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Abstract

We investigate the dynamics of forward or backward self-similar systems (iterated function
systems) and the topological structure of their invariant sets. We define a new cohomology
theory (interaction cohomology) for forward or backward self-similar systems. We show that
under certain conditions, the space of connected components of the invariant set is isomorphic
to the inverse limit of the spaces of connected components of the realizations of the nerves
of finite coverings U of the invariant set, where each U consists of (backward) images of the
invariant set under elements of finite word length. We give a criterion for the invariant set to
be connected. Moreover, we give a sufficient condition for the first cohomology group to have
infinite rank. As an application, we obtain many results on the dynamics of semigroups of
polynomials. Moreover, we define postunbranched systems and we investigate the interaction
cohomology groups of such systems. Many examples are given.

1 Introduction

The theory of iterated function systems has been widely and deeply investigated in fractal geometry
([10, 5, 15, 17, 13, 14]). Tt deals with systems £ = (L, (h1,...,hn)), where L is a non-empty

compact metric space and h; : L — L is a continuous map for each j = 1,...,m, such that
L = U;’Ll hj(L). In this paper, such a system (L, (hq,...,hy)) is called a forward self-similar

system (Definition 2.2). For any two forward self-similar systems £1 = (Ly, (h1,...,hn)) and
Lo = (La,(91,---,9n)), a pair A = (a,3), where a : L1 — Lo is a continuous map and S :
{1,...,m} — {1,...,n} is a map, is called a morphism of £; to £, if gg;) ca = aoh; on L for
each j =1,...,m.If A is a morphism of £1 to £4, we write A : £ — £5. If Ay = (a1, 51) : £1 — Lo
and Ay = (g, B2) : £2 — £3 are such morphisms, then AsoA; := (agoay, B208) is a morphism of
£1 to £3. Moreover, for each system £ = (L, (hy, ..., hy,)), the morphism Ide = (Id,Id) : £ — £
is called the identity morphism. With these notations, we have a category. This is called the
category of forward self-similar systems (see Definition 2.3). For any forward self-similar system
£ = (L,(h1,...,hm)), the set L is called the invariant set of the system and each h; is called a
generator of the system. In many cases, the invariant set is quite complicated. For example, the
Hausdorff dimension of the invariant set may not be an integer ([5, 17]).
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Another famous subject in fractal geometry is the study of Julia sets (where the dynamics are
unstable) of rational maps on the Riemann sphere C. (For an introduction to complex dynamics,
see [1, 18].) The Julia set can be defined for a rational semigroup, i.e., a semigroup of rational
maps on C ([11, 8]). For a rational semigroup @, we denote by F(G) the largest open subset of C
on which the family of analytic maps G is equicontinuous with respect to the spherical distance.
The set F(G) is called the Fatou set of G, and the complement .J(G) := C\ F(G) is called the
Julia set of G. In [23], it was shown that for a rational semigroup G which is generated by finitely
many elements {hy, ..., hy,}, the Julia set J(G) of G satisfies the following backward self-similarity
property J(G) = UjL, h;l(J(G)) (Lemma 2.12). (For additional results on rational semigroups,
see [21, 22, 35, 36, 25, 26, 24, 27, 28, 29, 30, 31, 32, 33]. For a software to draw graphics of the
Julia sets of rational semigroups, see [4].) We also remark that the study of rational semigroups is
directly and deeply related to that of random complex dynamics. (For results on random complex
dynamics, see [6, 3, 2, 7, 30, 29, 33, 34].) Based on the above point of view, it is natural to
introduce the following “backward self-similar systems.” In this paper, £ = (L, (h1,...,hy)) is
called a backward self-similar system if L is a compact subset of a metric space X, h; : X — X
is a continuous map for each j = 1,...,m, L = U;”Zl hj_l(L), and for each z € L and each j,
h;l({z}) # () (see Definition 2.4). The category of backward self-similar systems is defined in a
similar way to that of forward self-similar systems (Definition 2.5). For a topological manifold
M, we investigate how the coordinate neighborhoods overlap to obtain topological or geometric
information about M. On the other hand, for the invariant set L of a forward (resp. backward)
self-similar system £ = (L, (h1, ..., hy)), we do not have such good coordinate neighborhoods that
are homeomorphic to open balls in Euclidian space anymore. However, we have small “copies”
(images) hu, - hu, (L) (resp. hyl---hyt(L)) of L under finite word elements Ay, - - - by, . These

small copies contain important information on the topology of the invariant set L. For example,
we have the following well-known result:

Theorem 1.1 (a weak form of (Theorem 4.6 in [10]) or (Theorem 1.6.2 in [15])).

Let £ = (L, (h1,...,hm)) be a forward self-similar system such that for each j = 1,....,m, h; :
L — L is a contraction. Then, L is connected if and only if for each i,j € {1,...,m}, there
exists a sequence {i;};_, in {1,...,m} such that i, =1i,is = j, and h;, (L) N h;,,, (L) # 0 for each
t=1,...,5s—1.

One motivation of this paper is to generalize and further develop the essence of Theorem 1.1.
The following is a natural question:

Question 1.2. For a fixed k € N, we ask in what fashion do the small images hy,, - - - by, (L) (resp.
hyt--hyH(L)) of L under k-words hy, - - - hy, overlap? How does this vary as k tends to co?

Here are some other natural questions:

Question 1.3. What can we say about the topological aspects of the invariant set L? How many
connected components does L have? What about the number of connected components of the
complement of I when L is embedded in a larger space?

Question 1.4. How can we describe the dynamical complexity of these (forward or backward)
self-similar systems? How can we describe the interaction of different kinds of dynamics inside a
single (forward or backward) self-similar system? How can we classify the isomorphism classes of
forward or backward self-similar systems? How are these questions related to Question 1.2 and
1.37

These questions are profoundly related to the dynamical behavior of the systems £. In this
paper, to investigate the above questions, we introduce a new kind of cohomology theory for
such systems, which we call “interaction cohomology.” We do this as follows. For each m € N,



let % = U,~,{1,...,m}™ (disjoint union). For each w = (w1,...,wy,) € {1,...,m}", we set
|w| :=n and W := (wp,...,w1). Let £ = (L, (hy,...,hy)) be a forward (resp. backward) self-
similar system. For each w = (wy,...,w,) € X, we set hy 1= hy,, 0+ 0 hy,. Let Uy, = Ui (L)
be the finite covering of L defined as Uy, := {hz(L) | w € %, |w| = k} (vesp. Uy := {hy (L) |
w € 3% |lw| = k}). Note that for each k € N, Uy1; is a refinement of Uy. Let R be a Z module.
Let Ny = Ni(£) be the nerve of Uy. Thus N is a simplicial complex such that the vertex set is
equal to {w € X7, | Jw| = k} and mutually distinct r elements w', ..., w" € 3%, with |w!| =--- =
|w"| = k make an (r — 1)-simplex of Ny if and only if (\;_; h7(L) # 0 (resp. (V;_ hy; (L) # 0).
Let ¢g : Ngt1 — Ni be the simplicial map defined as (wy,...,wg+1) — (wi,...,wy) for each
(wi,...,wes1) € {1,...,m}*L. (For an example of Ny, see Example 2.36, Figure 1, Figure 2.)
We consider the cohomology groups H"(Ny; R). Note that {¢} : H"(Nk; R) — H"(Ngt1; R) }ken
makes a direct system of Z modules. The interaction cohomology groups H”(£; R) are defined to
be the direct limits lim, H"(Ny; R) (see Definition 2.31, Definition 2.32). Note that H"(L;R) =

H "(lim, |Nk|; R) (see [38]), where for each simplicial complex K, we denote by |K| the realization

of K (20, p.110]). Note also that £ +— H*(Ny(£);R) and £ — H*(£;R) are contravariant
functors from the category of forward (resp. backward) self-similar systems to the category of
Z modules (Remark 2.37). In particular, if £, = £9, then H*(Ny(£1);R) = H*(Ni(£2); R)
and H*(£1; R) & H*(£2; R). Thus the isomorphism classes of H*(Ny(£); R) and H*(L; R) are
invariant under the isomorphisms of forward (resp. backward) self-similar systems. We have a
natural homomorphism ¥ from the interaction cohomology groups of a system £ to the Cech
cohomology groups H*(L; R) of the invariant set L of the system £ (see Remark 2.41). Note that
by the Alexander duality theorem ([20]), for a compact subset K of an oriented n-dimensional
manifold X, there exists an isomorphism HP(K;R) = H,_,(X,X \ K;R) (hence if X = R"
then AH?(K;R) = H,_, 1(X \ K;R), where H, denotes the reduced homology). For a forward
self-similar system £ = (L, (h1,...,hm)) such that each h; : L — L is a contraction, ¥ is an
isomorphism (see Remark 2.42). However, ¥ is not an isomorphism in general. In fact, ¥ may not
even be a monomorphism (see Proposition 3.37). In this paper, we show the following result:

Theorem 1.5 (see Theorems 3.2 and 3.3). Let £ = (L, (h1,...,hn)) be a forward (resp. back-
ward) self-similar system. Suppose that for each x € {1,...,m}Y, ﬂ;; he, -~ ha, (L) (resp.
Nj=. hil---hzY(L)) is connected. Then, we have the following.

zj

(1) There exists a bijection Con(L) = lim, Con(|Nk|), where for each topological space X, we
denote by Con(X) the set of all connected components of X.

(2) L is connected if and only if |N1| is connected, that is, for each i,5 € {1,...,m}, there exists
a sequence {it};_; in {1,...,m} such that iy = i,is = j, and h;, (L) N h;,_ (L) # 0 (resp.
hi (L) ﬂh;}rl(L) #0) for eacht =1,...,s — 1.

(3) Let R be a field. Then, §Con(L) < oo if and only if dimp H°(£; R) < oo. If #Con(L) < oo,
then W : HY(£; R) — H°(L; R) is an isomorphism.

Note that Theorem 1.5 (2) generalizes Theorem 1.1. Moreover, note that until now, no re-
search has investigated the space of connected components of the invariant set of such a system;
Theorem 1.5 gives us new insight into the topology of the invariant sets of such systems.

Furthermore, a sufficient condition for the rank of the first interaction cohomology groups to
be infinite is given (Theorem 3.7, 3.8). More precisely, we show the following result:

Theorem 1.6 (Theorem 3.7). Let £ = (L, (hy,...,hm)) be a backward self-similar system. Let R
be a field. We assume all of the following conditions (a),...,(d):

(a) |Ny| is connected.



(b) (h)7H(L) N (Ui hi (L)) = 0.

(c) There exist mutually distinct elements j1,j2,73 € {1,...,m} such that j1 =1 and such that
-1 -1 L
for each k=1,2,3, h; " (L) N h;_ (L) # 0, where jy := ji.

(d) For each s,t € {1,...,m}, if s,t,1 are mutually distinct, then hy*(L)Nh; (L)Nh; (L) = 0.
Then, dimg H'(£; R) = oo.

A similar result is given for forward self-similar systems £ (Theorem 3.8).

Using Leray’s theorem ([9]), we also find a sufficient condition for the natural homomorphism
¥ to be a monomorphism between the first cohomology groups (Lemma 4.8).

The results in the above paragraphs are applied to the study of the dynamics of polynomial
semigroups (i.e., semigroups of polynomial maps on C) For a polynomial semigroup G, we set

P(G) = U,ectall critical values of g : C — C}. We say that a polynomial semigroup G is post-
critically bounded if P(G) \ {oo} is bounded in C. For example, if G is generated by a subset of
{h(z) = e2*(1 — 2)* | a,b € N, ¢ > O,C(#_b)“(ﬁ_b)b < 1}, then G is postcritically bounded (see
Remark 3.14 or [31]). Regarding the dynamics of postcritically bounded polynomial semigroups,
there are many new and interesting phenomena which cannot hold in the dynamics of a single
polynomial ([31, 32, 33, 29]). Combining Theorem 1.5 (Theorem 3.2) with potential theory, we

show the following result:

Theorem 1.7 (Theorem 3.17). Let m € N and for each j =1,...,m, let h; : C — C be a polyno-
mial map with deg(h;) > 2. Let G be the polynomial semigroup generated by {h1, ...,y }. Suppose
that G is postcritically bounded. Then, for the backward self-similar system £ = (J(GQ), (h1, ..., hm)),
all of the statements (1),(2), and (3) in Theorem 1.5 hold.

Moreover, combining Theorem 1.6 (Theorem 3.7), Theorem 1.7 (Theorem 3.17), the Riemann-
Hurwitz formula ([1, 18]), Leray’s theorem ([9]), and the Alexander duality theorem ([20]), we give
a sufficient condition for the Fatou set (where the dynamics are stable) of a postcritically bounded
polynomial semigroup G to have infinitely many connected components (Theorem 3.19). More
precisely, we show the following result:

Theorem 1.8 (Theorem 3.19). Let m € N and for each j = 1,...,m, let h; : C - Cobea
polynomial map with deg(h;) > 2. Let G be the polynomial semigroup generated by {hi,..., hpy}.
Suppose that G is postcritically bounded. Moreover, regarding the backward self-similar system £ =
(J(G), (h1,...,hm)), suppose that all of the conditions (a), (b), (¢), and (d) in the assumptions of
Theorem 1.6 hold. Let R be a field. Then, we have that dimr H'(£; R) = dimp W(H'(&£; R)) = oo,
U : HY(L;R) — HY(J(G);R) is a monomorphism, and the Fatou set F(G) of G has infinitely
many connected components.

Moreover, we give an example of a finitely generated postcritically bounded polynomial semi-
group G = (hi,...,hy) such that the backward self-similar system £ = (J(G), (hi,...,hm))
satisfies the assumptions of Theorem 1.8 and the rank of the first interaction cohomology group of
£ is infinite (Proposition 3.20, Figure 8).

Theorem 1.5 and Theorem 1.7 have many applications. In fact, using the connectedness crite-
rion for the Julia set of a postcritically bounded polynomial semigroup (Theorem 1.7), we investi-
gate the space of postcritically bounded polynomial semigroups having 2 generators ([29]). As a
result of this investigation, we can obtain numerous results on random complex dynamics. Indeed,
letting T (2) denote the probability of the orbit under a seed value z € C tending to co under the
random walk generated by the application of randomly selected polynomials from the set {hy, ha},
we can show that in some parameter space, the function Ty, is continuous on C and varies only
on the Julia set J(G) of the corresponding polynomial semigroup G generated by {hi, ho}. In this



case, the Julia set J(G) is a very thin fractal set. Moreover, we can show that in some parameter
region A, the Julia set J(G) has uncountably many connected components, and in the boundary
OA, the Julia set J(G) is connected. This implies that the function T, on C is a complex analog
of the Cantor function or Lebesgue’s singular function. (These results have been announced in
[29, 30]. See also [34].)

When we investigate a random complex dynamical system, it is important to know the topology
of the Julia set and the Fatou set of the associated semigroup. Indeed, setting C(C) ={p: C—
C | ¢ is continuous}, for a general random complex dynamical system D, under certain conditions,
any unitary eigenvector ¢ € C' (@) of the transition operator M of D is locally constant on the Fatou
set of the associated semigroup (see [34]). Thus Theorem 1.8 provides us important information
of unitary eigenvectors of M. Moreover, by [34], the space V of all finite linear combinations of
unitary eigenvectors of M is finite-dimensional, and for any ¢ € C(C), {M" ()}, tends to the
finite-dimensional subspace V.

Another area of interest in forward or backward self-similar systems £ = (L, (hy, ... hy,)) is the
structure of the cohomology groups H"(Ny; R) of the nerve Ny, of Uy, and the growth rate g"(£) of
the rank a, , of H"(Ny; R) as k tends to oo, where R is a field. (See Definition 2.31, Definition 2.32,
Definition 3.34.) The above invariants are deeply related to the dynamical complexity of £. In
section 3.3, we introduce “postunbranched” systems (see Definition 3.22), and we show the following
result:

Theorem 1.9 (for the precise statement, see Theorem 3.36). Let £ = (L, (h1,...,hn)) be a
forward or backward self-similar system. Suppose that £ is postunbranched. When £ is a forward
self-similar system, we assume further that h; : L — L is injective for each j =1,...,m. Let R be
a field. Then, we have the following.

(1) For each r > 2, there exists an exact sequence of R modules:

0 — H"(N;;R) — H"(£;R) — @HT(S; R) — 0.
j=1

(2) If r > 2, or if r =1 and |N1| is connected, then a, y+1 = ma, + ar1 for each k € N.
(3) aok+1 =maor —Mm+ap1 — a1 —maqk + a1 k41 for each k € N.

(4) maip < a1 g1 <may + a1 and magyr —m+agn — a1, < g g1 < Mmagr —m+ ag;1 for
each k € N.

(5) (a) If r > 1, then g"(£) € {—o0,logm}. (b) ¢°(£) € {0,logm}.
(6) Letr > 1. Then, dimp H"(L; R) is either 0 or co.

(7) Suppose m > 2. Then,
dimp H°(&;R) € {x € N|apy <z < - (m—ag1 +a1,1)} U {oo}.

Moreover, for any n € NU {0}, we give an example of a postunbranched backward self-similar
system £ = (L, (h1,...,hnt2)) such that L C C and the rank of the n-th interaction cohomology
group H™(£; R) of £ is equal to oo (Proposition 3.37). In this case, if n > 2, the natural homomor-
phism ¥ : H*(£; R) — H"(L; R) is not a monomorphism, since for each [ > 2 the Cech cohomology
group H'(L; R) of L is equal to zero. For any n € NU {0}, we also give an example of a postun-
branched forward self-similar system £ = (L, (h1,...,hy42)) such that L C R3, each hj : L — L
is injective, and the rank of the n-th interaction cohomology group of £ is equal to co (Proposi-
tion 3.37). In this case, if n > 3, the natural homomorphism ¥ : H"(£; R) — H™(L; R) is not a
monomorphism, since for each I > 2 the Cech cohomology group H'(L; R) of L is equal to zero. We



remark that these examples imply that the interaction cohomology groups of £ = (L, (hy,...,hm))
may contain more (dynamical) information than the Cech cohomology groups of the invariant sets
L. Thus interaction cohomology groups of self-similar systems tell us information of dynamical
behavior of the systems as well as the topological information of the invariant sets of the systems.

Furthermore, we give many ways to construct examples of postunbranched systems (Lem-
mas 3.23, 3.24, 3.25, 3.26). From these, we see that if L is one of the Sierpinski gasket, the
snowflake, the pentakun, the heptakun, the octakun, and so on ([15]), then there exists a postun-
branched forward self-similar system £ = (L, (h1, ..., hy,)) such that each h; : L — L is an injective
contraction (Examples 3.27, 3.28). Moreover, we also see that for each n € N, any subsystem of an
n-th iterate of the above £ is a postunbranched forward self-similar system (Examples 3.27, 3.28).

We summarize the purpose and the virtue to introduce interaction cohomology groups for the
study of self-similar systems £ = (L, {h1,...,hn}) as follows.

(1) We can get information about the dynamical behavior of the system £ and the interaction
of different maps in the system. The cohomology groups H'(£; R), the cohomology groups
H"(Ng; R) of the nerve of Uy, and the growth rate ¢"(£) of the rank a, ) of H"(Ny;R)
are new invariants for the dynamics of self-similar systems. These invariants reflect the
dynamical behavior and the complexity of the systems. Under certain conditions, we can
show, by using these invariants, that two self-similar systems are not isomorphic, even when
we cannot show this by using Cech cohomology groups of the invariant sets of the systems
(e.g., Examples 3.40, 3.41, 3.42, 3.43, Proposition 3.37, and the proof of Proposition 3.37).
Moreover, the interaction cohomology groups H "(£; R) are new invariants for the dynamics
of finitely generated semigroups of continuous maps. (See Remark 2.38.)

