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Abstract

We investigate the dynamics of semigroups generated by polyno-
mial maps on the Riemann sphere such that the postcritical set in the
complex plane is bounded. Moreover, we investigate the associated
random dynamics of polynomials. We show that for such a polyno-
mial semigroup, if A and B are two connected components of the
Julia set, then one of A and B surrounds the other. A criterion for
the Julia set to be connected is given. Moreover, we show that for any
n € NU {Rg}, there exists a finitely generated polynomial semigroup
with bounded planar postcritical set such that the cardinality of the
set of all connected components of the Julia set is equal to n. Further-
more, we investigate the fiberwise dynamics of skew products related
to polynomial semigroups with bounded planar postcritical set. Using
uniform fiberwise quasiconformal surgery on a fiber bundle, we show
that if the Julia set of such a semigroup is disconnected, then there
exist families of uncountably many mutually disjoint quasicircles with
uniform dilatation which are parameterized by the Cantor set, densely
inside the Julia set of the semigroup. Moreover, we show that under a
certain condition, a random Julia set is almost surely a Jordan curve,
but not a quasicircle. Furthermore, we give a classification of poly-
nomial semigroups G such that G is generated by a compact family,



the planar postcritical set of G is bounded, and G is (semi-) hyper-
bolic. Many new phenomena of polynomial semigroups and random
dynamics of polynomials that do not occur in the usual dynamics of
polynomials are found and systematically investigated.
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1 Introduction

The theory of complex dynamical systems, which has its origin in the impor-
tant work of Fatou and Julia in the 1910s, has been investigated by many
people and discussed in depth. In particular, since D. Sullivan showed the fa-
mous “no wandering domain theorem” using Teichmiiller theory in the 1980s,
this subject has attracted many researchers from a wide area. For a general
reference on complex dynamical systems, see Milnor’s textbook [19].

There are several areas in which we deal with generalized notions of clas-
sical iteration theory of rational functions. One of them is the theory of dy-
namics of rational semigroups (semigroups generated by holomorphic maps
on the Riemann sphere @), and another one is the theory of random dynamics
of holomorphic maps on the Riemann sphere.

In this paper, we will discuss these subjects. A rational semigroup is a
semigroup generated by a family of non-constant rational maps on C, where C
denotes the Riemann sphere, with the semigroup operation being functional
composition ([14]). A polynomial semigroup is a semigroup generated by
a family of non-constant polynomial maps. Research on the dynamics of ra-
tional semigroups was initiated by A. Hinkkanen and G. J. Martin ([14, 15]),
who were interested in the role of the dynamics of polynomial semigroups
while studying various one-complex-dimensional moduli spaces for discrete
groups, and by F. Ren’s group([45, 13]), who studied such semigroups from
the perspective of random dynamical systems. Moreover, the research on
rational semigroups is related to that on “iterated function systems” in frac-
tal geometry. In fact, the Julia set of a rational semigroup generated by
a compact family has “ backward self-similarity” (cf. Lemma 3.1-2). For
other research on rational semigroups, see [25, 26, 27, 44, 28, 29, 42, 43|, and
[32]-[41].

The research on the dynamics of rational semigroups is also directly re-
lated to that on the random dynamics of holomorphic maps. The first study
in this direction was by Fornaess and Sibony ([11]), and much research has
followed. (See [3, 5, 6, 4, 12].)

We remark that the complex dynamical systems can be used to describe
some mathematical models. For example, the behavior of the population of
a certain species can be described as the dynamical system of a polynomial
f(2) = az(1 — z) such that f preserves the unit interval and the postcritical
set in the plane is bounded (cf. [9]). From this point of view, it is very
important to consider the random dynamics of such polynomials (see also
Example 1.4). For the random dynamics of polynomials on the unit interval,
see [31].

We shall give some definitions for the dynamics of rational semigroups:



Definition 1.1 ([14, 13]). Let G be a rational semigroup. We set
F(G) = {z € C| G is normal in a neighborhood of z}, J(G) = C\ F(G).

F(G) is called the Fatou set of G and J(G) is called the Julia set of G. We
let (hq, hs,...) denote the rational semigroup generated by the family {h;}.
The Julia set of the semigroup generated by a single map g is denoted by

J(9).
Definition 1.2.

1. For each rational map g : C — C, weset CV(g) := {all critical values of g :
C — C}. Moreover, for each polynomial map g : C — C, we set

CV*(g) := CV(g) \ {oc}.

2. Let G be a rational semigroup. We set

P(G) =] V(g (cO)

geG

This is called the postcritical set of G. Furthermore, for a polyno-
mial semigroup G, we set P*(G) := P(G) \ {oco}. This is called the
planar postcritical set (or finite postcritical set) of G. We say
that a polynomial semigroup G is postcritically bounded if P*(G)
is bounded in C.

Remark 1.3. Let G be a rational semigroup generated by a family A of
rational maps. Then, we have that P(G) = Ugecauiray 9(UneaCV (R)), where
Id denotes the identity map on C, and that g(P(G)) C P(G) for each g € G.
From this formula, one can figure out how the set P(G) (resp. P*(G)) spreads
in C (resp. C). In fact, in Section 2.8, using the above formula, we present a
way to construct examples of postcritically bounded polynomial semigroups
(with some additional properties). Moreover, from the above formula, one
may, in the finitely generated case, use a computer to see if a polynomial
semigroup G is postcritically bounded much in the same way as one verifies
the boundedness of the critical orbit for the maps f.(z) = 22 + c.

Example 1.4. Let A := {h(z2) = cz*(1 —2)" | a,b €N, ¢ > 0, c(a%b)a(a%b)b
< 1} and let G be the polynomial semigroup generated by A. Since for
each h € A, h([0,1]) C [0,1] and CV*(h) C [0,1], it follows that each

subsemigroup H of GG is postcritically bounded.

Remark 1.5. It is well-known that for a polynomial g with deg(g) > 2,
P*({g)) is bounded in C if and only if J(g) is connected ([19, Theorem 9.5]).
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As mentioned in Remark 1.5, the planar postcritical set is one piece of
important information regarding the dynamics of polynomials. Concerning
the theory of iteration of quadratic polynomials, we have been investigating
the famous “Mandelbrot set”.

When investigating the dynamics of polynomial semigroups, it is natural
for us to discuss the relationship between the planar postcritical set and the
figure of the Julia set. The first question in this regard is:

Question 1.6. Let G be a polynomial semigroup such that each element
g € G is of degree at least two. Is J(G) necessarily connected when P*(G)
is bounded in C?

The answer is NO.

Example 1.7 ([44]). Let G = (2%, %). Then P*(G) = {0} (which is bounded
in C) and J(G) is disconnected (J(G) is a Cantor set of round circles).
Furthermore, according to [36, Theorem 2.4.1], it can be shown that a small
perturbation H of G still satisfies that P*(H) is bounded in C and that
J(H) is disconnected. (J(H) is a Cantor set of quasi-circles with uniform
dilatation.)

Question 1.8. What happens if P*(G) is bounded in C and J(G) is discon-
nected?

Problem 1.9. Classify postcritically bounded polynomial semigroups.

In this paper, we show that if G is a postcritically bounded polynomial
semigroup with disconnected Julia set, then co € F/(G) (cf. Theorem 2.19-1),
and for any two connected components of J(G), one of them surrounds the
other. This implies that there exists an intrinsic total order “ < 7 (called
the “surrounding order”) in the space Jg of connected components of J(G),
and that every connected component of F'(G) is either simply or doubly
connected (cf. Theorem 2.7). Moreover, for such a semigroup G, we show
that the interior of “the smallest filled-in Julia set” K (G) is not empty, and
that there exists a maximal element and a minimal element in the space Jg
endowed with the order < (cf. Theorem 2.19). From these results, we obtain
the result that for a postcritically bounded polynomial semigroup G, the
Julia set J(G) is uniformly perfect, even if G is not generated by a compact
family of polynomials (cf. Theorem 2.21).

