foo(G,) C
F(G,). Therefore, Jxe;(Gr) = 0. By Theorem 3.14, we obtain that Feqs(7) = 9)?1(@) Moreover,
since Thor = 1, we obtain that (M*)"(v) — ds as n — oo uniformly on v € 9 (C). Let
K = Upex ({p} x K,) (C X, x C). Since T, » = 1, it follows that for each y € C, 7({y € X, |
(v,y) € K}) = 0. Hence, by Fubini’s theorem, we obtain that there exists a subset V of X, with
7(V) = 1 such that for each v € V, Lebs(K,) = 0. Since 0K, = J, for each v € X, we get that
for each v € V, K, = J,. Moreover, since TOO’T =1, we have that P*(G ) is not bounded in C. By
Theorem 3.38, we obtain that for 7-a.e. v € X,, J, has uncountably many connected components.
Thus, we have completed the proof of Theorem 3.41. O

5.4 Proofs of results in subsection 3.4

In this subsection, we give the proofs of the results in subsection 3.4.
In order to prove Theorem 3.48, we need some lemmas.

Definition 5.31. Let X and Y be two topological space and let g : X — Y be a map. For each
subset Z of Y, we denote by ¢(Z, g) the set of all connected components of g=1(Z).

Lemma 5.32. Let 7 € My (P). Suppose that for eachy € X, Jyer(Gr) C Jy, and that Jyer(G-)N
UH(G,) = 0. Then, for 7-a.e. v € X,, Leby(J,) = Leba(J,r.) = 0.
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Proof. Let f : X, X C — X, x C be the skew product associated with I',. By Proposition 4.8,
we may assume that Jie (G,) # 0. Combining Lemma 2.6, Lemma 4.6, Lemma 4.5 and Fubini’s
theorem, we obtain that there exists a measurable subset U of X, with 7(i/) = 1 such that for
each v € U, for Lebg-ae. y € j,y’pr, liminf,, oo d(fy,n(¥), Jker(G-)) = 0. In order to prove our
lemma, it is enough to show that for each v € U, Leb2(j%pT) = 0. For this purpose, suppose that
there exists an element p € U and a point yy € jp’r‘,r such that yg is a Lebesgue density point of
jpﬁpT. We will deduce a contradiction. We may assume that iminf, o d(f5(y0), Jxer(G-)) = 0.
We show the following claim:

Claim 1: yo € J,.

To show claim 1, suppose that yo € F,. Then there exists a strictly increasing sequence {n;};en
in N and a § > 0 such that f, »;|B(y,,26) tends to a holomorphic function ¢ : B(yo,26) — C as j —
oo locally uniformly on B(yo,20). We may assume that there exists a point (o, a) € X; X Jker(G7)
such that f™ (p,y0) — (e, a) as j — oo. Since Jyer (Gr) NUH(G;) = 0, [29, Lemma 1.10] implies
that ¢ : B(yo,20) — C is non-constant. Hence ¢(B(yo,d)) is a bounded open neighborhood of a.
Let D be a neighborhood of oo such that DN¢(B(yo,d)) = @ and h(D) C D for each h € G, Since
a € Jxer(Gr) C Ja, there exists a point b € B(yo,d) and a ¢ € N such that ag1(¢(b)) € D. Then
there exists a neighborhood V of (a1,...,qq) in I'? and a neighborhood € of ¢(b) such that for
each 8= (f1,...,B8¢) €V, Bq---f1() C D. Let k € N be a large number. Then, fp ne (b) € Q and
(pnk-l-l’pnk-i-?v s apnk-‘rq) € V. This implies that ¢(b) = liInj—>oo fp,nj (b) € D - (C \ (b( (yO, ))7
which is a contradiction. Therefore, yo € J,. Thus, we have shown Claim 1.

Let {n;} en be a strictly increasing sequence in N such that i (p,yo) tends to some (7, yoo) €
X7 X Jer(Gr). Let g; := f,5, for each j € N. Since Jier(G,) NUH(G;) = (), there exists an
0 <7 and an N € N such that for each 2z € Jyer(G,), each g € G, and each V € ¢(D(z,3r), g),
deg(g : V — D(z,3r)) < N. We may assume that for each j € N, g;(yo) € D(Jxer(G~), 7). For each
j € N, let U; (resp. U}) be the element of ¢(D(g;(vo),7), g;) (resp. ¢(D(g;(vo),27),g;)) containing
Yo. Then, U; and U are simply connected. Moreover, since yo € J,, [29, Corollary 1.9] implies

that diam U; — 0 as j — oo. Since yp is a Lebesgue density point of ij‘T, [29, Corollary 1.9]
again implies that lim;_, Lebﬁégi?“]p)“) = 1. Hence,
2
i Leb2(U; 0 F,r.)
Jj—o00 LebQ(Uj)

=0. (5)
For each j € N, let ¢; : D(0,1) — U} be a conformal map such that ¢;(0) = yo. By (5) and the

Koebe distortion theorem, we obtain

 Leba(o; (U NFpr.)) _
P T e (6, (D))

(6)

By [29, Corollary 1.8], there exists a constant 0 < ¢; < 1 such that for each j € N, ¢;1(Uj) C
D(0, ¢1). Combining it with Cauchy’s formula, we obtain that there exists a constant ¢ > 0 such
that for each j € N,

(g5 0 9;)'(2)] < c2 on 67 (Uj). (7)
By (6) and (7), we obtain

Leba(D(g;(y0),7) N Epmi oy r,)  Leba((g;05) (65 (U N Epr.)))

Leby (D (g; (o), 7)) - Leba(D(g;(yo),7))
_ oyt e 1650 9GP dLebaz)  Leby(o7(0))
= Leby (¢ (U;)) " Leba(D(g;(yo), 7))

— 0, as 7 — oo.
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Lebs(D(g;(yo),r)NT ynj ) 1)
Hence, Leb.(D(g; (vo)r))
C J(G;) for each n € N. Hence, y € F,. However, since yoo € Jier(G-) C Jy, this is a contradic-

tion. Thus, we have completed the proof of our lemma. O

— lasj — 00. Thus, D(Yeo,r) C Jyr. . In particular, f, ,(D(Yoo.r))

Lemma 5.33. Under the assumptions of Theorem 3.48, we have that for each v € X, Jyer(G+) C
Jy.

Proof. Under the assumptions of Theorem 3.48, suppose that there exists a v € X, such that
Jxer(G-)NF, # 0. Let yo € Jxer(G-)NE, be a point. Let f: X, x C — X, xC be the skew product
associated with I';. Then there exists a strictly increasing sequence {n,};en in N, an open connected
neighborhood U of yp, and a holomorphic map ¢ : U — C such that Jy.n; — ¢ as j — oo uniformly
on U. Let (p7,y;) = f™ (v,y). We may assume that there exists a point (p™°,¥yoo) € X7 X Jier(G+)
such that (p7,y;) — (p™°,¥s0) as j — oco. If ¢ is constant, then [29, Lemma 1.10] implies that
Yoo € UH(G,). However, this is a contradiction, since Jye;(Gr) NUH(G,) = 0. Hence, we obtain
that ¢ is not constant. We set

Vi={ye C | 3e > 0, lim sup sup d(f,,im_m(g),g) = 0}.

1T j>i d(&,y)<e

Then, V is an open subset of C. By Lemma 5.24, V N Fo(G,) = 0. Moreover, y,, € V. For,
since ¢ is non-constant, there exists a number a > 0 and an s € N such that for each j € N
with j > 5, fy0,(U) D B(Yoo,a). If y € B(yoo,a) then y = f, ,,,(&) for some & € U and so
d(fim;—n: (V) y) = d(fyn; (&), fy.n, (&) which is small if i is large. Hence yoo € V.

Furthermore, by [29, Lemma 2.13], 0V C J(G,) NUH(G,). These arguments imply that oo
belongs to a bounded connected component of C\ (J(G,)NUH(G)). However, this contradicts the
assumption of our lemma. Therefore, for each v € X., Juer(G-) C J,. Thus, we have completed
the proof of our lemma. O

We now prove Theorem 3.48.
Proof of Theorem 3.48: Combining Lemma 5.33, Lemma 5.32, Lemma 4.5, Lemma 4.9, and
Lemma 5.25, we obtain all statements of Theorem 3.48. Thus, we have completed the proof of
Theorem 3.48. O

5.5 Proofs of results in subsection 3.5

In this subsection, we give the proofs of the results in subsection 3.5. Moreover, we show several
related results.