(2) By using the natural homomorphism ¥ : H"(£; R) — H"(L; R), we can get information about
the Cech cohomology groups H"(L; R) of the invariant sets L (Lemma 4.8, Theorems 3.2, 3.3,
3.7, 3.8, 3.17, 3.19, Proposition 3.20, Theorem 3.36, Proposition 3.38, Examples 3.40, 3.41,
3.42, 3.43, 3.44). By using the Alexander duality theorem, the Cech cohomology groups of L
tell us information of the (reduced) homology groups of the complement of L in the bigger
space (see Theorem 3.19, Proposition 3.20). Under certain conditions, ¥ is a monomorphism
(Lemma 4.8). If £ is a forward self-similar system and if each h; : L — L is contractive,
then ¥ : H"(L; R) — H"(L; R) is an isomorphism (Remarks 2.41, 2.42). Moreover, under
the same condition, for each w € ¥, and z¢ € L such that xg € hy, - - by, (L) for each k,
the interaction homotopy groups 7, (£, w) (see Definition 2.31) of £ are isomorphic to the
shape groups 7, (L, o) of the invariant set L (see Remark 2.42). (For the definition of shape
groups and shape theory, see [16].)

(3) Interaction cohomology groups H'(£; R) and H"(Ny; R) may have more dynamical informa-
tion of the systems than the Cech cohomology groups or shape groups of the invariant sets.
The natural homomorphism ¥ : H"(£; R) — H"(L;R) is not an isomorphism in general.
Similarly, 7, (£, w) and 7, (L, zg) (g € hw, -+ - huw, (L) for each k € N) are not isomorphic in
general. Tt may happen that 71 (£, w) is not trivial, H,(£;Z) # 0 and H'(£;Z) # 0, even
though 7#,.(L,x¢), H,(L;Z), and H"(L;Z) are trivial for all » > 1 and for all (w,z() such
that g € hyy, -+ by, (L) for each k € N (see Example 4.9). Moreover, for each n > 4, there
are many examples £ = (L, (hy,...,hm)) (of postunbranched systems) such that L C R3
and H"(L;R) = 0 for each r > 3, but the interaction cohomology group H"(£;R) is not
zero (Proposition 3.37). In these examples, since H*(£; R) = H* (lim, [Ni(£)|; R), the above
statement means that the dimension of lim, |Ni(L)] is larger than that of L. In other words,
the manner of overlapping of small images of L is “more higher-dimensional” than the invari-
ant set L. These phenomena reflect the complexity of the dynamics of the self-similar systems.
We remark that as illustrated in Remark 2.14, Remark 2.25, and examples in section 2, it is
important to investigate self-similar systems whose generators may not be contractive.



(4) For any two self-similar systems £ = (Ll,v(hl7 cooyhm)) and £9 = (La,(g1,...,9n)), inter-
action cohomology groups H"(£1; R) and H"(£y; R) may not be isomorphic even when L;
and Lo are homeomorphic (see Example 4.9, Example 4.10, and Remark 4.11).

(5) For any forward self-similar system £ = (L, (hq,...,hy)) whose generators h; are contrac-
tions, the interaction cohomology groups H "(£; R) are isomorphic to the Cech cohomol-
ogy groups H"(L; R) (Remark 2.42). Thus in this case the interaction cohomology groups
H"(£; R) are not new invariants. However, even for such systems, H"(Ny; R) and g"(£) are
new invariants. Given two forward self-similar systems £; and £o whose generators are con-
tractions, H" (N (£1); R) and H"(Nk(£2); R) may not be isomorphic, and ¢g"(£1) and g"(£2)
may be different, and these invariants H"(Ng; R) and ¢” may tell us that £; and £y are
not isomorphic, even when the Cech cohomology groups of their invariants are isomorphic
(Examples 3.40, 3.41, 3.42, 3.43).

(6) Under certain good conditions (e.g., postunbranched condition (Definition 3.22)), H"(£; R),
H"(Ng; R) and ¢g"(£) can be exactly calculated for each r > 0 (Theorem 3.36). In particular,
there are inductive formulae for H" (Ny; R) with respect to k (with an exception when r = 1
and |Np| is disconnected, in which the situation is more complicated, see Theorem 3.36-9,
Proposition 3.38 and Remark 3.39). These results are applicable to many famous examples
(e.g., the snowflake, the Sierpinski gasket, the pentakun, the hexakun, the heptakun, the
octakun, etc., and any subsystems of their iteration systems, see Examples 3.27, 3.28, 3.40,
3.41, 3.42, 3.43) and many new examples (see Propositions 3.37, 3.38). For one of the keys in
the proof of the above results, see the diagrams (19), (20), which come from the long exact
sequences of cohomology groups.

(7) We can apply the results on the interaction cohomology to the self-similar systems whose
generators are contractions, to the dynamics of polynomial (rational) maps on the Riemann
sphere, and to the random complex dynamics (section 3.2). There are many important
examples of forward or backward self-similar systems (section 2). When we investigate the
random complex dynamics, we have to see the minimal sets (which are forward invariant)
and the Julia sets (which are backward invariant) of the associated semigroups (Lemma 2.24,
Remark 2.25). We have many phenomena which can hold in rational semigroups and random
complex dynamics, but cannot hold in the usual iteration dynamics of a single polynomial
(rational) map (see [31, 33, 34]). By using interaction cohomology, these interesting new
phenomena can be systematically investigated (see [29]).

(8) Given self-similar systems or iterated function systems, we have been investigating the (frac-
tal) dimensions of the invariant sets by using analysis or ergodic theory so far. However, if
the small copies overlap heavily, it is very difficult to analyze the fractal dimensions, and
there has been no invariant to study or classify the self-similar systems which could be un-
derstood well. Interaction cohomology of the systems is a new interest, rather than fractal
dimensions of the invariant sets, and can be a new strong research interest in the field of
self-similar systems, iterated function systems, the dynamics of semigroups of holomorphic
maps, random complex dynamics, and more general semigroup actions. Overlapping of the
small copies of the invariant sets is the most difficult point in the study of self-similar sys-
tems. Nevertheless, by using the interaction cohomology, we positively study the overlapping
of the small copies, rather than avoiding the difficulty. Interaction cohomology provides a
new language to investigate self-similar systems. For results when we have overlapping of
small copies, see Theorems 3.2, 3.3, 3.7, 3.8, 3.17, 3.19, and Proposition 3.20.

We remark that it is a new idea to use homological theory when we investigate self-similar sys-
tems (iterated function systems) and their invariant sets (fractal sets). Using homological theory,



we can introduce many new topological invariants of self-similar systems. Those invariants are nat-
urally and deeply related to the dynamical behavior of the systems and the topological properties
of the invariant sets of the systems. Thus, developing the theory of “interaction (co)homology,”
we can systematically investigate the dynamics of self-similar systems. The results are applicable
to fractal geometry, the dynamics of rational semigroups, and random complex dynamics.

In section 2, we give some basic notations and definitions on forward or backward self-similar
systems. In section 3, we present the main results of this paper. We provide some fundamental
tools to prove the main results in section 4 and present the proofs of the main results in section 5.

Acknowledgement: The author thanks Rich Stankewitz for many valuable comments. The
author thanks Eri Honda-Sumi for drawing Figure 2.

2 Preliminaries

In this section, we give some fundamental notations and definitions on forward or backward self-
similar systems. We sometimes use the notation from [20].

Definition 2.1. If a semigroup G is generated by a family {hy,..., h,} of elements of G, then
we write G = (h1,..., hpm).

Definition 2.2. Let (L, d) be a non-empty compact metric space. Let h; : L — L (j=1,...,m)
be a continuous map. We say that £ = (L, (hy,...,hy,)) is a forward self-similar system if
L= U]m:1 hj(L). The set L is called the invariant set of £. Each h; is called a generator of £.

Definition 2.3. Let £ = (L1, (h1,...,hn)) and £5 = (L2, (g1, .-,9n)) be any two forward self-
similar systems. A pair A = («, ), where « : L1 — Lo is a continuous map and §: {1,...,m} —
{1,...,n} is amap, is called a morphism of £, to £ if gg(;yoa = aohj on L for each j = 1,...,m.
If A is a morphism of £; to £, we write A : £ — £o. If Ay = (a1,01) : £ — £o and
Ay = (g, f2) : £2 — £3 are two morphisms, then Ay o Ay := (as 0 g, B2 0 51) is a morphism of £
to £3. Moreover, for each system £ = (L, (hq,...,hy)), the morphism Ide = (Idy,Id) : £ — £ is
called the identity morphism. With these notations, we have a category. This is called the category
of forward self-similar systems.

Definition 2.4. Let X be a metric space. Let h; : X — X (j =1,...,m) be a continuous map.
Let L be a non-empty compact subset of X. We say that £ = (L, (hy,...,h,)) is a backward
self-similar system if (1) L = ., hj_l(L) and (2) for each z € L and each j € {1,...,m},
hj_l({z}) # (. The set L is called the invariant set of £. Each h; is called a generator of £.

Definition 2.5. Let £ = (L1, (b1, ..., hy)) and £9 = (Lo, (g1, - - -, gn)) be any two backward self-
similar systems. A pair A = («, ), where « : Ly — Lo is a continuous map and §: {1,...,m} —
{1,...,n} is amabp, is called a morphism of £; to £o ifa(h;l(Ll)) C glg(lj)(Lg) and gg(jyoo = aohy;
on h;l(Ll) for each j = 1,...,m. If A is a morphism of £; to £, we write A : £ — £o. If
Ay = (a1,81) : £1 — £9 and Ay = (ag,f2) : £2 — £3 are two morphisms, then Ay o Ay :=
(a2 0 a1, B2 0 B1) is a morphism of £1 to £3. Moreover, for each system £ = (L, (hq,...,hy)), the
morphism Ide = (Idp, Id) : £ — £ is called the identity morphism. With these notations, we have
a category. This is called the category of backward self-similar systems.

Remark 2.6. Let £, = (L1, (h1,...,hn)) and Lo = (La2,(g1,...,9n) be two forward (resp.
backward) self-similar systems. By Definition 2.3 and 2.5, £; is isomorphic to £o (indicated
by £1 = £5) if and only if m = n and there exists a homeomorphism « : Ly — Lo and a bi-
jection 7 : {1,...,m} — {1,...,m} such that for each j = 1,...,m, ah; = g,y on L (resp.
Oé(hj_l(Ll)) C g;é.)(Lg) and ahj = g,y on hj_l(Ll)).



We give several examples of forward or backward self-similar systems.

Definition 2.7. Let (X, d) be a metric space. We say that a map f: X — X is contractive (with
respect to d) if there exists a number 0 < s < 1 such that for each z,y,€ X, d(f(z), f(y)) <
sd(z,y). A contractive map f: X — X is called a contraction.

Definition 2.8. Let (X, d) be a complete metric space. For each i =1,...,m, let h; : X — X be
a contraction with respect to d. By [15, Theorem 1.1.4], there exists a unique non-empty compact
subset M of X such that (M, (h1,...,hn)) is a forward self-similar system. We denote this set
M by Mx (h1,...,hy). The set Mx(hq,...,hy) is called the attractor or invariant set of the
iterated function system {hq,...,hy} on X.

Definition 2.9. Let X be a compact metric space. Let G be a semigroup of continuous maps
on X. We set F(G) := {z € X | G is equicontinuous on a neighborhood of z}. For the definition
of equicontinuity, see [1]. The set F(G) is called the Fatou set of G. Moreover, we set J(G) :=
X\ F(G). The set J(G) is called the Julia set of G. Furthermore, for a continuous map g : X — X,
we set F'(g) := F((g)) and J(g) := J((g))-

Remark 2.10. By the definition above, we have that F'(G) is open and J(G) is compact.
By the definition above, it is easy to prove that the following Lemmas 2.11 and 2.12 hold.

Lemma 2.11. Let X be a compact metric space. Let G be a semigroup of continuous maps on X.
Suppose that for each h € G, h : X — X is an open map. Then, for each h € G, h(F(G)) C F(G)
and h=1(J(G)) C J(G).

Lemma 2.12. Let X be a compact metric space. Let G be a semigroup of continuous maps on X.
Suppose that G is generated by a finite family {h1, ..., hy} of continuous maps on X. Suppose that
foreach j =1,...,m, hj : X — X is an open and surjective map. Moreover, suppose J(G) # 0.
Then, £ := (J(G), (h1,...,hn)) is a backward self-similar system.

Definition 2.13 ([11, 8]). We denote by C the Riemann sphere CU{co}. A rational semigroup
is a semigroup generated by a family of non-constant rational maps on C with the semigroup
operation being the functional composition. A polynomial semigroup is a semigroup generated
by a family of non-constant polynomial maps on C.

Remark 2.14. If a rational semigroup G is generated by {h1,...,hy,} and if J(G) # (), then by
Lemma 2.12, (J(G), (h1,...,hy)) is a backward self-similar system.

Remark 2.15. For each j = 1,...,m, let a; € C with |a;| > 1 and let p; € C. Moreover, let
hj C — C be the map defined by hj(z) = aj(z —p;) + p; for each z € C. Let G = (h1,..., hm).
Then, it is easy to see co € F(G). Hence § # J(G) C C. From Lemma 2.12 and [15, Theorem
1.1.4], it follows that J(G) = Mc(h*, ..., h,b).

> om

Definition 2.16 ([11]). Let G be a polynomial semigroup. We denote by K1(G) the set of points
z € C satisfying that there exists a sequence {g;};en of mutually distinct elements of G such that
{gj(2)};en is bounded in C. Moreover, we set K(G) := K,(G), where the closure is taken in C.
The set K(G) is called the filled-in Julia set of G. Furthermore, for a polynomial g, we set
K(g) = K((g))-

Remark 2.17. It is easy to see that for each g € G, g7 (K(G)) C K(G). Moreover, if a
polynomial semigroup G is generated by a finite family {hi,...,h,} and if K(G) # 0, then
£ = (K(G),(h1,...,hm)) is a backward self-similar system ([24, Remark 3]). Furthermore, it is
easy to see that if G is generated by finitely many elements h;, j = 1,...,m such that deg(h;) > 2
for each j, then ) # K(G) C C.




Definition 2.18. For each m € N, we set 3,,, := {1,...,m}" endowed with the product topology.

Note that X, is a compact metric space. Moreover we set XF = U;‘;l{l, ...,m} (disjoint
union). Let X be a space and for each j = 1,...,m, let h; : X — X be a map. For a finite
word w = (wy,...,wy) € {1,...,m}*, we set h, := hapy, © - 0 Ry, W = (Wg, Wg—1,...,w1), and
|w| := k. For an element w € ¥,,, we set |w| = co. For an element w € ¥,, UX} | |w]| is called
the word length of w. Moreover, for any w = (wy,ws,...) € X, UX% and any [ € N with | < |w|,
we set w|l := (wy,wa,...,w;) € {1,...,m}. Furthermore, for any w = (wy,...,wy € 3%, and any
T=(1,T2,...) € X5 UX,,, we set wr = (w1, Wa, ..., Wk, T1,T2,...) € X U,

Definition 2.19. Let K be a non-empty compact metric space and let h; : K — K be a continuous
map for each j =1,...,m. We set

Rip(ha,....hm) =) |J  hal(K).

n=lweX} :lw|=n

Lemma 2.20. Under Definition 2.19, we have that Ry (hy,. .., hm) is non-empty and compact,
Ri s(h1,. oo hm) = Uyes,, My hm(K), and £ := (R f(h1,....hm), (R1,..., hw)) is a forward

self-similar system.

Proof. 1t is easy to see that Rk ¢(h1,...,hn) is non-empty and compact. Moreover, it is easy
to see that R f(h1,.. s hm) O Upes, Miet thk(K) To show the opposite inclusion, let x €
Rk ¢(h1,...,hy). Then for each n € N there exists a word w™ € X with |w"| = n and a point
Yn € K such that x = hyp -+ hyr (yn). Then, there exists an infinite word w>® € X, and a
sequence {ny }ren of positive integers with ny > k such that for each k € N, w™* |k = w°|k. Hence,
for each k € N, & = hyyge -+ hypee thil "'th’; (yn,,)- Therefore, 2 € (2 A - - - hyee (K). Thus,
we have shown Rg f(hi, ..., hm) = Uyes, Miet hm(K) From this formula, it is easy to see
that R r(h1,...,hm) D U;"Zl hj(Rk,f(h1,- .., hp)). In order to show the opposite inclusion, let
z € R p(h1,- - hm) = Upes,, MNiet thk(K) be a point. Let w € ¥,, be an element such that
T € Npey s *+* Iy (K). Then for each k € N with k > 2, there exists a point yi € Ry, « - - hupy, (K)
such that © = hy, (yr). Since K is a compact metric space, there exists a subsequence {y, }ien
of {yr}re n and a point y,_ € K such that yr, — yr_ as | — oo. Then, it is easy to see that
Ykoo € Mio hwy +++ ha (K). Hence, @ = huy (Yo) € hwy (Ures,, Nzt Ppg(K)). Thus, we have
proved Lemma 2.20. O

Definition 2.21. Let X be a metric space and let h; : X — X be a continuous map for each
j=1,...,m.Let K be a compact subset of X and suppose that foreach z € Kandj =1,...,m, we
have h; ({z}) # ). Moreover, suppose that (J'- Y(K) C K. Then we set R p(h1,...,hy) =

nfLozl UwEE;*n:\w\:n hwl(K)

Using the argument similar to that in the proof of Lemma 2.20, we can easily prove the following
lemma.

Jla

Lemma 2.22. Under Definition 2.21, we have that Ry p(h1, ..., hm) is non-empty and compact,
Rip(hi, ... hy) = UwGZm Mrey h;‘lk(K), and £ := (Rxp(ha1,-. . hm)s (P1,..., h)) is a back-
ward self-similar system.

Definition 2.23. Let X be a compact metric space and let G be a semigroup of continuous maps
on X. A non-empty compact subset M of X is said to be minimal for (G, X) if M is minimal with
respect to the inclusion in the space of all non-empty compact subsets K of X satisfying that for
each g € G, g(K) C K.

Lemma 2.24. Let X be a compact metric space and let G be a semigroup of continuous maps on
X. Then, we have the following.
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1. Let K be a non-empty compact subset of X such that for each g € G, g(K) C K. Then, there
exists a minimal set L for (G, X) such that L C K.

2. If, in addition to the assumptions of our lemma, G is generated by a finite family {h1, ..., hpy}
of continuous maps on X, then for any minimal set M for (G, X), (M, (h1,...,hp)) is a
forward self-similar system.

Proof. Statement 1 easily follows from Zorn’s lemma. In order to show statement 2, suppose that
G = (h1,...,hy) and M is a minimal set for (G, X). Since M satisfies that g(M) C M for each
g € G, we have Uj_, h;(M) C M. Let K := |Jj_, h;j(M). Since G = (hy, ..., hy), we have that
for each g € G, g(K) C K. Thus, by statement 1, there exists a minimal set L for (G, X) such
that L C K. By the minimality of M, it must hold that L = M. Hence, K = M. Therefore, we
have proved statement 2. Thus, we have proved Lemma 2.24. O

Remark 2.25. It is very important to consider the minimal sets for rational semigroups when
we investigate random complex dynamics as well as rational semigroups. In [34], it is shown that
for any Borel probability measure 7 on the space Rat of non-constant rational maps, if supp 7
is compact, (,cq. g Y J(G,)) = 0 and J(G,) # 0, where G, denotes the rational semigroup
generated by supp 7, then there exist at most finitely many minimal sets K1, ..., K, for (G,, C),
and for each z € C, for (®32;7)-a.e. v = (y1,7%2,...) € (Rat)N, d(v, - ~’yl(z),U;:1 K;) — 0 as
n — oo. Note that K; may meet J(G), and for a g € G, g|k; is neither contractive nor injective
in general. Thus it is important to investigate forward self-similar systems whose generators may
be neither contractive nor injective.

The above examples give us a natural and strong motivation to investigate forward or backward
self-similar systems.
We now give some definitions which we need later.

Definition 2.26. Let £, = (L1, (h1,...,hn)) and £9 = (L2, (91,...,9,)) be two forward or
backward self-similar systems. We say that £, is a subsystem of £, if L; C Ly and there exists an
injection 7 : {1,...,m} — {1,...,n} such that for each j =1,...,m, h; = g-(;).

Definition 2.27. Let £ = (L, (h1,...,hn)) be a forward (resp. backward) self-similar system. A

forward (resp. backward) self-similar system 9t = (L, (g1, . . ., gmn)) is said to be an n-th iterate of
£ if there exists a bijection 7 : {1,...,m"} — {w € ¥%, | |w| = n} such that foreach j = 1,...,m",
95 = hr(jy-

Definition 2.28. For a topological space X, we denote by Con(X) the set of all connected com-
ponents of X.