Moreover, we utilize Green’s functions with pole at infinity to show that
for a postcritically bounded polynomial semigroup G, the cardinality of the
set of all connected components of J(G) is less than or equal to that of



J(H), where H is the “real affine semigroup” associated with G (cf. The-
orem 2.12). From this result, we obtain a sufficient condition for the Julia
set of a postcritically bounded polynomial semigroup to be connected (cf.
Theorem 2.14). In particular, we show that if a postcritically bounded poly-
nomial semigroup G is generated by a family of quadratic polynomials, then
J(G) is connected (cf. Theorem 2.15). The proofs of the results in this and
the previous paragraphs are not straightforward. In fact, we first prove (1)
that for any two connected components of J(G) that are included in C, one
of them surrounds the other; next, using (1) and the theory of Green’s func-
tions, we prove (2) that the cardinality of the set of all connected components
of J(G) is less than or equal to that of J(H), where H is the associated real
affine semigroup; and finally, using (2) and (1), we prove (3) that co € F(G),
int(K(G)) # 0, and other results in the previous paragraph.

Moreover, we show that for any n € N U {Ry}, there exists a finitely
generated, postcritically bounded, polynomial semigroup G such that the
cardinality of the set of all connected components of J(G) is equal to n
(cf. Proposition 2.25, Proposition 2.27 and Proposition 2.28). A sufficient
condition for the cardinality of the set of all connected components of a Julia
set to be equal to Ny is also given (cf. Theorem 2.26). To obtain these
results, we use the fact that the map induced by any element of a semigroup
on the space of connected components of the Julia set preserves the order
< (cf. Theorem 2.7). Note that this is in contrast to the dynamics of a
single rational map h or a non-elementary Kleinian group, where it is known
that either the Julia set is connected, or the Julia set has uncountably many
connected components.

Applying the previous results, we investigate the dynamics of every se-
quence, or fiberwise dynamics of the skew product associated with the gener-
ator system (cf. Section 2.5). Moreover, we investigate the random dynamics
of polynomials acting on the Riemann sphere. Let us consider a polynomial
semigroup G generated by a compact family I' of polynomials. For each
sequence v = (V1,7%2,73,...) € I'V, we examine the dynamics along the se-
quence 7, that is, the dynamics of the family of maps {7, 0---071}22,. We
note that this corresponds to the fiberwise dynamics of the skew product (see
Section 2.5) associated with the generator system I'. We show that if G is
posteritically bounded, J(G) is disconnected, and G is generated by a com-
pact family I' of polynomials; then, for almost every sequence v € I'N, there
exists exactly one bounded component U, of the Fatou set of «, the Julia set
of v has Lebesgue measure zero, there exists no non-constant limit function
in U, for the sequence «, and for any point z € U,, the orbit along « tends to

the interior of the smallest filled-in Julia set K (G) of G (cf. Theorem 2.40-



2, Corollary 2.51). Moreover, using the uniform fiberwise quasiconformal
surgery (cf. Theorem 4.21), we find sub-skew products f such that f is
hyperbolic and such that every fiberwise Julia set of f is a K-quasicircle,
where K is a constant not depending on the fibers (cf. Theorem 2.40-3).
Reusing the uniform fiberwise quasiconformal surgery, we show that if G is
a postcritically bounded polynomial semigroup with disconnected Julia set,
then for any non-empty open subset V' of J(G), there exists a 2-generator
subsemigroup H of G such that J(H) is the disjoint union of “Cantor family
of quasicircles” (a family of quasicircles parameterized by a Cantor set) with
uniform distortion, and such that J(H) NV # () (cf. Theorem 2.45). Note
that the uniform fiberwise quasiconformal surgery is based on solving un-
countably many Beltrami equations (a kind of partial differential equations).
We also investigate (semi-)hyperbolic, postcritically bounded, polynomial
semigroups generated by a compact family I' of polynomials. We show that
if G is such a semigroup with disconnected Julia set, and if there exists an
element g € G such that J(g) is not a Jordan curve, then, for almost every
sequence v € I'N, the Julia set of v is a Jordan curve but not a quasicircle, the
basin of infinity A, is a John domain, and the bounded component U, of the
Fatou set is not a John domain (cf. Theorem 2.48). Moreover, we classify
the semi-hyperbolic, postcritically bounded, polynomial semigroups gener-
ated by a compact family I" of polynomials. We show that such a semigroup
G satisfies either (I) every fiberwise Julia set is a quasicircle with uniform
distortion, or (II) for almost every sequence v € I'N, the Julia set J, is a
Jordan curve but not a quasicircle, the basin of infinity A, is a John domain,
and the bounded component U, of the Fatou set is not a John domain, or
(ITI) for every a, 3 € I'N, the intersection of the Julia sets J, and Jj is not
empty, and J(G) is arcwise connected (cf. Theorem 2.52). Furthermore, we
also classify the hyperbolic, postcritically bounded, polynomial semigroups
generated by a compact family I' of polynomials. We show that such a semi-
group G satisfies either (I) above, or (II) above, or (II1)’ for every o, 3 € TN,
the intersection of the Julia sets .J, and Jj is not empty, J(G) is arcwise con-
nected, and for every sequence v € I'N, there exist infinitely many bounded
components of F, (cf. Theorem 2.54). We give some examples of situation
(IT) above (cf. Example 2.49, Example 2.55 and Section 2.8). Note that
situation (II) above is a special and new phenomenon of random dynamics
of polynomials that does not occur in the usual dynamics of polynomials.
The key to investigating the dynamics of postcritically bounded polyno-
mial semigroups is the density of repelling fixed points in the Julia set (cf.
Theorem 3.2), which can be shown by an application of the Ahlfors five island
theorem, and the lower semi-continuity of v — .J, (Lemma 3.4-2), which is a
consequence of potential theory. Moreover, one of the keys to investigating
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the fiberwise dynamics of skew products is, the observation of non-constant
limit functions (cf. Lemma 4.17 and [32]). The key to investigating the dy-
namics of semi-hyperbolic polynomial semigroups is, the continuity of the
map v — J, (this is highly nontrivial; see [32]) and the Johnness of the basin
A, of infinity (cf. [35]). Note that the continuity of the map v +— J, does
not hold in general, if we do not assume semi-hyperbolicity. Moreover, one
of the original aspects of this paper is the idea of “combining both the theory
of rational semigroups and that of random complex dynamics”. It is quite
natural to investigate both fields simultaneously. However, no study thus far
has done so.

Furthermore, in Section 2.8 and Section 2.4, we provide a way of con-
structing examples of postcritically bounded polynomial semigroups with
some additional properties (disconnectedness of Julia set, semi-hyperbolicity,
hyperbolicity, etc.) (cf. Proposition 2.58, Theorem 2.61, Theorem 2.63).
For example, by Proposition 2.58, there exists a 2-generator postcritically
bounded polynomial semigroup G = (hy, hy) with disconnected Julia set
such that hy has a Siegel disk.

As wee see in Example 1.4 and Section 2.8, it is not difficult to construct
many examples, it is not difficult to verify the hypothesis “postcritically
bounded”, and the class of postcritically bounded polynomial semigroups is
very wide.

Throughout the paper, we will see many new phenomena in polynomial
semigroups or random dynamics of polynomials that do not occur in the usual
dynamics of polynomials. Moreover, these new phenomena are systematically
investigated.

In Section 2, we present the main results of this paper. We give some
tools in Section 3. The proofs of the main results are given in Section 4.

There are many applications of the results of postcritically bounded poly-
nomial semigroups in many directions. In the sequel [39], we will investigate
Markov process on C associated with the random dynamics of polynomials
and we will consider the probability Th(z) of tending to co € C starting
with the initial value z € C. Applying many results of this paper, it will be
shown in [39] that if the associated polynomial semigroup G is postcritically
bounded and the Julia set is disconnected, then the function T, defined on
C has many interesting properties which are similar to those of the Cantor
function. Such a kind of “singular functions in the complex plane” appear
very naturally in random dynamics of polynomials and the results of this
paper (for example, the results on the space of all connected components of
a Julia set) are the keys to investigating that. (The above results have been
announced in [40, 41].)



Moreover, as illustrated before, it is very important for us to recall that
the complex dynamics can be applied to describe some mathematical models.
For example, the behavior of the population of a certain species can be
described as the dynamical systems of a polynomial h such that h preserves
the unit interval and the postcritical set in the plane is bounded. When one
considers such a model, it is very natural to consider the random dynamics
of polynomial with bounded postcritical set in the plane (see Example 1.4).