Lemma 5.34. Let T be a non-empty subset of Rat and let G = (TI'). Suppose that F(G) # 0,
and that for each z € J(G), there exists a holomorphic family {gx}rea of rational maps such that
{gr | A € A} C T and the map X — gx(z) is nonconstant on A. Then, Jyer(G) = 0.

Proof. Suppose that Jyer(G) # 0. Let zg € Jyer(G) be a point. Then there exists a holomorphic
family {gx}xea of rational maps such that the map © : A — gx(zo) is nonconstant on A and
{ga(z0) | A € A} C T. Hence, Jie:(G) contains a non-empty open subset ©(A) of C. However,
this contradicts Remark 2.8. Therefore, Jier(G) = 0. Thus, we have completed the proof of our
lemma. O

We now prove Lemma 3.52.
Proof of Lemma 3.52: The statement of our lemma immediately follows from Lemma 5.34. O
We now prove Lemma 3.56.
Proof of Lemma 3.56: Since T is relative compact, co € F(G). From Lemma 5.34, it follows
that Jyer(G) = 0. Thus, we have completed the proof of our lemma. O

40



Lemma 5.35. Let Y be a closed subset of an open subset of P. Suppose that Y is strongly admis-
sible. Let T' € Cpt(Y) and let V' be a neighborhood of T' in Cpt(Y). Then, there exists a I” € V
such that Jeer((I')) = 0.

Proof. Take a small € > 0 such that the element IV := {h € Y | k(h,T") < €} € Cpt()) belongs to
V, where x denotes the relative distance in P from Rat. By Lemma 5.34, Jie:((I")) = 0. Hence,
we have completed the proof of our lemma. O

Lemma 5.36. Let Y be a subset of Rat endowed with the relative distance from Rat. Let T' €
Cpt(Y) be an element such that Jee((T)) = 0. Let V be a neighborhood of T in Cpt(Y). Then,
there exists an element TV € V such that T' C T, " < oo, and Jye: ({T)) = 0.

Proof. Since Jie((I')) = 0, there exist finitely many elements g1,...,g, € (I') and finitely many
open subsets Uy, ..., U, of C such that J((I')) C Uj=1U; and Uj_, g;(U;) € F((I')). In partic-
ular, ﬂ;zl gj_l(,](<F>)) = 0. For each j = 1....,7, we write g; as g; = hj1 0---0 hj;,, where
hjr € I for each k = 1,...,¢;. Take an element I" € V such that I' C T, I < oo and
I 5 Uj—i{hja, - by, b Then, Jiee (7)) = Npeqry B U)) € MiZig; (J(D)) = 0.
Thus, we have completed the proof of our lemma. O

Lemma 5.37. Let Y be a closed subset of an open subset of P. Suppose that Y is strongly admis-
sible. Let T' € Cpt(Y) and let V be a neighborhood of T in Cpt(Y). Then, there exists an element
IV € V such that I < 0o and Jie ((I)) = 0.

Proof. Combining Lemma 5.35 and Lemma 5.36, the statement of our lemma holds. O

We now prove Proposition 3.57.
Proof of Proposition 3.57: Let py € M;(Y) be an element such that I",, < co, po € V4, and
Ty, € Vo. We write pg as po = 3_;_, pjon,, where p; > 0 for each j, 3°°_, p; = 1,, and hy,..., h,
are mutually distinct elements of ). Let U; be a small compact neighborhood of h; in Y such
that the compact set A; := Uy U {ha,...,h,} belongs to Vo. By Lemma 5.34, Jier((A1)) = 0.
Hence, Lemma 5.36 implies that there exists a finitely many elements g1, ..., gs of Uy such that
setting Ag := {g1,...,9s} U {h2,...,h.}, we have Ay € V5 and Jyer({(A2)) = 0. Let q1,...,gs be
positive numbers such that >3%_, ¢; = p1. Let p:= 325, q;0,, + >_;_oPjon;- Then I'y € V3 and
Jrer(G,) = 0. Moreover, if we take Uy so small, then p € V4. Thus, we have completed the proof
of Proposition 3.57. O

5.6 Proofs of results in subsection 3.6

In this subsection, we give the proofs of the results in subsection 3.6.
In order to prove Proposition 3.63, we need some notations and lemmas.

Definition 5.38. Let Y be a compact metric space and let U be an open subset of Y. Let I" be a
subset of CM(Y") and let G = (I'). Let K be a non-empty compact subset of U.

1. We say that K is a weak attractor for (G,T,U) if for each v € TN and each y € U,
d(’Yn,l(y),K) — 0 as n — oo.

2. We say that K is an attractor for (G, T', U) if K is a weak attractor for (G,T",U) and g(K) C K
for each g € T'.

Lemma 5.39. Let I' € Cpt(Rat) with §J((I')) > 3. Let G = (T'). Suppose that there exists an
attractor K for (G,T', F(QG)). Then, for each L € Cpt(F(G)),

sup{d(yn - 7(2), K) [ 2 € L, (71, ., 7m) €T} — 0 asn — o0 (8)
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and there exists a constant C > 0 and an 0 <n <1 such that
sup{[|(vn - 1) (2)lls [ 2 € L, (71, -, 7) €T} < Cn" for each n € N, (9)

where || - ||s denotes the norm of the derivative with respect to the spherical metric of C.

Proof. Let Vi, ..., Vs be finitely many connected components of F(G) such that K C U;Zl V; and
V,NK #(foreach j=1,...,s. Weset V = U§:1 Vi.Ineach j =1,...,s, we take the hyperbolic
metric p; on V; and let W} be the e-neighborhood of K NV} with respect to p;. Let W = U;Zl Wj.
Then G(W) C W. Let L € Cpt(F(G)). Since K is an attractor for (G,T, F(G)) and T'N is compact,
it follows that there exists an n € N such that for each v € TN, ~,, (L) C W. Let j € {1,..., s} and
let g € G. Since K is an attractor for (G,T', F'(G)), we obtain that if g(V;) C V;, then ||¢'(2)[|n < 1
for each z € Vj;, where || - ||, denotes the norm of the derivative with respect to p;. Moreover, for
each v € TN and each z € V, there exist p,q € N with 1 < p,¢ < s and an i € {1,...,s} such
that v4,1(2) € V; and 7p14,1(2) € V;. From these arguments, the statement of our lemma easily
follows. O

Lemma 5.40. Let I' € Cpt(Rat) with §J((I')) > 3. Let G = (T'). Suppose that there exvists an
attractor K for (G,T', F(G)). Moreover, suppose that Jie,(G) = 0. Then, there exists a neighborhood
U of T in Cpt(Rat) such that for each I' € U, T" is mean stable and Jye, ((I'")) = 0.

Proof. Since Jye:(G) = 0, for each point z € C, there exists an element g € G such that g(z) €
F(G). From Lemma 5.39, it follows that G is mean stable. The rest of the statement of our lemma
easily follows from Lemma 3.62 and Remark 3.61. O

Definition 5.41. Let G be a rational semigroup. We set

AG):=G({zeC|3geqst. g(z)=z]|m(g,2)| <1}).

Lemma 5.42. Let T € Cpt(Raty). Let G = (T'). Suppose that G is semi-hyperbolic and F(G) # (.
Then, A(G) is an attractor for (G,T, F(G)) and for each L € Cpt(F(G)),

sup{d(’yn e ,’71(2’),A(G)) | z € L, (71) cee 7771) € Fn} —0asn— o0 (10)
and there exists a constant C > 0 and an 0 <n <1 such that
sup{||(vn - m) (2)|ls | 2 € L, (71, - -, 7n) €T} < Cn™ for each n € N, (11)

where || - ||s denotes the norm of the derivative with respect to the spherical metric of C.