Definition 2.29. Let X be a space. For any covering U = {Uy}rea of X, we denote by N(U) the
nerve of U. By definition, the vertex set of N (i) is equal to A.

Definition 2.30. Let S be an abstract simplicial complex. Moreover, we denote by |S| the
realization (see [20, p.110]). As in [20], we embed the vertex set of S into |S|.

We now define a new kind of cohomology theory for forward or backward self-similar systems.
Definition 2.31. Let £ = (L, (hy,...,hm)) be a backward self-similar system.
1. For each @ = (21, %2,...,) € X, we set Ly := (2 hy - hy 'L (£ 0).

2. Forany k € N, let Uy, = Uy,(£) be the finite covering of L defined as: Uy, := {hy,' (L) }wess :juw|=k-
We denote by Ni or Ni(£) the nerve N (Uy) of Uy,. Thus N, is a simplicial complex such that
the vertex set is equal to {w € X%, | |w| = k} and mutually distinct r elements w!, ..., w" €
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¥¥ with |wl| =+ = |w"| = k make an (r — 1)-simplex of Ny, if and only if ﬂ;zl h;} (L) # 0.
Let ¢ : Nyi1 — N be the simplicial map defined as: (wy,...,wg+1) — (wi,...,wg) for
each (wy,...,wre1) € {1,...,m}*+1. Moreover, for each k,I € N with [ > k, we denote by
w1k : Ni — Ny the composition ¢;_1 o --- 0 @g. Then, {Ng, @1k }kieni>k forms an inverse
system of simplicial complexes.

3. Let {(pr)« : Con(|Ni+1]) — Con(|Nk|)}ken be the inverse system induced by {(¢k)«}-

4. Let R be a Z module and let p € NU{0}. We set HP(L, (h1,...,hm); R)i, := HP(Nyg; R). This
is called the p-th interaction cohomology group of backward self-similar system
£=(L,(h1,...,hn)) at k-th stage with coefficients R . We sometimes use the notation
HP(£; R)j to denote the above HP(L, (hy, ..., hy,); R)g. Similarly, we set H,(L, (hi, - .., hm); R)x
:= H,(Ny; R). This is called the p-th interaction homology group of backward self-
similar system £ = (L, (hq,...,hy)) at k-th stage with coefficients R . We sometimes
use the notation H,(£; R), to denote the above H,(L, (h1, ..., hm); R)x.

5. Let R be a Z module and let p € N U {0}. We denote by HP(L, (h1,...,hm); R) the di-
rect limit of the direct system {HP(Ny; R), ¢} ;. i keni>k of Z modules. This is called the
p-th interaction cohomology group of £ = (L, (hy,...,h,)) with coefficients R.

We sometimes use the notation H? (£; R) in order to denote the above cohomology group
HP(L,(h1,...,hm); R).

6. We denote by puy. , : HP(£; R)x — HP(£; R) the canonical projection.

7. Similarly, for any Z module R, we denote by H,(L, (h1,...,hny); R) the inverse limit of the
inverse system {H,(Nk; R), (¢1 k)« }1,ken,i>k of Z modules. This is called the p-th interac-
tion homology group of £ = (L, (hq,...,hy)) with coefficients R. We sometimes use
the notation Hp(ﬁ; R) in order to denote the above homology group flp(L, (h1,...,hm); R).

8. For each p € N, k € N and w € %,,, we set 7,(L,w)g := mp(|Ni|,w|k) and 7, (L, w) :=
lim, 7p (| Ni|, w|k). We call 7,(£, w), the p-th interaction homotopy group of £ at k-th
stage with base w and we call 7,(£, w) the p-th interaction homotopy group of £ with
base w.

Definition 2.32. Let £ = (L, (h1,...,hn)) be a forward self-similar system. For each x € X,,,
we set L, 1= ﬂ;’;l he, -+ he,(L). For any k € N, let Uy, = Up.(£) be the finite covering of L defined
as: Uy, = {hw(L)}wes: :jwj=k- We denote by N or Ni(£) the nerve N(Uy) of Uy. Thus Ny is a
simplicial complex such that the vertex set is equal to {w € X%, | |[w| = k} and mutually distinct
r elements w!,...,w" € ¥f with |w!| = .-+ = |w"| = k make an (r — 1)-simplex of N}, if and
only if (V;_, h7(L) # 0. Let ¢y, : Nyy1 — Nj, be the simplicial map defined as: (w1, ..., wg41) —
(w1, ..., wg) for each (wy,...,wry1) € {1,...,m}*1. Moreover, we set ¢; 1 := p_10--- 0. We
define the p-th interaction cohomology group H? (£; R) and the p-th interaction homology group
Hp(ﬂ; R) as in Definition 2.31. Moreover, we define the p-th interaction homotopy group 7, (£, w)x
of £ at k-th stage with base w € %,,, the p-th interaction homotopy group 7, (£, w) of £ with
base w, the p-th interaction cohomology group H? (£; R)i of £ at k-th stage, and p-th interaction
homology group H'p(}l; R)j of £ at k-th stage, as in Definition 2.31. Furthermore, we denote by
thp : HP(L; R)y — HP(L; R) the canonical projection.

Definition 2.33. Let A = {Ax}ica, and B = {B,},ea, be two coverings of a topological space
L. We say that B is a refinement of A if there exists a map r4 5 : A2 — Ay such that B, C A, ()
for each p € Ag. The 74 p is called the refining map. If B is a refinement of A, we write A < B.

Remark 2.34. Let £ = (L, (h1,...,hy)) be a forward (resp. backward) self-similar system. Let
Ty Upsr - W € X5, | lw| =k 41} — {w e Xy, | |w] =k} be the map defined by (wy, ..., wky1) —
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(w1, ., wg). fw = (wy,...,wer1) € {1,...,m}*+L then hy(L) C hW(L) (resp. hg'(L) C
h;llk (L)). Thus for each k, Uy =< Up41 with refining map 7y, g4, ,. Moreover, the simplicial map

("4 thyyr )+ © Neg1 — Ny induced by 744, 14, is equal to the simplicial map ¢y : Nyy1 — Ni.

From the definition of interaction (co)homology groups and the continuity theorem for Cech
(co)homology ([38]), it is easy to prove the following lemma.

Lemma 2.35. Let £ be a forward or backward self-similar system and let R be a Z module. Then
HP(L; R) = H(lim, |Ni|; R) and Hy(&; R) = Hy(lim, [Ny[; R).

Example 2.36 (Sierpinski gasket). Let pi,ps2,ps € C be mutually distinct three points such
that p1pops makes an equilateral triangle. Let h;(z) := %(Z — pi) + pi, for each i = 1,2,3. Let
L = Mc(hy, ha, hg). Then, L is equal to the Sierpiniski gasket ([15], see Figure 1). We consider
the forward self-similar system £ = (L, (hy, ha, h3)). We see that the set of one-dimensional sim-
plexes of Ny is equal to {{1,2},{2,3},{3,1}} and for each r > 2, there exists no r-dimensional
simplexes of INj. Moreover, it is easy to see that the set of one-dimensional simplexes of Ny is
equal to {{(1,1), (1,2)}, {(1,2), (1,3)},{(1,3), (1, D}, {(2.1),(2,2)}{(2,2), (2.3)},{(2,3), (2, )},
{(3:1), (3,2)1.4(3,2), (3,3)},{(3.3), (3. )} {(1,2), (2. 1)}, {(2:3), (3, 2)}, {(3, 1), (1,3)}} and for cach
r > 2 there exists no r-dimensional simplexes of Ny (see Figure 2). Thus for each Z module R,
H'(L;R), =R, H(£;R); =0 (Vr > 2), H'(£;R)y = R*, and H"(£; R)y = 0 (Vr > 2).

Figure 1: The Sierpinski gasket

Figure 2: The figure of ¢ : No — Nj for the system of the Sierpinski gasket

(3.3)

P

an 02 @y @2

N1 N2

Remark 2.37. £ — {Ni(L), v1k}iken >k is a covariant functor from the category of backward
self-similar systems to the category of inverse systems of simplicial complexes. For any Z module
R and any p € NU{0}, £+ {H,(£; R)x, (p1.6)«}1.ken >k is a covariant functor from the category
of backward self-similar systems to the category of inverse systems of Z modules, £ +— Hp(i.‘,; R)
is a covariant functor from the category of backward self-similar systems to the category of Z
modules, £ +— {HP(£; R)y, (@1.6)* Fiken >k 1s a contravariant functor from the category of back-
ward self-similar systems to the category of direct systems of Z modules, and £ — H? (&;R)
is a contravariant functor from the category of backward self-similar systems to the category of
7Z modules. Thus the iSOHlOI‘phiSIIl classes of {Nk(g), @l,k}l,kEN,l>ka {Hp(g, R)k, (@l,k)*}l,keN,bh
H,(&;R), {H?(L; R)x, (p1.6)" Yikeni>k, and HP(L; R) are invariant under the isomorphisms of
backward self-similar systems. The same statements as above hold for forward self-similar sys-
tems.
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Remark 2.38. Let £ = (L, (h1,...,hn)) and £9 = (L,(g91,.-.,9n)) be two backward self-

similar systems such that (hi,...,hn) = (g1,...,9n). Then, by the definition of the interac-

tlon (co)homology, it is easy to see that there exist isomorphisms H*(£;; R) = H*(£q; R) and
H,.(£1; R) = H.(£2; R). Similar statement holds for two forward self-similar systems.

Notation: Let (X, d) be a metric space. Let A be a non-empty subset of X. Let § > 0. We set
B(A,0) :={z € X | d(y,A) < ¢}.

Definition 2.39. Let (X,d) be a metric space. Let A := {Ly}xea be a covering of X. For each
§ >0, we set A% := {B(Ly,6)}rea and we denote by ¥h45 : N(A) — N(A?) the simplicial map
induced by the refinement Ly C B(Ly,d), A € A.

Lemma 2.40. Let (L,d) be a compact metric space. Let A = {L;};_, be a finite covering of L
such that for eachi=1,...,7, L; is a non-empty compact subset of L. Then, we have the following.

1. There exists a number §(A) > 0 such that for each 0 < § < §(A), Yas: N(A) — N(A%) is
a simplicial isomorphism.

2. Let B = {Mj}§-:1 be another finite covering of L such that for each j = 1,...,1, Mj is a
non-empty compact subset of L. Assume that there exists a map Sap: {1,...,r} = {1,...,1}
such that Mj C Lg, ;) for each j =1,...,1. Then, there exists a 69 > 0 such that for each
0 < 6 < do, we have the following (i),(ii), and (iii): (i) B(Mj;,0) C B(Lg, 5(;),9) (J =
1,...,1), (i) the diagram

N(B) —= N(B’)
(Ba,B) l l(ﬁA,B)*
N(A) 25 N(A%)
commutes where (Bag)« : N(B) — N(A) and (Ba.5)« : N(B?) — N(A%) are simplicial maps

induced by Bap: {1,...,r} — {1,...,1}, and (iii) the simplicial maps V55 : N(B) — N(B?)
and Ppas: N(A) — N(.A‘s) are isomorphisms,

Proof. First, we will show statement 1. If (\;_, L; # 0, then for any § > 0, 14, is an isomor-
phism. Hence we may assume that (;_, L; = 0. Let (i1,...,i,) € {1,...,7}" be any element with
;=1 Li, = 0. Then there exists a 6 = 6(i1,...,i,) > 0 such that (,_, B(L;,,d) = 0. Let

S(A) :=min{8(iy, ..., 4,) | (i1,...4) € {1,...,7}", [ Li, = 0}.

Then, §(A) > 0. Hence, for each 0 < § < §(A), if (;_; Li, = 0, then ;_, B(L;,,d) = 0. Therefore,
statement 1 holds. Statement 2 follows easily from statement 1. O

Remark 2.41. Let £ = (L, (h1,...,hn)) be a forward or backward self-similar system. Let R be
a Z module and let H? (L; R) be the p-th Cech cohomology group of L with coefficients R. Since
HP(L;R) = lim, | HP(N(W); R), where W runs over all open coverings of L, Lemma 2.40 implies
that for each k € N, there exists a homomorphism Wy, : HP(Ny; R) — HP(L; R) induced by Yu, 5-
Using Lemma 2.40 again, {¥y, }ren induces a natural homomorphism

U : HP(L; R) — HP(L; R). (1)
Remark 2.42. Suppose that either (a) £ = (L, (h1,...,hn)) is a forward self-similar system

such that for each j = 1,...,m, h; : L — L is a contraction, or (b) £ = (L, (h1,...,hm)) is a
backward self-similar system such that for each j = 1,... ,m, h;l : L — L is well-defined and
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hj_1 : L — L is a contraction. Then, for any p and any Z module R, ¥ : H?(£; R) — H?(L; R)
is an isomorphism. For, given an open covering W, there exists a k € N and a § > 0 such that
W < NJ. It means that {HP(NJ; R)}ks is cofinal in {HP(N(W); R)}yy. From Lemma 2.40, it
follows that W : HP(£; R) — HP(L; R) is an isomorphism. Similarly, H,(£; R) and H,(L; R) are
naturally isomorphic. Moreover, 7, (£, w) and 7, (L,zo) (2o € Ay, - - - b, (L) for each k € N) are
naturally isomorphic, where 7,.(L, 2o) denotes the r-th shape group of L with base point zq. (For
the definition of shape groups, see [16].)

However, ¥ is not an isomorphism in general. In fact, ¥ may not be a monomorphism (see
Proposition 3.37). Similarly, HP(E; R) and ﬁp(L;R) may not be isomorphic in general (Exam-
ple 4.9). Moreover, 7(£,w) and 7, (L,x0) (xo € hyw, - hw,(L) for each k € N) may not be
isomorphic in general (Example 4.9).

3 Main results

In this section, we present the main results of this paper. The proofs of the results are given in
section 5.

3.1 General results

In this subsection, we present some general results on the 0-th and the first interaction (co)homology
groups of forward or backward self-similar systems. The proofs are given in section 5.1.

We investigate the space of all connected components of an invariant set of a forward or back-
ward self-similar system. This is related to the 0-th interaction (co)homology groups of forward or
backward self-similar systems. Note that it is a new point of view to study the above space. As an
application, we generalize and further develop the essence of the well-known result (Theorem 1.1)
on the necessary and sufficient condition for the invariant sets of the forward self-similar systems
to be connected.

Remark 3.1. Let £ = (L, (hy,...,hn)) be a forward (resp. backward) self-similar system. Then
|Ny] is connected if and only if for each i,5 € {1,...,m}, there exists a sequence {i;};_; in
{1,...,m} such that iy = 4,i, = j, and h;, (L) N i, (L) # O (vesp. hy (L) N h;}rl([/) # () for
eacht=1,...,s—1.

Theorem 3.2. Let £ = (L, (h1,...,hn)) be a backward self-similar system such that L, is con-
nected for each x € ¥,,. Let R be a field. Then, we have the following.

1. There exists a bijection: ® : lim, Con(|Ny|) = Con(L), where, the map ® is defined as follows:
let B = (By)k € lim, Con(|Ny|) where By, € Con(|Ni|) and (¢r)«(Br41) = By for each k.
Take a point x € ¥y, such that (z1,...,x,) € By for each k. Take an element C' € Con(L)
such that L, C C. Let ®(B) = C.

2. L is connected if and only if |N1| is connected. (See Remark 3.1.)

3. Con(|Ng|) < #Con(|Ngy1|), for each k € N. Furthermore, {§Con(|Nk|)}ren is bounded if
and only if §Con(L) < oco. If §Con(L) < oo, then klim #Con(|Ni|) = fCon(L).

4. dimp H°(£; R) < oo if and only if {Con(L) < oc.

5. If dimp H(L; R) < oo, then dimg H(L; R) = #Con(L) and ¥ : H*(L; R) — H°(L; R) is an
isomorphism.

6. Suppose that m = 2 and L is disconnected. Then, hy (L) N hy (L) = 0, there exists a
bijection Con(L) = Y, and §Con(L) > No.
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7. Suppose that m = 3 and L is disconnected. Then, §Con(L) > Ng and there exists a j €
{1,2,3} such that L(;)~ is a connected component of L, where () := (4, j,J,...) € X3.

Theorem 3.3. Let £ = (L, (h1,...,hm)) be a forward self-similar system such that L, is connected
for each © € ¥,,. Let R be a field. Then, we have the following.

1. There exists a bijection: @ : lim Con(|Ny|) = Con(L).
2. L is connected if and only if |N1| is connected. (See Remark 3.1.)

3. Con(|Ng|) < #Con(|Ng41|), for each k € N. Furthermore, {§Con(|Nk|)}ren is bounded if
and only if §Con(L) < oco. If §Con(L) < oo, then klim #Con(|Ni|) = #Con(L).

4. dimg H°(£; R) < oo if and only if #Con(L) < oc.
5. If dimp H°(£; R) < oo, then dimg H(£; R) = #Con(L) and ¥ : H°(L; R) — H°(L; R) is an

isomorphism.
6. If m =2 and L is disconnected, then hi(L) N ha(L) = 0.

7. If m =2, h;j : L — L is injective for each j = 1,2, and L is disconnected, then there exists a
bijection Con(L) = Yy and $Con(L) > V.

8. If m =3, hj : L — L is injective for each j =1,2,3, and L is disconnected, then §Con(L) >
Ro and there exists a j € {1,2,3} such that L)~ is a connected component of L, where
(])OO = (j?jvj?' . ) S 2:3'

Remark 3.4. Let £ = (L, (h1, ..., hy)) be a forward self-similar system. If each h; : L — L is a
contraction, then for each z € ¥,,, L, = 1 and L, is connected.

We now consider the first interaction cohomology groups of forward or backward self-similar
systems.
Remark 3.5. Let £ := (L, (h1,...,hn)) be a forward (resp. backward) self-similar system. Let
G = (h1,...,hy) and let R be a Z module. If (., g(L) # 0 (resp. if (¢ g (L) # 0), then,

HO(L;R) = R and H?(L; R) = 0 for each p > 1. In particular, if there exists a point z € L such
that for each j = 1,...,m, hj(z) = z, then, H°(£; R) = R and H?(£; R) = 0 for each p > 1.

By Remark 3.5, we can find many examples of £ such that HP(S; R) = 0 for each p € N and
each Z module R.

Remark 3.6. For any n € NU{0}, we also have many examples of forward or backward self-similar
systems £ = (L, (h1,...,hm)) such that for each field R, 0 < dimg H"(£; R) < co. For example,
let My and M; be two cubes in R"™! such that My C int(Mp). Let L := My \ int(M;). Then, we
easily see that there exists a forward self-similar system £ = (L, (hy, ..., hy)) such that for each
j=1,...,m, hj : L — L is an injective contraction. For this £, we have H"(&; R) = H"(L; R) =
R.

We give a sufficient condition for the rank of the first interaction cohomology group of a system
to be infinite.

Theorem 3.7. Let £ = (L, (h1,...,hn)) be a backward self-similar system. Let R be a field. We
assume all of the following:

1. |Ny1| is connected. (See Remark 3.1.)
2. (h)7HL) N (Uyizr hi (L)) = 0.
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3. There exist mutually distinct elements j1, 42,73 € {1,...,m} such that j1 =1 and such that
for each k =1,2,3, hj_kl(L) Nh;t (L) # 0, where jy := ji.

Jk+1

4. Foreach s,t € {1,...,m}, we have the following: if 5,t,1 are mutually distinct, then h7*(L)N
h;Y(L) N AN (L) = 0.

Then, dimg H'(£; R) = oo.

Theorem 3.8. Let £ = (L, (h1,...,hm)) be a forward self-similar system such that for each
j=1,...,m, h; : L — L is injective. Let R be a field. We assume all of the following:

1. |Ny| is connected. (See Remark 3.1.)
2. (L) N (Uyiir hi(L)) = 0.

3. There exist mutually distinct elements j1, 72,73 € {1,...,m} such that j1 =1 and such that
for each k=1,2,3, hj, (L) N hy,,, (L) # 0, where jy := j1.

4. For each s, t € {1,...,m}, we have the following: if s,t,1 are mutually distinct, then hi(L)N
hs(L) N hy(L) = 0.

Then, dimg H(£; R) = oo.

