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Abstract

We consider non-i.i.d. random holomorphic dynamical systems whose choice of
maps depends on Markovian rules. We show that generically, such a system is mean
stable or chaotic with full Julia set. If a system is mean stable, then the Lyapunov
exponent is uniformly negative for every initial value and almost every random orbit.
Moreover, we consider families of random holomorphic dynamical systems and show
that the set of mean stable systems has full measure under certain conditions. The
latter is a new result even for i.i.d. random dynamical systems.

1 Introduction

1.1 Background

We consider random dynamical systems (RDSs) of rational maps on the Riemann sphere
C. The study of RDS is rapidly growing. The previous works find many new phenom-
ena which cannot happen in deterministic dynamics, which are called noise-induced
phenomena or randomness-induced phenomena. For example, chaotic dynamics can be
more chaotic if one adds noise, and more surprisingly, chaotic dynamics can be more
stable because of noise. The latter phenomena are called noise-induced order. For de-
tails on randomness-induced phenomena, the reader is referred to the authors’ previous

paper [20] and references therein, say [@, @, 8, [, IR, 19, 21)].
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However, most of the previous studies concerned i.i.d. random dynamical systems.
It is very natural to generalize the settings and consider non-i.i.d. random dynamical
systems. In this paper, we especially treat random dynamical systems with “Markovian
rules” whose randomness depends on the past.

Our studies may be applied to the skew products whose base dynamical systems
have Markov partitions. We believe that this research will contribute not only toward
mathematics but also toward applications to the real world. One motivation for studying
dynamical systems is to analyze mathematical models used in the natural or social
sciences. Since the environment changes randomly, it is natural to investigate random
dynamical systems which describe the time evolution of systems with probabilistic terms.
In this sense, it is very important to understand “ Markovian ” noise since there are a
lot of systems whose noise depends on the past.

The authors found a noise-induced phenomenon which can happen in Markov RDSs
but cannot happen in i.i.d. RDSs, see [20, Main Result 6]. This exhibits the difference
between non-i.i.d. and i.i.d. RDSs and motivates us to study non-i.i.d. RDSs.

In this paper, we show some results regarding noise-induced order which greatly
deepen the results in [20]. RDS with Markovian noise is the theme of this paper. In
[20], the authors introduced Markov random dynamical systems quite generally but in
this paper, we are concerned with rational maps and define such systems as follows. The
properties of holomorphic functions allow us to control minimal sets and to study global
(random) dynamics. For example, we use Montel’s Theorem and hyperbolic metric to
show our results. Let Rat, be the space of all rational maps of degree two or more from

C to itself endowed with the metric k(f,9) == sup, .z d(f(2),9(2)), where d denotes the

spherical distance on C.

Definition 1.1. Let m € N. Suppose that m? regular Borel measures (Tij)i j=1,....,m on
Raty satisfy >0 75(Raty) = 1foralli =1,...,m. We call 7 = (7i5);,j=1,...,m a Markov
random dynamical system (MRDS for short). We say that 7 is compactly generated if
supp 7;; is compact for each 4,5 =1,...,m.

For a given MRDS 7 = (74;); j=1,...,m, we consider the Markov chain on C x {1,...,m}
whose transition probability from (z,i) € C x{1,...,m} to B x {j} is defined by

7i;({f € Raty; f(2) € B}),

where B is a Borel subset of C and j € {1,...,m}. This (time-homogeneous) transition
function defines the one-point motion on C x {1,...,m}. We can construct skew-product
maps also as a representation of Markov RDSs, see Definition 2.29 of [20] and 2.1.6
Theorem (RDS Corresponding to Markov Chain) of Arnold’s book [I]. For general
relation between Markov chain and random mappings, see pp. 53-55 of [l].

The Markov chain induced by 7 = (74j)ij=1,.,m describes the following random
dynamical system on the phase space C. Fix an initial point zg € C and choose a vertex
i =1,...,m (with some probability if we like). We choose a vertex iy = 1,...,m with
probability 7;;, (Rat4) > 0 and choose a map f; according to the probability distribution



Tiiy [ Tiiy (Raty). Repeating this, we randomly choose a vertex i, and a map f, for each
n-th step. In this paper, we investigate the behavior of random orbits of the form
fno---0 fao fi(z0). For the general theory of RDSs, see Arnold’s book [m].

By extending the phase space from C to C x{1,...,m}, we can represent MRDSs
as naive Markov chains. This simple representation enables us to analyze MRDSs intu-
itively.

Note that our definition is a generalization of i.i.d. RDS and deterministic dynamics.
If m = 1 then our definition coincides with i.i.d. RDS on C induced by 7 = 7q;. Besides, if
711 is the Dirac measure ¢y at f € Rat, then our definition treats dynamics of iteration
of f essentially.

1.2 Definitions

For an MRDS 7, we define the following set-valued dynamics. We present our results in
the next subsection 3.

Definition 1.2. Let 7 = (Tij)i’jzlw_,m be an MRDS. We consider the directed graph
(V, E) in the following way. We define the vertex set as V := {1,2,...,m} and the edge

set as
E:={(i,j) € VxV; 1;;(Raty) > 0}.

Define i : E — V (resp. t : E — V) as the projection to the first (resp. second)
coordinate and we call i(e) (resp. t(e)) the initial (resp. terminal) vertex of e € E.
We call (V, E) the associated directed graph of 7. Also, for each e = (i,j) € E, we
define I'; := supp 7;;. Set S; := (V, E, (I'¢)eck), which we call the graph directed Markov
system (GDMS for short) induced by 7. We say that 7 is irreducible if the associated
directed graph (V, E) is (strongly) connected.

Although one may think that our concept is similar to that of [I1], ours is completely
different from [IT]. Mauldin and Urbanski are concerned with the limit sets of systems
of contracting maps, but in this paper, we discuss the dynamics and the Julia sets of
GDMS consisting of rational maps which may have expanding property somewhere in
the phase space.

We denote by Poly the set of all polynomial maps of degree two or more. We work
on subfamilies of Rat which satisfy the following non-degenerate condition.

Definition 1.3. We say that a non-empty subset X of Rat, is non-degenerate if there
exist an open subset A of Rat; and a closed subset B of Rat; such that X = AN B
and at least one of the following (i) and (ii) holds.

(i) For each (fo,20) € X x C, there exists a holomorphic family {90}oco of rational
maps parametrized by a finite dimensional complex manifold © (i.e., g9 € Rat
for each 6 € © and (z,6) — gp(2) is a holomorphic map from C xO to (AJ) with
{g0;0 € ©} C X such that gg, = fo for some 0y € © and 6 — gg(zp) is non-constant
in any neighborhood of 6.



(i)

X C Poly and for each (fy, z0) € X x C, there exists a holomorphic family {gs}gco
of rational maps parametrized by a complex manifold © with {gg; 0 € O} C X such
that gg, = fo for some 6§y € © and 0 — gy(zp) is non-constant in any neighborhood
of 90.

Definition 1.4. Let X C Raty. Define MRDS(X) as the space of all irreducible Markov
random dynamical systems 7 such that the topological support supp 7. is compact and
contained in X for each e € E, where E is the set of directed edges of the associated
directed graph of 7.

We endow MRDS(X) with the following topology. A sequence {7"},en in MRDS(X)
converges to 7 € MRDS(X) if and only if

(i)

(i)

(iii)

the associated directed graph of 7" is equal to (V, E) for sufficiently large n, where
(V, E) denotes the associated directed graph of T,

the sequence of compact sets {supp 7' },en converges to supp 7. with respect to
the Hausdorff metric for each directed edge e € E, and

the sequence of measures {72 },en converges to 7. for each e € E in the weak*-
topology.

Definition 1.5. Let S, = (V, E, (I'c)ccr) be the GDMS induced by an MRDS 7.