Proof. Since G is semi-hyperbolic and F(G) # 0, [29, Theorem 1.26] implies that A(G) is a non-
empty compact subset of F/(G). Moreover, by the definition of A(G), we have that h(A(G)) C A(G)
for each h € G. Let V1, ..., V; be finitely many connected components of F(G) such that A(G) C
Uj=1 Vi and V;NA(G) # 0 foreach j = 1,...,5. Weset V = Jj_, Vj. Ineach j = 1,..., s, we take
the hyperbolic metric p; on Vj. Let j € {1,...,s} and let g € G. Since G is semi-hyperbolic, we
obtain that if g(V;) C Vj, then ||¢’(2)||n < 1 for each z € Vj, where || - ||, denotes the norm of the
derivative with respect to p;. Moreover, for each v € TN and each z € V, there exist p,q € N with
1<p,g<sandanie€{l,...,s} suchthat v,1(z) € V; and yp44,1(2) € V;. From these arguments,
it follows that if L is a compact neighborhood of A(G) in V, then there exists a constant C' > 0
and a 0 < 7 < 1 such that the inequality (9) holds. In particular, for any z € V and any v € TV,
d(yn1(2), A(G)) — 0 as n — 0. We now take arbitrary point w € F(G). Let p € T'N be arbitrary
element. By [29, Theorem 1.26] again, we have (J,.s g(w) is a compact subset of F'(G). Hence,
there exist r,s € N with r < s and a U € Con(F'(G)) such that the two points ps 1(w) and p,1(w)
belong to U. Then p;,4+1(U) C U. Since G is semi-hyperbolic, it follows that U N A(G) # 0.
Therefore, d(pn1(w), A(G)) — 0 as n — oo. From these argument, we obtain that A(G) is an
attractor for (G,T', F(G)). By Lemma 5.39, the statement of Lemma 5.42 holds. O
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‘We now prove Proposition 3.63.
Proof of Proposition 3.63: Combining Lemma 5.42 and Lemma 5.40, the statement of our
proposition holds. O
We now prove Proposition 3.65.
Proof of Proposition 3.65: From the definition of mean stability, it is easy to see that S, C
G*(V) C F(G,). Combining this with Theorem 3.15-9 and Theorem 3.15-7, we easily obtain that
statement 2 and statement 3 hold. O

Remark 5.43. Let I' € Cpt(Raty) and let G = (T'). Let 7 € My (Raty) with I'; = T'. Suppose
that G is semi-hyperbolic and F(G) # 0. Then, by Lemma 5.42 and the arguments in the proof of
Theorem 3.15, regarding M, : C(A(G)) — C(A(Q)), statements which are similar to statements
1,2, 6-14 in Theorem 3.15 hold.

5.7 Proofs of results in subsection 3.7
In this subsection, we give the proofs of the results in subsection 3.7. We need some lemmas.

Lemma 5.44. Let 7 € 9 o(Rat). Then, dimg (J),(1)) < MHD(7).

Proof. Let f: X, x C — X, x C be the skew product associated with I';. Suppose that MHD(7) <
dimp (J3;(7)). Let t € R be a number such that MHD(7) < ¢ < dimg (J9;(7)). Then H*(J) (7)) =
oo, where H* denotes the t-dimensional Hausdorff measure. By [8, Theorem 5.6], there exists a
compact subset F of JJ,(7) such that 0 < H'(F) < oo. Let v = H'|p. Since MHD(7) < t, for

7-a.e. v € X;, v(Jyr,) = 0. From Lemma 4.5 and Lemma 4.9, it follows that for v-a.e. y € F,
y € FY(7). However, this is a contradiction. Thus, dimg (J0 (7)) < MHD(7). O

Definition 5.45 ([13]). Let G be a rational semigroup. We set E(G) := {z € C [ #G~1(2) < oo}.
This is called the exceptional set of G.

Remark 5.46. Let A € Cpt(Raty) and let G = (A). Then by [1, Theorem 4.1.2], E(G) C F(G).

Lemma 5.47. Let 7 € M, (Rat). Suppose that Leba(Jyr,.) = 0 for 7-a.e. v € X,, and that
there exists a weak attractor A for (G,,U,, F(G;)). Then, we have the following.

1. ForLebg-a.e. z€ C,7({y € X, |z€ Jyr.})=7({ve X, |z € Ny=s it -’yj_l(J(GT))}) =
0. Moreover, Leby(Jp, (7)) = 0.

2. Jxer(Gr) C Jgt(r).
8. Freas(1) = My (C) if and only if Juer(Gr) = 0. If Jier(Gr) # 0, then Jmeas(T) = M1 (C).
4. 1If, in addition to the assumption, . < oo, then we have the following.

(a) G;l(Jker(GT)) c Jgt(T)'
(b) If 4(J(G+)) > 3 and Jyer(G7) \ E(G;) # 0, then Jp (1) = J(G-).

Proof. Statement 1 follows from Lemma 4.5 and Lemma 4.9. We now show statement 2. Let z¢ €
Jier(G7). Let ¢ € C(C) be an element such that supp ¢ € C\ A and ¢ = 1 around a neighborhood of
Jiker(Gr). Then for each m € N, M (¢)(z9) = 1. Moreover, by statement 1, there exists a sequence
{zn}52 in C such that z, — 2o as n — oo and such that for each n € N, T{y e X; | zn €
ﬂ;?’;l REE »yj—l(J(GT))}) = 0. Hence, for each n € N, M (¢)(z,) = fXT ©(Ym1(zn)) d7(y) — 0
as m — oo. It implies that 2y € Jgt(T). Thus, we have proved statement 2.

We now prove statement 3. Combining statement 2 with Theorem 3.14, we obtain that

Freas(T) = M1 (C) if and only if Jxer(G-) = 0. Suppose that Jeer(G;) # 0. Let ¢ € C(C)
be an element such that ¢ = 1 in a neighborhood of Ji;(G;) and ¢ = 0 in a neighborhood
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of A. Let p € M;(C) be an element and let B be a neighborhood of p in 9M;(C). By state-
ment 1, there exists an element py € B such that pyg = Z;zlpjdaj, where a1 € Jyer(Gr),
T({v e X; | a5 € JA%FT}) = 0 for each j = 2,...,7, and p; > 0 for each j = 1,...,r. Then
(M) (po)(p) = 3251 0=, (MP(#)) — p1 > 0 as n — oo. Moreover, by statement 1, for any

neighborhood By of pg in My ((AC)7 there exists an element p; € By such that p; = 22:1 450, ,

where 7({y € X, | b; € J,r.}) = 0 and ¢; > 0 for each j = 1,...,t. Then (M*)"(p1)(¢) — 0
as n — oo. Hence, po € Jmeas(7T). Since B is an arbitrary neighborhood of p, it follows that
P € Jmeas(T). Thus, we have proved statement 3.

We now prove statement 4a. We write 7 as ZEZl PjOn;, where 0 < p; < 1 and h; € Rat for

each j =1,...,t. Let z9 € (hi, - hi,) " (Jier(G7)). Let o € C(C) be an element such that ¢ > 0,

© =1 in a neighborhood of Jye(G;) and ¢ = 0 in a neighborhood of A. Then for each m € N with
m>r+1,

M (p)(20) > pi, - Diy /@(vm cYegrhi, by (20)) dT(Ym) o dT (Y1) 2 iy piy > 0.

Moreover, by statement 1, there exists a sequence {z,}°; in C such that z, — zy as n — oo and
such that for each n € N, 7({y € X, | 2, € ﬂjoil At ~'yj_1(J(GT))}) = 0. Hence, for each n € N,
M (¢)(zn) — 0 as m — oc. It implies that zy € Jp;(7). Thus, we have proved statement 4a.

We now prove statement 4b. Under the assumptions of statement 4b, by statement 4a and [28,
Lemma 2.3 (e)], we obtain that J(G,) = G5 (Jxer(G+)) C Jpt(7). Combining this with Lemma 4.2-
5, we get that J, (1) = J(G,). Therefore, we have proved statement 4b. O

We now prove Theorem 3.71.
Proof of Theorem 3.71: Combining Lemmas 5.42, 5.44, | 5.47, and Remarks 3.16, 3.70, 5.46,
the statement of Theorem 3.71 holds. O

5.8 Proofs of results in subsection 3.8

In this subsection, we give the proofs of the results in subsection 3.8. We need some lemmas.

We now give proofs of Lemmas 3.73 and 3.75.

Proof of Lemma 3.73: By Lemma 4.1, J(G) = U;n:l hj_l(J(G)). Hence, the statement of our
lemma holds. O
Proof of Lemma 3.75: By [27, Theorem 2.3], int(J(G)) = 0. By Lemma 3.73, Jier(G) = 0.
Let ¢ € (LS(L{f_,T(@)))nC. By Theorem 3.15-1, ¢ € C’F(G)(C). Moreover, by Theorem 3.15-10,
there exists an [ € N such that M!(¢) = ¢. By Theorem 3.15-3, #J(G) > 3. By [28, Lemma
2.3 (d)], it follows that $E(G) < 2. Moreover, since G~1(E(G) N J(G)) € E(G) N J(G) and
hH(J(G)) N h;l(J(G)) = () for each (4, j) with 7 # j, we obtain that E(G) N J(G) = 0.