In the sequel [29], we will give some further results on postcritically
bounded polynomial semigroups, based on this paper. Moreover, in the se-
quel [38], we will define a new kind of cohomology theory, in order to investi-
gate the action of finitely generated semigroups, and we will apply it to the
study of the dynamics of postcritically bounded polynomial semigroups.

Acknowledgement: The author thanks R. Stankewitz for many valuable
comments.

2 Main results

In this section we present the statements of the main results. Throughout
this paper, we deal with semigroups G that might not be generated by a
compact family of polynomials. The proofs are given in Section 4.

2.1 Space of connected components of a Julia set, sur-
rounding order

We present some results concerning the connected components of the Julia
set of a postcritically bounded polynomial semigroup. The proofs are given
in Section 4.1.

Theorem 2.1. Let G be a rational semigroup generated by a family {hy}xea-
Suppose that there exists a connected component A of J(G) such that A > 1
and UyepaJ(hy) C A. Moreover, suppose that for any A € A such that hy is a

Mdbius transformation of finite order, we have hy'(A) C A. Then, J(G) is
connected.

Definition 2.2. Weset Rat: = {h : C — C | h is a non-constant rational map}
endowed with the topology induced by uniform convergence on C with respect

to the spherical distance. We set Poly := {h : C—C | h is a non-constant polynomial}
endowed with the relative topology from Rat. Moreover, we set Polygeg>2 1=

{g € Poly | deg(g) > 2} endowed with the relative topology from Rat.



Remark 2.3. Let d > 1, {p, }nen a sequence of polynomials of degree d, and
p a polynomial. Then, p,, — p in Poly if and only if the coefficients converge
appropriately and p is of degree d.

Definition 2.4. Let G be the set of all polynomial semigroups G with the
following properties:

e cach element of GG is of degree at least two, and
e P*(G) is bounded in C, i.e., G is postcritically bounded.

Furthermore, we set G.,, = {G € G | J(G) is connected} and Gy s = {G €
G | J(G) is disconnected}.

Notation: For a polynomial semigroup G, we denote by J = Jg the set of
all connected components J of J(G) such that J C C. Moreover, we denote
by J = J¢ the set of all connected components of J(G).

Remark 2.5. If a polynomial semigroup G is generated by a compact set in
Polygeg>2, then co € F(G) and thus J = J.

Definition 2.6. For any connected sets K; and Ky in C, “K; < Ky
indicates that K; = K3, or K is included in a bounded component of C\ K.
Furthermore, “K; < K3” indicates K; < Ky and K # K,. Note that “<” is
a partial order in the space of all non-empty compact connected sets in C.
This “<” is called the surrounding order.

Theorem 2.7. Let G € G (possibly generated by a non-compact family).
Then we have all of the following.

1. (J, <) is totally ordered.

2. Each connected component of F(G) is either simply or doubly con-
nected.

3. For any g € G and any connected component J of J(G), we have
that g='(J) is connected. Let g*(J) be the connected component of
J(G) containing g~'(J). If J € T, then g*(J) € J. If J1,J» € J and
J1 < o, then g7' (1) < g7 () and g* (1) < g ().

For the figures of the Julia sets of semigroups G € Gy, see figure 1 and
figure 2.
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2.2 Upper estimates of #(7)

Next, we present some results on the space J and some results on upper
estimates of (7). The proofs are given in Section 4.2 and Section 4.3.

Definition 2.8.

1. For a polynomial g, we denote by a(g) € C the coefficient of the highest
degree term of g.

2. We set RA := {az +b € R[z] | a,b € R,a # 0} endowed with the
topology such that, a,x + b, — ax + b if and only if a, — a and
b, — b. The space RA is a semigroup with the semigroup operation
being functional composition. Any subsemigroup of RA will be called
a real affine semigroup. We define a map ¥ : Poly — RA as follows:
For a polynomial g € Poly, we set U(g)(x) := deg(g)z + log |a(g)|-

Moreover, for a polynomial semigroup G, we set V(G) := {¥(g) | g €
G} (CRA).

3. Weset R := RU{+00} endowed with the topology such that {(r, +00] },er
makes a fundamental neighborhood system of +oo, and such that
{[-00,7)},ecr makes a fundamental neighborhood system of —oo. For
a real affine semigroup H, we set

M(H):={z eR|3h e H h(z) =z, [ ()] > 1} (C R),

where the closure is taken in the space R. Moreover, we denote by My
the set of all connected components of M (H).

4. We denote by 1 : RA — Poly the natural embedding defined by n(z +—
ar +b) = (z — az +b), where x € R and z € C.

5. We define a map © : Poly — Poly as follows. For a polynomial g, we
set ©(g)(z) = a(g)z9°89). Moreover, for a polynomial semigroup G, we

set O(G) :={O(g) | g € G}.
Remark 2.9.

1. The map ¥ : Poly — RA is a semigroup homomorphism. That is,
we have U(g o h) = ¥(g) o ¥(h). Hence, for a polynomial semigroup
G, the image V(@) is a real affine semigroup. Similarly, the map © :
Poly — Poly is a semigroup homomorphism. Hence, for a polynomial
semigroup G, the image O(G) is a polynomial semigroup.
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2. The maps ¥ : Poly — RA, n: RA — Poly, and © : Poly — Poly are
continuous.

Definition 2.10. For any connected sets M; and M, in R, “M; <, My” in-
dicates that M; = My, or each (z,y) € M; x My satisfies x < y. Furthermore,
“Ml <, MQ” indicates M, <, M, and My 7£ M,.

Remark 2.11. The above “<,” is a partial order in the space of non-empty
connected subsets of R. Moreover, for each real affine semigroup H, (My, <,.)
is totally ordered.

Theorem 2.12.

1. Let G be a polynomial semigroup in G. Then, we have §(Je) < f(Muy)-
More precisely, there exists an injective map T Je — My () such that
Zf Jl, Joy € jG and J; < JQ, then ‘If(Jl) <y <J2>

2. If G € Guis, then we have that M(V(G)) C R and M(¥(G)) = J(n(¥(G))).
3. Let G be a polynomial semigroup in G. Then, tt(j(;) < Jj(jn(q;(g))).

Corollary 2.13. Let G' be a polynomial semigroup in G. Then, we have
ﬁ(jg) < lj(je y)- More precisely, there exists an injective map 0:Js —

j@(G such that if Ji,Jo € Jg and J; < Jo, then @(Jl) € Jo(c (Jg)
j@(G )5 and @(J1) < @(JQ)

Theorem 2.14. Let G = <h1,...,hm> be a finitely generated polynomial
semigroup in G. For each j = 1,...,m, let a; be the coe]ﬁcient of the highest
degree term of polynomial h;. Let « :=min;_ m{deg - log |a;|} and 3 :=

.....

max;—i m{deg—log|a]]} We set o, 5] := {x € R | a <z < p}oIf

.....

[, B] C UTZ \I/(hj)’l([ ,3]), then J(G) is connected.

Theorem 2.15. Let G be a polynomial semigroup in G generated by a (pos-
sibly non-compact) family of polynomials of degree two. Then, J(G) is con-
nected.

Theorem 2.16. Let G be a polynomial semigroup in G generated by a (possi-
bly non-compact) family {hy}xea of polynomials. Let ay be the coefficient of
the highest degree term of the polynomial hy. Suppose that for any \, & € A,
we have (deg(he) — 1)log|ay| = (deg(hy) — 1)log |ag|. Then, J(G) is con-
nected.
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2.3 Properties of J

In this section, we present some results on 7. The proofs are given in Sec-
tion 4.3.

Definition 2.17. For a polynomial semigroup G, we set

K(G):={zeC| | J{g(2)} is bounded in C}

geG

and call K(G) the smallest filled-in Julia set of G. For a polynomial g,
we set K(g) :== K({g))-

Notation: For aset A C C, we denote by int(A) the set of all interior points
of A.

Proposition 2.18. Let G € G. If U is a connected component of F(G)
such that U N K(G) # 0, then U C int(K(G)) and U is simply connected.