(i)

(i)

(iii)

(iv)

A word e = (e1,ea,...,en) € EV with length N € N is said to be admissible if
t(en) = i(ept1) for all n = 1,2,..., N — 1. For this word e, we call i(e;) (resp.
t(en)) the initial (resp. terminal) vertex of e and we denote it by i(e) (resp. t(e)).

We set

(S7) =={fno---0fao fi
NeN, f, el tle,) =ilent1)(Yn=1,...,N — 1)},
H;(S;):={fnvo---0faof1 € H(S:);
NeN,f, el  tlen) =ileny1)(Vn=1,....N —1),i =i(e1)},
HI(S;):=={fno- o frofi € Hi(S:);
NeN, f,el.  tle,) =ilent1)(Yn=1,...,N —1),i =i(e1),t(en) = j}.

For each i € V, we denote by Fj(S:) the set of all points z € C for which there
exists a neighborhood U of z in C such that the family . v (S ) of maps on C
is equicontinuous on U. The set F;(S; ) is called the Fatou set of Sr at the vertex i,
and the complement J;(S;) := C \F;(S;) is called the Julia set of S; at the vertex
i.

Set F(S;) i= Uy Fi(Ss) x {i} and J(S,) := Uy Ji(S5) x {i}.

We refer the readers to [20] for examples of Julia sets of GDMSs and MRDSs.



1.3 Main Results

In this subsection, we present the main results (Main Results BHO) of this paper. We
first consider mean stable systems.

Definition 1.6. Let 7 € MRDS(Rat,). We say that 7 is mean stable if the associated
GDMS S; satisfies the following. There exist N € N and two families of non-empty open
sets (U;)iev and (W;);cy such that

(1) U, cU; c W; CW; C F,(S,) for each i € V,

(IT) for each admissible word e = (ey,...,en) with length N and each f,, € I, (n =
1,...,N), we have fyo---o fi( Ze))CUt(e),and

(IIT) for each z € C and i € V, there exist j € Vand h € Hij(ST) such that h(z) € Wj.

Fornaess and Sibony proved in [7] that small “random perturbations” of iteration of a
single map give examples of mean stable systems, although they do not use the concept
of mean stability. In this paper, we show that there exist a lot of mean stable systems
in the space of MRDS. See also Example B2.

We show that if 7 is mean stable, then for every initial value, the sample-wise dy-
namics is contractive and the Lyapunov exponent is negative almost surely with respect
to the probability measure 7 on (Rat, x E)N (Main Results @ and B). Here, 7 is the
measure naturally associated with the Markov chain on C x{1,...,m} induced by 7.
See Definition B0 or [20, Lemma 3.4].

Remark 1.7. If an MRDS 7 is mean stable, then the kernel Julia set is empty. In
other words, for every ¢ € V and for every z € C there exist j € V and h € H] (S7)
such that h(z) ¢ J;(S-), see [20]. This property implies some interesting results. For
instance, almost every random Julia set has Lebesgue measure 0. That is, there exists a
Borel set & with 7(®) = 1 such that for every (f,,e,)s2; € &, the Lebesgue measure
of the complement of the set of all points z € C for which there exists a neighborhood
U of z in C such that the family {fno---0o f1}22, is equicontinuous on U is 0. See [0,
Proposition 3.11].

Additionally, for each attractor (attracting minimal set) A, the probability of random
orbits tending to A depends continuously on initial points. See [20, Proposition 4.24]
and [I”7]. For the definition of attracting minimal set, see Definition PZ2.

Main Result A (Theorem BTT). Let 7 € MRDS(Rat, ) be a mean stable system. Then
we have all of the following.

(i) There exists a constant ¢ € (0, 1) satisfying that for each z € @ there exists a
Borel subset § of (Rat, xE)N with 7(F) = 1 such that for every (fn, en)ol €5,
there exist 7 = (2, (fn,€n)52 ;) > 0 and K = K(z, (fn,en)52;) > 0 such that

diam f,, 0 ---o f1(B(z,r)) < K"

for every n € N. Here, we set diamA = inf, yc4 d(x,y) for any A C C.



(ii) For each z € C, there exists a Borel subset § of (Raty xE)N with 7(F) = 1 such
that for every (fpn,en)n2, € §, there exists an attracting minimal set (L;);ey such
that d(fn oo f1(2), Lye,)) — 0 as n — oc.

(iii) For every i € V, the kernel Julia set Jier,i(Sr) := (jev ﬂheH{(S) h=1(J;(9)) at i
is empty.

(iv) There exists a Borel subset ® of (Raty x E)N with 7(®) = 1 such that for every
€ = (fn,en)s>; € &, the (2-dimensional) Lebesgue measure of the Julia set Je is
zero. Here, the Julia set J¢ of £ is the complement of the set of all points 2 € C for
which there exists a neighborhood U of z in C such that the family {fno---0f1}52,
is equicontinuous on U.

(v) There exist at most finitely many minimal sets of S;. Moreover, each minimal set
of S; is attracting. Also, for every minimal set L. = (L;)icv of S;, we define the
function Tr,: CxV — [0, 1] by

T]L(Zvi) = %Z({g = (fnaen)nGI\U d(fn 0 fl( ) Lt (en) ) —0 (n — OO)})

for every point (z,i) € C xV. Then Ty, is continuous on C xV. Also, averaged
function T1,(z) := > ,cy piTL(2,4) is continuous on C, where (p1,...,pm) is the
probability vector in Definition BT0.

(vi) Suppose T has exactly ¢ minimal sets L1, Lo, ...,L;. Then
T, (2) + Ty (2) + -+ T,(2) =1

for every z € C.

Main Result B (Theorem BT2). Let 7 € MRDS(Rat) be a mean stable system. Then
there exists a < 0 such that the following holds. For each z € C, there exists a Borel set
§ with 7(§) = 1 such that for every (fn,en)22, € §, we have

lim sup — logHD(fn 0 f1)2)| £ a.

n—oo

Here, Dg(z) denotes the complex differential of a holomorphic map ¢ at z and || - ||
denotes the norm with respect to the spherical metric.

These phenomena cannot happen in deterministic dynamical systems of a single map
f € Rat, since, in deterministic dynamical system of a rational map f € Rat, it is well
known that the following holds for the Julia set J(f) of f. For every neighborhood O of a
point of the Julia set J(f), there exists N € N such that f°*(O) > J(f) for every n > N.
Here, f°" denotes the n-th iterate of f. Note that diam J(f) > 0. We refer the readers to
Milnor’s book [[4] or Carleson and Gamelin’s book [B] for details. Besides, it was shown
by Maiié [I0] that the set of all points z € C with liminf,_. n~*log [|[Df°"(z)| > 0 has



positive Hausdorff dimension. In this sense, Main Result Al and Main Result B describe
noise-induced order.

We next consider how many mean stable systems exist. For our purpose, we give the
following definition.

Definition 1.8. Let X C Rat;. Define A(X) as the set of all 7 € MRDS(X) which
are mean stable. Further, define C(X) as the set of all 7 € MRDS(X) which satisfy
J(S;) = CxV and UheH?(ST){h(Z)} = C for each i,j € V and z € C.

Note that for each 7 € C(X), the set-valued dynamics of S; is topologically chaotic,
which also describes a noise-induced phenomenon. See Example BZZ1. We present the
following results regarding the thickness of A and C.

Main Result C (Corollary BT3 and Theorem B=Z2). Let X C Raty. Then the set
A(X) is open in MRDS(X). Moreover, if X is non-degenerate, then the disjoint union
A(X)UC(X) is dense in the space MRDS(X).

As a corollary, we have the following result regarding the polynomial dynamics.