Suppose that there exists an open subset V of C such that V N J(G) # 0 and ¢|y is constant.
We will deduce a contradiction. Let zp € J(G) be any point. Then zo N J(G) \ E(G). By [28,
Lemma 2.3 (b) (e)], there exists an n € N, an element (j1,...,5.) € {1,...,m}™, and a point z; €
J(G)NV such that h;,, -~ hj (21) = 20. Then for each (i1,...,in) € {1,...,m}™ \{(1,-- -, Jn)}s
hi., -+ hi (21) € F(G). Combining this with M!(¢) = p and ¢ € CF(G)(@), we obtain that there
exists a neighborhood W of z; such that o|yy is constant, where g = hj, , - - - hj,. Therefore ¢

is constant in a neighborhood of zp. From this argument and that ¢ € Cp(g)(C), it follows that
¢ : C — C is locally constant on C, thus ¢ : C — C is constant. However, this is a contradiction.
Thus, we have proved Lemma 3.75. O
Lemma 5.48. Let m € N with m > 2. Let h = (hy,...,hp) € (Raty)™ and we set I' :=
{hi,ho,...,hm}. Let G = (hy,... hp). Let f: TN x C — I'N x C be the skew product associated
with T'. Let p = (p1,.,pm) € Wi Let 7 := 3300 p;jop; € Mi(T) C My (Raty). Suppose that
hH(J(G)) N h]-_l(J(G)) = () for each (i,j) with i # j. Then, we have all of the following.
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1. Let (v,20) € J(f) and let t > 0. Suppose that there exists a point z1 € J(G)\ P(G) and a
sequence {nj}]‘?‘;l in N such that vy, 1(20) — 21 and p(f™ (v, 20)) - p(7, Zo)||7;1j,1(20)||2 —
0o as j — oo. Then, for any ¢ € (LS(Uf,T(C)))nC, limsup, ., % = oo, where d

denotes the spherical distance.

2. Suppose that for each j =1,...,m, 1 < p;min{||h}(2)[|s | z € hj_l(J(G))}. Then, for each

20 € J(G) and for each ¢ € (LS(Uf +(C)))ne, limsup, % = o0 and @ is not
differentiable at zg.

Proof. We first show statement 1. Let § := mingep(g) d(, z1) > 0. We may assume that 7, 1(z0) €
B(z, %) for each j € N. By Theorem 3.15-10, there exists an { € N such that for each ¢ €
LS(Z/lf,T(((A:)), ML (p) = . We may assume that for each j € N, I|n;. Since h;l(J(G))ﬂhjfl(J(G)) =
() for each (i,7) with ¢ # j, there exists a number ry > 0 such that for each (4,) with 7 # j, if
2 € hy Y(J(G)), then hj(B(z,70)) C F(G). Let r be a number such that 0 < 4r < 4. For each j € N,
let o : B(z1,0) — C be the well-defined inverse branch of Yn,,1 such that a;(vn;,1(20)) = 20. By
the normality of {a; : B(21,8) — C}jen (sce [15]), taking r so small, we obtain that for each
J €N, the set B; := a;(B(vn,,1(20), 7)) satisfies that diam (yx,1(B;)) < 3 for each k =1,...,n;.
Let (w1, ws,...) € {1,...,m}" be the sequence such that ~; = h,,, for each j € N. It follows that
for each j € N and each (uy,...,un,) € {1,....,m}"™ \{(w1,...,wn,)}, hu,, -, (B;) C F(G).
Hence, for each j € N, each a,b € B;, and each ¢ € (LSU+)(C))pe C C’F(GT)(C),

p(a) = @(b) = pu,, -+ Pui (£(1n;.1(a)) = &(1n;,1(D)))- (12)
Let ¢ € (LSUs.+)(C))ne. By Lemma 3.75, there exists a point v € B(z1, %) such that ¢(z1) # o(v).
Let jo € N be such that for each j € N with j > jo, B(21,5) C B(7Vn;,1(20),7). For each j € N
with j > jo, let b; := «a;(v) € Bj. By the Koebe distortion theorem, there exists a constant
C > 0 such that for each j € N with j > jo, d(z0,b;) < C||7;Lj71(zo)||s_1. Furthermore, since

¢ € C(C), there exists a number j; € N with j; > jo such that for each j € N with j > j,
lo(Vn,,1(20)) — @(v)| > %|gp(z1) — ¢(v)]. From these arguments, it follows that for each j € N with
J =z,

[p(20) — @(b;)| _ Pwn; =" Pun

d(zo7 bj)t = d(Z(), b])t |<p(,ynj71(zo)) - @(’Yn]yl(bj)”

1 .
Z SeiPwn,  Pun 75,1 (z0)[](21) = (v)| = o0 (j — o0).

Thus, we have proved statement 1.
Statement 2 easily follows from statement 1.
Thus, we have proved our lemma. O]

Lemma 5.49. Let m € N with m > 2. Let h = (hy,...,hy) € (Raty)™ and we set T' :=
{h1,ho, ... him}. Let G = (h1,... . hn). Let p= (p1,-...Pm) € W Let f : TN x C — I'N x C be
the skew product associated with T'. Let 7 := 3770 p;jop; € My (L) C Mi(P). Let (v,20) € J(f)
and let t > 0. Suppose that G is hyperbolic and h; *(J(G)) N hj_l(J(G)) =0 for each (i,7) with
i # j. Moreover, suppose that p(f™~ (7, z0)) - B(¥, 20) |71 (20) |5 = 0 as n — oco. Then for each
¢ € LS(U; ,(C)), lim SUp, ., % =0.

Proof. By Lemma 3.73, Jier(G) = 0. By Theorem 3.15-10, there exists an [ € N such that for each
¢ € LS(Uy-(C)), ML(p) = . For each w = (wy, ..., w;) € {1,...,m}, weset hy := Ry 0 -0hy,.
Then for each o, 8 € {1,...,m} with a # 3, h;*(J(G)) ﬁh;l(J(G)) = (). Let 79 > 0 be a number
such that for each o, 8 € {1,...,m}! with a # 3, if z € h;1(J(Q)), then hg(B(z,19)) C F(G).
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Since G is hyperbolic, we may assume that B(J(G),ro) € C\ P(G). We may assume that 2ry <
min{d(a,b) | a € J(G),b € P(G)}. We may also assume that for each ¢ € {1,...,m}! and for each
z € hc_l(J(G)), h¢ : B(z,r9) — C is injective. We set
1 —1 1 —1 1
cr = g min{min{[lhy, () [w e {1 om}, 2 € B(hy, ' (J(G))mo)}, 5}

By [29, Theorem 2.14 (2)], zo € J,. Hence, for each s > 0, there exists an n € N such that
diam(7y,1,1(B(%0,58))) > ciro. Let n(s) be the minimal number of the set of elements n which
satisfies the above. Then diam(7,,(s);,1(B(20,5))) < 3. Let € > 0 be a number. Let (w1, ws,...) €
{1,...,m}" be the sequence such that Vi = hw for each j € N. There exists a positive integer
ng SllCh that for each n € N with n > ng, py,, - pw1 711 (20)[[§ < €. For this ng, there exists an
s0 > 0 such that for each s with 0 < s < 59, n(s) > no. Let s be such that 0 < s < s0. Let g -
B(vn(sy,1(20),m0) — C be the well-defined inverse branch of Yn(s),1 such that o, ) (Vn(s),1(20)) =
20. We have o) (B(Vn(s)1,1(20):70)) D B(z0,5). Since diam(v,(sy1,1(B(20,5))) > ciro, by [21,
Theorem 2.4], we obtain mod(B(Vy(s)1,1(20),70) \ Yn(s),1(B(20,5))) < ¢}, where mod(-) denotes
the modulus of the annulus, and ¢} is a positive constant which depends only on ¢;. Thus we
obtain mod(a,(s)(B(Vn(s)1,1(20),70)) \ B(20,5)) < ¢|. Hence, by the Koebe distortion theorem,
there exists a constant ¢ > 0, which is independent of s, such that 1||O‘n( )(*yn(s)l 1(zo))|ls <

co. Hence 1 < ||y, (),1(%0)[|sc2. Combining these arguments and that LS(U;.(C)) Cra) (C)
(Theorem 3.15-1), it follows that for each z € B(zo,s) \ B(z0, 5) and each ¢ € LS(Us - (C)),

lp(x) —plz0)l _ 1
= e Pl () = el o))