Corollary 3.9. Let £ = (L, (h1,...,hn)) be a forward self-similar system such that each h; :
L — L is injective and such that for each x € X,,, Ly is connected. Let R be a field. Suppose
that the conditions 1,2,8,4 in the assumptions of Theorem 3.8 hold. Then, dimpg Hl(S;R) =
dimp U(H'(L; R)) = oo, dimg H*(L; R) = oo, and ¥ : H*(L; R) — H'(L; R) is a monomorphism.

Remark 3.10. Let K be a non-empty connected compact metric space and let h; : K — K be
a continuous map for each j =1,...,m. Let L = Rk s(h1,...,hy) and let £= (L, (h1,..., hn)).
Regarding the forward self-similar system £ (cf. Lemma 2.20), suppose that |N;| is connected.
Then, L is connected and L, is connected for each = € X,,. For, by Lemma 4.3, which will be
proved later, | Ny| is connected for all k € N, therefore (J,,_;, hw(K) is connected for each k € N.

It implies that L = (2, Ujw| =k hraw(K) is connected.

Example 3.11. Let £ = (L, (hy, ho, h3)) be the forward self-similar system in Example 2.36. Then
£ satisfies the assumptions of Corollary 3.9.

3.2 Application to the dynamics of polynomial semigroups

In this subsection, we present some results on the Julia sets of postcritically bounded polynomial
semigroups GG, which are obtained by applying the results in section 3.1. The proofs of the results
are given in section 5.2.

Definition 3.12. For each polynomial map g : C — C, we denote by C'V(g) the set of all critical
values of the holomorphic map g : C — C. Moreover, for a polynomial semigroup G, we set
P(G) = U, CV(9) (C C). The set P(G) is called the postcritical set of G. Moreover, we set
P*(G) := P(G) \ {oo}. The set P*(G) is called the planar postcritical set of G. We say that a
polynomial semigroup G is postcritically bounded if P*(G) is bounded in C.

Definition 3.13. We denote by G the set of all postcritically bounded polynomial semigroups G
such that for each g € G, deg(g) > 2. Moreover, we set Geon, := {G € G | J(G) is connected} and
Gais :={G € G| J(G) is disconnected}.
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Remark 3.14. Let G = (hq, ..., hy,) be a finitely generated polynomial semigroup. Then, P(G) =
Ugecuiray 9(Uj=, CV(hy)) and g(P(G)) C P(G) for each g € G. From the above formula, one
may use a computer to see if G € G much in the same way as one verifies the boundedness of the
critical orbit for the maps f.(z) = 22 + c.

Definition 3.15. We set Rat:= {g : C—-¢C | g is a non-constant rational map} endowed with
the topology induced by the uniform convergence on C. Moreover, we set YV := {g : C - C |
g is a polynomial, deg(g) > 2} endowed with the relative topology from Rat. Moreover, for each
m € N we set VJ" := {(h1,...,hm) € Y™ | (h1,..., ) € G}. Furthermore, we set ;" =
{(hl},...,hm) € Y™ | (h1y..shm) € Geont and Vo i= {(h1,... b)) € Y™ | (h1,... ki) €
gdis .

Remark 3.16. It is well-known that for a polynomial g € Y, the semigroup (g) belongs to G if
and only if J(g) is connected ([18]). However, for a general polynomial semigroup G, it is not true.
For example, (22, 22/4) belongs to Gg;s. There are many new phenomena about the dynamics of
G € Gg;s which cannot hold in the dynamics of a single polynomial map. For the dynamics of
G € Guis, see [31, 32, 33, 30, 29].

We now present the first main result of this subsection.

Theorem 3.17. Let G = {(h1,...,hy) € G. Then, for the backward self-similar system £ =
(J(G), (h1,...,hm)), all of the statements 1,...,7 in Theorem 3.2 hold.

Remark 3.18. It is well known that if G is a semigroup generated by a single h € Rat with
deg(h) > 2 or if G is a non-elementary Kleinian group, then either J(G) is connected or J(G)
has uncountably many connected components ([1, 18]). However, even for a finitely generated
polynomial semigroup in G, this is not true any more. In fact, in [31], it was shown that for any
positive integer n, there exists an element (hy, ..., ha,) € V2" such that §Con(J((h,...,h2n))) =
n. Moreover, in [31], it was shown that there exists an element (hi,ho,h3) € Y such that
#Con(J((h1, he, h3))) = Rq (see Figure 4).

Figure 3: The Julia set of G = (g7, ¢3), where g1(2) := 22 — 1, ga(2) := %. G € Ggis and
#(Con(J(G))) > Ro.

By Remark 3.5, for each m € N, there exists an element (hi,...,hm) € V" such that setting
G = (h1,...,hm), we have H'(J(G),(h1,...,hm); R) = 0. We will show that there exists an
element (hy, ..., hs) € Y} such that setting G = (ha, ..., hs), HY(J(G), (h1,...,hs); R) has infinite

rank.
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Theorem 3.19. Let m € N and let (hi,...,hy) € Y". Let G = (h1,...,hy,). Let R be a field.
For the backward self-similar system £ = (J(G), (h1,...,hm)), suppose that all of the conditions
1, 2, 3, 4 in the assumptions of Theorem 3.7 hold. Then, we have the following statements 1, 2, 3.

1. dimp H'(£; R) = dimg U(H'(£; R)) = 0o and dimr H'(J(G); R) = occ.
2. W:HY(L;R) — HY(J(G); R) is a monomorphism.
3. F(G) has infinitely many connected components.

Proposition 3.20. There exists an element h = (hy, ha, hs, hg) € y;} which satisfies the assump-
tions of Theorem 3.19. In particular, for this h, setting G = (h1,...,hs), for any field R, we
have that dimg H'(J(G), (h1,...,hs); R) = dimg U(H"(J(G), (hi,...,h4); R)) = oo and F(G)
has infinitely many connected components (see Figure 8).

Problem 3.21 (Open). Let m € N with m > 2. Are there any (h1,...,hn) € YJ"* such that

0 < dimg H(J((h1,..., hm)), (h1,... hm); R) < 00 ?

3.3 Postunbranched systems

In this subsection, we introduce “postunbranched systems,” and we present some results on the
interaction (co)homology groups of such systems. The proofs of the main results are given in
section 5.3.

Definition 3.22. Let £ = (L, (hq,...,hn)) be a forward (resp. backward) self-similar system.
For each (i,j) € {1,...,m}? with i # j, we set C;; = C;;(£) := hy(L) N h;(L) (resp. C;; =
C; (L) :=h;7 N (L)N h;l(L)). We say that £ is postunbranched if for any (i,5) € {1,...,m}?
such that ¢ # j and C; ; # 0, there exists a unique x = z(4,j) € X,, such that

° h:l(OzJ) C L, (resp. hz(CZJ) C Lx) and
e for each 2’ € ¥, with 2’ # z, we have h;l(Ci}j) N Ly =0 (resp. hi(Ci ;)N Ly =0).
The following Lemmas 3.23, 3.24, 3.25, 3.26 are easy to show from the definition above.

Lemma 3.23. Let £ = (L, (h1,...,hm)) be a forward or backward self-similar system. Suppose
that £ is postunbranched. Then, any subsystem M of £ is postunbranched.

Lemma 3.24. Let £ = (L, (h1,...,hn)) be a forward or backward self-similar system. Suppose
that £ is postunbranched. When £ is a forward self-similar system, we assume further that for each
j=1,...,m, hj : L — L is injective. Then, for eachn € N, an n-th iterate of £ is postunbranched.

Notation: Let m € N. For each j = 1,...,m, we set () := (4,4,...) € L.

Lemma 3.25. Let £ = (L,(h1,...,hn)) be a backward self-similar system. Suppose that for
each (i,j) € {1,...,m}? such that i # j and C;; # 0, there exists an r € {1,...,m} such that
hi(Ci5) C Liryee and Lpyee C (L\ Up.prr h;'(L)). Then, for any n € N, an n-th iterate of £ is
postunbranched.

Lemma 3.26. Let £ = (L,(hy,...,hy)) be a forward self-similar system such that for each
j =1,...,m, hj : L — L is injective. Suppose that for each (i,j) € {1,...,m}? such that
i # j and C;; # 0, there exists an v € {1,...,m} such that h;*(C;;) C Ly and Ly C
(L\ Uk:k# hi(L)). Then, for any n € N, an n-th iterate of £ is postunbranched.

From Lemmas 3.23, 3.24, 3.25, 3.26, we can easily obtain many examples of postunbranched
systems.
Notation: We denote by Fix(f) the set of all fixed points of f.
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Example 3.27 (Sierpiniski gasket). Let £ = (L, (h1, ha, h3)) be the forward self-similar system
in Example 2.36. Thus L is the Sierpiniski gasket. (See Figure 1.) From Figure 1, we see that
for each (i,5) € {1,2,3}? such that i # j and C;; # 0, h; '(C; ;) = Fix(h;) N L = L(jy= C (L\
Uk.kz; he(L)). From Lemmas 3.26 and 3.23, it follows that for any n € N, if M = (M, (g1, ..., 9t))
is a subsystem of an n-th iterate of £, then 9 is postunbranched.

Example 3.28 (Pentakun, Snowflake). Let £ = (L, (h1,...,hs)) be a forward self-similar
system in [15, Example 3.8.11 (Pentakun)] or [15, Example 3.8.12 (Snowflake)]. Hence L is one of
the snowflake, the pentakun, the heptakun, the octakun, and so on. (The definition of the snowflake
is as follows: let pj, = exp(2kmy/—1/6) for each k = 1,...,6 and let p; = 0. We define hy, : C — C
by hi(z) = (z—pi)/3+pi for each k = 1,...,7. The snowflake is Mc(hq, ..., h7). The definition of
the pentakun is as follows: for each k = 1,...,5, let qx = exp(2kmy/—1/5). We define g : C — C
by gx(2) = %(z—pk) +py, for each k = 1,...,5. The pentakun is Mc(g1,--.,gs5).) Then, looking
at Figure 5, it is easy to see that for each (i,j) € {1,...,m}? such that i # j and C; ; # ), there
exists an r € {1,...,m} such that h; ' (C; ;) = Fix(h,) N L = L(yyee C (L\ Upspzr he(L)). From
Lemmas 3.26 and 3.23, it follows that for any n € N, if 9 = (M, (g1,...,¢¢)) is a subsystem of an
n-th iterate of £, then 9N is postunbranched.

Figure 5: (From left to right) Snowflake, Pentakun

In order to state the main results, we need some definitions.

Definition 3.29. Let £ = (L, (h1,...,hy)) be a forward or backward self-similar system and let
R be a Z module. Let w € X%, with |w| = I. Let k¥ € N with & > . We denote by N, (or

N (£)) the unique full subcomplex of Ny, whose vertex set is equal to {wx | z € {1,...,m}*~'},
Moreover, for each j = 1,...,m, we set Ny, = {j} (C Ni). We denote by w, : Ny, — Ny
the simplicial map assigning to each vertex z = (x1,...,2%) € {1,...,m}* the vertex wz €

{1,...,m}**. We denote by w, : H,(Ny; R) — H,(Nki1w; R) the homomorphism induced by
the above simplicial map w, : Ny — Npti. Moreover, we denote by w* : HP(Npiy.; R) —
HP(Ng; R) the homomorphism induced by w, : Ny — Nj..,. Moreover, we denote by @Tzl(])*

D)L, Hy(Ni; R) — D)= Hp(Niv1,5; R) = Hy(Uj~, Niy1,5; R) the homomorphism ()7
(j«(@;))jLy. Moreover, let ¢ : U;nzl Nit1,j — Nig1 be the canonical embedding and let (). :
EB;"ZI H,(Ny; R) — Hp(Ni41; R) be the composition ¢, o (EB;”ZI(J)*) Similarly, we denote by
DL, () - HP(UjZy Niv1,js R) = @) HP(Niy1,55 R) — @)L, HP(Ny; R) the homomorphism
(B;)7e1 = (57B;) ey Let mys : HP(Ny41; R) — @)~ ) HP(Ny; R) be the composition (@], (5)*)oc*.

From this definition, it is easy to see that the following lemma holds.

Lemma 3.30. Let £ = (L, (h1,...,hn)) be a forward or backward self-similar system. When £
is a forward self-similar system, we assume further that h; : L — L is injective for each j. Let
w € 3 with lw| = 1. Then, for each k € N, the simplicial map w, : Ny — Ny is isomorphic.

Definition 3.31. Let £ := (L, (hq, ..., hy)) be a forward or backward self-similar system and let R
be a Z module. Let w € ¥, with |w| = [ and let k¥ € N. We denote by w, : N, — N, the simplicial
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map assigning to each vertex r = (z1,...,71) € {1,...,m}* the vertex wx € {1,...,m}**+. We
denote by w, : H.(£; R)r — H.(£; R)g+; the homomorphism induced by the above simplicial map
wy : Ny — Nii;. Moreover, we denote by w* : H*(£; R)g+1 — H*(£; R); the homomorphism
induced by wy : Ny — Ng4;. Moreover, we denote by q, : N1 — N; the constant simplicial map
assigning to each vertex = € {1,...,m} the vertex w.

From the above definition, it is easy to see that the following lemma holds.

Lemma 3.32. Let £ = (L, (h1,...,hm)) be a forward or backward self-similar system. Then, for
each k € N with k > 2, we have pij.(x) = jupr—1(x) for each x € Ny, and p1j.(x) = g;j(x) for
each © € Ny. More generally, let w € X, with |w| = 1. Then, for each k € N with k > 2, we have
Plek—1Ws(x) = wepgp_1(x) for each x € N, and pyw(x) = qu(x) for each x € Nj.

Definition 3.33. Let £ = (L, (hi,...,hn)) be a forward or backward self-similar system and let
R be a Z module. Let w = (wy,...,w;) € ¥¥, with |w| = . We define a homomorphism w, :
H,(L;R) — H,(L; R) as follows. Let a = (ax) € Hy(L; R) = lim, H),(Ny; R) be an element, where
for each k € N, ay, € Hy(Ny; R) and (¢k)«(aky1) = ag. For each k € N, we set byt := wi(ax) €
Hy(Nyy1; R). Moreover, for each s € N with 1 < s < [, we set bs := (qu|s)«(a1) € Hyp(Ng; R).
Then, by Lemma 3.32, b = (b;)$2; determines an element in H,(L; R) = lim H,(Ny; R). We set
wi(a) :== 0.

Similarly, we define a homomorphism w* : H?(£; R) — HP(£; R) as follows. Let a € H?(£; R) =
lim, HP(Ny; R) be an element. When a is represented by an element ¢ € HP(Ny; R) with k > 1 +1,
we set ¢ := w*(c) € HP(Nj_;;R) and let w*(a) := pp_;p(c1) € HP(L;R). When a is repre-
sented by an element ¢ € HP(Ny;R) with k < [, we set ¢; := q:}‘k(c) € HP(Ny;R) and let
w*(a) = p1p(c1) € HP(L; R). By Lemma 3.32, w*(a) € HP(£; R) is well defined and independent
of the choice of c.

Furthermore, we define a homomorphism 6 : H?(£; R) — @;n:l HP(L; R) by 0(c) := (7 (e)ity.

Definition 3.34. Let £ = (L, (h1,...,hn)) be a forward or backward self-similar system. Let
R be a field and let T be a Z module. Let a,j = a,,(L; R) := dimp HT(S;R)k for each r k €
Z with r > 0,k > 1. Moreover, we set u”(£;R) := limsup,_ . 3 loga,, € {—oo} U [0, +00)
and I"(&; R) := liminfy_. $loga,, € {—00} U [0,400). The quantity u"(£; R) is called the r-
th upper cohomological complexity of £ with coefficients R, and I"(£; R) is called the r-th
lower cohomological complexity of £ with coefficients R. Moreover, let a, oo = ar,00(L; R) :=
dimp H’T(E; R) and b1 00 = b1,00(L; R) := dimpg Impy; ;. Moreover, let S; = S1(£) be the CW
complex defined by S; := |N1|/{1,...,m}. Moreover, for each k € N with k£ > 1, we set A, =
AR(ST) = Im((pr1)e @ Hi(&T) — Hy(L£T)1), B, = Br(&;R) := Im(pj ; - HY(L&;R), —
HY(L; R);), and A\, = \i(£; R) := dimp By.

Remark 3.35. From the above notation, we have 0 < a,; < m’“(mk(—r1+).1.).!(m’“—r) and —oo <

I"(£;R) < u"(£5R) < (r + 1)logm. Moreover, by Remark 2.37, it follows that if £5 = £o,
then a, k(£1; R) = ar k(L3 R), @r00(£1;R) = ar,00(L2; R), b1,00(L1; R) = b1 00(L2; R), I"(£1; R) =
lr(ﬂg; R), u’"(ﬂl; R) = UT(SQ; R), Ak(ﬁl;T) = Ak(SQ;T), Bk(f,l; R) = Bk(;g?; R), and )\k(gl; R) =
)\k(£2; R)

We now state one of the main results on the interaction (co)homology groups of postunbranched
systems.

Theorem 3.36. Let £ = (L, (h1,...,hm)) be a forward or backward self-similar system. When
£ = (L,(h1,...,hp)) is a forward self-similar system, we assume further that h; : L — L is
injective for each j = 1,...,m. Furthermore, let R be a field and let T be a Z module. Suppose
that £ is postunbranched. Then, we have all of the following statements 1,...,23.
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. Letr >2 and k > 1. Then, ar k1 = mar i + ar1 and there exists an exact sequence:
T (), (Pre12)

0 — D HA(&T); % H(&: )i = Ho(&T)1 — 0. (2)
j=1

. Letr>2and k> 1. If H.(&;T); =0, then H.(&;T)x = H.(&;T) =

. Let 7 > 2. Then, there exists an exact sequence of R modules:

Hi,r

0 — H"(&R), ™5 A" (& R) -~ @@ A" (¢ R) — 0. (3)
j=1

. Letr #1 and k > 1. Then, ug,, : I:IT(E; R), — H(L;R) and o5 EV(S;R)k — ﬁr(S;R)k+1
are monomorphisms.

. Letr > 2.

(a) If H"(£; R); = 0, then for each k € N, H"(£; R);, = 0 and gr(s;R) _
(b) If H"(L; R), # 0, then a, 0o = 00.

. Let k € N. Then we have the following exact sequences:

0@ H(&T) ™ (&) T Ay — 0 (4)
j=1
and .
0— Agy1 — Hi1(S;T) — @ To(L;T)k (7). Ho(L£;T)gs1 — 0. (5)
j=1

. Let k € N. Then we have the following exact sequences of R modules:
0 — Bjyq — H* stH—ﬁ@ (£:R)x — 0 (6)

and

0 — H(L; R)rr 5 @ HO(S: R) — H'(S1; R) — Byt — 0. (7)
j=1
. We have the following exact sequences of R modules:

O—>Im,u1,1Hﬁl(S;R)iéfll(ﬁ;R)HO (8)
j=1
and
0 — HLR) N éﬁO(S;R) — HYS;;R) — Impy; — 0. (9)
j=1
. Let k € N. Then, we have that a1 y+1 = may , + A1 and ao g1 = Magr —Mm-+ag1 — a1+

A1
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10.

11.
12.
13.
1.
15.
16.
17.

18.

19.

20.
21.

22.
23.

For each k € N, 0 < b1 00 < AMiy2 < A1 < A2 < ay,1. Moreover, there exists a positive
integer | such that for each k € N with k > 1, A\, = b1 oc.

For each k € N, ag 41 = magr —m +ap1 — a1, — maik + a1 g+1-

For each k € N, may < a1 p+1 <maiy +a 1.

For each k € N, magr —m+ap1 —a1,1 < agp+1 < magr —m~+ ao,1-

Let r > 1. Then, either (a)I"(£;R) = u"(£;R) = —o0 or (b)I"(L; R) = u"(£; R) = logm.
Either (a) I°(£; R) = u°(£; R) =0 or (b) I°(£; R) = u°(£; R) = log m.

Let r > 1. Then, either ar o =0 07T Gy o = 00.