Corollary 1.9 (See Corollary BI8). Let X be a non-degenerate subset of Poly. Then
the set A(X) is open and dense in MRDS(X). In particular, the set A(Poly) is open
and dense in MRDS(Poly).

Corollary 9 is related to the famous conjecture of Hyperbolic Density (HD conjec-
ture). See McMullen’s book [I3] for details. The dynamics of iteration of a hyperbolic
rational map f has the following properties, which is somewhat similar to the dynamics
of a mean stable system. A hyperbolic rational map f is expanding on the Julia set
whose area is zero, and every orbit is contracted to an attracting cycle with negative
Lyapunov exponent on the Fatou set. The set of all hyperbolic rational maps is conjec-
tured to be open and dense in the space Rat,. We solved the RDS version of the HD
conjecture in some sense.

Main Result O is also related to the dichotomy result for the real quadratic family
by Lyubich [d], which says “almost every real quadratic map is either regular or stochas-
tic”. Here, regular means hyperbolic and stochastic means that the dynamics has an
absolutely continuous invariant probability measure. The latter seems to be similar to
the element 7 of C in our context although we do not show that it has an absolutely
continuous invariant measure. For real analytic families of unimodal maps, see also the
papers [2] by Avila, Lyubich and de Melo and [3] by Avila and Moreira. Compared to
these results, we need to control randomness which is possibly large. This large noise
causes difficulty for our analysis.

Last but not least, we consider families of MRDSs. We show that for such a family,
the set of mean stable systems has full measure under certain conditions.

Main Result D (Theorem BEH). Suppose X C Rat, is non-degenerate. Let A be a
topological space and let m be a o-finite Borel measure on A. Let I = [a,b) be an
interval on the real line R, possibly I = [a,c0). Suppose ®: A x I — MRDS(X) satisfies
the following three conditions. Denote ®(\,s) = 7M.



A, S

(i) @ is continuous and the associated directed graphs (V| E) of 7 are identical for

all (\,s) € A x I.

(i) supp 7o' C int(supp 7o"%2) for each e € E, A € A and s1 < s9, where int denotes
the set of all interior points with respect to the topological space X.

(iii) 7 has at least one attracting minimal set for each (\,s) € A x I.

For each s € I, we denote by Bif, the set of all A € A satisfying that 7% are not
mean stable. Also, for each A € A, we denote by Bif* the set of all s € I such that 75
are not mean stable. Suppose that there exists o € N such that #Bif* < « for each
A €A

Then m(Bifs) = 0 for all but countably many s € I.

We remark the following corollary holds.

Corollary 1.10 (Corollary B72). Let X, A, m, I, ® as in Setting B-I. Suppose that there
exists d € N with d > 2 such that 2 < deg(g) < d for each g € X. Then there exists
o € N such that #Bif* < a for each A\ € A. Hence, m(Bif,) = 0 for all but countably
many s € I.

It is interesting that our result can be applied to the quadratic family f.(z) = 22 +
¢, see Example B2. On the dynamics of iteration of a single map, Shishikura [I6]
showed that the bifurcation locus of the quadratic family, namely the boundary of the
Mandelbrot set, has Hausdorff dimension 2. However, it is still open whether or not the
boundary of the Mandelbrot set has positive area, see [[5]. We solved the RDS version
of this problem in a general form.

Note that Main Result O is a new result even for i.i.d. systems. If m = #V = 1,
then Main Result @A, Main Result B and Main Result 0 coincide with the results for
i.i.d. systems, which were shown in [I8]. Also, our definition of mean stability coincides
with the definition for i.i.d. systems if m = 1. Our results and concepts are new for the
case m # 1.

The authors believe that we can work on ergodic properties of mean stable systems
in the future. For mean stable i.i.d. systems, the first author proved in [[7] that there
exist finitely many invariant probability measures (or cycles of probability measures)
supported on minimal sets. Moreover, he showed the spectral decomposition for the
(dual of) transition operators, the spectral gaps for the transition operators and other
measure-theoretic results. The authors believe that we can generalize these results to
non-i.i.d. settings.

1.4 Structure of the paper

In Section B, we define minimal sets of MRDS and give the classification of them. More
precisely, a minimal set is one of the three types; it intersects the Julia set, it intersects
a rotation domain, or it is attracting as defined in Section B. This is the key to our work.
In Section B, we show the fundamental properties of mean stable systems. In particular,



we explain the relation between mean stable systems and attracting minimal sets. By
using these results, we prove Main Results A, B and 0. In Section @, we consider families
of MRDS and investigate their bifurcations. Furthermore, we show Main Result O.
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2 Classification of minimal sets of Markov RDS

In this section, we consider general graph directed Markov systems consisting of rational
maps before analyzing Markov random dynamical systems. In [20], the authors defined
more general GDMS regarding continuous self-maps, but we are concerned with rational
maps of degree two or more in this paper.

Definition 2.1. Let (V, E) be a directed graph with finite vertices and finite edges,
and let I'. be a non-empty subset of Rat, indexed by a directed edge e € E. We call
S = (V,E,(I'e)eck) a graph directed Markov system (GDMS for short). The symbol i(e)
(resp. t(e)) denotes the initial (resp. terminal) vertex of each directed edge e € E. We
say that S = (V, E, (I'¢)eck) is compactly generated if I'. is compact for each e € E.

Definition 2.2. We say that a GDMS S = (V, E, (T'¢)eck) is irreducible if the directed
graph (V, E) is strongly connected. We say that MRDS 7 = (74;)i j=1,....m is irreducible
if the induced GDMS S is irreducible.

In this paper, we usually assume that all GDMSs S and MRDSs 7 are irreducible.
For each GDMS S = (V, E, (Ic)eck), we define admissible words, H/(S), F;(S), Ji(S),
F(S) and J(5) similarly as in Definition I3 replacing S; by S. For instance, the Fatou
set F;(S) at i € V is the set of all points z € C for which there exists a neighborhood
U of z in C such that the family Ujev H 7(S) of maps on C is equicontinuous on U, and

the complement J;(S) := C \F}(S) is the Julia set of S at the vertex i.

If a GDMS S = (V,E,(I'¢)eck) is irreducible, then the Julia set .J;(S) contains
uncountably many points, see [20, Lemma 4.8]. In particular, the Fatou set F;(S) admits
the hyperbolic metric for each i € V.

In order to analyze dynamical systems, it is useful to investigate minimal sets. For
our purpose, we define minimal sets of GDMSs as follows.

Notation 2.3. For a family {2 C Rat; and aset Y C @, we set
QY) = |J rv). ') = |J ).
feq fen
If Q = (), then we set Q(Y) := 0, Q71(Y) := 0.



Definition 2.4. Let S = (V,E,(I'¢)ecr) be an irreducible GDMS and let K; and L; be
subsets of C for each ¢ € V. We consider the families (K;);cy and (L;);cy indexed by
1eV.

(i) We say that (L;)iev is forward S-invariant if T'e(Ly)) C Ly for all e € E.
(il) We write (K;)icv C (L;)iey if K; C L; for each i € V.

(iii) We say that (K;);ev is a minimal set of S if it is a minimal element of the set of all
(L;)icy satisfying that L; is non-empty and compact for each i € V and (L;);cy
is forward S-invariant, with respect to the order C .

Also, for any irreducible MRDS 7, any minimal set of S; is called a minimal set of 7.

For an irreducible GDMS S = (V, E, (I'¢)ecr), the Fatou set (F;(S))iev is forward
S-invariant. For the proof, see [20, Lemma 2.15]. The following can be proved easily.

Lemma 2.5. Let S = (V,E,(I'¢)ecr) be an irreducible GDMS and let (L;);cy be a
minimal set of S. Then, for each k € V and each zg € Ly, we have L; = H:(S)({z0})
for each i € V.