215
< P+ Pun2lelloe < 27l lloo bl 1,1 (20) 5Py -+ Pun < 27 @ lloo e

So, we obtain that for each a € N, for each

Since 2t} is independent of s with 0 < s
(©)), % < 21| || soche. Hence, for

< s
z € B(z0, 5%) \ B(z20, 5247 ), and for each ¢ € LS(Uy »
(C)), M < 21|l soche. Thus, we have

each z € B(29,50) \ {20} and each ¢ € LS(Uy , T720)
proved our lemma. O

We now prove Theorem 3.88.
Proof of Theorem 3.88: By Lemma 3.73 and Proposition 3.63, G is mean stable and Jye (G) = 0.
By Theorem 3.15-10, there exists an [ € N such that for each ¢ € LS(Us - (C)), M (p) = ¢. Let
f N x C — I'N x C be the skew product associated with I'. Let ¢ > 0 be a number such
that (max(L;p;) - (max{[|P}(2)|s | j = 1,...,m,z € hj_l(J(G))})t < 1. Then for any e >
0 there exists a number ng such that for each (7y,20) € J(f) and each n € N with n > ny,
POy, 20)) - - p(, 20)||751.1(20)||% < €1. By using the argument in the proof of Lemma 5.49, we
obtain that for any e; > 0, there exists a number so > 0 such that for each (7, z0) € J(f), for each
z € B(zo,so)~\ {20}, and for each ¢ € LSU; . (C)), % < é2]|¢||loo- Combining this with
the fact m+(J(f)) = J(G) (see Lemma 4.5), it follows that there exists a constant C' > 0 such that
for each 21, 25 € J(G) and each ¢ € LS(Us - (C)), |¢(21) — p(22)] < Cll@llood(21, z2)*. Take any two
points wy, ws € C. For any two points a,b € (C let ab be the geodesic arc from a to b with respect
to the spherical metric. If wyws is included in F(G), then by Theorem 3.15-1, ¢(w1) = ¢(ws)
for each ¢ € LS(U; . (C)). Suppose that wiws is not included in F(G). Then there exists a point
w3 € wiwz N J(G) such that wiws \ {ws} C F(G), and there exists a point wy € wiwz N J(G)
such that waws \ {w4} C F(G). By Theorem 3.15-1, gp(wl) = p(ws) and p(ws) = p(wy), for
each ¢ € LS(Uy ,(C)). Therefore, for each ¢ € LS(U;-(C)), |o(w1) — o(ws)| = |p(ws) — o(wy)] <
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Cll@llood(ws, ws)t < Cll@llood(wr, ws)t. Therefore, for any ¢ € LS(Us +(C)), ¢ : C — C is t-Holder
continuous on C.
Thus, we have proved Theorem 3.88. O

In order to prove Theorems 3.82,3.84, we need a proposition and some lemmas.

Proposition 5.50. Let m € N with m > 2. Let h = (h1,...,hy) € (Raty)™ and we set T :=
{hi,ho, ... hin}. Let G = (h1, ..., hu). Letp = (p1,....pm) € Wiy Let f : TNxC — TN x C be the
skew product associated with T'. Let T := 27:1 PO, € M (T) C My (Raty ). Let v € My(J(f)) be
an f-invariant ergodic Borel probability measure. Let v := (7¢)«(7). Suppose that G is hyperbolic
and b7 (J(G)) N hj_l(J(G)) = 0 for each (i,7) with i # j. Then, there erists a Borel subset A

of J(G) with v(A) = 1 such that for each zy € A and each ¢ € (LS(Uf+(C)))ne, HOl(p, 29) =
u(h, p, D).

Proof. Let to := u(h,p, 7). Let t < to. Then ff(f) log(p(2)||f'(2)||%)dp(z) < 0. By Birkhoff’s ergodic
theorem, there exists a Borel subset A; of j(f) with D(flt) = 1 such that for each z € 4,

log (5" () -G G)IE) — / PRI 1) doz) asm— o

Hence, for each z € Ay, p(f"1(2))- - p(2)||(f*) ()| — 0 as n — oco. Let A, := WC(/L). From

Lemma 5.49, it follows that for each zg € A; and for each ¢ € (LS(Uy,-(C)))ne, lim,_. 5, % =
0.

We now let s > #o. By using an argument similar to that of the above, we obtain that there exists
a subset Bg of J(f) with #(Bs) = 1 such that for each z € B, p(f"~1(2)) - - p(2)[|(f™)'(2) |5 — o0

as n — 00. Let By = 7ma(B;). From Lemma 5.48, it follows that for each zy € B, and for each
¢ € (LS(Uy+(C)))ne, lim Sup, ., % = o0o. Let {t,}32, be a strictly increasing sequence
in R such that ¢, — ¢y as n — oo, and let {s,}52; be a strictly decreasing sequence in R such that
$p — to asn — oo. Let A :=("_, Ay, N._, Bs,. From the above arguments, it follows that

v(A) =1 and for each 2y € A and for each ¢ € (LS(Uy,7(C)))ne, Hol(p, 20) = u(h, p, 7). Thus, we
have proved our proposition. O

Lemma 5.51. Let h = (h1,...,hy) € P™ and we set T := {hy, ha, ..., hy}. Suppose that h; # h;
for each (i,5) withi # j. Let G = (h1, ..., hm). Letp = (1, .., Pm) € Whn. Let f : TNxC — TNxC
be the skew product associated with T. Let 7:= Y_7" | p;dn, € My (T) C My (P). Let p € My (J(f))
be the measure defined by (1, ©) := [ru( o (v, 2)dpy (2))d7 () for any ¢ € C(TN x C), where Ly 1S
the measure coming from Definition 3.78. Then, u is an f-invariant ergodic measure, m,(pu) = 7,
and p s the mazximal relative entropy measure for f with respect to (o,7) (see Remark 3.79).

Proof. By the argument of the proof of [17, Theorem 4.2(i)], p is f-invariant and ergodic, and
7. (1) = 7. Moreover, by the argument of the proof of [17, Theorem 5.2(i)], we obtain h,(f|o) >
[logdeg(1)d7(v) = YJ7", pjlogdeg(h;). Combining this with [28, Theorem 1.3(e)(f)], it follows
that p is the unique maximal relative entropy measure for f with respect to (o, 7). O

Lemma 5.52. Let h = (hq,...,hy) € P™ and we set ' := {hq, ha,..., hy}. Suppose that h; # h;
for each (i, j) with i # j. Let p = (p1,...,Pm) € Win. Let T := Z;":l P;on; € M (I') C My (P). Let
f:TN x C — N x C be the skew product associated with I'. Let p be the maximal relative entropy
measure for f with respect to (0, 7). Then [rw ¢ log || f'llsdp = 3272, pjlog deg(hy)+ [rw Q(v)dT (7).
Proof. For each v € TN, let d(v) = deg(v1) and R(v) := lim,_,o. (G~ (2) — log|z|). Moreover, we
denote by a(7) the coefficient of highest order term of ;. Since ﬁGa(v) (m(2)) = G4(z), we obtain
that R(o (7)) +logla(y)| = d(v)R(v) for each v € I'. Moreover, since dd“( [, log |w — z|dj (w)) =
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py and [ log|w — z|du, (w) = log |z| 4 o(1) as z — oo (see [23]), we have [ log|w — z|du (w) =
G- (z) — R(y) for each v € TN and z € C. In particular, v — R(v) is continuous on I'N. By using
the above formula, we obtain [ log |V (2)|du,(2z) = log |a(y)|+1logd(v) — (d(y) —1)R(v) + Q(v) for
each y € IV, In particular, v — [z log |{(2)|du(2) is continuous on I'Y. Furthermore, o, (7) = 7.
From these arguments and Lemma 5.51, we obtain

/FNxélog|f’|d,U = /FN d%(V)/CIOg|’Y£(Z)|du7(z)
- /r (logla(y)| +logd(y) = (d(v) = DR(Y) + Q) d7(7)

= /1“N (R(y) — R(a(y)) +logd(y) + Q(~)) d7 ()

Z/FN(logd(v)JrQ( ))d7(y ij log deg(h; )+/ Q(y)d7 (7).

j=1 ™

Moreover, since p is f-invariant, and since the Euclidian metric and the spherical metric are
comparable on the compact subset J(G) of C, we have [, alog|f'|dpw = [, ¢ log || f/||sdp.
Thus, we have proved our lemma. O]

We now prove Theorem 3.82.
Proof of Theorem 3.82: By Lemma 3.73 and Proposition 3.63, G, = G is mean stable and
Jrer(G) = 0. Since G is hyperbolic and h; ' (J(G)) Nk (J(G)) = 0 for each (i, ) with i # j, [27
Corollary 3.6] implies that 0 < dimy(J(G)) < 2. By [28, Theorem 4.3|, we obtain supp A = J(G).
Moreover, by [28, Lemma 5.1], A({z}) = 0 for each z € J(G). Thus we have proved statements
1-4.