If ap,00 < 00, then m —ag1 +a11 = (M — 1)ag,co + b1,00-

Ifm > 2 and %ﬂm ¢ N, then at least one of ap,co and a1 o is equal to co.

If m > 2 and there exists an element kg € N such that ag i, >
ao,k+1 > aok for each k > ky.

ﬁ(m —ap,1 +a1,1), then

If m>2, then apco € {x €N|ag; <z < ﬁ(m —ap1 +ai1)}U{oo}.

If 2 <m <6 and |N1]| is disconnected, then ag ..o = 00 and L has infinitely many connected
components.

If B, =0, then H'(L; R) = 0.
If |N1]| is connected, then we have the following.

(a) For each k € N, we have the following exact sequence:

0 — @ AT "5 (& T 8 (T —0. (10)
j=1
(b) a1, k+1 =ma1k+ai.
(c) If a11 =0, then a1,00 = 0. If a11 # 0, then a1,00 = 0.

(d) If H(£;7), = 0, _then, for each k € N, H(&;T), = 0 and HY(L;T)x = 0, and
Hy(;T) =0 and H'(&;T) = 0.

(e) There exists an exact sequence of R modules:

0 — HY(g;R), " A (& R) % P A (& R) — 0. (11)
j=1

We now give some important examples of postunbranched systems.

Proposition 3.37.

1.

For each n € N U {0}, there exists a postunbranched backward self-similar system £ =
(L, (h1,...,hny2)) such that X = C, L c C, hj : X — X is a topological branched cov-
ering for each j = 1,...,n+ 2, and dimg H"(£; R) = oo for each field R. In particular, if
n > 2, then the above £ satisfies that W : H*(£; R) — H"(L; R) is not a monomorphism for
each field R.
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2. For each n € NU {0}, there exists a postunbranched forward self-similar system £ =
(L, (h1,...,hpy2)) such that L C R3, h; : L — L is injective for each j =1,...,n+2, and
dimp I:I"(S; R) = oo for each field R. In particular, if n > 3, then the above £ satisfies that
U : H"(£; R) — H™(L; R) is not a monomorphism for each field R.

Theorem 3.36-4 implies that under the assumptions of Theorem 3.36, for each nonnegative
integer r with 7 # 1, ptq,, ¢ H"(£;R); — H"(£; R) is a monomorphism. However, as illustrated in
the following Proposition 3.38, even under the assumptions of Theorem 3.36, if | V1| is disconnected,
p1: H'(€; R); — H"(£; R) is not a monomorphism in general.

Proposition 3.38. There exists a postunbranched forward self-similar system £ = (L, (h1, ..., hs))
such that L C C, such that h; is a contracting similitude on C (hence h; : L — L is injective)
for each j = 1,...,5, and such that for each field R, we have a11 # 0, By = 0, HY(&;R) =
HY(L; R) = 0, |Ny| is disconnected, C\ L is connected, and i1 is not injective. See Figure 9.

Remark 3.39. Proposition 3.38 means that for a postunbranched system £ = (L, (h1,. .., hy)), if
| V1| is disconnected, then we need information on not only H'(£; R); but also By (or By (k > 3)),
to determine H'(L; R);. (k > 2) and H'(&; R). This provides us a new problem: “Investigate By,
of postunbranched systems with disconnected |Ny|.”

Example 3.40 (Sierpiriski gasket). Let £ = (L, (hq, ha, h3)) be the postunbranched forward
self-similar system in Example 2.36. (Hence L is the Sierpiniski gasket (Figure 1).) We easily see
that |Ni| is connected, the set of all 1-simplexes of Ny is {{1,2}, {1,3},{2,3}}, and there exists
no r-simplex of Ny, for each r > 2. Let R be a field. Then we have dimg H'(Ny; R) = 1. Hence,
by Theorem 3.36, we obtain that for each k¥ € N, a; 41 = 3a; % + 1, and that dimp Hl(S; R) =
dimp H'(L; R) = oo. Combining it with the Alexander duality theorem ([20]), we see that C \ L
has infinitely many connected components. Note that C\ L = F((h7', hy*, h3')).

Example 3.41 (Pentakun). Let £ = (L, (hy,..., hs)) be the forward self-similar system in [15,
Example 3.8.11]. Hence L is the pentakun (Figure 5). By Example 3.28 £ is postunbranched.
Let R be a field. By [15, Example 3.8.11 (Pentakun)] or Figure 5, we get that |N7| is connected
and dimgr H'(Ny; R) = 1. Hence, by Theorem 3.36, we obtain that for each k € N, a1 y11 =
5a1x + 1, and that dimg H'(£;R) = dimg H'(L; R) = co. Combining it with the Alexander
duality theorem ([20]), we see that C \ L has infinitely many connected components. Note that
C\L=F(hTt,...,hsh)).

Example 3.42 (Snowflake). Let £ = (L, (hy,...,h7)) be the forward self-similar system in
[15, Example 3.8.12 (Snowflake)]. (Hence L is the snowflake (Figure 5).) By Example 3.28, £
is postunbranched. Let R be a field. By [15, Example 3.8.12 (Snowflake)] or Figure 5, we get
that |Np| is connected and dimpg H'(Ny; R) = 6. Hence, by Theorem 3.36, we obtain that for each
k€N, aj p11 = T7a; 1 + 6, and that dimp H! (£;R) = dimp Hl(L; R) = co. Combining it with the
Alexander duality theorem ([20]), we see that C\ L has infinitely many connected components.
Note that C\ L = F((h%,...,h71)).

Example 3.43. Let £ = (L, (h1, h2, hg)) be the postunbranched forward self-similar system in
Example 2.36. (Hence L is the Sierpinski gasket (Figure 1).) Let g; := h?, gy := hy o hs, g3 := h3,
ga = ha o h3, g5 :== hz o hy, g6 := hz o hy, and g7 := h%. Let L' := Mc(g1,...,97) and let £ =
(L', (g1,---,97)). For the figure of L', see Figure 6. By Lemma 3.24 and Lemma 3.23, £ is postun-
branched. It is easy to see that the set of 1-simplexes of Ny(£') is equal to {{1,2},{3,4},{5,6},
{6,7},{7,5},{2,5},{4,6}} and there exists no r-simplex of N;(£') for each r > 2 (cf. Figure 2
and 6). Thus |N;(£')| is connected and for each field R, H'(£'; R); = R. Hence, by Theorem 3.36,
for each k € N, a1 41 = Ta1 ; + 1 and dimp H'(£';R) = dimg H'(L; R) = co. Combining it with
the Alexander duality theorem ([20]), C\ L’ has infinitely many connected components. Note that
E\L = F((gi', .. 7).
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Figure 6: The invariant set L’ in Example 3.43

Example 3.44. Let £ = (L, (h1, h2, h3)) be the postunbranched forward self-similar system in Ex-
ample 2.36. (Hence L is the Sierpiniski gasket (Figure 1).) Let g1 := h2,go := hyoha, g3 := haohy,
gs := h3, g5 := hzohy, gs6 := hz o ha, and gy := h3. Let L’ := Mc(g1...,97) and let £ =
(L', (g1,---,97)). For the figure of L', see Figure 7. By Lemma 3.24 and Lemma 3.23, £ is postun-
branched. It is easy to see that the set of 1-simplexes of N1 (£') is equal to {{1, 2}, {2, 3}, {3, 4}, {5, 6},
{6,7},{7,5}} and there exists no r-simplexes of N;(£') for each r > 2 (cf. Figures 2 and 7). There-
fore |N7(£')] is disconnected and dimgr H'(£; R); = 1 for each field R. By Theorem 3.36-20 and
Remark 2.42, it follows that dimp H(£; R) = oo and L’ has infinitely many connected compo-
nents. Note that C\ L' = F((g7'%,..., g7 1)).

Figure 7: The invariant set L’ in Example 3.44
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Regarding the postunbranched systems, we have the following lemma.

Lemma 3.45. Let £ = (L, (hy,...,hm)) be a postunbranched forward self-similar system such that
for each j=1,...,m, hj : L — L is a contraction. Then, for each (i,j) € {1,...,m}? with i # j,

Proof. Let (i,j) € {1,...m}? be any element such that i # j and C;; # 0. Since £ is postun-
branched, there exists an element x € X, such that hi_l(Ci,j) C L,. Since hy, : L — L is a

contraction for each k, we have that §L, = 1. Hence §C; ; < 1. O
From Lemma 3.45, it is natural to consider the case C; ; < 1 for each (i,7) € {1,...,m}?* with
14 .

Theorem 3.46. Let £ = (L, (hy,...,hm)) be a forward self-similar system such that for each
j=1,....m, hj : L — L is injective. Let T be a Z module and R a field. Moreover, for each
r € NU{0} and k € N, let a,), := dimg H"(L; R)y,. Furthermore, let ay o := dimg H'(£; R).
Suppose that §C; ; < 1 for each (3, ) with i # j. Then, we have the following.

1. Let k,7 € N with r > 2. Then, H.(£;T)r =0 and H.(&;T) = 0.
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2. For each k € N, may < a1 p41.
3. If |N1| is connected and H(L; R) # 0, then 1,00 = 0.

We present a result on the Cech cohomology groups of the invariant sets of the forward self-
similar systems. This is also related to Lemma 3.45.

Proposition 3.47. Let X be a finite-dimensional topological manifold with a distance. Let L be a
non-empty compact subset of X. Let R be a field. Let m € N withm > 2. Let £ = (L, (hy,...,hm))
be a forward self-similar system. Suppose that (a)for each i = 1,2, h; : L — L is injective, and
(b) for each (i,7) € {1,...,m}? with i # j, dimy(C; ;) < n , where dimy denotes the topological
dimension. Then, dimpg H”‘H(L;R) 18 either 0 or oo.

4 Tools

In this section, we give some tools to show the main results.

4.1 Fundamental properties of interaction cohomology

In this subsection, we show some fundamental lemmas on the interaction (co)homology groups.
We sometimes use the notation from [20].

Definition 4.1. Let £ = (L, (hy,...,hn)) be a forward or backward self-similar system. For each
k € N, we denote by I'y = I'y(£) the 1-dimensional skeleton of Nj.

Lemma 4.2. Let £ = (L,(hy,...,hm)) be a forward or backward self-similar system. Then,
for each k € N, the simplicial map @i : Nxy1 — Ny is surjective. That is, for any r € N, if
x={xl,... 2"} is an v — 1 simplex of Ny, then there exists an v — 1 simpler y = {y*,...,y"} of
Nii1 such that i (y) = x. In particular, (¢x)« : Con(|Tk41]) — Con(|Tx|) is surjective.

Proof. We will prove the statement of our lemma when £ is a backward self-similar system (when
£ is a forward self-similar system, we can prove the statement by using an argument similar
to the below). Let x = {',...,2"} be an r — 1 simplex of Ny, where for each j = 1,...,r,
al = (xf,...,23) € {1,...,m}* Then _, h;{l ) ..h;g(L) # 0. Let z € (), h;{l . ..h;}il(L). Then
for each j =1,...,7r, h---h(z) € L =", hi_l(L). Hence, for each j = 1,...,r, there exists
. k 1
an xfﬁ_l € {l,...,m} such that h_; ---h_;(z) € L. Therefore, ﬂ;zl ht---h7} (L) # 0. Thus,
) ) k-+1 1 T Ty
setting v/ := (¢1,..., 2, ;) € {1,...,m}¥*! for each j = 1,...,r, we have that y = {y',...,y"}
is an r — 1 simplex of N1 such that ¢k (y) = «. O

Lemma 4.3. Let £ = (L, (h1,...,hn)) be a forward or backward self-similar system. If |T'1| is
connected, then, for any k € N, |T'y| and |Ny| are connected.

Proof. We will prove the statement of our lemma when £ is a backward self-similar system (when
£ is a forward self-similar system, we can prove the statement of our lemma by using an argument
similar to the below). First, we show the following claim.
Claim: Let w! and w? be two elements in {1,...,m}* such that h_ i (L) N h (L) # 0. Then,
for any j; and jo in {1,...,m}, there exists an edge path v of 'y from w'j; to w?j,. (For the
definition of edge path, see [20].)

To show this claim, since L = U;ﬂ:l h;l(L)7 we obtain that there exist w}H_l and wiH in
{1,...,m} such that h;llh:ull (L)N h;%h;zl (L) # 0. Hence, there exists an edge path « of ' 1

k+1 k+1

from wlw}f_s_1 to wgw,%_H. Furthermore, since |T'1| is connected, we have that for each i = 1, 2, there
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exists an edge path 7; of I'y from j; to w};H. Then, for each i = 1,2, there exists an edge path §; of
Ljq1 from w'j; to w'wy, ;. Hence, there exists an edge path of T'y11 from w'jy to w?jz. Therefore,
we have shown the above claim.

We now show the statement of our lemma by induction on k. Suppose that || is connected.
Let x and y be any elements in {1,...,m}**1. Then, there exists an edge path of 'y from x|k and
ylk. By the above claim, we easily obtain that there exists an edge path of T'y41 from z and y.
Hence, |[T'x11]| is connected. Thus, the induction is completed. O

Definition 4.4. Let K be a simplicial complex and let R be a Z module. We denote by C,(K)
the oriented chain complex of K ([20, p.159]). Moreover, we set C.(K;R) := C.(K) ® R and
C*(K;R) := Hom(C.(K), R). Similarly, we denote by A,(K) the ordered chain complex of K
([20, p.170]) and we set AL (K;R) := AL(K) ® R and A*(K; R) := Hom(A.(K), R). Moreover,
for a relative CW complex (X, A), we denote by C,(X, A) the chain complex given in [20, p. 475].
Furthermore, we set C (X, 4; R) := C(X, A) ® R and C*(X, 4; R) := Hom(C,(X, A), R).

Definition 4.5. Let X be a topological space and let R be a Z module. We regard R as a constant
presheaf on X ([20, p. 323]). Moreover, we denote by R the completion of the presheaf R ([20,
p. 325]). Thus R is a sheaf assigning to each non-empty open subset U of X the Z module of all
locally constant functions a : U — R. Moreover, for an open covering U of X and a presheaf I' on
X, we denote by C*(U;T') the cochain complex in [20, p. 327] and H*(U;T') its cohomology group.
Note that by definition, H*(X;T) = lim H*(U;T) ([20, p. 327]).

Remark 4.6. There is a natural homomorphism o : R — R such that for each open subset U of
X, «a assigns v € R(U) to locally constant function 4 : U — R with §(a) =~ for all a € U. (See
[20, p. 325].) Thus « induces a natural homomorphism «, : C*(U; R) — C*(U; R) for any open
covering U of X.

Lemma 4.7. Let (L,d) be a compact metric space. Let A = {L;}7_; be a finite covering of L
such that for eachi=1,...,r, L; is a non-empty compact subset of L. Let §(A) be the number in
Lemma 2.40. Let 0 < & < 6(A) and let 1y : N*(N(A); R) = A*(N(A%); R) — C*(A% R) be the
natural homomorphism. Let ¢ : N*(N(A); R) — C*(A?; R) be the composition ay o 1y. Moreover,
let ¢, : H*(N(A);R) = H*(A% R) — H* (Aé;é) be the homomorphism induced by 1. Then, we
have the following.

1. . : HY(N(A); R) = H°(A%; R) — H°(A%; R) is a monomorphism.

2. In addition to the assumptions of the lemma, suppose that for each it =1,...,r, L; is con-
nected. Then, 1, : HY(N(A); R) = H' (A% R) — H'(A% R) is a_monomorphism. Moreover,
the natural homomorphism W 4 : HY(N(A); R) & H' (A% R) — H'(L; R) is monomorphic.

Proof. 1t is easy to see that statement 1 holds. We now prove statement 2. Let a = (aij)(i,j):LmLﬂé@ €
AY(N(A); R) be a cocycle, where a;; : L; N L; — R is a constant function for each (i,) with
Li 0 Lj # 0. We write ¥(a) as (bij)(i,5):L,nL,20, Where b : B(Li,0) N B(Lj,0) — R is a constant
function which is an extension of a;;. Suppose that ¢(a) € C*(A%; R) is a coboundary. Then, there
exists an element (b;)j=1, ., € C’O(.A‘S;]:?), where each b; : B(L; : ) — R is a locally constant
function, such that b;; = b; — b; on B(L;,0) N B(Lj,0). Hence

ai; = ((bjlr;) — (bilz,))

Moreover, for each i, since L; is connected and b; : B(L;,6) — R is locally constant, we have
that b;|r, : Li — R is constant. Combining it with (12), we obtain that a is a coboundary.
Thus, we have proved that ¢, : HY(N(A); R) = H'(A% R) — H'(A% R) is a monomorphism.
Moreover, by Leray’s theorem ([9, Theorem 5 in page 56 and Theorem 11 in page 61]), the natural

L;NL; On L;N Lj. (12)

27



homomorphism H 1A% R) —>f[ 1(L;AR) is monomorphic. Furthermore, by [20, p.329], the natural
homomorphism H!(L; R) — H'(L, R) is isomorphic. Therefore, the natural homomorphism W 4 :
HY(N(A); R) — H(L; R) is monomorphic. Thus, we have proved statement 2. O

Lemma 4.8. Let £ = (L, (h1,...,hn)) be a forward or backward self-similar system. Let G =
(h1,...,hm). Let R be a Z module. Then, we have the following:

1. For each k € N, ¢} : HO(L; R)y, — HO(L; R)k-s-lv is a monomorphism. In particular, for each
k € N, the projection map o : H°(£; R)x, — H°(&; R) is injective.

2. V: H°(&; R) — H°(L; R) is a monomorphism.

3. Suppose that |N1| is connected. Then, for each k and each w € X, ()« : T1(L, w)kt1 —
1 (L, w)g is an epimorphism and (pg)« : H1(L; R)g+1 — H1(L; R)i is an epimorphism.

4. Suppose that |Ni| is connected. Then, for each k, ¢ f{l(E;R)k — HY(L;R)py1 is a
monomorphism and the projection map py1 : H(£; R), — H'(£; R) is a monomorphism.

5. Suppose that either (a) £ is a forward self-similar system and L is connected, or (b) £ is
a backward self-similar system such that g~1(L) is connected for each g € G. Then, for
each k € N, the natural homomorphism Wy, : HP(Ny; R) — HP(L;R) in Remark 2.41
is monomorphic, ¥ : H'(L;R) — H(L;R) is a monomorphism, and for each k € N,
@t HY(L; R)y — H'(£; R)g41 s a monomorphism.

Proof. 1t is easy to see that statement 1 holds. Using Lemma 2.40, it is easy to see that statement
2 holds.

We now prove statements 3 and 4. If | V1] is connected, then Lemma 4.3 implies that for each
k € N, |Ni| is connected. Let w € %,,. Let ¢ € m1(|Ng|,w) be an element. We use the notation
in [20]. By [20], there exists a closed edge path v = 7172 --7,, where each v; = (27,271) is
an edge of Ny, such that v represents the element (. For each j = 1,...,7 + 1, we write xd
as (x],...,27) € {L...,m}k. By Lemma 4.2, for each j = 1,...,r there exists an edge 7; of
Nit1 such that ¢ (7;) = ;. Then, there exists y7,2/ € {1,...,m} such that the origin of 7; is
equal to z7y7 and the end of 7; is equal to 277127, Since we are assuming that |Ni| is connected,

. X i—1
for each j = 2,...,r, there exists an edge path §; = (’U;,’UJQ»)(U?/U?) e (v;'7

each v} is a vertex of Ny, such that vj = 277! and v}’ = y/. Similarly, there exists an edge

,v;j) of Ny, where

path Gri1 = (vl 02,) - (007 Lol of Ni such that vl = 2" and v} = y'. For each
j=2,...,r+1,let §; == (27vj,a703) - -- (:cjv;j_l,:cjv;j). Then, for each j = 2,...,r, J; is an edge

path of Ny from 27271 to 27y’. Moreover, 6,1 is an edge path of Ni 1 from 2" T12" to z'y!. Let
8 := 110272037304 - - - Tr0p41. Then, 0 is a closed edge path of Ny such that ¢ (6) ~ 7. Therefore,
(pr)« : T1(L,w)g41 — T1(L, w)g is an epimorphism. Moreover, by Lemma 4.3 and [20, p.394], for
each k € N, the natural homomorphism 7, (&, w); — H;(£;Z) is an epimorphism. Therefore,
(or)s @ Hi(L;Z)s1 — Hi(L;Z), is an epimorphism. From the universal-coefficient theorem for
homology ([20, p.222]), it follows that for any Z module R, (¢x). @ Hi(£; R)kr1 — Hi(L; R)y is
an epimorphism. Similarly, from the universal-coefficient theorem for cohomology ([20, p.243]), it
follows that for any Z module R, (¢r)« : H*(£; R);, — H'(£; R)j41 is a monomorphism. Thus we
have proved statement 3 and 4.