Proof. Define K; = H;(S)({#0}). It is easy to prove that (K;);cy is forward S-invariant.
Since (L;)icv is forward S-invariant and zg € Ly, we have K; C L; for each i € V. Thus,
L; = H}(S)({z0}) for each i € V by the minimality of (L;)cy . O

Lemma 2.6. Let S = (V, E, (I'c)ecr) be a compactly generated irreducible GDMS and
let (L;)icv be a minimal set. Then Lj = {Jy¢)=; T'e(Li()) for each j € V.

Proof. Note that Ut( e)=j Le(Lj(ey) is compact since I'e is compact and FE is finite. Define
Kj = Uye)=jTe(Li(e)). It is easy to prove that (Kj)icv is forward S-invariant. Since
(Li)iev is forward S-invariant, we have Lj O Uye)=; le(Li(e))- Thus, Li = Uy =; Te(Li(e))
for each ¢ € V' by the minimality of (L;);ev . O

We now define attracting minimal set, which is one of the most important concepts
in this paper.

Definition 2.7. Let S = (V, E, (I'¢)ecr) be an irreducible GDMS and let (L;);ev be a
minimal set of S. We say that (L;);cy is an attracting minimal set of S if there exist
N € N and open sets (U;);ey and (W;);cy such that

(i) L; cU; cU; C W; C W; C Fy(S) for each i € V and

(ii) for each admissible word e = (eq,...,en) with length N and each f, € T, (n =
1,...,N), we have fyo---o fi(Wje)) C Uye).-

Also, for any irreducible MRDS 7, any attracting minimal set of S is called an attracting
minimal set of 7.
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Attracting minimal sets play a crucial role to figure out the stability of (random)
dynamical systems. Regarding minimal sets, we have some equivalent conditions for
them to be attracting.

Lemma 2.8. Let S = (V, E, (I'c)ccr) be a compactly generated irreducible GDMS and
let (L;);ev be a minimal set for S such that (L;)icyv C (Fi(S))iev. Let O; be the finite
union of the connected components of F;(S) each of which intersects L;. Denote by dyy,,
the hyperbolic metric on each connected component of O; for each 7 € V. Then the
following are equivalent.

(i) (L;)iev is attracting.

(ii) There exists N € N such that for each admissible word e = (ey, ..., en) with length
N and for each f, € T'e, (n=1,...,N), there exists ¢ € (0,1) such that for each
connected component U of O; and for each z,y € U, we have

dhyp(fn o 0 fi(z), v oo fi(y)) < cdnyp(z,y).

(iii) The constant ¢ above can be chosen so that ¢ does not depend on neither admissible
words e nor maps f,; there exist N € Nand ¢’ € (0, 1) such that for each admissible
word e = (ey,...,en) with length N, for each f, € I'¢, (n = 1,...,N), for each
connected component U of O; and for each z,y € U, we have

dhyp(fN O Ofl(x)afN ©--:-0 fl(y)) < d dhyp(x7y)'

Proof. Statement (iii) immediately implies statement (i), and statement (ii) implies
statement (iii) since S is compactly generated.

Suppose that (L;);cy is an attracting minimal set, and we show the statement (ii)
holds. Take N € N, and open sets (U;);ev and (W;);ev as in Definition 2Z4. For each
admissible word e = (ey,...,exn) with length N and for each f,, € I'¢, (n = 1,..., N),
we have fyo---o fl(WZ(e)) C Ut(e) C Wt(e)- Also, fy o---0 fl(oz(e)) C Ot(e) since
(F;(S))iev is forward S-invariant. It follows that there exists ¢ € (0,1) such that for
each connected component U of O; and for each x,y € U, we have

dhyp(fN o---o fi(x), fno---0 fi(y)) < thyp(%?J)-

Thus, we have completed our proof. ]

The following proposition is very important to prove our main results. On (random)
dynamics of holomorphic maps, we can classify the minimal sets as follows.

Proposition 2.9. Let S = (V, E, (I'c)ccr) be a compactly generated irreducible GDMS
and let (L;);cy be a minimal set of S. Then (L;);cy satisfies one of the following three
conditions.

(I) The set (L;);ev intersects the Julia set; L; N J;(S) # 0 for some i € V.
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(IT) The set (L;)icy C (Fi(S))iev and (L;);cy intersects a rotation domain; there exist
i € V and h € H!(S) such that L; N D # (), where D is a connected component
of F;(S) on which h is holomorphically conjugate to an irrational rotation on the
unit disk or an annulus.

(ITI) The set (L;);ey is attracting.

Proof. Suppose that a minimal set (L;);ev is neither of type (I) nor (II), and we show
that (L;);ev is of type (III). By our assumption, L; is contained in the Fatou set F;(S)
at ¢ for each ¢ € V. Let O; be the finite union of the connected components of F;(5)
each of which intersects L; and denote by dy,, the hyperbolic metric on each connected
component of O; for each i € V.

We show that statement (ii) of Lemma P8 holds. Take a sufficiently large natural
number N, say the product of 1+ #V, #V and 1 + Ny, where

Ny = Iirg;({number of the connected components of O;}.
Then, for each admissible word e = (ey,...,en) with length N and for each f, €
e, (n=1,...,N), there exist 1 <m <n < N and a connected component A of O; for
some i € V such that i(e,,) = t(e,) =7 and f,0---0 f,(A) C A.

Note that dynamics of f, o---o f,, on A is well understood and classified as in [[4,
§5]. Since L; N A # () and (L;);ev is not of type (II), the map f, 0o f,, is attracting so
that there exists ¢ < 1 such that duyp(frno-- 0 fin(z), fno-- 0 fim(y)) < cdnyp(z,y) for
each x, y € A. Thus, for each connected component U of O; and for each z,y € U, we
have dyyp(fno---ofi(z), fyo---ofi(y)) < cdnyp(z,y), and this completes our proof. [

Definition 2.10. Let S = (V, E, (I'¢)ccr) be a compactly generated irreducible GDMS
and let L = (L;);cy be a minimal set for S. We say that L is J-touching if L is of type

(I) in Proposition 9. We say that L is sub-rotative if L is of type (II) in Proposition
9.

In the following, we present examples which possess a J-touching or a sub-rotative
minimal set respectively.

Example 2.11. This example is due to [A]. Let V and E be singletons. Define f.(z) =
22+ cfor c € C. Let I = {f. € Poly;|c| < 1/4}. Then GDMS (V, E,T') has a minimal
set D = {z € C;|z] < 1/2} and its Julia set .J contains the Julia set of iteration of f; 4,
which implies J 5 1/2. Hence, the minimal set D is J-touching at z = 1/2.

Example 2.12. Let V and E be singletons. Let f(z) = vz + 2% be a polynomial map
which is linearizable at z = 0, say v = exp(2mi&) with the golden ratio & [14, §11]. Let
g € Poly be a map which has an attracting fixed point at z = 0, say g(z) = 2. Define
I'={f,g}. Then the GDMS S = (V, E,T') has a minimal set {0}, which is contained in
the Fatou set. Since f does not contract the hyperbolic metric near z = 0, the minimal
set {0} is not attracting, and necessarily is sub-rotative.
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3 The dichotomy of Markov RDSs

In this section, we discuss the property of mean stable systems and prove Main Results
@A, B and 0. We consider mean stable GDMSs S as follows.

Definition 3.1. Let S = (V, E,(I'¢)ecr) be an irreducible GDMS. We say that S is
mean stable if there exist N € N and two families of non-empty open sets (U;);cy and
(Wi)ieV such that

() U, cU; c W; CW; C Fy(S) for each i € V,

(IT) for each admissible word e = (eq, ..., en) with length N and for each f, € T (n =
1,...,N), we have fy o---o fi(Wie)) C Uye), and

(IIT) for cach z € C and i € V, there exist j € Vand h € HZ](S) such that h(z) € Wj.