Statement 5 follows from Proposition 5.50.

We now prove statement 6. Since 7. (p) = 7, [fw, qlogp dp = Z;"Zl pj log pj. Combining this
with Lemma 5.52, it follows that

— (2274 pilogpy)
>ty pylogdeg(hy) + [ Q) d7(v)

Moreover, by [28, Theorem 1.3 ()], h,(flo) = 3771, pjlogdeg(hy). Hence, h,(f) = hu(flo) +
ha. ) (0) = 3272 pjlogdeg(hy) =770 pjlogpj, where hy,(f) denotes the metric entropy of (f, 1)
Combining this with [28, Lemma 7.1], Lemma 5.52, and that 7 : J(f) — J(G) is a homeomor-
phism, we obtain that

u(h,p, p) =

Sty pjlogdeg(hy) — YT 1pj log p;
Z] 1Dj logdeg “"pr dT( )

where dimg(\) := inf{dimg (A) | A is a Borel subset of J(G), A\(A) = 1}. Hence, we have proved
statement 6.

We now prove statement 7. Suppose that at least one of items (a),(b), and (c) in statement 7
holds. We will show the following claim.

Claim: u(h,p,pn) < 1.

To prove this claim, let d; := degh; for each j. Suppose ZJ 1 p;jlog(pjd;) > 0. From state-
ment 6, it follows that u(h, p, ) < (- ijl D logpj)/(zj:1 pjlogd;) < 1. We now suppose P*(G)
is bounded. Then, Q(y) = 0 for each v € T'N. Combining this with the second inequality in state-
ment 6, we obtain E " 1 pjlog(pjd;) > 0. Thus, u(h,p, ) < 1. We now suppose that m = 2 and
P*(G) is not bounded. Then there exists an element o € TN such that Q(a) > 0. Since v — Q(v)

dimp (\) = (13)
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< log 2
= log 2+ [ Q(7)d7(v)
claim holds. From the above claim and statements 3-5, we easily obtain that statement 7 holds.

Thus, we have proved Theorem 3.82. O

is continuous on I'N, statement 6 implies that wu(h, p, i) < 1. Hence, the above

We now prove Theorem 3.84. We use the following notation.

Notation. Let (hy,...,h,) € (Rat)™. We set 2, == {1,...,m}N and ¥, := U?I:l{l, co,ml
Moreover, for each w = (wy,...,w) € L, we set |w| =k and hqy, := Ay, 0 -+ 0 Ry, -

Proof of Theorem 3.84: By Theorem 3.82-1, G is mean stable and Jie (G) = 0. Since G is
hyperbolic, [29, Theorem 2.17] implies that G is expanding in the sense of [31, Definition 3.1]. We
use the arguments in [31]. We now prove the following claim.

Claim 1: Under the assumptions of Theorem 3.84, there exists a k£ € N and a non-empty open
subset U of C such that U=k h;*(U) C U and for each w,w’ € {1,...,m}* with w # w’,
ha'(U) N b, H(U) = 0.

To prove this claim, since G is expanding, there exists a k € N such that inf__ ;) I ()| >

4. By [13, Theorem 2.4], we have J(G) = J({hy | |w| = k)). Moreover, by Lemma 4.5, 7a(J(f)) =
J(G). Take a number a > 0 such that for each w € {1,...,m}*, for each z € J(G), and for each
well-defined inverse branch ¢ : B(z,a) — C of hy, ||¢'(z)||s < 1/3 for each = € B(z,a). Let b > 0
be a number such that

1
b< 3 min{d(z,2') | z € hy' (J(G)), 2 € hy} (J(G)),w,w’ € {1,...,m}* w#w'}, and b < a.

Then B(hy'(J(G)),b) N B(h, (J(G)),b) =0 if |w| = |w'| = k and w # w'. Let U := B(J(G),b).
since h'(J(G)) C J(G), the above arguments imply that U o=k hy,*(U) C U, and for each
w,w' € {1,...m}* with w # w', hy'(U) N h,H(U) = 0. Thus, we have prove Claim 1.

Let A := {hy | |w| = k}. Then J((A)) = J(G). Let J : AN x C — AN x C be the skew
product map associated with A. For each ¢t > 0, let L} : C(J(G)) — C(J(G)) be the operator
defined by Lj(¢)(2) = 3=k 2nu (m)== YIRS " By [31, Theorems 1.1, 1,2, Lemma 4.9],
there exists a unique element v € My (J(G)) such that L§'v = v. Moreover, by [31, Theorem
1.2], 0 < H%(J(G)) < oo and v = HO/(H?(J(G))). Furthermore, by [27, Corollary 3.6], 0 <
§ < 2. For each t > 0, let Ly : C(J(f)) — C(J(f)) be the operator defined by L(p)(z) =
> f(y)== eI f (W5t and let Ly : C(J(G)) — C(J(G)) be the operator defined by L:(¢)(z) =
Z;”:l > h (o)== PR (y)||5t. By [31, Theorem 1.1, Lemma 3.6, Lemma 4.7], there exists a to > 0
satisfying the following:

(a) there exists a unique %y € My (J(f)) such that E;fo (Po) = Po;

(b) the limits &g := lim;_ Eio(l) € C(J(f)) and ag := lim;_. L} (1) € C(J(G)) exist; and

(¢) po = qoip € Mi(J(f)) is f-invariant and ergodic, and min,¢ j(g) ao(z) > 0.

Let vy := (mg)«(0) € M (J(G)). Since (L, )* = Lj,, Ly (v) = vo. Hence, by [31, Lemma 4.9], we
obtain that ty = J, 9 = v. From these arguments, statements 2—4 hold.
We now prove statement 5. From the above argument, &y = & and oy = . Moreover, p := pg
is f-invariant and ergodic. From Proposition 5.50, it follows that there exists a Borel subset A
of J(G) with H*(A) = H’(J(G)) such that for each zp € A and for each ¢ € (LS(Us.+(C)))ne,
Hol(y, 20) = u(h, p, p). Moreover, by [31, Lemma 4.7], o o ms = @&. Therefore, statement 5 holds.
Thus, we have proved Theorem 3.84. O

6 Examples
We give some examples to which we can apply Theorem 3.14, Theorem 3.15, Theorem 3.22, Propo-

sition 3.26, Theorem 3.31, Theorem 3.34, Proposition 3.63, Theorem 3.82, Theorem 3.84, Corol-
lary 3.87, and Theorem 3.88.
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Proposition 6.1. Let f; € P. Suppose that int(K(f1)) is not empty. Let b € int(K(f1)) be a
point. Let d be a positive integer such that d > 2. Suppose that (deg(f1),d) # (2,2). Then, there
exists a number ¢ > 0 such that for each A € {A € C: 0 < |\ < ¢}, setting fr = (fa1, fr2) =
(fi, Mz =)+ b) and Gy := (f1, fr.2), we have all of the following.

(a) fx satisfies the open set condition with an open subset Uy of C (i.e. N U MUF 5(Uy\) C Uy
and 5 H(U3) 1 f3(00) = ). F1(G) N T3 (G) = 0. int(J(Ga) = 0, Jen(Gn) =0,
GA(K(f1)) C K(f1) Cint(K(fx2)) and § # K(f1) C K(G»).

(b) If K(f1) is connected, then P*(Gy) is bounded in C.