Statement 5 follows from Lemma 4.7.

Hence, we have completed the proof of Lemma 4.8. O

Example 4.9. Let L = {a1, a2, a3} be a set where a; are mutually distinct points. Let hy : L — L
be the map defined by hi(a1) = a1, hi(az) = hi(as) = as. Similarly, let hy : L — L be the map
defined by ha(as) = aa,ha(as) = ha(a1) = az. Finally, let hs : L — L be the map defined by
hs(as) = as, hs(a1) = h3(az) = a1. Then £ := (L, (h1, ha, hs)) is a forward self-similar system. It
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is easy to see that the set of one-dimensional simplexes of N is equal to {{1,2},{2,3},{3,1}} and
for each r > 2, there exists no r-dimensional simplex of Nj. Therefore |N;| is connected and for
each Z module R, H'(£; R); = R # 0. By Lemma 4.8, it follows that H;(£; R) # 0, H'(£; R) # 0,
and 71 (£, w) is not trivial for each w € %,,. However, since L is a finite set, 7,.(L,z), H"(L; R)
and H,(L; R) are trivial for each 7 > 1 and each € L. This example means that the interaction
cohomology groups of self-similar systems may have more information than the Cech (co)homology
groups and the shape groups of the invariant sets of the systems.

Example 4.10. Let L = {ai,a2,a3} be a set where a; are mutually distinct points. For each
j=1,2,3,let g; : L — L be the map defined by g;(L) = {a;}. Then £ = (L, (g1,92,93)) is a
forward self-similar system. It is easy to see that for each r > 1, there exists no r-dimensional
simplexes of N;. Moreover, since each g; is a contraction and L is a finite set, it follows that
H"(&;R), H (£ R), H.(£; R)g, H,(£;R)y, and 7,(L;w) are trivial, for all » > 1, k > 1,
w € X3, and Z modules R.

Remark 4.11. Example 4.9 and Example 4.10 mean that for any two self-similar systems £, =

(Ll, (hi,...,hm)) and £ = (La,(g1,...,9n)), interaction cohomology groups H"(£i;R) and
H"(£9; R) may not be isomorphic even when L; and Lo are homeomorphic.

4.2 Fundamental properties of rational semigroups

We give some fundamental properties of rational semigroups. Let GG be arational semigroup. We set
E(G) ={z€C|tU,cq g7 (2) < oc}. This is called the exceptional set of G. If z € C \ E(G),
then J(G) C U,eq 97 ({#}). In particular if z € J(G) \ E(G), then U,cq97'({z}) = J(G).

If £J(G) > 3, then J(G) is a perfect set, tE(G) < 2, J(G) is the smallest in {K ¢ C | K :
compact, $K >3, and g~!(K) C K for each g € G}, and

J(@)={zeC|3geCGst. g(z)=zand |¢(z)| > 1} = U J(g).
geG

For the proofs of these results, see [11, 8] and [25, Lemma 2.3].

4.3 Fiberwise (Wordwise) dynamics

In this subsection, we give some notations and fundamental properties of skew products related to
finitely generated rational semigroups.

Definition 4.12 ([26, 25]). Let G = (hq,..., h,,) be a finitely generated rational semigroup. We
define a map o : ¥,, — X, by: o(z1,22,...) := (2,23,...). This is called the shift map on
Y. Moreover, we define a map f : ¥,, x C — %, x C by: (2,9) — (0(z), ha,(y)), where 2 =
(x1,22,...). This is called the skew product associated with the multi-map (hq,...,hy,) €
(Rat)™. Let 7 : ¥, X C — %, and et U X C — C be the projections. For each z € ¥,,, and each
n €N, weset f2 = f" -1y s 7 ({z}) = 77 ({0 (@)}) € x C and fyp = fu, 0+ 0 fo.
Moreover, we denote by F,(f) the set of all points y € C which has a neighborhood U in C such
that {fz.n : U — C}nen is normal on U. Moreover, we set J,(f) := C\ F(f). Furthermore, we set
F*(f) := {z} x Fp(f) and J*(f) := {} x J.(f). We set J(f) := Uses,, J*(f), where the closure
is taken in the product space X, x C. Moreover, for each x € X, we set J*(f) := 7~ ({z})NJ(f)
and J,(f) == 7e(J%(f)). Furthermore, we set F(f) := (X, x C)\ J(f).

Remark 4.13. (See [26, Lemma 2.4].) J(f), Ju(£), J*(f), Jo(f), and J*(f) are compact. We

have that £~ (J(f)) = J(f) = f(J(H), £ 17 (F) = J*(f), fHI7E(f) = J*(f), and Jo(f) D
J:(f). However, the equality J,(f) = J.(f) does not hold in general. (This is one of the difficulties
when we investigate the dynamics of rational semigroups or random complex dynamics.)
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Remark 4.14 ([12, 26]). (Lower semicontinuity of = — J,(f)) Suppose that deg(h;) > 2
for each 5 = 1,...,m. Then, for each z € %,,, J.(f) is a non-empty perfect set. Furthermore,
x — J(f) is lower semicontinuous, that is, for any point y € J,(f) and any sequence {z"},en
in ¥,, with 2" — z, there exists a sequence {y"}ney in C with 4™ € Jun(f) (Vn) such that
y™ — y. The above result was shown by using the potential theory. We remark that = — J,(f) is
not continuous with respect to the Hausdorff topology in general.

Lemma 4.15. Let (hy,..., hy) € (Rat)™ and let f : 3, x C — %, x C be the skew product

associated with (hy, ..., hy). Let G = (hy, ..., hpy). Suppose §.J(G) > 3. Then, ©s(J(f)) = J(G)
and for each © = (z1,T2,...) € X, Jo(f) = M=y ha) - h NI (G)).

x

Proof. Since J(f) C J(G) for each z € X,,,, we have 7 (J(f)) C J(G). By [11, Corollary 3.1] (see

also [25, Lemma 2.3 (g)]), we have J(G) = U cq J(9)- Since U, e J(9) C ma(J(f)), we obtain

J(G) C e (J(f)). Therefore, we obtain 7a(J(f)) = J(G).
We now show the latter statement. Let z = (21,72...) € ¥,,. By [26, Lemma 2.4], we see that
for each j € N, hy, -+ ho, (o()) = Josioy (F) € J(G). Hemee, Ju(f) € (N2, iyl b1 (J(O)).

Suppose that there exists a point (z,y) € X, x C such that y € (ﬂ;‘;l hpl- h—jl(J(G))) \J.(f).

x

Then, we have (z,y) € (2, x C)\ J(f). Hence, there exists a neighborhood U of z in £,
and a neighborhood V of y in C such that U x V C F(f). Then, there exists an n € N such
that {w € %, | w; = z;,j = 1,...,n} C U. Combining it with [26, Lemma 2.4], we obtain
F(f) D (U x V) 2 Sy X {fen(y)}. Moreover, since we have f, »(y) € J(G) = na(J(f)), we
get that there exists an element 2/ € %, such that (', f...(y)) € J(f). However, it contradicts

(@, fon(¥) € Sm X {fon(y)} C F(f). Hence, we obtain J,(f) = ;2 hy! -+ hi ' (J(G)). O

Definition 4.16. Let hq, ..., h,, be polynomials and let f : 3, X C — %,, xC be the skew product
associated with (hq, ..., h,,). Foreachx € X, we set K (f) := {y € C| {fe.,n(¥) }nen is bounded in C}
and A, (f) :=={y € C| fonly) — o0 as n — oo}.

By using the method in [1, 18], the following Lemma 4.17 is easy to show and we omit the
proof.

Lemma 4.17. Let hy,....hpm € Y and let G := (hy,... hy). Let f : S x C — B, x C be
the skew product associated with (hy, ..., hy). Then, co € F(G) and for each x € ¥,,, we have
that oo € Fy(f), Jo(f) = 0Kz(f) = 0Az(f), and Ay(f) is the connected component of Fy(f)
containing oo.

Lemma 4.18. Let hy,...,hy, €Y and let f: X, X C— Ym X C be the skew product associated
with (hi,...,hy). Let G = (h, ..., hy). Then, the following (1),(2),(3) are equivalent. (1) G € G.
(2) For each x € X, J,(f) is connected. (3) For each x € X, J,(f) is connected.

Proof. First, we show (1)=-(2). Suppose that (1) holds. Let R > 0 be a number such that for
eachz € X, B:={y e C ||yl >R} C Ay(f) and f,1(B) C B. Then, for each z € X, we have
Az(f) = Upen(fon) H(B) and (fz.n) " (B) C (fo,nt1) ' (B), for each n € N. Furthermore, since
we assume (1), we see that for each n € N, (f,) ' (B) is a simply connected domain, by the
Riemann-Hurwitz formula ([1, 18]). Hence, for each = € X, A,(f) is a simply connected domain.
Since 0A(f) = Ju(f) for each z € X, we conclude that for each x € X, J,(f) is connected. Hence,
we have shown (1)=(2).

Next, we show (2)=-(3). Suppose that (2) holds. Let z; € J,(f) and 2, € J,(f) be two points.
Let {z"},en be a sequence in X, such that 2™ — x as n — oo, and such that d(z1, Jz»(f)) — 0 as

n — oo. We may assume that there exists a non-empty compact set K in C such that Jon (f) = K
as n — 00, with respect to the Hausdorff topology in the space of non-empty compact subsets of
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C. Since we assume (2), K is connected. By Remark 4.14, we have d(z2, Jon (f)) — 0 as n — oc.
Hence, z; € K for each ¢ = 1,2. Therefore, denoting by J the connected component of J}( 1a)
containing K, z; and 29 belong to the same connected component J of JAz( f). Thus, we have
shown (2)=(3).

Next, we show (3)=(1). Suppose that (3) holds. It is easy to see that A,(f) N J,(f) =0 for
each = € X. Hence, A,(f) is a connected component of C \ .J,(f). Since we assume (3), we have
that for each # € X, A,(f) is a simply connected domain. Since (fy,1)" (Agw)(f)) = Ax(f) for
each z € ¥,,, the Riemann-Hurwitz formula implies that for each x € X, there exists no critical
point of f; 1 in A,(f) N C. Therefore, we obtain (1). Thus, we have shown (3)=-(1). O

Corollary 4.19. Let G = (hy,...,hy,) € G. Let [ : ¥, X C — ,, x C be the skew prod-
uct associated with (hi,...,hy). Then, for each x € %,,, the following sets J.(f),J=(f), and
Ny he) - hi [(J(G)) are connected.

x

Proof. From Lemma 4.15 and Lemma 4.18, the statement of the corollary easily follows. O

4.4 Dynamics of postcritically bounded polynomial semigroups
We show a lemma on the dynamics of polynomial semigroups in G.

Lemma 4.20. Let G € G. Suppose that J(G) is connected. Then, for any element g € G,
g HJ(@)) is connected.

Proof. Let g € G. Since G € G, we have that J(g) is a non-empty connected subset of J(G). Let
J € Con(g~(J(G))) be any element. By [19] or [1, Lemma 5.7.2], we have that g(J) = J(G).
Since g=1(J(g)) = J(g), it follows that J N J(g) # 0. Hence J(g) C J. Since this holds for any
J € Con(g~1(J(@))), g7 (J(G)) is connected. O

Remark 4.21. For further results on the dynamics of G € G, see [31, 32, 33, 30, 29].

5 Proofs of results

In this section, we give the proofs of the main results in section 3.

5.1 Proofs of results in section 3.1

In this subsection, we give the proofs of the results in section 3.1. We need some lemmas.
Definition 5.1. For each j € {1,...,m} and each k € N, we set (§)* := (j,4,...,4) € {1,...,m}*.

Lemma 5.2. Let m > 2 and let £ = (L, (h1,...,hn)) be a backward self-similar system. Suppose
that for each j with j # 1, hy*(L) N h;l(L) = (. For each k, let Cj, € Con(|T'x|) be the element
containing (1)¥ € {1,...,m}*. Then, we have the following.

1. For each k € N, C), = {(1)¥}.
2. For each k € N, §(Con(|Tx|)) < #(Con(|Tk41]))-
8. L has infinitely many connected components.

4. Let x:= (1)*° € ,,, and let &' € X, be an element with © # «'. Then, for any y € L, and
y' € Ly, there exists no connected component A of L such that y € A and y' € A.
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Proof. We show statement 1 by induction on k. We have C; = {1}. Suppose Cj = {(1)¥}. Let
w € {1,...,m}**1NCyy be any element. Since (¢ )«(Cri1) = Ck, we have i (w) = (1)%. Hence,
wlk = (1)*. Since hy (L) ﬂh;l(L) = () for each j # 1, we obtain w = (1)k*!. Hence, the induction
is completed. Therefore, we have shown statement 1.

Since both (1)**1 € {1,...,m}**! and (1)*2 € {1,...,m}**! are mapped to (1)* by ¢x,
combining statement 1 and Lemma 4.2, we obtain statement 2. For each k£ € N, we have

L= J] U hH(L). (13)

ceCon(|ry|) we{l,...m}*nC

Hence, by statement 2, we obtain that L has infinitely many connected components.

We now show statement 4. Let ko := min{l € N | 2} # 1}. Then, by (13) and statement 1,
we obtain that there exist compact sets B; and By such that By N By =0, BiUBy =L, L, C
(R¥)~Y(L) € By, and L, C hy! h;i (L) C By. Hence, statement 4 holds. O

0

By an argument similar to that of the proof of Lemma 5.2, we can prove the following.

Lemma 5.3. Letm > 2 and let £ = (L, (ha, ..., hm)) be a forward self-similar system such that for
each j=1,...,m, hj: L — L is injective. Suppose that for each j with j # 1, ha(L) N h;(L) = 0.
For each k, let Cy € Con(|Tx|) be the element containing (1)k € {1,...,m}*. Then, all of the
statements 1-4 in Lemma 5.2 hold.

To prove Theorem 3.2, we need the following lemma.

Lemma 5.4. Under the assumptions of Theorem 3.2, let My, ..., M, be mutually disjoint non-
empty compact subsets of L with L = |J;_, M;. Then there exists a number ly € N such that for
each x € ¥, and each | € N with | > ly, there exists a number i = i(x,l) € {1,...,r} with
ho (L) C M;.
Proof. Suppose that the statement is not true. Then for each n € N, there exist an element w™ €
Y, anl(n) > n, and elements iy, 42, € {1,...,7} with M, # Mj, ,, such that (hymjiny) " (L)N
M; # 0, for each i = iy, 42,. Since ¥, is compact, we may assume that there exists an element
w € 3, such that for each n € N, w"|i(n) = (w|n)a, for some a,, € E7,.

Then, we have b} ha (L) N M; # 0, for each i = iy 4, i2,. Hence, h;‘ln(L) N M; # (), for each

w|n Qn

1

i = i1, 02,0 Since h (L) — Ly as n — oo with respect to the Hausdorff topology and L,, is

|n
connected (the assumption), we obtain a contradiction. O

By an argument similar to that of the proof of Lemma 5.5, we can prove the following.

Lemma 5.5. Under the assumptions of Theorem 3.3, let My, ..., M, be mutually disjoint non-
empty compact subsets of L with L = U§=1 M;. Then, there exists a number ly € N such that
for each x € ¥y, and each | € N with | > ly, there exists a number i = i(z,l) € {1,...,r} with
hm—”(L) C M.

We now demonstrate Theorem 3.2.
Proof of Theorem 3.2: Step 1: First, we show the following:
Claim 1: Let B = (By)x € lim Con(|I'y|) where By, € Con(|I'x[) and (¢x)«(Bk+1) = By for each
k. Take a point x € X, such that x|k € By for each k. Take an element C, € Con(L) such that
L, C C,. Then, C, does not depend on the choice of z € ¥,,, such that z|k € By, for each k. Hence,
the map ® : B — C is well-defined.

To show Claim 1, suppose that there exist € 3, and y € ¥,, such that z|k,y|k € By, for
each k£ € N and such that there exist mutually different connected components J; and Jo of L
with L, C Jy and L, C Jo. By the “Cut Wire Theorem” in [19], there exist mutually disjoint
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compact subsets M7 and M of L such that J; C M; for each i = 1,2. We apply Lemma 5.4 to the
disjoint union L = M; U M> and let [y be the number in the lemma. Then, we have h;ﬁo (L) C My,
h;ﬁo (L) C Ma, and L = U=y, ho' (L) = 12, Unzt oy, fw) =ty Pw' (L) This implies that x|l
and y|lp do not belong to the same connected component of [Ty, |. This is a contradiction. Hence,
we have shown Claim 1.

Step 2: Next, we show the following:
Claim 2: @ : lim Con(|['x[) — Con(L) is bijective.

To show Claim 2, since L = [J;_, h]-_l(L), we have L = J,cx, L. Hence, ® is surjective. To
show that @ is injective, let B = (By) and B’ = (B}) be distinct elements in lim Con(|T'x|),
let z € X, be such that x|k € By for each k¥ € N, and let y € X,, be such that y|k €
By, for each k € N. Then, there exists a k € N with B, # Bj. Combining this with L =

HCECOH(\FkI) Uwes: nejwl=k hy'(L), which follows from L = [J, s Jwl=k h,'(L), we obtain
that there exist two compact subsets K7 and K5 of L such that L = Ky [[ K», L, C h;ﬁc(L) C Ky,

and L, C h;lk(L) C Ks. Hence, ®(B) # ®(B’). Therefore, ® is injective.

Step 3: We now show statement 2. Since L = U;nzl h;l(L), it is easy to see that if L is
connected, then |T'y| is connected. Conversely, suppose that |T'1| is connected. Then, by Lemma 4.3,
we obtain that for each k € N, |T';| is connected. From statement 1, it follows that L is connected.
Hence, we have shown statement 2.

Step 4: Statement 3 follows from statement 1 and Lemma 4.2. Statement 4 and 5 easily follow
from statement 3.

Step 5: We now show statement 6. If m = 2 and L is disconnected, then by statement 2, we
have h7*(L) N hy *(L) = 0. Combining this with statement 1, we obtain Con(L) 2 {1,2}".

Step 6: We now show statement 7. Suppose that m = 3 and L is disconnected. By statement
2, we may assume hy '(L) N hy ' (L) = hy (L) Nhy ' (L) = 0. By Lemma 5.2, we obtain that L has
infinitely many connected components and that L)~ is a connected component of L.

Thus we have completed the proof of Theorem 3.2. O

We now prove Theorem 3.3.
Proof of Theorem 3.3: The statements of the theorem easily follow from the argument of the
proof of Theorem 3.2, Lemma 5.5, and Lemma 5.3. O

In order to prove Theorem 3.7, we need the following notations and lemmas.

Lemma 5.6. Under the assumptions of Theorem 3.7 or Theorem 3.8, let k € N. Then, for any
simplex s of N, with (1)F € s, the dimension dims of s is less than or equal to 1.