Example 3.2. Let V and E be singletons. Define f.(z) = 22 + ¢ for ¢ € C. Let
I' = {f. € Poly;|c| < €} for € > 0. Then it is easy to see that the GDMS (V, E,T") is
mean stable for sufficiently small e. In general, we can show that this GDMS is mean
stable if € # 1/4. See Remark B79.

By Definition B, if an MRDS 7 is mean stable, then for every i € V' and for every
z € C, there exist j € V and h € HY(S;) such that h(z) ¢ J;(S;). This property implies
some interesting results, see [20].

We now show some lemmas concerning relation with the mean stability and minimal
sets.

Notation 3.3. Let X C Rat, and denote by Cpt(X) the space of all non-empty compact
sets of X. We endow Cpt(X) with the Hausdorff metric.

Lemma 3.4. Let S = (V, E,(I'¢)ecr) be an irreducible GDMS which is mean stable.
Then the open sets (U;);cy and (W;);ey for S in Definition BTl can be chosen such that
the two are both forward S-invariant.

Proof. Take N € N, (U;);ey and (W;);cy as in Definition B, which may not be forward
S-invariant. For each i € V, define U] = U; UJT¢, o -+ o T, (Uj(e,)) where the union
runs over all natural numbers 1 < ¢ < N — 1 and all admissible words (ey,...,ey) with
length ¢ such that t(e;) = i. Note that there are at most finitely many numbers of such
admissible words. Also, define W/ = W; U(JT¢, o---oT¢, (Wj(,)) by a similar way. By
the construction, (U});cy and (W});cy are both forward S-invariant.

We show (U});ev and (W));cv satisfy the conditions in Definition B It is trivial that
conditions (I) and (IIT) hold. We show fyo---o fl(Wi/(e)) C Uz:(e) for each admissible
word e = (eq,...,en) with length N and each f, € T, (n=1,...,N). Fixw € Wi’(e). If
w € Wiy, then fyo---o fi(w) € Uy C Ut'(e). If w ¢ Wj(), then there exist admissible
word (e1,...,€), gj € I'¢; foreach j =1,...,£and z € Wy(,) such that w = gyo---0g1(2)
and t(e) =4. Then fyo---o fi(w) = fvo- -0 fn_gr1(fn—¢o- -0 fiogio---0gi(z)).
The right hand side belongs to fyo---0 fx_¢y1(Uyey_,)); and hence to Ut’(e). Thus, the
condition (II) holds for (U});ev and (W});ey, and this completes the proof. O
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Lemma 3.5. Let S = (V, E, (I'c)ecr) be an irreducible GDMS and let (L;);cy be an
attracting minimal set of S. Then the open sets (U;);cy and (W;);cy in Definition P72
can be chosen such that the two are both forward S-invariant.

Proof. The statement can be proved by a similar argument as Lemma B. O

Lemma 3.6. Let S = (V, E,(I'c)ccr) be an irreducible GDMS. Then the number of
attracting minimal sets of .S is finite. More precisely, for each j € V and h € H j (S), the
number of attracting minimal sets of S is at most the number of attracting cycles of h,
and hence at most 2deg(h) — 2.

Proof. Fix j € V and h € HJ](S) For each attracting minimal set (L;);ev of S, there
exist N € N and open set W; such that L; C W; and hoN (W;) C W;, where h°Y denotes
N-th iterate of h. It follows that h°Y has an attracting periodic point a in W;. For a
point z € L;, the orbit h°V¢(2) accumulates to a as £ tends to infinity, and hence a € L.

Thus, the number of attracting minimal sets is at most the number of attracting cycles
of h. O

Lemma 3.7. Let S = (V, E, (I'¢)eck) be an irreducible GDMS. If all minimal sets of S
are attracting, then S is mean stable.

Proof. Suppose that all minimal sets of S are attracting. By Lemma B, the number of
attracting minimal sets is finite. For each attracting minimal set, take a natural number
and two kinds of open sets as in Definition 270. Define IV as the product of these natural
numbers and define (U;);ey and (W;);cy as the union of these open sets respectively.
Then it is easy to see that conditions (I) and (II) of Definition BTl holds. We show that
condition (IIT) also holds. For each z € C and i € V, define K; = Hi(S)({z}) for each
j € V. Then (Kj);cv is forward S-invariant, and it follows from Zorn’s lemma that there
exists a minimal set (L;);jev such that (L;)jcy C (Kj)jev. The minimal set (L;) ey is
attracting by our assumption, thus there exists h € HZJ (S) such that h(z) € Wj. This
completes our proof. O

Lemma 3.8. Let S = (V, E, (I'c)cecg) be an irreducible GDMS. If S is mean stable, then
all minimal sets of S are attracting.

Proof. For a mean stable S, take N € N, (U;);ev and (W;);cy as in Definition B. We
may assume that both (U;);cy and (W;);cy are forward S-invariant by Lemma B3. Pick
any minimal set (L;);ev. It suffices to show L; C U; for each i € V. Fix k € V and
z € Ly, then there exist j € V and h € Hj(S) such that h(z) € U;. Since (L;)iev is

forward invariant, we have zp = h(z) € L;, and hence L; = H;(S)({zo}) for each i € V
by Lemma PH. By Lemma P8 and conditions (I) and (II) in Definition BT for (U;)ecy
and (W;);ev, we can show L; C U; for each i € V. O

By Lemmas BT and B, we have the following corollary.

Corollary 3.9. Let S = (V, E, (I'c)cecr) be an irreducible GDMS. Then S is mean stable
if and only if all minimal sets of S are attracting.
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By the corollary above, we can construct MRDSs which are not mean stable by using
Examples 211 and 2712.

We now show that if 7 is mean stable, then for every initial value, sample-wise dy-
namics is contractive and the Lyapunov exponent is negative almost surely with respect
to the natural measure 7 associated with 7. We first define the measure 7.

Definition 3.10. For 7 € MRDS(Rat ), we set p;; = 7;;(Raty) and set P = (psj)i jev-
Since 7 is irreducible, there exists a unique vector p = (p1,...,pm) such that pP = p,
Y icyPi=1land p; >0 foralicV.

We define the Borel probability measure 7 on (Rat,. x E)N as follows. For each i € V,
let 7; be the Borel probability measure on (Raty x E)Y such that for any N € N, for N
Borel sets A, (n =1,...,N) of Raty and for (ey,...,eny) € EV,

7 (A'l X o x Ay X H (Rat ><E)>
N+1
B { Te, (A1) -+ Tey (An), if (e1,...,en) is admissible and i(e;) =14

0, otherwise,

where A7, = A, x {e,} (n=1,...,N). Then we define 7 as the sum ), i, pi7i.
We now prove Main Results @ and B.

Theorem 3.11 (Main Result @A). Let 7 € MRDS(Rat ) be a mean stable system. Then
we have all of the following.

(i) There exists a constant ¢ € (0, 1) satisfying that for each z € C, there exists a
Borel subset § of (Raty x E)N with 7(F) = 1 such that for every (f,,en)%; € §,
there exist 7 = 7(z, (fn,en)ozy) > 0 and K = K(z, (fn, €n)52;) > 0 such that

diam f, 0---o0 f1(B(z,r)) < Kc"
for every n € N.

(ii) For each z € C, there exists a Borel subset § of (Rat, x E)N with 7(§) = 1 such
that for every (fy,en)oe, € 3, there exists an attracting minimal set (L;);cy such
that d(fn oo f1(2), Ly,)) — 0 as n — oc.

h=1(J;(S)) at i

(iii) For every i € V, the kernel Julia set Jier,i(Sr) == (;cy ﬂher(S)

is empty.