(¢) If f1 is semi-hyperbolic (resp. hyperbolic) and K(f1) is connected, then Gy is semi-hyperbolic
(resp. hyperbolic), J(Gy) is porous (for the definition of porosity, see [32]), and dimy (J(G))) <
2.

Proof. Conjugating f1 by a Mdébius transformation, we may assume that b = 0 and the coefficient

of the highest degree term of f; is equal to 1. Let 7 > 0 be a number such that B(0,7) C int(K(f1)).

We set d; := deg(f1). Let @ > 0 be a number. Since d > 2 and (d,dy) # (2,2), it is easy to see
1

that (Z )i > 2 (2( )ﬁ>a if and only if

d(d = 1)d, ! log1 — 1logvﬂ). (14)

1 d=Ddr g L
ogar < g qlos2 = g log s — 5

We set

d(d —1)d; 101 1
= —————(log2 — —log = — =1 0 . 15
coimexp (1 log2 — - og )~ J1oen)) € (0.0 (15)

Let 0 < ¢ < ¢o be a small number and let A € C be a number with 0 < |A] < c¢. Put
fr2(2) = Az¢. Then, we obtain K(fy2)={z€C||z| < (IM)d T} and
— T 1
fraze€Cllzl=1}) ={z€C||z| = (m)d}
Let D) := B(0,2( IM) T ). Since f1(z) = 241 (14+0(1)) (2 — o), it follows that if ¢ is small enough,
then for any A € C with 0 < |A| < ¢,

frH(Dy) c {z eCllz|<2 (2(&)@)h}.

frHDx) € fra({z €C el <)) (16)

Hence, setting Uy := (int (K (f3,2))) \ K(f1), fi '(Ux) U f55(Ux) C Ux and f{H(Ux) N fr5(Ox) =
f. We have J(Gy) C Uy C K(fr2) \ int(K(f1)). In particular, f)\_i(J(GA)) N f)\_;(J(G,\)) =10
and (int(K(f1))) U (C\ K(fr2)) C F(G»). By [27, Theorem 2.3], int(J(G»)) = 0. Moreover,
by Lemma 3.73, we obtain that Jie,(Gx) = 0. Furthermore, (16) implies that fx2(K(f1)) C
int(K(fl)). Thus, G)\(K(fl)) - K(fl) C int(K( )\72)) and 0 7’5 K(fl) - K(G)\)

We now assume that K(f;) is connected. Then we have P*(G)) = UgeG; g(CV*(f1) U
CV*(fr2)) C K(f1), where CV*(-) denotes the set of all critical values in C. Hence, P*(G))
is bounded in C.

We now suppose that f; is semi-hyperbolic and K (f;) is connected. Then there exist an N € N
and a 6; > 0 such that for each x € J(f;) and for each n € N, deg(f* : V — B(x,01)) < N
for each connected component V of f;"(B(z,d1)). Moreover, f)\_%(.](fl)) N K(hy) = 0 and so

This implies that
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Frs(J(f1)) € C\ P(G)). From these arguments and [29, Lemma 1.10], it follows that there exists
a 0 < 0y(< 1) such that for each z € J(f1) and each g € Gy, deg(g : V — B(x,85)) < N for
each connected component V of g~ (B(z,d2)). Since P*(Gy) C K(f1) again, we obtain that there
exists a 0 < d3(< d2) such that for each = € J(Gy) and each g € Gy, deg(g : V — B(z,d3)) < N
for each connected component V of g=!(B(z,d3)). Thus, G, is semi-hyperbolic. Since J(G,) C
SO U f55(Ux) G Uy, [32, Theorem 1.25] implies that J(G,) is porous and dimg (J(G))) < 2.

We now suppose that f1 18 hyperbolic and K(f) is connected. Then we may assume that the
above N is equal to 1. Therefore, G is hyperbolic.

Thus we have proved our proposition. O

Example 6.2 (Devil’s coliseum). Let g1(2) := 2% — 1,¢2(2) := 22/4,hy = ¢?, and hy := g2. Let
G = (hy,hs) and 7 := 2?21 165, Then it is easy to see that setting A := K (h2)\D(0,0.4), we have
D(0,0.4) C int(K(hy)), ho(K (h1)) C int(K (h1)), hy ' (A)Uhy ' (A) C A, and hy (A)Nhy H(A) = 0.
Therefore hi ' (J(G)) Nhy*(J(G)) = 0 and 0 # K (h) € K(G). Moreover, using the argument in
the proof of Proposition 6.1, we obtain that G is hyperbolic. By Lemma 3.73, Jxer(G) = 0. By
Theorem 3.22 and Lemma 3.75, we obtain that T, ; is continuous on C and the set of varying
points of T - is equal to J(G). Moreover, by Theorem 3.82, dimy (J(G)) < 2 and for each non-
empty open subset U of J(G) there exists an uncountable dense subset Ay of U such that for each
z € Ay, T+ is not differentiable at z. See Figures 2, 3, and 4. T, is called a devil’s coliseum.
It is a complex analogue of the devil’s staircase.

Figure 2: The Julia set of G = (hy, ha), where g1(2) := 22 — 1,92(2) := 22/4,h1 = g}, ha 1= g3.
We have Jier(G) = 0 and dimg (J(G)) < 2.

Figure 3: The graph of T, ., where 7 = 2?21 %5;“ with the same h; as in Figure 2. T,
is continuous on C. The set of varying points of T . is equal to J(G) in Figure 2. A“devil’s

coliseum” (A complex analogue of the devil’s staircase).

We now present a way to construct examples of (hi,hz) € P? such that G = (hy,ho) is

hyperbolic, _, h; ' (J(G)) = 0, and K(G) # 0.
Proposition 6.3. Let g1, g2 € P be hyperbolic. Suppose that (J(g1)UJ(g2))N(P(g1)UP(g2)) =0,
K(g1) C int(K(g2)), and the union A of attracting cycles of g in C is included in int(K (g1)). Then,
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Figure 4: Figure 3 upside down. A “fractal wedding cake”.

there exists an m € N such that for eachn € N withn > m, setting h; », = g and G,, = (h1,n,ho ),
we have that Gy, is hyperbolic, hfi(](Gn)) N h;:l(J(Gn)) =0, and 0 # K(g1) C K(Gp).

Proof. Let € > 0 be a number such that B(J(g1) U J(gz2),2¢) N B(P(g1) U P(g2),2¢) = 0.
m € N be a number such that for each n € N with n > m, we have ¢5(K(¢1)) C K(¢1),
Nz " (B(I(91) U (g2),€) = 0, U9 "(B(J(91) U J(92),€) € B(J(g1) U J(g2).¢), and

Uiz:1 g7 (B(P(g1) U P(g2),€)) C B(P(g1) U P(g2),€). Let n > m. Then for each n > m, J(G,) C

B(J(g1) U J(g2), €). Hence hi,(J(Gn)) N g, (J(Gn)) = 0. Since Ui, CV(hin) C P(g1) U Plg2),

we obtain that P(G,) = G*(UZ 1 CV(hin)) € B(P(g1) U P(g2),€), where CV(-) denotes the
PG

set of all critical values. Therefore J(G,) N n) = 0. Thus G,, is hyperbolic. Furthermore,
0 # K(g1) C K(G,). Thus we have proved our proposition. O

Proposition 6.4. Let m € N and let g = (g1,...,9m) € P™. Let G = (g1,. .., gm). Suppose that
g7 (J(@) N g;l(J(G)) = 0 for each (i,j) with i # j, that G is hyperbolic, and that K(G) # 0.
Then, there exists a neighborhood U of g in P™ such that for each h = (hq,...,hy) € U, setting
H = (hy,...,hy), we have that h; *(J(H)) N hj_l(J(H)) =0 for each (i,j) with i # j, that H is
hyperbolic, and that K (H) # 0.