Proof. We will show the conclusion of our lemma for a backward self-similar system £ = (L, (hy, ..., hm))
satisfying the assumptions of Theorem 3.7 (using an argument similar to the below, we can show
the conclusion of our lemma for a forward self-similar system £ satisfying the assumptions of The-
orem 3.8). We will show the conclusion of our lemma by induction on k € N. If £ = 1, then,
assumption 4 of Theorem 3.7 implies that for any simplex s of N7 with 1 € s, we have dims < 1.
Let I € N and we now suppose that for any simplex s of N; with (1)! € s, we have dim s < 1. Then,
Lemma 3.30 implies that for any simplex s of N; 111 with (1)!T! € s, we have dim s < 1. Moreover,
by assumption 2 of Theorem 3.7, we have (h7)~"(L) N (U, h;*(L)) = 0 for each r > 2. Hence,
it follows that for any i € {1,...,m} with i # 1 and any w € ¥}, with |w| = I, {(1)"*!,iw} is not
a simplex of N, 1. Therefore, for any simplex s of Ny, with (1)"*! € s, we have dim s < 1. Thus,
the induction is completed. O

Definition 5.7. Let S be a simplicial complex and let 7 = (v1, v2)(v2,v3) - - - (Vp—1, v, ) be an edge
path of S. We denote by |7| the curve in |S| which is induced by 7 in the way as in [20, p.136].
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Definition 5.8. Let £ be a forward or backward self-similar system, let £ € N, and let w € X7,.
Then for any edge path 7 = (vy,v2)(va,v3) - - (U1, vp) of Ng, we denote by w,(7) the edge path
(wvr, wv2) (W, wWv3) - - (WU 1, W) Of Nip |-

Lemma 5.9. Under the assumptions of Theorem 3.7 or Theorem 3.8, let T be the closed edge path
(1,72)(J2,73)(Js, 1) of N1. Moreover, let v € H1(|N1|; R) be the element induced by the closed curve
|7| in |N1|. Then, for each k € N, the element ((1)¥).(y) € H1(|Nxs1|; R) is not zero.

Proof. For each k € N, let M} be the unique full subcomplex of N, whose vertex set is equal to
{1,...,m}*\ {(1)*}. Moreover, let Py be the set of all 1-simplexes e of N1 such that (1)k¥*! € e,
(1)kjs & e, and (1)¥j3 & e. Furthermore, let Q) = UeePk e. Note that @ is a subcomplex of
Nii1. Lemma 5.6 implies that for each k € N, |Nxi1| = [((1)%)e(7)] U |Qx| U [Myy1|. More-
over, ([(1)*)«(M)|UIQkl) N [My4a]| = [((1)*j2, (1)*3)] U Ueep, {eo}, where for each e € Py,
eo denotes the vertex of e which is not equal to (1)**!. In particular, each connected com-
ponent of (|((1)%).(7)|U|Qx|) N |Mpg41| is contractible. Using the Mayer-Vietoris sequence of
{I((1)*)7| U |Qkl, IMy41|}, we obtain the following exact sequence:

0= Hi(((1)")s(1)| UIQk]) N [Myesr]; B) —
Hy(|()")(7)| U |Qxls R) @ Hy(|Mys1]: R) — Hi(INktals R). (14)

Let ur : [((1))2(7)] = [((1)F)a (D) U1@4ls 12+ [((F)o(7) | U1Q4] — | Nesa, and s : [((1)F).(7)] —
|Nii1| be the inclusion maps. Then, uz = us o u;. Moreover, (u1). : Hi(|(1)*).(7); R) —
Hi(|((1)%).(7)|U|Q%]; R) is an isomorphism. Furthermore, ((1)*).(y) = (u3)«(a) in Hy(|Nyy1]; R),
where a is a generator in Hy(|((1)¥).(7)|; R). From these arguments, it follows that the element
((1)*)4(y) € Hi(|Nk41|; R) is not zero. Thus, we have proved the lemma. O

Lemma 5.10. Under the assumptions of Theoren} 3.7 or Theorem 3.8, we have that for each
ke N, dimp Hl(g; R)k =dimp Hl(ﬂ; R)k < dimp H! (2, R)k+1 =dimp Hl(g; R)k+1.

Proof. We use the notation in Lemma 5.9. By Lemma 5.9, we have that for each £ € N,
(()%)+(y) € Hi(|Ng41]; R) is not zero. Moreover, by Lemma 3.32, we have that for each k € N,
(o)« ((DF)o(7)) = 0. Hence (¢r)« : Hi(|Npy1|; R) — Hi(|Ng|; R) is not a monomorphism.
Furthermore, by assumption 1 of Theorem 3.7 and Theorem 3.8 and Lemma 4.8-3, we have
that (o)« @ Hi(|Ng+1l; R) — Hi(|Ng|; R) is an epimorphism. It follows that for each k € N,
dimpg Hy (|Ni|; R) < dimpg Hy (| Ni41]; R). We are done. O

We now prove Theorem 3.7 and Theorem 3.8.
Proof of Theorem 3.7 and Theorem 3.8: By the assumption 1 of Theorem 3.7 and Theorem 3.8
and Lemma 4.8-4, the projection map ju; : H'(L;R)y — H'(L;R) is injective for each k €
N. Combining it and Lemma 5.10, we obtain that dimgr H'(£; R) = co. Thus, we have proved
Theorem 3.7 and Theorem 3.8. O

We now prove Corollary 3.9.
Proof of Corollary 3.9: Since |N;| is connected and L, is connected for each z € 3,,, Theo-
rem 3.3 implies that L is connected. Thus for each w € X%, hw(L) is connected. Combining it
with Lemma 4.8-5 and Theorem 3.8, we obtain that the statement our corollary holds. O

5.2 Proofs of results in section 3.2

In this subsection, we give the proofs of the results in subsection 3.2.
We now prove Theorem 3.17.
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Proof of Theorem 3.17 : From Theorem 3.2 and Corollary 4.19, the statement of the theorem
follows. -

We now prove Theorem 3.19.
Proof of Theorem 3.19: By Theorem 3.17, J(G) is connected. Combining it with Lemma 4.20,
we obtain that for each ¢ € G, g~ *(J(G)) is connected. By Lemma 4.8-5, it follows that W :
H'(£;R) — H'(J(G), R) is a monomorphism. Moreover, by Theorem 3.7, we obtain dimp H'(£; R)
= o0o. Hence, dimp U(H'(£; R)) = co. Therefore, dimp H'(J(G); R) = co. By the Alexander dual-
ity theorem (see [20, p.296]), we have H'(J(G); R) = Ho(C\ J(G); R), where Hy denotes the 0-th
reduced homology. Hence, F(G) = C\ J(G) has infinitely many connected components. O

We now prove Proposition 3.20.
Proof of Proposition 3.20: Let a € R with 1 < a < 5. Let h(z) = %2% and ha(z) = 2%
Then J(hi) = {z € C | |2| = a}, J(h2) = {z € C | |2| = 1}, hi ' (J(h2)) = {z € C | |z| = a*/?},
and hy'(J(h1)) = {z € C | |z| = a'/?}. Let ¢; := (a? —a2)/2. Let g3 be a polynomial such
that J(g3) = {z € C | |z — 1] = a3 — 1} and let g4 be a polynomial such that J(gs) = {z €
C | |2+ 1] = a3 — ¢;}. Take a sufficiently large n € N and let hs = g5 and hy = g}. Let
G = (h1,ha, h3, hy) and let K := {z € C | 1 < |z| < a}. Then, taking a sufficiently large n, we
have U?Zl hi'(K) C K. Therefore, by [11, Corollary 3.2], J(G) C K. (For the figure of J(G),
see Figure 8.) Moreover, we can show that G € G, the set of all 1-simplexes of N; is equal to
{{1,3}, {1,4}, {2,3}, {2,4}, {3,4}}, and there exists no r-simplex S of Ny for each r > 2.
Taking a sufficiently large n again, it is easy to show that £ = (J(G), (h1, he, hs, hy)) satisfies all
of the conditions 1,...,4 in the assumptions of Theorem 3.7. From Theorem 3.19, it follows that
dimp H*(J(G), (h1,...,hs); R) = dimg W(H'(J(G), (h1, ..., hs); R)) = oo and F(G) has infinitely
many connected components. Thus we have completed the proof. O

Figure 8: The Julia set of G in Proposition 3.20.

5.3 Proofs of results in section 3.3
In this subsection, we prove the results in section 3.3. We need some lemmas.

Lemma 5.11. Let £ = (L, (h1,...,hm)) be a forward or backward self-similar system. Suppose
that £ is postunbranched. Let r € N. Then, for each r-simplex e of Ny, there exists a unique
r-simplex eg1 of Niy1 such that oiy1.1(ekt1) = e.

Proof. We will show the conclusion of our lemma when £ is a backward self-similar system (we can
show the conclusion of our lemma when £ is a forward self-similar system by using an argument
similar to the below). The existence of ej1 follows from Lemma 4.2. We now prove the uniqueness.
Case 1: r = 1. Let e = {i1, 1} be a 1-simplex of Ny. Then C;, j, = h;'(L) N h;ll (L) # 0. Since £

is postunbranched, there exists a unique = € %,, such that h;, (C;, j,) C L, and such that for each
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' € Zm with ' 7é x, hi1 (Ci1,j1)me’ = @ Let €Ck+1 = {(il, ce ,ik+1), (jh N ,jk—i—l)} be a 1—simpleX
of N1 such that pg41.1(ek41) = e. We will show that (ig, ..., k1) and (o, . .., jrk+1) are uniquely
determined by the element (i1, j1). Since eg41 is a 1-simplex of Ng41, we have hi_l1 N (L)N

Tht1
-1 -1 -1 -1 -1 -1 .
hi -hy (L) #0. Let z €hy~---h; (L)Nhj " ---h;" (L) be a point. Then

Jk+1 k+1 Jk+1

hiy(2) € i)t bt (D). (15)

Tk+1

Moreover, since z € hi_ll ~ht (L)N hj_ll -h;' (L) C Ci, ,, we have hy, (2) € hy, (Cy, 4,) and

Tk+1 Jk+1
for each o’ € ¥, with ' # x, h;,(2) € L,s. Furthermore, since L = |J L,, (15) implies

YyEX,
that there exists an element y = (y1,y2,...) € X, such that h; (z) € h;lh;kil(Ly) Let
y' = (i2,%3, ..., lkt1,Y1,Y2,...) € Y. Then h;, (2) € L. From the above arguments, it follows
that y' = z. Therefore, (i, ...,ig+1) = (21,...,2%). Thus, (i2,...,%+1) is uniquely determined by
(i1,71)- Similarly, we can show that (jo,...,jk+1) is uniquely determined by (i1, j1). Hence, exy;

is uniquely determined by e.
Case 2: r > 2. The uniqueness immediately follows from Case 1.
Thus, we have proved Lemma 5.11. O

Definition 5.12. Let £ = (L, (hq,...,hn)) be a forward or backward self-similar system. For
each k € N, we denote by Sk (or Si(£)) the CW complex |Ng|/| UT:I Ny, j|. Furthermore, we

denote by pi : (| Nk, | Ujm=1 Ny i) = (Sk,*) the canonical projection. Moreover, for all I,k € N
with [ > k, we denote by ¢ : S; — Sk the cellular map such that the following commutes.

(|Nl|7 | U;nzl Nl,j

|¢l,k‘l l@l,k (16)
(1Nl TUjZ Negl) ——— (k%)

) —— (Si,%)

Lemma 5.13. Let £ = (L, (h1,...,hn)) be a forward or backward self-similar system. Suppose
that £ is postunbranched. Let R be a Z module. Then, we have the following.

1. For each k € N, the cellular map @ri1,1 : (Sk+1,%) — (S1,%) is a cellular isomorphism and a
homeomorphism. In particular, ¢r41,1 nduces isomorphisms on homology and cohomology
groups with coefficients R.

2. Foreachk € N, |pgt11] 1 (|Nksal, | U;’;l Nit1,41) — (|1V1], {1, ..., m}) induces isomorphisms
on homology and cohomology groups with coefficient R.

Proof. From Lemma 5.11, statement 1 follows. Since pj induces isomorphisms on homology and
cohomology groups, statement 2 follows from statement 1. Thus, we have proved Lemma 5.13. [J

Lemma 5.14. Let £ = (L, (h1,...,hn)) be a forward or backward self-similar system. Suppose
that £ is postunbranched. Let R be a Z module. Let r € N and k € N. Then, the connecting
homomorphism 0. : Hyy1(|Ni|,|UjZ) Nk, jl; R) — H,(|UjZ, Ni,jl; R) of the homology sequence of
the pair (| Ngl, | U;nzl Ny 1) is the zero map.

Proof. For each k € N, let ay, : (N, *) — (Np, U;”zl Ny,j) be the canonical embedding. Moreover,
for each k € N, let vx : (|Nk|,*) — (Sk,*) be the canonical projection. Then, for each k € N,
(pr)« + Hry1(|Ngl, | U;nzl Ni jls R) — Hp41(|Skl, *; R) is an isomorphism, and the following diagram
comimutes.

Ho (Nl B) - B (Sk, % R)

(ak)*l J{Id (17)
Hya(INk|, [UjZy Nijls R) o r+1(Sk, *; R)
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Hence, we have only to prove that for each & > 1, ()« @ Hry1(|Ngl,%; R) — Hyy1(Sk,*; R)
is an epimorphism (if ¥ = 1, then it is easy to see that Im 9, = 0). In order to do that, let
a= 22:1 a;d; € Cry1(Sk, *; R) be a cycle, where for each 4, a; € R and d; is an oriented (r + 1)-
cell. For each 4, let d := ¢y 1(d;). Then, by Lemma 5.13-1, d} is an (r + 1)-cell of S;. Let d} be
an oriented (r + 1)-cell of |Ni| such that v1(d}) = dj. Let e be the oriented (r + 1)-simplex of
N which induces dj’. Then, by Lemma 5.11, there exists a unique oriented (r + 1)-simplex é; of
Ny, such that ¢y 1(6;) = €. Let d; be the oriented (r + 1)-cell of | Ny| which corresponds é;. Let
c:= 25:1 aid; € Cpy1(|Ni|,*; R). Then we have (71)«(c) = a. We shall prove the following claim:
Claim: a = 22:1 a;é; € Cri1(Nk; R) is a cycle.

In order to prove the claim, let {ijw},iow}, ..., iryowl 5} be the set of vertices of €;, where
is € {1,...,m} and wi € {1,...,m}*~! for each s = 1,...,7 + 2. Then, since ¢ 1(&) = €/, we
have that the elements i1,1%9,...,%,+2 are mutually distinct. Moreover, we have

t

()+(0(e) = ()« (O(Y_ aidi)) = 0(2 aid;) = 0. (18)

=1

We now suppose that (‘3(25:1 a;é;) = 25:1 bjej # 0, where for each j =1,...,0, e; is an oriented
r-simplex of Ny such that {e1,...,eg} is linearly independent, and b; € R with b; # 0 for each
4. We will deduce a contradiction. Let {jyul, joul, ... ,jT+1uZ.+1} be the set of all vertices of e;,
where j, € {1,...,m} and uJ € {1,...,m}*~! for each v = 1,...,7 + 1. Then, since the elements
i1,1%9,...,i4+2 are mutually distinct, we have that the elements j1, js, . . ., j+1 are mutually distinct.
In particular, denoting by c; the oriented (r + 1)-cell of |N| which corresponds e;, we have that
Y& (cj) is an oriented (r 4 1)-cell for each j. Moreover, since {e1,...,eg} is linearly independent,
{vk(c1),...,vk(cp)} is linearly independent. Hence, (y4)+(9(c)) = (’Yk)*(Z?Zl bjcj) # 0. However,
it contradicts (18). Therefore, B(Z;:l a;€;) = 0. Thus, we have proved the claim.

Since (vx)«(c) = a, the above claim implies that (yg)« : Hy41(| Nk, % R) — Hyy1(Sk, *; R) is
an epimorphism. Thus, we have proved Lemma 5.14. O

Before proving Theorem 3.36, we state one of the main idea in the proof. One of the keys
to proving Theorem 3.36 is the (co)homology sequence of the pair (|Ngl, | U;"Zl Ni ;1). By the
cohomology sequence of the above pair, we obtain the following commutative diagram of the
cohomology groups (with coefficients R):

*

Me—1

— H'(S) —— H'(Ny) —— @, H (Np) —— H(S)) ——
l¢z+1,k J{wz#»l.k l@}"’zl Prok—1 Jrlﬁltﬁ»l,k
e BN (Skn) —— H(Nipt) —S @7 HU(NG) —— AT (1) ——

in which each row is an exact sequence of groups. By (19), we obtain the following commuta(tli\?()e
diagram of the cohomology groups (with coefficients R):
— H'(S) —— H'(N) —— @ H({j}) —— HT(S) —
|4t [ | @ v |4t
s H(Sep1) —— B (New) — @ H(N) —— H(Sp1) ——

l lukm lea;*;l uie l

: rrr agd 4 m rTT : rrr
W ) —— HTO — @S —— I A —
20
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in which each row is an exact sequence of groups, and hLQk H* (Sk) denotes the direct limit of
{H*(Sk), @7 1 hkeni>k-

Proof of Theorem 3.36: Under the assumptions of Theorem 3.36, let r,k € N. Using the
homology sequence of the pair (| Ny, |Uj~; N, ;]), we have the following exact sequence:

Hyg1 (ks T) 5 Hy(| | Nej s T) =2 Ho(|Ngl; T) 2 Hy (Sk; T)

J=1

m
<4 He oy (| Mgl T) =% Hy ([N T) 2% Ho_1(Sis ), (21)
j=1

where for each j, o; denotes some homomorphism. Moreover, by Lemma 5.13-1, we have

. (Pr,1)x ~ - (Pr,1) ~
H.(Si;T) = H.(S;T)and H—1(Si;T) = H,_1(S1;7T). (22)

Furthermore, by Lemma 5.14, we have that
Im(ay) = 0. (23)
We now prove statement 1. Let r, k > 2. By Lemma 5.14, we have
Im(ap) = Im(aq) = 0. (24)
Moreover, we have the following commutative diagram:
Ho(|UjLy Nijs T) —2— H(IN|; T) —=— H,(Sy;T)

| (or)- | |- (25)
0 ——— H.(|N|;T) —— H.(S1;T)

V1)«

and (v1)« : H.(|N1;T) — H,(S1;T) is an isomorphism, where v; : |[N;| — S; denotes the
canonical projection. Combining (21), (22), (24), (25), and Lemma 3.30, we obtain the following
exact sequence:

0 — P H (Ne—1; T) "5 H, (Ngs ) 2 H, (N3 ) — o, (26)
j=1

By (26), we obtain a, ; = ma, x—1 + a,1. Thus, we have proved statement 1. Statement 2 follows
easily from statement 1.

We now prove statement 3. Let r > 2. By (26), for each k € N, we have the following exact
sequence of cohomology groups:

0 — A7 (N R) P BT (N B) 2 @) BT (N R) — 0. @)

Jj=1

Taking the direct limit of (27) with respect to k, we obtain the exact sequence (3). Thus, we have
proved statement 3.

We now prove statement 4. If » = 0, then from Lemma 4.8, pj » and ¢} are monomorphisms.
Let » > 2 and k > 1. Let £, = (L,(g1,---,9m*)) be a k-th iterate of £. Then, there exist
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isomorphisms ¢; : H"(£; R)x = H"(£4; R); and ¢ : H™(£; R) = H"(L4; R) such that the following

diagram commutes:
Hik,r

H (&R, —~ H'(LR)
cll lca (28)
H"(&x; R)1 —— H" (L4 R).

H1,r

Moreover, by Lemma 3.24, £ is postunbranched. Combining it with statement 3, we obtain that
p1r s H'(Lx; R)1 — H"(Ly; R) is a monomorphism. Hence, g, : H"(£;R), — H"(L;R) is a
monomorphism. Therefore, statement 4 follows.

Statement 5 easily follows from statement 1 and statement 3.

We now prove statement 6. By (21), (22), (23), and Lemma 3.30, we obtain the following
commutative diagram of homology groups (with coefficients T'):

0 —— @)L, Hi(Ny) e H (Niwr) —— Hi(S)

l J l(wm)* lld

0 — 0 —_ Hl(Nl) E— g1(S1)

—— @)L, Ho(Ny) L Hy(Niys) —— 0

| [ren. | (29)

— @5 Ho{j}) —— Ho(M) —— 0

in which each row is an exact sequence of groups. By (29), it is easy to see that statement 6 holds.

We now prove statement 7 and statement 8. By the cohomology sequence of the pair (| Nk, | U;":l NiiD),
(19), (20), (22), (23), and Lemma 3.30, for each k € N, we have the following commutative diagram
of cohomology groups (with coeflicients R):

0 —— HN)) —— @ H'({j}) —— H'(S)

l lwﬁﬂ,l l lld
i i (

0 —— A% —C— @I H(E) —— H'Y(S)
—— HY(N;) —— 0 — 0
Jot | |

jo HY(Ng) —— 0 (30)

— A% ' @ HY(E) —— 0

in which each row is an exact sequence of groups. By (30), it is easy to see that statement 7 and
statement 8 hold. Thus, we have proved statement 7 and statement 8.
We now prove statement 9. By (30), we have the following exact sequence:

0— H°(N;;R) — H°({1,...,m};R) — H*(S;; R) — H*(N;; R) — 0. (31)
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Hence we have dimp H'(S1; R) = m — ag,1 + a1,1. Combining it with the exact sequences (6) and
(7), we can easily obtain that statement 9 holds. Thus we have proved statement 9.