~

Furthermore, we have K(G) N F(G) = int(K(G)).

Notation: For a polynomial semigroup G with oo € F(G), we denote by
F(G) the connected component of F(G) containing co. Moreover, for a
polynomial ¢ with deg(g) > 2, we set Fio(9) = Fo({9))-

The following theorem is the key to obtaining further results of post-
critically bounded polynomial semigroups and related random dynamics of
polynomials.

Theorem 2.19. Let G € Gy (possibly generated by a non-compact family).
Then, under the above notation, we have the following.

1. We have that oo € F(G) and the connected component F(G) of F(G)
containing oo is simply connected. Furthermore, the element Jy., =
Imax(G) € T containing OF(G) is the unique element of J satisfying
that J < Jynax for each J € J.

2. There exists a unique element Jopin = Jmin(G) € J such that Juyim < J
for each element J € J. Furthermore, let D be the unbounded compo-
nent of C\ Jmin. Then, P*(G) C K(G) C C\ D and 0K (G) C Juin-

3. If G is generated by a family {hy}xca, then there exist two elements \y
and Ay of A satisfying:

(a) there ezist two elements Jy and Jy of J with Jy # Jy such that
J(hy,) C J; for each i =1,2;
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(b) J<h>\1) N Jmin = Q);

(c) for eachn € N, we have hy"(J(hx,))NJ (ha,) = 0 and b (J(ha, )N
J(h)\l) = @,’ and

(d) hy, has an attracting fized point z; in C, int(K(hy,)) consists

of only one immediate attracting basin for z, and K(hy,) C
int(K (hy,)). Furthermore, z; € int(K (hy,)).

4. For each g € G with J(g) N Juin = 0, we have that g has an attracting
fized point z, in C, int(K(g)) consists of only one immediate attracting
basin for zg, and Jyim C int(K(g)). Note that it is not necessarily true
that z; = z5 when g, f € G are such that J(g) N Jmin = 0 and J(f) N
Jmin = 0 (see Proposition 2.25).

~

5. We have that int(K(G)) # (0. Moreover,

(a) C\ Jmin is disconnected, §J > 2 for each J € J, and

(b) for each g € G with J(g)@ Jmin = 0, we have that Jyin < 9" (Jmin),
9 N (J(@)NJmin = 0, g(K(G)UJmin) C int(K(G)), and the unique
attracting fized point z, of g in C belongs to int(K(G)).

6. Let A be the set of all doubly connected components of F(G). Then,
UaeaA C C and (A, <) is totally ordered.

We present a result on uniform perfectness of the Julia sets of semigroups

in G.

Definition 2.20. A compact set K in C is said to be uniformly perfect if
fK > 2 and there exists a constant C' > 0 such that each annulus A that
separates K satisfies that mod A < C', where mod A denotes the modulus of
A (See the definition in [17]).

Theorem 2.21.

1. Let G be a polynomial semigroup in G. Then, J(G) is uniformly perfect.
Moreover, if zy € J(QG) is a superattracting fixed point of an element of

G, then zy € int(J(G)).
2. If G € G and < € J(G), then G € Gepp and oo € int(J(Q)).

3. Suppose that G € Gyis. Let 2y € J(G) N C be a superattracting fized
point of g € G. Then z; € int(Jin) and J(g) C Jmin-
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We remark that in [15], it was shown that there exists a rational semigroup
G such that J(G) is not uniformly perfect.
We now present results on the Julia sets of subsemigroups of an element

of gdis~

Proposition 2.22. Let G € Gy, and let J,,Jo € J = Jq with J; < J,. Let
A; be the unbounded component of C\ J; for each i = 1,2. Then, we have the
following.

1. Let Qy ={g € G| 3J € Juwith J, < J, J(g) C J} and let Hy be the
subsemigroup of G generated by Q1. Then J(Hy) C J3 U Aj.

2. Let Qy = {g € G| 3J € Jwith J < Jo, J(g) C J} and let Hy be the
subsemigroup of G generated by Q2. Then J(Hy) C C\ As.

3. Let Q={geG|3J e Juwith J, < J < Jy, J(g) C J} and let H be
the subsemigroup of G generated by Q. Then J(H) C J; U (A; \ As).

Proposition 2.23. Let G be a polynomial semigroup generated by a compact
subset I' of Polygeg>2. Suppose that G € Guis. Then, there exists an element
hy € T" with J(hy) C Jmax and there exists an element hy € I' with J(hy) C
Jmin-

2.4 Finitely generated polynomial semigroups G € Gy
such that 2 < #(Jg) < Ny

In this section, we present some results on various finitely generated polyno-
mial semigroups G € Gg;s such that 2 < ﬁ(jg) < Wy. The proofs are given in
Section 4.4.

It is well-known that for a rational map ¢ with deg(g) > 2, if J(g) is
disconnected, then J(g) has uncountably many connected components (See
[19]). Moreover, if G is a non-elementary Kleinian group with disconnected
Julia set (limit set), then J(G) has uncountably many connected components.
However, for general rational semigroups, we have the following examples.

Theorem 2.24. Let G be a polynomial semigroup in G generated by a (pos-
sibly non-compact) family I' in Polygeg>2. Suppose that there exist mutu-
ally distinct elements Jy,...,Jn € Ja such that for each h € T' and each
j €{1,...,n}, there exists an element k € {1,...,n} with h='(.J;) N Jy, # 0.
Then, we have #(Js) = n.

Proposition 2.25. For any n € N with n > 1, there exists a finitely gen-
erated polynomial semigroup G,, = (hy, ..., ha,) in G satisfying 4(Jq, ) = n.
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In fact, let 0 < € < % and we set for each j = 1,....,n, a;(z) := %22 and
Bi(z) = %(z —€)? + €. Then, for any sufficiently large | € N, there exists an
open neighborhood V of (af,... ol B ... L) in (Poly)®™ such that for any
(hi,...,hay) €V, the semigroup G = (hq, ..., ha,) satisfies that G € G and
t(Je) = n.

Theorem 2.26. Let G = (hy, ..., hy) € Gais be a polynomial semigroup with
m > 3. Suppose that there exists an element Jo € J such that U;":le(hj) C
Jo, and such that for each j =1,...,m — 1, we have h;'(J(hy)) N Jo # 0.
Then, we have all of the following.

1. §(J) = N,
2. JO = Jmin; or JO = Jmax-

3. ]f JO = Jmin; then ']max = J(hm); J(G) = JrnaxUUneNU{0}<hm)_n(Jmin);
and for any J € J with J # Juax, there exists no sequence {C;}jen

of mutually distinct elements of J such that min.ec, d(z,J) — 0 as
j — o0.

4o 1f Jo = Tmax, then Juin = J(hm), J(G) = Jmin YU, enugoy (om) ™" (Jmax)
and for any J € J with J # Juw, there exists no sequence {C;}ien

of mutually distinct elements of J such that min.ec, d(z,J) — 0 as
J — oo.

Proposition 2.27. There exists an open set V in (Polygeg>2)® such that for
any (h1, ha,hs) € V, G = (hy, hy, hs) satisfies that G € Gais, Us_,J (h;) C
Jmin(G), Jmax(G) = J(hs), h; ' (J(h3)) N Juin(G) # O for each j = 1,2, and
1(Ja) = RNo.

Proposition 2.28. There exists a 3-generator polynomial semigroup G =
(h1,ha, hs) in Gais such that Ui_; (h;) ™ (Jmax(G)) C Juin(G), Jmax(G) =
J(h3), ﬁ(jg) = Ny, there exists a superattracting fixed point zy of some ele-
ment of G with zg € J(G), and int(Jpmin(G)) # 0.

As mentioned before, these results illustrate new phenomena which can
hold in the rational semigroups, but cannot hold in the dynamics of a single
rational map or Kleinian groups.

For the figure of the Julia set of a 3-generator polynomial semigroup

G € Ggis with ﬁjG = Ny, see figure 1.
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Figure 1: The Julia set of a 3-generator polynomial semigroup G € Gg;s with

1(Ja) = R
2.5 Fiberwise dynamics and Julia sets

We present some results on the fiberwise dynamics of the skew product re-

lated
Julia

to a postcritically bounded polynomial semigroup with disconnected
set. In particular, using the uniform fiberwise quasiconformal surgery

on a fiber bundle, we show the existence of a family of quasicircles param-
eterized by a Cantor set with uniform distortion in the Julia set of such a
semigroup. The proofs are given in Section 4.5.