(iv) There exists a Borel subset & of (Raty xE)N with 7(®) = 1 such that for every
£ = (fnren)pl; € &, the (2-dimensional) Lebesgue measure of the Julia set J¢ is
zero. Here, the Julia set Jg¢ of £ is the complement of the set of all points z € C for

which there exists a neighborhood U of z in C such that the family {fno---of1}°%,
is equicontinuous on U.
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(v) There exist at most finitely many minimal sets of S;. Moreover, each minimal set
of 57 is attracting. Also, for every minimal set L = (L;)iev, we define the function
Tr: CxV — [0,1] by

Tr(z,1) := 7:({€ = (fn, €n)nen; d(fn oo f1(2), Lt(%)) —0(n—o0)})

for every point (z,i) € C xV. Then Ty, is continuous on CxV. Also, the averaged
function Ti.(z) := > ,cy piTL(2,4) is continuous on C, where (p1,...,pm) is the
probability vector in Definition BTM.

(vi) Suppose 7 has exactly ¢ minimal sets Lj, Lo, ...,Ly. Then
T, (2) + Ty (2) + -+ Ti,(2) =1
for every z € C.

Proof. The key to the proof of (i) and (ii) is [20, Lemma 3.10]. For the mean stable S,
fix a family of open sets (W;);cy and N as in Definition Bl and let z € C. Then, by
(20, Lemma 3.10],

€ = {(fn,en); € (Raty xE)N; fro--0 fi(z) ¢ Wie,,) for any n € N}

satisfies 7(€) = 0, and we define § as the complement of €.

For every (fn,en)pe; € &, there exists k& € N such that fi o -0 fi(2) € Wye,).
Take 7 = 7(2, (fn, en)pey) > 0 such that fyo---o fi(B(z,7)) C Wye,)- Since dynamics
on (W;);ey is uniformly contractive with respect to the hyperbolic metric, there exists
¢ € (0, 1), which does not depend on z, such that

diamyg, fovar o - -0 fi(B(z,7)) < ¢ diamyy, fr o -+~ o fi(B(z,7))

for every ¢ € N. This completes the proof of (i) since hyperbolic metric and spherical
metric are comparable on each compact set. By the similar method, we can show that
the statement (ii) is also true.

The statement (iii) is trivial by definition of the kernel Julia set and the mean stabil-
ity, and it follows from [20, Proposition 3.11] that the 2-dimensional Lebesgue measure
of the Julia set J¢ is zero for 7-almost every £. This completes the proof of (iv).

We next show the statement (v) following [20, Proposition 4.24]. By Corollary B9,
each minimal set of S; is attracting. By Lemma B, it follows that there exist at most
finitely many minimal sets of S;. For an attracting minimal set . = (L;);ecy, for each
i € V we let O; be the finite union of the connected components of F;(S;) each of
which intersects L;. Then there exists a continuous function ¢: C xV — [0, 1] such that
¢(z,1) = 1 for every z € L; and ¢(z,i) = 0 for every z ¢ O;. For 7 = (745)i jev, we define
the transition operator M., of 7 as follows.

~

Med(ei) = Y [0 (), (i) € Ex.

JeV
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Then, it is easy to show that {M¢},en converges pointwise to Ty, on C xV asn — .
Since the statement (ii) holds, the family {MI'¢},en of continuous maps is equicontin-
uous on C xV by Proposition 3.11, Lemmas 2.39 and 2.38 of [20]. It follows from the
Arzela-Ascoli theorem, the limit Ty, is also continuous on C xV. This completes the
proof of (v).

The statement (vi) is a direct consequence of (ii). O

Theorem 3.12 (Main Result B). Let 7 € MRDS(Rat ) be a mean stable system. Then
there exists o < 0 such that the following holds for each z € C. There exists a Borel set
§ with 7(§) = 1 such that for every (f,en)0>, € §, we have

1
limsup —log || D(fn0---0 f1)(2)] < a.
n—oo M

Here, Dg(z) denotes the complex differential of a map g at z and || - || denotes the norm
with respect to the spherical metric.

Proof. The statement can be proved by a similar argument as Theorem BT O

We now investigate perturbations of GDMSs and show that attracting minimal sets
are stable under perturbations. For compactly generated GDMS S = (V, E, (I'c)eck),
we consider another compactly generated GDMS S’ = (V, E, (I',)ecr) such that T, is
close to I'e with respect to the Hausdorff metric for each e € E.

Lemma 3.13. Let X C Rat;. Let S = (V, E, (I'c)cer) be an irreducible GDMS such
that I'. € Cpt(X) for each e € E. Suppose that S has an attracting minimal set (L;);cv .
Take N € N, open sets (U;);ey and (W;)cy for (L;)iev as in Definition 272. Also, take
an open set G;, which is close to L;, such that L; C G; C G; C U; for each i € V.

Then there exists an open neighborhood U, of I'. in Cpt(X) for each e € E such
that for each compact set I', € U, GDMS S’ = (V, E, (I'.)ccr) has a unique minimal
set (L});ey such that (L);ev C (Gi)iey and (L});ev is attracting for S’

Proof. We may assume that both (U;);cy and (W;);cy are forward S-invariant by Lemma
B3. By Lemma 28, d(fn o -+ o fi(2), Lye,)) — 0 as n — oo for each infinite ad-

missible word (e1,€ez,...), fao € T'e, (n = 1,2,...) and © € Wj,,. Thus, taking N

safficiently large, we may assume fy o---o f1(Wje)) C Gy for each admissible word
e=(e1,...,en) with length N and each f, € ¢, (n=1,...,N).

Then there exists an open neighborhood U, of I'. for each e € E with respect to
the topology of Cpt(X) such that for each e € FE and I', € U,, another GDMS S’ =
(V,E,(T",)ccp) satisfies the following two conditions.

(a) gy o---0g1(Wie)) C Gy for each admissible word e = (e1,...,en) with length
N and each g, €T, (n=1,...,N).

(b) geo---oq (Ui(el)) C Wye,) for each 1 < ¢ < N —1, admissible word e = (e1, ..., ¢ep)
with length £ and g; € Iy (j =1,...,7).
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Fix I', € U, for each e € E, and define S’ = (V, E, (I',)ccE)-

For each i € V, we consider K| = J;.cyy Hi(S")(Lg). Then (K})icv is a family of
compact sets which is forward S’-invariant, and hence there exists a minimal set (L});ev
of S’ such that (L});ey C (K])iev. Also, it follows from (a) and (b) that (K});cy C
(Wi)iev, and consequently (L);cy C (W;)icy. Using Lemma P8 repeatedly, for each
i€V, wehave Lj = I, o---0 F;l(L;(el>) where the union runs over all admissible
words e = (eq,...,ey) with length N such that t(e) = i. It follows from (a) that
(L})iev C (Gi)iev. Also, by Montel’s theorem, we have that W; C F;(S’) for each i € V,
and hence (L!);cy is an attracting minimal set of S’. We now show the uniqueness of
the minimal set in (G;);ey. Since G; is close to L;, we may assume that for every point
p € G, the S’-orbit tends to the attracting minimal set (L/);cy. Thus, minimal sets in
(Gi)iev is unique. This completes our proof. O

Using the lemma above, we can control global stability as follows.

Proposition 3.14. Let X C Raty. Suppose GDMS S = (V, E, (I'¢)ecp) is irreducible
and mean stable with I'. € Cpt(X) for each e € E. Then there exists an open neigh-
borhood U, of T'c in Cpt(X) for each e € E such that for each I, € U, another GDMS
S" = (V,E,(I',)ccp) is also mean stable.

Proof. By Lemma BX and Lemma B, S has finitely many minimal sets, which are all
attracting. It follows from Lemma B3 that there exists an open neighborhood U, of T',
for each e € E with respect to the Hausdorff metric such that for each I', € U, another
GDMS 5" = (V, E, (I',)ecr) satisfies the following. For each attracting minimal set of
S, another system S’ has the attracting minimal set close to it.