Statement 10 easily follows from the definition of Ay and b; .

Statement 11 easily follows from statement 9.

Statement 12 and statement 13 easily follow from statement 9 and statement 10.

Statement 14 easily follows from statement 1 and statement 12.

Statement 15 easily follows from statement 13.

We now prove statement 16. By statements 3 and 8, for each r € N with r > 2 there exists
an exact sequence H"(£; R) — @;n:l H"(£; R) — 0. Hence, if m > 1, then either a, ., = 0 or
ar oo = 00. If m =1, then obviously we have a, o = 0. Thus, we have proved statement 16.

We now prove statement 17. Suppose ag .. < 00. Since a0 = limy_.o ag %, statement 9 and
statement 10 imply that ag,.c = mag,cc — M + ag,1 — a1,1 + b1,00. Therefore, statement 17 follows.

Statement 18 easily follows from statement 16 and statement 17.

We now prove statement 19. Suppose that there exists an element ky € N such that ag g, >
ﬁ(m —ap,1 + a1,1). We will show that agry1 > agr for each k > ko, by using induction on
k > ko. For the first step, by statement 13 and the assumption ag x, > ﬁ(m —ap1+a11), we
have ag ko+1 — @0k, > (M — Dagk, —m + ap1 — a1,1 > 0. We now suppose that ag g+1 > ag i for
each k € {ko,ko+1,ko+2,...,t}. Then, by statement 13, we have ag 142 —ao,t+1 > (m—1)ag 41—
m4aog1—a1,1 > (m—1)agk, —m~+ap,1 —a1,1 > 0. Therefore, inductive step is completed. Thus,
we have proved statement 19.

Statement 20 follows easily from statement 19 (or from statement 17 and statement 10).

We now prove statement 21. Suppose 2 < m < 6 and |Ny| is disconnected. In order to show
ap,00 = 00, by Lemmas 5.2 and 5.3 we may assume that each connected component of |N7| has at
least two vertices. Then it is easy to see that m=—001+a11 9 Therefore statement 20 implies that
9,00 = 00. By Lemma 4.8-2, it follows that L has infinitely many connected components. Thus
we have proved statement 21.

We now prove statement 22. Suppose that By = 0. Let Cy = Im(yp} : HY(&;R), —
H'(£; R)j41). We will show the following claim:

Claim: For each k € N, C, = 0.

To prove the claim, we will use the induction on k. Since By = 0, we have C7; = 0. More-
over, since By = 0, the exact sequence (6) implies that for each k € N, nf : H'(£; R)py1 —
D, H'(£; R)}, is an isomorphism. Furthermore, for each k € N, we have the following commu-
tative diagram.

HY&R)jy1 —2— @7 H'(SR):
din | | @ v (32)
H1(£§ R)jt2 n—) @;n:l H1(£§ R)t1.

k+1
Hence, if we assume C = 0, then Cy41 = 0. Therefore, the induction is completed. Thus, we have
proved the claim.
From the above claim, it is easy to see that ﬁl(il; R) = 0. Hence, we have proved statement 22.
We now prove statement 23. For each j = 1,...,m, let ¢; : N — {j} be the constant map.
By (29), we have the following commutative diagram of homology groups (with coefficients T'):

0 —— @ Hi(Ny) 20 Hy(Npyy) —— Hy(S) —— @, Ho(Ny)

l l l(ﬁpk+1‘1)* lld l@}ll(%‘)* (33)

0 —— 0 —— Hi(N)) —— Hi(S1) —— @], Ho({s})

in which each row is an exact sequence of groups.
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Suppose that | N7 is connected. Then, by Lemma 4.3, | Ni| is connected for each k € N. Hence,
D)1 (c)«: D), Ho(Ni; T) — @1, Ho({5};T) is an isomorphism. Combining it with (33), the
five lemma implies that (r41,1)« @ Hi(Ngg1;T) — H1(N1;T) is an epimorphism. Combining it
with (4), we obtain the exact sequence (10) in statement 23a. Hence, we have proved statement
23a. Statement 23b easily follows from statement 23a. We now prove statement 23c. If a; 1 = 0,
then statement 23b implies that for each k£ € N, ay ; = 0. Therefore, a1, = 0. If a; 1 # 0, then
statement 23b implies that a;; — oo as £ — oco. From Lemma 4.8-4, it follows that a; . = o0.
Therefore, we have proved statement 23c. Statement 23d follows from statement 23a and the
universal-coefficient theorem. We now prove statement 23e. By the exact sequence (10), for each

k € N we have the following exact sequence:
0 — HY(N;R) P45 YNy R) 5 €D H(Ny; R) — 0. (34)
j=1

Taking the direct limit of (34) with respect to k, we obtain the exact sequence (11).
Therefore, we have proved statement 23.
Thus, we have proved Theorem 3.36. O

We now prove Proposition 3.37.
Proof of Proposition 3.37: We first prove statement 1. Let K :={z € C| 1 < |z] < 2}. It is
easy to see that there exists a finite family {hy,...,h,12} of topological branched covering maps
on C with the following properties:

1. h;l(K) CKforeachj=1,...,n+2;

2. h; '(int(K)) N h; ' (int(K)) = @ for each (i,j) with i # j;
3. N K)N{z€C||z|=2}=0and h; (K)N{z € C||z| =1} = 0;

—1 . . .
4. h; (K) Cint(K) for each j =3,...,n+2;

5. hjl{zec)|z|=j3 = Id for each j = 1,2;

6. hi(hy'(K)Nhy'(K)) C {2z € C||z| =2} for each k € {1,...,n+ 2} with k # 1;

7. ho(hy '(K)Nhy'(K)) C {z € C | |z| = 1} for each k € {1,...,n + 2} with k # 2;

8. hj(hj_l(K)ﬁh,;l(K)) C{z€C||z| =2} for each j,k € {1,...,n+2} with j # k and j > 3;

and

9. A2 hY(OK) = 0 and for each j =1,...,n + 2, Nicf1,...nt21\0} hi 1 (OK) # 0.

(2

Let L := Rgp(hi,...,hngo) and let £ := (L, (h1,...,hn42)). Then, by Lemma 2.22, £ is a
backward self-similar system. From properties 1, 3, 4, and 5, we have that for each j = 1,2, {z €
C||z| = j} C Ly~ \ Ly for any x € X, 5 with x # (j)°°. Combining it with properties 6, 7, and 8,
it follows that £ is postunbranched. Moreover, since 0K = U3:1{Z € C||z| = j} C L, properties
2 and 9 imply that n?jf hiY(L) = 0 and for each j = 1,...,n + 2, Nicit,...nr2)\() hi (L) # 0.

Hence H"(Ny; R) = R for each field R. From Theorem 3.36-5, it follows that dimp H™(£; R) = co
for each field R. Thus, we have proved statement 1 of Proposition 3.37.

We now prove statement 2 of Proposition 3.37. Let K’ := {z € C | 1 < |z| < 2} x[0,1] C R3. We
can construct a finite family {h, ;1;"12 of continuous and injective maps on K’ satisfying properties
similar to the above properties 1,...,9 (with “—1” removed). Let L := Rk y(h1,...,hpt2) and

let £:=(L,(h1,...,hnt+2)). Then, by the argument similar to that in the previous paragraph, we
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obtain that £ is postunbranched, H"(Ny; R) = R for each field R, and dimr H"(£; R) = oo for
each field R. Thus, we have proved statement 2 of Proposition 3.37. O

We now prove Proposition 3.38.
Proof of Proposition 3.38: Let p1, p2, ps € C be mutually distinct three points such that pipaps
makes an equilateral triangle. For each j =1,2,3, let g;(2) = %(z —pj) +pj. Let hy := g3, hy =
g3, h3 := g3, hy :=g3og1, and hs := g3ogo. Let L := Mc(hy,...,hs) and let £ := (L, (h1,...,hs))
(see Figure 9). Then £ is a forward self-similar system. By Example 3.27, £ is postunbranched.
Since p; € L for each j = 1,2, 3, we have that hg(L)Nha(L) # 0, ha(L)Nhs(L) # 0, hs(L)Nhs(L) #
0, and hs(L) N ha(L) Nhs(L) = 0. Moreover, it is easy to see that for each r € N with r > 2, there
exists no r-simplex of Ny = Ny (£). Hence 7 = (3,4)(4,5)(5,3) is a closed edge path of N; = Ny(£)
which induces a non-trivial element of H;(Ny; R) for each field R. Hence H'(£; R); # 0. However,
considering Na, it is easy to see that Im((¢1)« : H1(Na; R) — H1(Ny; R)) = 0. Hence, Bs = 0.
From Theorem 3.36-22, it follows that H'(£; R) = 0. Moreover, since H'(£; R); # 0, we obtain
that py; : HY(LR); — HY(L; R) is not injective. Furthermore, since each h; : L — L is a
contraction, we have that W : H'(€ : R) — H'(L;R) is an isomorphism. Hence H'(L;R) = 0.
From the Alexander duality theorem ([20]), it follows that C \ L is connected. Thus, we have
proved Proposition 3.38. O

Figure 9: The invariant set of a postunbranched system such that p; ; is not injective.

In order to prove Theorem 3.46, we need several lemmas.

Lemma 5.15. Let £ = (L,(h1,...,hp)) be a forward self-similar system such that for each
j=1,....,m, hj : L — L is injective. Suppose that {C;; <1 for each (i,j) with i # j. Then, for
each r > 2, each k > 1 and each Z module T, we have H,.(£;T), = H.(£;T) = 0.

Proof. Let a = 22:1 a;d; € C.(Ng;T) be a cycle, where for each i, a; € T and d; is an oriented
r-simplex. We may assume that {dy,...,d;} is linearly independent. Let 2 be the graph such that
the vertex set is equal to {di,...,d;} and such that {d;,d;} is an edge if and only if there exists a
1-simplex e of Ny, with |e| C |d;|N|d;|. Let {€1,Q9,...,Qp} be the set of all connected components
of |Q]. Then we have 3'_, aid; = S0, > d,cq, @idi- We now show the following claim:
Claim 1: For each [, 0(_, cq, @idi) = 0 in Cr—1(Ny; T).

In order to show claim 1, suppose that there exists an [ such that 9(_, cq, aidi) = 25:1 bjej #
0, where e; is an oriented r — 1 simplex of Ny, for each j, {e1,...,eg} is linearly independent, and
b; € T with bj # 0 for each j. Since d(3_'_, a;d;) = 0, there exists an I’ with I # [ and an element
d, € Qp such that |dy| D |e1|. However, it implies that d, € €, and this is a contradiction since
QN Qy = 0. Hence, we have proved claim 1.

We now prove the following claim:
Claim 2: Let [ € {1,...,p} be a number. Let {vo,...,vs} be the union (J, ., {all vertices of d;}.
Then, M; := {vo,...,vs} is an s-simplex of Ny.
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In order to prove claim 2, let d;,d; € €; be two elements such that there exists a 1-simplex
e = {u1,uz} of Ny with |d;| N |d;| D |e|, where u1,us € {1,...,m}*. Let {wo,...,w,} be the set

of all vertices of d; and let {wy,...,w..} be the set of all vertices of d;. Then we have
0 # n haw:(L) C hay(L) N hgz(L) and () # n h—(L) C hgr(L) N hgz(L). (35)
J
j=0 =0

Since #C;; < 1 for each (¢,j) with ¢ # j and h; : L — L is injective for each j, we have

8(har(L) Nhgz(L)) < 1. Combining it with (35), it follows that there exists a point z € L such that

M=o hw; (L) = Nj=g hyr(L) = {2}. The above argument implies that (j_, hw;(L) = {2}. Hence,

M; = {vo,...,vs} is an s-simplex of Nj. Therefore, we have proved claim 2.

By Claim 2, we obtain that for each I, >, .o aid; € C.(M;;T). Combining it with claim 1,
we get that for each [, Edieﬂl a;d; is a cycle of C.(M;;T). Since H,.(M;;T) = 0, it follows that
for each [, Zdieﬂl a;d; is a boundary element of C,.(Ny;T). Hence, we get that H,.(Ng;T) = 0.
Therefore, we have proved Lemma 5.15. O

By the same method, we can prove the following lemma.

Lemma 5.16. Let £ = (L, (h1,...,hp)) be a backward self-similar system. Suppose that §C; ; < 1
for each (i,7) with © # j. Let T be a Z module. Then, for each r € N with r > 2, we have
H,(&T); =0.

Lemma 5.17. Let £ = (L, (hy,...,hn)) be a forward self-similar system such that for each
j=1,...,m, hj : L — L is injective. Let T be a Z module. Suppose that §C; ; < 1 for each
(i,4) with i # j. Then, for each k € N, Ho(Sy; T) = 0.

Proof. Let a = Z;Zl a;d; € Co(Sk;T) be a cycle, where for each i, a; € T and d; is an oriented
2-cell of S. We will show that a is a boundary. Let vy : |[Nx| — Sk be the canonical projection.
For each i, let d; be an oriented 2-simplex of Ny, such that %(|Jl|) = d;. Let Q be the graph such
that the vertex set is equal to {dy,...,d,} and such that {d;,d;} is an edge of Q if and only if
there exists an 1-cell e of Sy such that d; Nd; D e. Let {Q4,...,9Q,} be the set of all connected
components of [©2|. Then we have a = Y7]_; ¥, <, @idi. We now prove the following claim.
Claim 1: For each I, 0(3_; cq, aidi) = 0 in C1(Sk; T).

In order to prove claim 1, suppose that the statement is false. Then, there exists an [ such that
I g,eq, vidi) = ZB bje; # 0, where for each j, b; € T and e; is an oriented 1-cell of S such
that {ei,...,eg} is linearly independent. Since 8(21 1a;d;) =0, it follows that there exists an I’
with I’ #£ 1 and an element d; € ;s such that d; D ey. It implies that d; € ;. However, this is a
contradiction, since I’ # [. Therefore, we have proved claim 1.

We now prove the following claim.
Claim 2: For each I, there exists an s € N with s > 2 and an s-simplex M of N such that
Unpean di © (M)

In order to prove claim 2, let d; € €; be an element. Let d; € €; be another element such that
{d;,d;} is an edge of ;. Then there exist four vertices w1, wa, w3, ws of Ny such that the set of
vertices of d; is equal to {wl, wa, w3 } and the set of vertices of czj is equal to {ws, w3, ws}. We have

ﬂ:; 1 hw7 (L) # 0 and ﬂj _o hw(L) # 0. Since §C;; < 1 for each (4,j) with i # j and hj : L — L
is mJectlve for each j, there exists a point z € L such that hgz(L) N hgz(L) = {z}. Therefore,

ﬂjzl hw(L) = {z}. This argument implies that denoting by {vi,...,vs} the set of all vertices of

Ud, e, d;, we have =1 P, (L) = {z}. Let M = {v1,...,v5}. Then M is an s-simplex of Ny and
Ua,eq, di € ve(|M]). Thus, we have proved claim 2.

Since i (|M]) is a subcomplex of Sy and >_, cq, aid; is a cycle of C2(Sk;T), we obtain that
> d,eq, @idi is a cycle of Cy(yx(|M]); T). We now prove the following claim.
Claim 3: Hy(vi(|M)); T) = 0.

43



In order to prove claim 3, let 4y, : [M|/(|MNUjZ, Nk j]) — vi(|M]) be the cellular map induced
by 7. Then, 7% is a homeomorphism. Moreover, we have the following homology sequence of the
pair (|M|, |U]L; Nij):

m m
- — Hy(|M[;T) — Ho(IM|/|M 0 | Nie;T) — Hi(IM 0 [ N5 T) — - (36)

j=1 j=1

Since M is an s-simplex, Hy(|M|;T) = 0. Moreover,

Hy(|M 0 Nyl T) = @D Hi(|M 0 Ny | 7).

=1 j=1

Let {u1,...,us} be the set of all vertices of M N Ny ;. Then, v = {uq,...,uw} is a (¢ — 1)-simplex
of M. Since M is a subcomplex of Ni, we obtain that u is a simplex of Ny. Moreover, since each
u; is a vertex of IV ;, it follows that u is a simplex of IV, ;. Therefore, u is a simplex of M NNy ;.
Hence, Hi(|M N Ny ;|;T) = 0. Combining these arguments, we obtain that Hs(vx(|M]);T) = 0.
Thus, we have proved claim 3.

By claim 3, the cycle >, o aid; € C2(v,(|M]);T) is a boundary element of Ca(vx(|M]); T).
Therefore, Zdieﬂz a;d; is a boundary element of Cy(Sk;T). Hence, a = E;:l a;d; is a boundary
element of Co(Sk;T). Thus, we have proved Lemma 5.17. O

By the same method, we can prove the following lemma.

Lemma 5.18. Let £ = (L, (h1, ..., hp)) be a backward self-similar system. Suppose that 4C; ; <1
for each (i,7) with i # j. Let T be any Z module. Then, Hs(S1;T) = 0.

We now prove Theorem 3.46.
Proof of Theorem 3.46: From Lemma 5.15, statement 1 follows.

We now prove statement 2. Let k& € N. By the homology sequence of the pair (| Ny41], | U;nzl Nit1,51),
we have the following exact sequence:

«— Hy(Spy1;T) — Hi(|J Net1,5sT) — Hi(Niy; T) — - (37)

j=1

By Lemma 5.17, we have Ha(Sk+1;T) = 0. Moreover, Hi(U;—; Nk+1,;;T) = @;n:l Hy(Ny;T).
Therefore, it follows that ma; ; < a1, kx4+1. Thus, we have proved statement 2.

We now prove statement 3. Suppose |N;| is connected and H'(£; R) # 0. Then, there exists a
k € N such that a; ; # 0. From statement 2, it follows that limy_,oc a1 = co. By Lemma 4.8-4,
we obtain that a; o = 00. Therefore, we have proved statement 3.

Thus, we have proved Theorem 3.46. O

We now prove Proposition 3.47.
Proof of Proposition 3.47: For each i = 1,2, let U; be an open neighborhood of h;(L). Then,
by the Mayer-Vietoris sequence, we have the following exact sequence:

- — H" Y (U UUs; R) — H" W (Uy;R) @ H" W (Ug; R) —» H'" W (U1 NUx;R) — -+ . (38)

We take the direct limit hLQU U of this sequence, where U; runs over all open neighborhoods of
1,V2

hi(L). Then, by [20, p 341, Corollary 9 and p 334, Corollary 8], we obtain the following exact
sequence:

H" ™ (hy(L) U ha(L); R) — H™  (hy(L); R) ® H" ™ (ho(L); R) — H" ™ (C1 o, R) — --- . (39)
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By the assumption, we have H "t1(C 2; R) = 0. Similarly, we obtain the following exact sequence:

3 2
H"“(U hj(L); R) — H”“(U hi(L); R) @ H" " (h3(L); R)
2
— H" (| hy(L)) N hs(L);R) — -+ . (40)
j=1

By the assumption, we have H"*1((Js_, hj(L)) Nhs(L); R) = H""(Cy 3 U Ca3; R) = 0. From

these arguments, it follows that there exists an exact sequence:

Hn+1(

Tl

3
hi(L);R) — @ H" ' (h;(L); R) — 0. (41)
1 j=1

J

Continuing this method, we obtain the following exact sequence:

A" hy(L); R) — @ H™ (b (L); R) — 0. (42)
j=1 j=1
Since for each j = 1,2, h; : L — h;(L) is a homeomorphism, we obtain the following exact
sequence:
A" (L; R) — H"™(L; R) @ H"™(L; R) @ @ H™ ' (h;(L); R) — 0. (43)
j=3
From this exact sequence, it follows that either H"+1(L; R) =0 or dimp H”‘H(L; R) = oo. Thus,
we have proved Proposition 3.47. O
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