Definition 2.29 ([32, 35)).

1.

Let X be a compact metric space, g : X — X a continuous map,
and f : X X C — X x C a continuous map. We say that f is a
rational skew product (or fibered rational map on trivial bundle X x C)
over g : X — X, if rof = gom where 7 : X x C — X denotes
the canonical projection, and if for each z € X, the restriction f, :=
fle=tey © 7 '({z}) — 7' ({g(x)}) of f is a non-constant rational
map, under the canonical identification 7~ !({z’}) = C for each 2’ € X.
Let d(z) = deg(f.), for each z € X. Let f,, be the rational map
defined by: f,.(y) = ma(f"(x,y)), for each n € Nz € X and y € C,

where ms : X x C — C is the projection map.

Moreover, if f,; is a polynomial for each z € X, then we say that
f:Xx C—XxCisa polynomial skew product over g : X — X.

Let T be a compact subset of Rat. We set IV := {y = (7y1,72,...) |
Vj,v; € I'} endowed with the product topology. This is a compact
metric space. Let o : I'N — I'N be the shift map, which is defined by

o(v1,7%2,---) == (72,73, ...). Moreover, we define a map f : N xC —

M x C by: (,9) = (0(7),7(y)), where ¥ = (y1,72,...). This is
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called the skew product associated with the family I' of rational
maps. Note that f,,(y) =y, 0 0o71(y).

Remark 2.30. Let f : X x C — X x C be a rational skew product over
g : X — X. Then, the function = — d(z) is continuous in X.

Definition 2.31 ([32, 35]). Let f : X x C — X x C be a rational skew
product over g : X — X. Then, we use the following notation.

1. For each z € X and n € N, we set fI' := f"|—1zy) @ 7 '({z}) —
' ({g"(=)}) c X x C.

2. For each x € X, we denote by F,(f) the set of points y € C which
has a neighborhood U in C such that {f,, : U — C},ey is normal.
Moreover, we set F*(f) :={z} x F.(f) (C X x C).

3. For each z € X, we set J,(f) := C\ F,(f). Moreover, we set J*(f) :=
{z} x J.(f) (C X x C). These sets J*(f) and J,(f) are called the
fiberwise Julia sets.

4. We set J(f) U,ex J%(f), where the closure is taken in the product
space X X C.

5. For each z € X, we set Je(f) = 71 ({z}) N J(f). Moreover, we set
Jo(f) = me (J7(f))-

6. We set F(f) := (X x C)\ J(f).

Remark 2.32. We have J*(f) D J*(f) and J,(f) D J.(f). However, strict
containment can occur. For example, let h; be a polynomial having a Siegel
disk with center 27 € C. Let hy be a polynomial such that 21 is a repelling
fixed point of hy. Let I' = {hy, ho}. Let f : T' X C — T x C be the skew
product associated with the family I'. Let z = = (hy,h1,hy,...) € TN, Then,
(2,21) € J*(F) \ J(f) and 21 € L(f) \ L(f).

Definition 2.33. Let f : X X C—> XxChea polynomial skew prod-
uct over g : X — X. Then for each x € X, we set K,(f) := {y €
C | {fon(®)}tnen is bounded in C}, and A, (f) = {y € C | fon(y) —
00, m — oo}. Moreover, we set K*(f) = {z} x K,(f) (C X X C) and
AT(f) = {a} x Au(f) (€ X x C).

Definition 2.34. Let G be a polynomial semigroup generated by a subset
I' of Polygeg>2. Suppose G € Gy;5. Then we set

mln: {hEF‘J(>CJmin}7
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where Ji,i, denotes the unique minimal element in (7, <) in Theorem 2.19-
2. Furthermore, if Ty # 0, let Guinr be the subsemigroup of G that is
generated by I'yin.

Remark 2.35. Let G be a polynomial semigroup generated by a compact
subset I' of Polygeg>2. Suppose G € Gg;s. Then, by Proposition 2.23, we have
Coin # 0 and T\ Ty # 0. Moreover, Ty, is a compact subset of T'. For,
if {hy}neny € Tin and h,, — he in T, then for a repelling periodic point
20 € J(hso) of heo, we have that d(zo, J(hy,)) — 0 as n — oo, which implies
that zg € Juin and thus ho € Tpin.

Notation: Let F := {¢,}nen be a sequence of meromorphic functions in a
domain V. We say that a meromorphic function % is a limit function of F
if there exists a strictly increasing sequence {n;};ey of positive integers such
that ¢,, — ¢ locally uniformly on V', as j — oc.

Definition 2.36. Let GG be a rational semigroup.
1. We say that G is hyperbolic if P(G) C F(G).

2. We say that G is semi-hyperbolic if there exists a number 6 > 0 and
a number N € N such that for each y € J(G) and each g € G, we
have deg(g : V' — B(y,d)) < N for each connected component V' of
g ' (B(y,9)), where B(y,d) denotes the ball of radius § with center y
with respect to the spherical distance, and deg(g : - — -) denotes the de-
gree of finite branched covering. (For background of semi-hyperbolicity,
see [32] and [35].)

The following Proposition (2.37-1 and 2.37-2) means that for a polynomial
semigroup G € Gg;s generated by a compact subset I' of Polygeg>2, we rarely
have the situation that “I" \ T'y;, is not compact.”

Proposition 2.37. Let G be a polynomial semigroup generated by a compact
subset I' in Poly geg>2. Suppose that G € Ggis and that I'\ Iy, is not compact.
Then, all of the following statements 1, 2, 3, and 4 hold.

1. Let h € Ty Then, J(h) = Jun(G), K(h) = K(G), and int(K(h)) is
a non-empty connected set.

2. FEither

(a) for each h € Dyin, h is hyperbolic and J(h) is a quasicircle; or

(b) for each h € 'y, int(K(h)) is an immediate parabolic basin of a
parabolic fixed point of h.
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8. For each v € TV, each limit function of {fy.}nen in each connected
component of F,(f) is constant.

4. Suppose that (a) in statement 2 holds. Then, Gunr is hyperbolic and
G is semi-hyperbolic.

Definition 2.38. Let I' and S be non-empty subsets of Polygeg>2 with S C T
We set

R(T,S):={v=(n7,..) e [{({n N[y, € S}) = o0}

Definition 2.39. Let f: X x C — X x C be a rational skew product over
g: X — X. We set

C(f) == {(z,y) € X x C | y is a critical point of f,1}.

Moreover, we set P(f) := Unenf"(C(f)), where the closure is taken in the
product space X x C. This P(f) is called the fiber-postcritical set of f.
We say that f is hyperbolic (along fibers) if P(f) C F(f).

We present a result which describes the details of the fiberwise dynamics
along v in R(I', "\ ['yin)-

Theorem 2.40. Let G be a polynomial semigroup generated by a compact
subset I' of Polygeg>2. Suppose G € Ggs. Let f : N x C — TN x C be the
skew product associated with the family ' of polynomials. Then, all of the
following statements 1,2, and 3 hold.

1. Let v € R(I',I'\ I'nuin). Then, each limit function of {f,}nen in each
connected component of F,(f) is constant.

2. Let S be a non-empty compact subset of I' \ I'yin. Then, for each vy €
R(T,S), we have the following.

(a) There exists exactly one bounded component U, of F.(f). Further-
more, OU, = 0A,(f) = J,(f).

(b) For each y € U,, there exists a number n € N such that f, ,(y) €
int(K(G)).

(¢) J,(f) = J,(f). Moreover, the map w — J,(f) defined on TN is
continuous at -y, with respect to the Hausdorff topology in the space
of non-empty compact subsets of C.