By Lemma B2, it suffices to show that S’ does not have any minimal set except
these attracting ones. For mean stable GDMS S, we take (W;);cy as in Definition B
Then, for each z € C and i € V, there exist j € Vand h € H(S) such that h(z) € W;.
Choose an open neighborhood O, of z so that h (@) C Wj. Since Cis compact, there
exist finitely many O.,,...,0., and hi,...,hy, € H?(S) such that C = J¥_, 0., and
hy (Oizé,) C W;. Taking the open neighborhood U, so small if necessary, we may assume
that there exist h),..., k), € Hg(S’) such that hj, (O.,) C W;. Therefore, for each z € C

and i € V, there exists ' € H?(S') such that h'(z) € W;, and hence S’ does not have
J-touching nor sub-rotative minimal sets. This completes our proof. O

The following is a consequence of Proposition BT4.

Corollary 3.15 (A part of Main Result 0). Let X C Rat;. Then the set A(X) of all
mean stable systems is open in MRDS(X).

We now show the key lemma to Main Results 0 and . The assumption that X is
non-degenerate is essential here. It is easy to check that Rat, Poly and {f(z)+c; ¢ € C}
(f € Poly) is non-degenerate for example. Note that we see that any set X in the
following Example B8 does not satisfy the non-degenerate condition.
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Example 3.16. Define gy(z) = 0z(1—=z) for each # € C\{0}. Then X = {gg € Poly;0 €
C\{0}} is NOT non-degenerate since they have a common fixed point z = 0. Also, for
P € Poly, define Ny(z) = z — 0P(z)/P'(z) for each § € C\{0}. Then X = {Np €
Raty;0 € C\{0}} is NOT non-degenerate since all Ny have common fixed points 2z
which satisfy P(z9) = 0. However, we can consider their mean stability in the weak
sense. See [1Y].

Lemma 3.17. Suppose X C Rat; is non-degenerate. Let 7 € MRDS(X). If S, =
(V, E,(T'e)ccr) has an attracting minimal set, then 7 € A(X) where the closure is taken
in the space MRDS(X) with respect to the topology in Definition I.

Proof. We approximate 7, by a Borel measure p. on X such that the total measure of
Te and p, coincide and supp 7. C int(supp p.) for each e € E, where int denotes the
set of all interior points in the space X endowed with the relative topology from Rat.
Also, define p. = 0 if 7. = 0. Note that the associated directed graph of p is the same
as that of 7. Set p = (pe)ece € MRDS(X). We show that p € A(X) if supp pe is
sufficiently close to supp 7e. Let (L;);cy be an attracting minimal set of original system
Sr. By Lemma B3, if supp p. is sufficiently close to supp 7. for each e € F, then there
exists an attracting minimal set (L});ev of S,. Pick any minimal set (K]);cy of S,. Since
supp 7. C supp p. for each e € E, the set (K);ev is forward S;-invariant. By Zorn’s
lemma, there exists a minimal set (K;);ey of Sy such that (K;)icv C (K)icv.

We next show that (K;);cy is attracting for S;. Suppose that it is not attracting,
then by Proposition 29, there are possibly two cases.

(I) For the J-touching case, there exists i € V and p € C such that p € K; N J;(S;).
By [20, Proposition 2.16], we have that J;(Sr) = U;¢)=i U esupp . F 71 (Jye)(S7)). Thus,
there exist e € I/ and f € supp 7 such that f(p) € Jy()(S7). Since X is non-degenerate,
there exists a holomorphic family {gg}sco of rational maps parametrized by a complex
manifold © with {gg;0 € ©} C X such that gg, = f for some 6y € © and 6 — go(p)
is non-constant in any neighborhood of 6. Taking © so small if necessary, we may
assume {gg;0 € O} C int(supppe). Then f(p) € Jye)(S,) N int(Ké(e)) by the open
mapping theorem. By [20, Lemma 2.11] and Montel’s theorem, we have that Hf((:)) (Sp)
does not omit three points on int (K 2(6)). However, this contradicts the fact that S, has
an attracting minimal set (L});cy and another minimal set (K]);cy.

(IT) For the sub-rotative case, there exist i € V, h € H!(S;) and p € C such that
p € K; N D, where D is a connected component of F;(,S;) on which A is conjugate to an
irrational rotation. Since supp 7. C intsupp p. for each e € E, there exists g € H{(S,)
such that g(p) € 9D C J;(S7) C Ji(S,). Then a similar argument leads to a contradiction
as in the case (I).

Consequently, (K;);cv is an attracting minimal set of S;. Letting supp p, sufficiently
close to supp 7. for each e € F, we may assume that (K]);cy is an attracting minimal
set of S, by Lemma BT13. By Lemma B8, S; has only finitely many attracting sets, and
hence all the minimal sets of S, are attracting. Therefore, by Lemma B74, S, is mean
stable. O
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As a corollary, we have the following result regarding the polynomial dynamics.

Corollary 3.18 (Corollary T9). Suppose X C Poly is non-degenerate and satisfies
the condition (ii) in Definition 3. Then the set A(X) of all mean stable polynomial
dynamics is open and dense in MRDS(X).

Proof. By Corollary B3, A(X) is open. Since X C Poly, each 7 € MRDS(X) has the
attracting minimal set ({oo});ey. Thus, A(X) is dense by Lemma BT4. O

We now consider the complement of A(X).

Definition 3.19. We say that a GDMS S = (V, E, (I'c)eck) is chaotic if J(5) = CxV

and (C);ey is a minimal set of S. We say that 7 is chaotic if associated GDMS S, is
chaotic, and define the set C(X) as the set of all 7 € MRDS(X) which are chaotic.

~

Lemma 3.20. Let X C Raty and 7 € MRDS(X). If (C)jey is a minimal set of S =
(V,E,(T¢)eck) and int(J;(S7)) # 0 for some j € V, then J;(S;) = C for each i € V, and
hence 7 € C(X).

Proof. 1f there exists k € V such that Ji(S;) # (E, then J;(S;) # C for each i € V by
the irreducibility of 7. Thus, there exists a minimal set (L;);cv such that L; C Fj(S;)

by Zorn’s lemma. By the minimality of (((A:)iev, we have C = L;. This contradicts the
assumption that intJ;(S,) # 0. O

Example 3.21. Let f be a rational map whose Julia set is @, say a Lattes map [I4,
§7]. Let m = 1 and define 71 = Jy, the Dirac measure at f. Then 7 = (71) is
NOT chaotic since f has periodic cycles as minimal sets. However, it still holds that
there exists a dense (actually residual) set R in C such that for every z € R, the orbit
{z, f(2), f°%(2),...} is dense in C, see [I4].

Using this map f, we can construct chaotic systems. We define a probability measure
u as the push-forward of the normalized Lebesgue measure under

{a € c;% <la| <1} 3 am fulz) = (a2 +a)/(z>+ 1) € Rats

and define 711 = 07/2 4 p1/2. We now prove that 7 = (711) is chaotic. It is enough to
show that C is minimal. For every z € @, there exists g € supp p such that ng) € R,
where R is the dense set above. Then {g(2), f(g9(2)), f°%(9(2)), ... } is dense in C, hence
C is minimal.

Also, let m = 2 and define 7 = (75); j=1,2 by

T Ti2 )\ _ 105 30¢
To1  T22 po 0 )
Then we can show also that 7 = (7;5); j—1,2 is chaotic.

We now prove the density of mean stable or chaotic MRDSs, which is a part of Main
Result Q.
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Theorem 3.22 (Main Result 0). Suppose X C Rat; is non-degenerate. Then the
union A(X) UC(X) is dense in the space MRDS(X).