Proof. By [26, Theorem 2.4.1], there exists a neighborhood V of ¢ such that for each h =
(Riy... hy) € V, setting H = (hy,..., hy), we have that h; '(J(H)) N h;l(J(H)) = () for each
(i,7) with i # j, and that H is hyperbolic. Since K(G) # 0, there exists a minimal set L for
(G,C) with L ¢ K(G). By Theorem 3.15-18, L € A(G) C P(G). Since G is hyperbolic, it follows
that L C int(K(G)). Let € > 0 be a number such that B(L,2¢) C int(K(G)). By Lemma 5.42,
there exists an | € N such that for each (i1,...,4;) € {1,...,m}, g;, -~ g, (B(L,2¢)) C B(L,e).
Then there exists a neighborhood W of g in P™ such that for each (iy,...,i;) € {1,...,m}!
and for each h = (h1,...,hy) € W, hy, -+ hy (B(L,2€)) C B(L,2¢). Hence for each h € W,
B(L,2¢) € K({(hy,...,hny)). Let U=V NW. Then this U is the desired neighborhood of g. O

We now give an example to which we can apply Lemma 5.48-2.

Proposition 6.5. Let (91,92) € P? and let (p1,p2) € Wa. For each n € N, we set hy, =
gt hom =05, Gp = (hin, hoy), and 7, = Z? 1Pj0n;.,,- Suppose that ﬂj 195 YI(G) =0, G4
is hyperbolic and K(G1) # 0. Then, there exists an m € N such that for each n e N with n > m,
(1) Gy is hyperbolic, (2) (Voy h71((Gn)) = 0, (3) K(Gn) 0, (4) (LSWUs,r(€)))ne # 0, (5) for
each j =1,2,, 1 < p;min{||h}, (2)|s | = € h_l( (Gn))}, and (6) for each zp € J(G,) and for each

@ € (LS(Us+(C)))ne, lim Sup, ., % = 0o and ¢ is not differentiable at z.
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Proof. Since Gy is hyperbolic, by [29, Theorem 2.17], there exists an m € N such that for each
n € N with n > m, 1 < p;min{||h} ()]s | z € hJ_Tll(J(Gn))} By Lemma 5.48-2, our proposition
holds. O

Remark 6.6. Combining Proposition 6.1, Proposition 6.3, Proposition 6.4, Proposition 3.63,
and Remark 3.42, we obtain many examples to which we can apply Theorem 3.15, Lemma 3.75,
Proposition 5.50, Theorem 3.82, Theorem 3.84, Corollary 3.87, and Theorem 3.88. Moreover,
combining Proposition 6.1, Proposition 6.3, Proposition 6.4 and Proposition 6.5, we obtain many
examples to which we can apply Lemma 5.48-2.

We now give an example of 7 € M (P) such that Jxe (G-) = 0 and such that there exists a
minimal set L € Min(G,,C) with LN J(G,) # 0.

Example 6.7. Let f; € P and suppose that f; has a parabolic cycle a. Let b be a point of the
immediate basin of a. Let d € N with d > 2 such that (deg(f1),d) # (2,2). Then by Proposition 6.1,
there exists a ¢ > 0 such that for each a € C with 0 < |a| < ¢, setting f> := a(z — b)? + b and
G = (f1, f2), we have f'(J(G)) N f3 1(J(G)) = 0 and G(K(f1)) C K(f1) C int(K(f2)). Let
p = (p1,p2) € Ws and let 7 = Zlepiéfi. Then by Lemma 3.73, Jyer(Gr) = Jker(G) = 0. Since
G(K(f1)) € K(f1) C int(K(f)), there exists a minimal set L for (G, C) such that L C K(f1).
Since b belongs to the immediate basin of « for fi, it follows that o« C L. In particular, LNJ(G,) #
0.

We now give an example of small perturbation of a single map.

Example 6.8. Let D := {z € C | |z| < 1}. Let R: C x D — C be a holomorphic map such that
for each z € C, ¢ — R(z,¢) is non-constant on D. We set R.(z) := R(z, ¢) for each (z,¢) € C x D.
Let m € N and suppose that Ry has exactly m attracting cycles ai,...,am. For each j, let A;
be the immediate basin of «; for Ry. Then by [9, Theorem 0.1] and Theorem 3.15, there exists
a dg > 0 such that for each 0 < § < &y, denoting by 75 the normalized 2-dimensional Lebesgue
measure on D(0,4), we have (1) 75 is mean stable, (2) Jier(Gr) = 0, (3) tMin(G,,,C) = m, (4)
for each L € Min(G,,,C), there exists a j such that L C A;, and (5) for each L € Min(G,,,C),
rr, = dimc(LS(Uy,-(L))) is equal to the period of a; for Ry.

We now give an example of higher dimensional random complex dynamics to which we can
apply Theorem 3.14.

Example 6.9. Let h € NHM(CP™). Suppose that int(.JJ(h)) = @ and there exist finitely many
attracting periodic cycles aq, ..., a,, such that for every z € F(h), d(h"(2), U;":l a;) —0asn —
00. Then, there exists a compact neighborhood T" of h in NHM(CP") such that I is mean stable,
such that Jier((I')) = 0, and such that for any 7 € 9 (NHM(CP")) with I'; =T, Lebg,(J5) = 0
for 7-a.e. v € (NHM(CP"))N. For, if I' is small enough, then there exists a neighborhood U of
U;ﬁ:l aj such that (I)(U) c U ¢ U C F({I')). Moreover, for each z € CP", there exists a g € T’
such that g(z) € F(h). Thus I is mean stable and Jie;((I')) = 0. By Theorem 3.14, it follows that
for each 7 € 9 (NHM(CP")) with I, =T, Leba, (J,) = 0 for 7-a.e. v € (NHM(CP"))N.

We now give an example of 7 with Jie (G-) # 0 to which we can apply Theorem 3.71.

Example 6.10. Let 0 < a < 1 and let g;(z) = 2. Let go € P be such that J(g2) = {z € C |
|z 4+ a| = |1+ al}, g2(1) =1 and g2([1,00)) C [1,00). Let | € N with [ > 2 and let o C J(g2) be a
repelling cycle of go of period I. Then there exists an m € N such that P((g7", ¢5")) C F ({97, 95"))
and g% (o) C Foo({91,92)) C Foo({gT", g5*)). Let hy := ¢g7* and he := ¢g5*. Let (p1,p2) € W and
let 7 := 2?21 pidn,. Then we have 1 € Jier(G-) N OF(G-), G is hyperbolic, and a C Fy;(7)
(see Lemma 4.3). Thus Tt , is discontinuous at 1, 1 € J9(7), and Tw , is continuous at each
point of a (see Lemma 5.25). Moreover, by Theorem 3.71, we have dimg (.J), (1)) < MHD(7) < 2,

Imeas(T) = M1 (C), and J (1) = J(G,).
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We now give an example of 7 with Jie (G-) # 0 to which we can apply Theorem 3.48.

Example 6.11. Let g1(z) = 22 — 1. Let a = % Then gi(a) = a € J(g1). Moreover, —1 is
a superattracting fixed point of g?. Let b := # Then it is easy to see that b belongs to the
immediate basin A; of 0 for the dynamics of g7. Let g2 € P be such that J(g2) = {2 € C | |z —b| =
a — b}, g2(a) = a and ga(—1) = —1. Let € > 0 be a small number so that b — € belongs to A;. Let
c=0b—c¢ Let g3 € P be such that J(g3) = {2 € C ||z —¢c| =a—c} and g3(a) = a. Then b is an
attracting fixed point of go, ¢ is an attracting fixed point of g3, {b,c} is included in Ay, {0,c} is
included in the immediate basin Az of b for ga, and {0,b, —1} is included in the immediate basin
Az of ¢ for g3.

Let m € N be sufficiently large and let hy = ¢?™, hy = g%, and hy = g§*. Let G =
(h1,ha,hs). Then UH(G) N J(G) = P(G)NJ(G) = {-1}, =1 ¢ Jker(G) and a € Jyer(G). Let
(p1,p2,p3) € W5 and let 7 = Z§:1 pidp,. By Theorem 3.48, we obtain that (1) for 7-a.e. v € PN,
Lebo(J,) = Leba(Jyr.) = 0, (2) Leby(J9, (7)) = 0, and (3) for Leby-ae. y € C, T r is con-
tinuous at y. Moreover, since —1 is a superattracting fixed point of h; and —1 € J(hg), setting
p = (hi,h1,h1,...) € X,, we have —1 € int(J,r,) (see [32, Theorem 1.6(2)]). Therefore for each
B € Upeno "(p), int(Jsr,) # 0. Note that Uneno " (p) is dense in X.. Thus, (I) for 7-a.e.
v € X;, Leby(J,r,) = 0, and (II) there exists a dense subset B of X, such that for each § € B,

int(jg)pT) # 0.
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