(d) The 2-dimensional Lebesgue measure of J,(f) = J,(f) is equal to
zero.
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3. Let S be a non-empty compact subset of I' \ T'in. For each p € N, we
denote by Ws,, the set of elements v = (y1,72,...) € I‘Ii such that for
eachl € N, at least one of yi41, ..., Vi4p belongsto S. Let f := f|Wspx<f: :

Wg % C— Wg % C. Then, [ is a hyperbolic skew product over the shift
map o : Wg, — Ws,, and there exists a constant Kg, > 1 such that
for each v € Ws,, J,(f) = J,(f) = J,(f) is a Ks,-quasicircle. Here,
a Jordan curve & in C is said to be a K-quasicircle, if € is the image of
SY(c C) under a K -quasiconformal homeomorphism o : C — C. (For
the definition of a quasicircle and a quasiconformal homeomorphism,

see [17].)

We now present some results on semi-hyperbolic polynomial semigroups
in gdis-

Theorem 2.41. Let G be a polynomial semigroup generated by a non-empty
compact subset I' of Polygeg>2. Suppose that G € Ggis. If Guminr s semi-
hyperbolic, then G is semi-hyperbolic.

Theorem 2.42. Let G be a polynomial semigroup generated by a non-empty
compact subset I' of Polyqeg>2. Suppose that G € Gais. If Gminr 15 hyperbolic
and (Uner\rn CV* (1)) N Jin(G) = 0, then G is hyperbolic.

Remark 2.43. In [29], it will be shown that in Theorem 2.42, the condition
(Uner\ P CV* (1)) N Juin(G) = 0 is necessary.

Theorem 2.44. Let G' be a polynomial semigroup generated by a compact
subset T’ of Polygeg>2. Let f: TN x C — I'Nx C be the skew product associated
with the family I'. Suppose that G € Gg;s and that G is semi-hyperbolic. Let
v € R(',I'\ I'nin) be any element. Then, jv(f) = J,(f) and J,(f) is a
Jordan curve. Moreover, for each point yo € int(K,(f)), there exists an
n € N such that f,,(yo) € int(K(Q)).

We next present a result that there exist families of uncountably many
mutually disjoint quasicircles with uniform distortion, densely inside the Julia
set of a semigroup in Gy;s.

Theorem 2.45. (Existence of a Cantor family of quasicircles.) Let
G € Guis (possibly generated by a non-compact family) and let V' be an open
subset of@ with VN J(G) # 0. Then, there exist elements g1 and go in G
such that all of the following hold.

1. H = {q1, g2) satisfies that J(H) C J(G).
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2. There exists a non-empty open set U in C such that g7 (U) U gy {(U) C
U, and such that g7 "(U) N gy (U) = 0.

3. H = (g1, g2) is a hyperbolic polynomial semigroup.

4. Let f : TN x C — I'Nx C be the skew product associated with the family
' ={g1,92} of polynomials. Then, we have the following.

(a) J(H) = U, ern J,(f) (disjoint union).
(b) For each connected component J of J(H), there exists an element
v € N such that J = J,(f).

(c) There exists a constant K > 1 independent of J such that each
connected component J of J(H) is a K-quasicircle.

(d) The map v — J,(f), defined for all v € TV, is continuous with re-
spect to the Hausdorff topology in the space of non-empty compact
subsets of C, and injective.

(e) For each element v € TN, J,(f)NV # 0.

(f) Letw € TN be an element such that §({j € N |w; = g1}) = 0o and
such that §({j € N | wj = g2}) = o0o. Then, J,(f) does not meet
the boundary of any connected component of F(G).

2.6 Fiberwise Julia sets that are Jordan curves but not
quasicircles

We present a result on a sufficient condition for a fiberwise Julia set J,(f) to
be a Jordan curve but not a quasicircle. The proofs are given in Section 4.6.

Definition 2.46. Let V be a subdomain of C such that 8V c C. We say
that V' is a John domain if there exists a constant ¢ > 0 and a point zp € V'
(z0 = 0o when oo € V) satisfying the following: for all z; € V' there exists an
arc £ C V connecting z; to zy such that for any z € £, we have min{|z — a| |
a€dV}>clz—z|.

Remark 2.47. Let V be a simply connected domain in C such that 9V c C.
It is well-known that if V' is a John domain, then OV is locally connected
([21, page 26]). Moreover, a Jordan curve £ C C is a quasicircle if and only
if both components of C \ € are John domains ([21, Theorem 9.3]).

Theorem 2.48. Let G be a polynomial semigroup generated by a compact
subset T' of Polygeg>a. Suppose that G € Guis. Let f : TN x C—INxC be
the skew product associated with the family T of polynomials. Let m € N
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and suppose that there exists an element (hy, hg,... hy) € T™ such that
J(hmo---ohy) is not a quasicircle. Let a = (ay, an,...) € TN be the element
such that for each k,1 € NU{0} with 1 <1 < m, agmyy = hy. Then, the
following statements 1 and 2 hold.

1. Suppose that G is hyperbolic. Let v € R(I',T" \ T'win) be an element
such that there exists a sequence {ny}ren of positive integers satisfying
that o™ (y) — « as k — oo. Then, J,(f) is a Jordan curve but not a
quasicircle. Moreover, the unbounded component A (f) of F\(f) is a
John domain, but the unique bounded component U, of F.(f) is not a
John domain.

2. Suppose that G is semi-hyperbolic. Let pg € T'\ T'iin be any element
and let 3 := (po, a1, 9, ...) € TN, Let v € R(T,T'\ Twin) be an element
such that there exists a sequence {ny}ren of positive integers satisfying
that o™ (y) — 3 as k — oo. Then, J,(f) is a Jordan curve but not a
quasicircle. Moreover, the unbounded component A,(f) of F,(f) is a
John domain, but the unique bounded component U, of F.(f) is not a
John domain.

Example 2.49. Let gi(z) := 22 — 1 and go(2) = %. Let T := {¢?, 93}
Moreover, let G be the polynomial semigroup generated by I'. Let D := {z €
C | |2| < 0.4}. Then, it is easy to see g7(D)Ug3(D) C D. Hence, D C F(G).
Moreover, by Remark 1.3, we have that P*(G) = Ugecuqray9({0,—1}) € D C
F(G). Hence, G € G and G is hyperbolic. Furthermore, let K := {z € C |
0.4 < |z| < 4}. Then, it is easy to see that (¢7)'(K) U (¢5)"'(K) C K and
(¢2)"M(K)N(g3)"'(K) = 0. Combining it with Lemma 3.1-6 and Lemma 3.1-
2, we obtain that J(G) is disconnected. Therefore, G € Gy;s. Moreover, it is
easy to see that 'y, = {g7}. Since J(g?) is not a Jordan curve, we can apply
Theorem 2.48. Setting o := (g7, g7, g3, ...) € IV, it follows that for any

vy€ZI:={we R(I',I'\ ym) | I(ng) with 0" (w) — a},

J,(f) is a Jordan curve but not a quasicircle, and A,(f) is a John domain
but the bounded component of F,(f) is not a John domain. (See figure 2:
the Julia set of G. In this example, Jo = {J,(f) | v € TN} and if v #
w, J,(f) N Ju(f) = 0.) Note that by Theorem 2.40-3, if v ¢ Z, then either
J,(f) is not a Jordan curve or J,(f) is a quasicircle.
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Figure 2: The Julia set of G = (g7, g3).

2.7 Random dynamics of polynomials and classifica-
tion of compactly generated, (semi-)hyperbolic, poly-
nomial semigroups G in ¢

In this section, we present some results on the random dynamics of poly-
nomials. Moreover, we present some results on classification of compactly
generated, (semi-) hyperbolic, polynomial semigroups G in G. The proofs are
given in Section 4.7.

Let 7 be a Borel probability measure on Polyges>2. We consider the i.i.d.

random dynamics on C such that at every step we choose a polynomial map
h:C—C according to the distribution 7. (Hence, this is a kind of Markov
process on C. )
Notation: For a Borel probability measure 7 on Polyqes>2, We denote by
I'; the support of 7 on Polyges>2. (Hence, I'; is a closed set in Polygeg>2.)
Moreover, we denote by 7 the infinite product measure ®32, 7. This is a Borel
probability measure on I'N. Furthermore, we denote by G, the polynomial
semigroup generated by I'.

Definition 2.50. Let X be a complete metric space. A subset A of X is
said to be residual if X \ A is a countable union of nowhere dense subsets of
X. Note that by Baire Category Theorem, a residual set A is dense in X.