Proof. Let 7 € MRDS(X). If S; = (V, E, (I'c)ccr) has an attracting minimal set, then
7 € A(X) by Lemma BT2. We assume that S; has no attracting minimal sets. As in the
proof of Lemma B4, we approximate 7, by pe such that supp 7. C int(supp p) for each
e € E and define a new system S,. Since () # J;(S;) C J;(S,) for each i € V, we have
int(J;(S,)) # 0 for each j € V. Thus, by Lemma B0, it suffices to prove that (C)icv is
a minimal set of S,.

Take 2z € C and j € V, and we define K| = H}(Sp)({zo}) for each ¢ € V. Since
(K})icv is forward S,-invariant, there exist a minimal set (L});cy of S, and a mini-
mal set (L;)jey of Sy such that (L;)icy C (L))iev C (K])icv. Recall that (L;)iev is
not attracting for S; by our assumption, and hence there are two cases (I) or (II) by
Proposition 29.

For the J-touching case (I), there exists ¢ € V such that L; N J;(S;) # 0. By a
similar argument as the proof of Lemma B4, there exists e € E such that i(e) =i and

Jiey(Sp) N int(L;(e)) # 0, and hence H:((:))(Sp) does not omit three points on int(L;(e)).
It follows that (C);cy is a minimal set of S,. For the sub-rotative case, there exist i € V

and a rotation domain D such that L; N D # (). The same idea can be applied to show

~

that (C);ev is a minimal set of S,. This completes our proof. O

~

4 Bifurcation of MRDSs

In this section, we consider families of MRDSs and their bifurcations.

Setting 4.1. Let A be a topological space and let m be a o-finite Borel measure on A,
which we consider as a parameter space. Let I = [a,b) be an interval on the real line
R, possibly I = [a,00). Suppose X C Rat; is non-degenerate and suppose ®: A x I —
MRDS(X) satisfies the following three conditions. Denote ®(\,s) = 7.

A,

(i) @ is continuous and the associated directed graphs (V, E) of 7™ are identical for

all (A, s) € AxI.

A,S51 S$2

(ii) supp 7>t C int(supp o ) for each e € E, A € A and s; < s9, where int denotes
the set of all interior points with respect to X.

(iii) 7* has at least one attracting minimal set for each (),s) € A x I.

The essential assumption in Setting BT is (ii), which describes the property that the
size of noise increases as s increases. This enables us to control minimal sets.

The most important example of such families is i.i.d. RDS of quadratic polynomial
maps. The following is a motivating example, which itself is very interesting.

Example 4.2. Let X = {f.(2) = 22 + ¢ € Poly;c € C}. Let A = C and identify ¢ € C
with the quadratic polynomial f.. Let m = Leb be the Lebesgue measure on c-plane
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and I = [0,00). We define ®(c,s) = 7%° for (c,s) € A x I as follows. Define 7%° as the
Dirac measure at ¢ if s = 0, and otherwise define 7%° as the Lebesgue measure on the
disk D(c, s) centered at ¢ with radius s > 0 normalized by 7%°(D(c, s)) = 1. Regard it
as an MRDS whose V' and E are both singletons.

Then (X, A, m, I, ®) satisfies the conditions (i), (ii) and (iii) in Setting BT

Example 4.3. Suppose X C Poly is non-degenerate and satisfies the condition (ii) in
Definition 3 holds. Then the assumption (iii) in Setting BT is satisfied since for every
7 € MRDS(X), ({o0})icy is an attracting minimal set of S;.

‘We now show our results.

Lemma 4.4. Let X, A, m, I, ® as in Setting . Then, for any A € A, the number of
minimal sets of 7% does not increase as s increases.

Proof. Fix s1 < sg. For a minimal set (L});cy of 7152, there exists a minimal set (L;);cv
of 7M1 such that (L;);ey C (L})iev since supp T supp 729%2 for each e € E. Since
minimal sets do not intersect one another, this completes our proof. O

Lemma 4.5. Let X, A, m, I, ® as in Setting B71 and suppose that there exists d € N
with d > 2 such that 2 < deg(g) < d for each g € X. Then there exists « € N such that
for each A € A, the number of s € I such that 7 is not mean stable is at most a.

Proof. For the directed graph (V| E), fix i € V. Then there exists an admissible word e
such that i(e) = i = t(e), whose length is denoted by N. Then, by our assumption, there
exists h € H!(S;xa) whose degree is at most dV. Define a = 2d"¥ — 2 and take X € A.
It follows from the proof of Lemma BI7 that for each sy € I, we have that 7 is mean
stable for s > sy which is sufficiently close to sg. Moreover, if 7% is not mean stable,
then the number of minimal sets of 77 is strictly less than that of 74,

If s € (a,b) is sufficiently close to a, then 7% is mean stable. For mean stable 75,
each minimal set is attracting by Lemma B8. By Lemma B, the number of (attracting)
minimal sets for 7 is at most a. Since the number of minimal sets strictly decreases
at s where 7 is not mean stable, it follows that the number of s € I such that 7% is
not mean stable is less than a. O

We now prove Main Result 0, which asserts the measure-theoretic thickness of mean
stable MRDSs.

Theorem 4.6 (Main Result D). Let X, A, m, I, ® as in Setting &7 . Denote by Bif
the set of all (\,s) € A x I satisfying that 7% is not mean stable. Besides, we define
the sets Bif* and Bif, as follows.

For each A\ € A, we denote by Bif* the set of all s € I satisfying that 7 is not
mean stable.

For each s € I, we denote by Bif, the set of all A € A satisfying that 7% is not
mean stable.
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Suppose that there exists o € N such that #Bif* < « for each A\ € A. Then m(Bifs) =0
for all but countably many s € I.

Proof. Since (A, m) is o-finite, we may assume that m is a probability measure. We show
by contradiction that #{s € I ;m(Bifs) > n~'} < na. Suppose that there exist mutually
distinct elements s1, ..., Spa+1 € I such that m(Bifsj) >n~!foreveryj=1,...,na+1.
Then,

na+1
1 1
a+;=(na+1);< g m(Biij):/#{sjEBif)‘;je{1,...,na+1}}dm()\)§a.
j=1 A

By contradiction, we have #{s € I;m(Bif;) > n='} < na. We now let Iy = [J,n{s €
I;m(Bifs) > n~1}, which is countable. Then we have m(Bifs) = 0 for every s €
I\ L. O

By Lemma B8 and Theorem B8, we have the following corollary.

Corollary 4.7 (Corollary [I0). Let X, A, m, I, ® as in Setting 1. Suppose that there
exists d € N with d > 2 such that 2 < deg(g) < d for each g € X. Then m(Bif,) = 0 for
all but countably many s € I.

By Corollary 874, we have the following corollary regarding the guadratic family.

Corollary 4.8. Let X, A, m, I, ® as in Example E2. Then we have
Leb({c € C; 7% is not mean stable}) = 0

for all but countably many s € [0, c0).

Remark 4.9. Briick, Biiger and Reitz in [H] studied such i.i.d. RDSs. They essentially
showed that if the center ¢ satisfies ¢ = 0, then the bifurcation occurs at s* = 1/4. More
precisely, 7%* has two minimal sets including {oo} if 0 < s < s*, and 77* has the only
one attracting minimal set {oo} if s > s*. Hence, 7% is not mean stable if and only if
s=0or 1/4.

Remark 4.10. Note also that s* = 1/4 is the distance between ¢ = 0 and the boundary
of the celebrated Mandelbrot set. The Mandelbrot set M is the set of all parameters
c € C such that the Julia set of f.(z) = 22 4 c is connected. In general, it is easy to see
that if f. has an attracting cycle in C, then there uniquely exists s* > 0 such that 7¢°
is not mean stable if and only if s = 0 or s*. We need to investigate the bifurcation of
our quadratic RDS thoroughly in the near future.
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