Corollary 2.51. (Corollary of Theorem 2.40-2) Let I be a non-empty com-
pact subset of Polygegse. Let f : TN x C — IN x C be the skew product
associated with the family T' of polynomials. Let G be the polynomial semi-
group generated by I'. Suppose G € Gais. Then, there exists a residual subset
U of TN such that for each Borel probability measure T on Polygeg>a with
[, =T, we have 7(U) = 1, and such that each v € U satisfies all of the
following.
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1. There exists exactly one bounded component U, of F,(f). Furthermore,

U, = 0A,(f) = J4(f)-

2. Each limit function of {fy,}n in U, is constant. Moreover, for each

A~

y € Uy, there exists a number n € N such that f,,(y) € int(K(G)).

3. J(f) = J,(f). Moreover, the map w — J,(f) defined on TN is con-
tinuous at vy, with respect to the Hausdorff topology in the space of
non-empty compact subsets of C.

4. The 2-dimensional Lebesque measure of J,(f) = J,(f) is equal to zero.

Next we present a result on compactly generated, semi-hyperbolic, poly-
nomial semigroups in G.

Theorem 2.52. Let I' be a non-empty compact subset of Polyqeg>2. Let
f N x C — I'N x C be the skew product associated with the family T
of polynomials. Let G be the polynomial semigroup generated by I'. Suppose
that G € G and that G is semi-hyperbolic. Then, exactly one of the following
three statements 1, 2, and 3 holds.

1. G is hyperbolic. Moreover, there exists a constant K > 1 such that for
each v € TN, J(f) is a K-quasicircle.

2. There exists a residual subset U of TV such that for each Borel prob-
ability measure T on Polygeg>2 with I'y = T', we have 7(U) = 1, and
such that for each v € U, J,(f) is a Jordan curve but not a quasicircle,
A.(f) is a John domain, and the bounded component of F,(f) is not a
John domain. Moreover, there exists a dense subset V of I'N such that

for each v € V, J,(f) is not a Jordan curve. Furthermore, there exist
two elements o, 3 € TN such that Jg(f) < Jo(f).

3. There exists a dense subset V of T such that for each v €V, J,(f) is
not a Jordan curve. Moreover, for each o, 3 € TN, Jo(f) N Ja(f) # 0.
Furthermore, J(G) is arcwise connected.

Corollary 2.53. Let I' be a non-empty compact subset of Polyqeg>2. Let
f TN x C — IV x C be the skew product associated with the family T' of
polynomials. Let G be the polynomial semigroup generated by I'. Suppose
that G € Ggis and that G is semi-hyperbolic. Then, either statement 1 or
statement 2 in Theorem 2.52 holds. In particular, for any Borel Probability
measure T on Polygeg>e with T, =T, for almost every v € I'N with respect to
7, Jy(f) is a Jordan curve.
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We now classify compactly generated, hyperbolic, polynomial semigroups

inG.

Theorem 2.54. Let I' be a non-empty compact subset of Polygeg>2. Let f :
N x C — N x C be the skew product associated with the family I'. Let G be
the polynomial semigroup generated by I'. Suppose that G € G and that G is
hyperbolic. Then, exactly one of the following three statements 1, 2, 3 holds.

1. There exists a constant K > 1 such that for each v € TN, J,(f) is a
K -quasicircle.

2. There exists a residual subset U of TN such that for each Borel prob-
ability measure T on Polygeg>2 with I'y = T', we have 7(U) = 1, and
such that for each v € U, J,(f) is a Jordan curve but not a quasicircle,
A (f) is a John domain, and the bounded component of F.(f) is not
a John domain. Moreover, there exists a dense subset V of I'N such
that for each v € V, J,(f) is a quasicircle. Furthermore, there exists
a dense subset W of TN such that for each v € W, there are infinitely
many bounded connected components of F,(f).

3. For each v € TV, there are infinitely many bounded connected com-
ponents of F,(f). Moreover, for each o, € TN, J,(f) N Js(f) # 0.
Furthermore, J(G) is arcwise connected.

Example 2.55. Let hy(z) := 2% — 1 and hy(2) := az?, where a € C with
0 < |a] <0.1. Let T := {hq, ho}. Moreover, let G := (hy, hy). Let U := {|z| <
0.2}. Then, it is easy to see that he(U) C U, ha(hi(U)) C U, and h3(U) C U.
Hence, U C F(Q). It follows that P*(G) C int(K(G)) C F(G). Therefore,
G € G and G is hyperbolic. Since J(hy) is not a Jordan curve and J(hs) is a
Jordan curve, Theorem 2.54 implies that there exists a residual subset U of
I'N such that for each Borel probability measure 7 on Polygeg>2 with I'; =T,
we have 7(U) = 1, and such that for each v € U, J,(f) is a Jordan curve
but not a quasicircle. Moreover, for each v € U, A,(f) is a John domain,
but the bounded component of F.(f) is not a John domain. Furthermore,

by Theorem 2.15, J(G) is connected.

Remark 2.56. Let h € Polyges>2 be a polynomial. Suppose that J(h) is a
Jordan curve but not a quasicircle. Then, it is easy to see that there exists
a parabolic fixed point of h in C and the bounded connected component of
F(h) is the immediate parabolic basin. Hence, (h) is not semi-hyperbolic.
Moreover, by [7], Fiw(h) is not a John domain.

Thus what we see in statement 2 in Theorem 2.52 and statement 2 in
Theorem 2.54, as illustrated in Example 2.49 and Example 2.55, is a special
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and new phenomenon which can hold in the random dynamics of a family
of polynomials, but cannot hold in the usual iteration dynamics of a single
polynomial. Namely, it can hold that for almost every v € TN, J,(f) is
a Jordan curve and fails to be a quasicircle all while the basin of infinity
A, (f) is still a John domain. Whereas, if J(h), for some polynomial h, is a
Jordan curve which fails to be a quasicircle, then the basin of infinity F..(h)
is necessarily not a John domain.

Pilgrim and Tan Lei ([22]) showed that there exists a hyperbolic ratio-
nal map h with disconnected Julia set such that “almost every” connected
component of J(h) is a Jordan curve but not a quasicircle.

We give a sufficient condition so that statement 1 in Theorem 2.54 holds.

Proposition 2.57. Let I' be a non-empty compact subset of Polyges>2. Let

f:TNx C — IV x C be the skew product associated with the family I'. Let G
be the polynomial semigroup generated by I'. Suppose that P*(QG) 1s included

in a connected component of int(K (G)). Then, there exists a constant K > 1
such that for each v € TN, J,(f) is a K-quasicircle.

2.8 Construction of examples
We present a way to construct examples of semigroups G in Gys.

Proposition 2.58. Let G be a polynomial semigroup generated by a compact

~

subset T' of Polyqeg>a. Suppose that G € G and int(K(G)) # 0. Let b €
int(K (G)). Moreover, let d € N be any positive integer such that d > 2, and
such that (d,deg(h)) # (2,2) for each h € I'. Then, there exists a number
¢ > 0 such that for each a € C with 0 < |a| < ¢, there exists a compact
neighborhood V' of gu.(2) = a(z — b)? + b in Polygeg>a salisfying that for
any non-empty subset V' of V', the polynomial semigroup Hyp y: generated by
the family T'U V' belongs to Gy, IA((HF,V/) = R(G) and (T'U V" )pin C T
Moreover, in addition to the assumption above, if G is semi-hyperbolic (resp.
hyperbolic), then the above Hr v/ is semi-hyperbolic (resp. hyperbolic).

Remark 2.59. By Proposition 2.58, there exists a 2-generator polynomial
semigroup G = (hq, hy) in Gy such that hy has a Siegel disk.

Definition 2.60. Let d € N with d > 2. We set ); := {h € Poly | deg(h) =
d} endowed with the relative topology from Poly.

Theorem 2.61. Let m > 2 and let do, ... ,d, € N be such that d; > 2 for
each j = 2,...,m. Let hy € Yy, with int(K (hy)) # 0 be such that (h1) € G.
Let by, bs, ..., by, € int(K(hy)). Then, all of the following statements hold.
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1. Suppose that (hy) is semi-hyperbolic (resp. hyperbolic). Then, there
exists a number ¢ > 0 such that for each (as,as, ..., a,) € C™ ! with
0<laj| <c(j=2...,m), setting hj(z) = a;j(z — b))% +b; (j =
2,...,m), the polynomial semigroup G = (hy,...,hy) satisfies that
G e G, K(G) = K(hy) and G is semi-hyperbolic (resp. hyperbolic).

2. Suppose that (hy) is semi-hyperbolic (resp. hyperbolic). Suppose also
that either (i) there exists a j > 2 with d; > 3, or (i) deg(hy) = 3,
by = .-+ = by,. Then, there exist as,as,...,a, > 0 such that setting
hi(z) = a;(z — b))% +b; (j = 2,...,m), the polynomial semigroup
G = (h1, ha, ... hy) satisfies that G € Guiy, K(G) = K(hy) and G is
semi-hyperbolic (resp. hyperbolic).

Definition 2.62. Let m € N. We set
® Hp:={(h1,.. ., hm) € (Polygeesa)™ | (P, -
o B :={(h1,. .., hm) € (Polygegso)™ | (1,
® Dy = {(h1,. .., hm) € (Polygegso)™ | J((h1, ..., hm)) is disconnected}.

, hm) is hyperbolic},
,hm) € G}, and

Moreover, let 71 : (Polygee>2)™ — Polygeeso be the projection defined by
W(hl,...7hm) :hl.

Theorem 2.63. Under the above notation, all of the following statements
hold.

1. Hon, Hin N By, Hyy N Drn, and Hyyy N By, N Dy, are open in (Poly gegso)™.

2. Letdy,...,dy, € N be such that d; > 2 for each j =1,...,m.
Then, w1 : Hyn N By N (Vg X -+ X Va ) — Hi N By N Vg, is surjective.

3. Letdy,...,dy, € N be such that d; > 2 for each j =1,...,m and such
that (dy,...,dy) # (2,2,...,2). Then, m1 @ Hpy N By N Dy N (Vg X
e X Yy ) — Hi N By N Yy, is surjective.

Remark 2.64. Combining Proposition 2.58, Theorem 2.61, and Theorem 2.63,
we can construct many examples of semigroups G in G (or Ggs) with some
additional properties (semi-hyperbolicity, hyperbolicity, etc.).

3 Tools

To show the main results, we need some tools in this section.
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3.1 Fundamental properties of rational semigroups

Notation: For a rational semigroup G, we set E(G) := {z € C | #(Uyecg™ ' ({2})) <
oo}. This is called the exceptional set of G.

Lemma 3.1 ([14, 13, 32]). Let G be a rational semigroup.

1. For each h € G, we have h(F(G)) C F(G) and b= (J(G)) C J(G).
Note that we do not have that the equality holds in general.

2. If G = (hy,...,hy), then J(G) = h{*(J(G))U---UhHJ(G)). More
generally, if G is generated by a compact subset ' of Rat, then J(G) =
Unerh Y (J(G)). (We call this property of the Julia set of a compactly
generated rational semigroup “backward self-similarity.” )

3. If4(J(G)) > 3, then J(G) is a perfect set.

4. If4(J(G)) > 3, then 1(E(G)) < 2.

5. If a point z is not in E(G), then J(G) C Ugeag='({z}). In particular
if a point z belongs to J(G) \ E(G), then Ugeqg~t({z}) = J(G).

6. If 4(J(G)) > 3, then J(G) is the smallest closed backward invariant set
containing at least three points. Here we say that a set A is backward
invariant under G if for each g € G, g~ '(A) C A.

Theorem 3.2 ([14, 13, 32]). Let G be a rational semigroup. If 4(J(G)) > 3,
then J(G) ={ze C|3geq, g(z) ==z |¢(2)| > 1}. In particular, J(G) =
UgEG J<g)

Remark 3.3. If a rational semigroup G contains an element g with deg(g) >
2, then £(J(g)) > 3, which implies that #(J(G)) > 3.

3.2 Fundamental properties of fibered rational maps

Lemma 3.4. Let f : X x C — X x C be a rational skew product over
g : X — X. Then, we have the following.

1. ([32, Lemma 2.4]) For each v € X, (fu1) ' (Jow)(f)) = Ju(f). Fur-
thermore, we have J,(f) D Jo(f). Note that equality J,(f) = J.(f)
does not hold in general.

If g: X — X is a surjective and open map, then f YJ(f) = J(f) =
FUS), and for each w € X, (fo1) ™ (Jow) () = Ju(f).
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2. (16, 32]) If d(x) > 2 for each x € X, then for each v € X, J,(f)
is a non-empty perfect set with §(J.(f)) > 3. Furthermore, the map
x — J.(f) is lower semicontinuous; i.e., for any point (z,y) € X X C
with y € J.(f) and any sequence {x"}nen in X with o™ — x, there
exists a sequence {y" }nen in C with y™ € Jen (f) for each n € N such
that y* — y. However, x +— J,.(f) is NOT continuous with respect to
the Hausdorff topology in general.

3. If d(x) > 2 for each x € X, then inf,.cx diamgJ,(f) > 0, where diamg
denotes the diameter with respect to the spherical distance.

4. If f: X xC — X x C is a polynomial skew product and d(z) > 2
for each x € X, then we have that there exists a ball B around oo
such that for each v € X, B C A.(f) C F.(f), and that for each
v e X, J.(f) = 0K,(f) = 0A.(f). Moreover, for each x € X, A.(f)

1s connected.

5 a

non-empty set, then int(K,(f)) = K,(f) and 0(int(K,(f))) = J.(f).

S5 If f+ X x C—>XxCisa polynomial skew product and d(x) > 2
for each x € X, and if w € X is a point such that int(K,(f)) i

Proof. For the proof of statement 1, see [32, Lemma 2.4]. For the proof of
statement 2, see [16] and [32].

By statement 2, it is easy to see that statement 3 holds. Moreover, it is
easy to see that statement 4 holds.

To show statement 5, let y € J,(f) be a point. Let V be an arbi-
trary neighborhood of y in C. Then, by the self-similarity of Julia sets (see
[5]), there exists an n € N such that f,.(V N J,(f)) = Jgnw)(f). Since
Ot (K o)) C Ty (F) and (fan) (Ko (F)) = Koul(f), it follows
that V N o(int(K,(f))) # 0. Hence, we obtain J,(f) = 9(int(K,(f)). There-
fore, we have proved statement 5. O

Lemma 3.5. Let f : TV x C — N x C be a skew product associated with
a compact subset I' of Rat. Let G be the rational semigroup generated by I'.
Suppose that §(J(G)) > 3. Then, we have the following.

1. 7 (J() = J(G).
2. For each v = (v1,72,...,) € IV, J(f) = N2yt (J(G)).
Proof. First, we show statement 1. Since J,(f) C J(G) for each v € I, we

have ma(J(f)) C J(G). By Theorem 3.2, we have J(G) = UgeaJ(g). Since

Ugead(9) C me(J(f)), we obtain J(G) C ma(J(f)). Therefore, we obtain
me(J(f) = J(G).
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We now show statement 2. Let v = (71,72,...) € . By statement 1 in

A X

Lemma 3.4, we see that for each j € N, ;- --v1(J,(f)) = Joiy)(f) C J(G).
Hence, J,(f) C ﬂ;"’:ﬂfl . -'yj_l(J(G’)). Suppose that there exists a point
(v,y) € TN x C such that y € (N2t (@) \ J,(f). Then, we
have (7v,y) € (TN x C€) \ J(f). Hence, there exists a neighborhood U of v in
I'N and a neighborhood V of y in C such that U x V C F(f). Then, there
exists an n € N such that 0"(U) = I'N. Combining it with Lemma 3.4-1,
we obtain F(f) D f(U x V) D TN x {f,..(y)}. Moreover, since we have
Frn(y) € J(G) = me(J(f)), where the last equality holds by statement 1,
we get that there exists an element 7' € T'™ such that (7, f,.(y)) € J(f).
However, it contradicts (7, fyn(y)) € TN x {f,n(y)} C F(f). Hence, we
obtain J,(f) =Nyt - -”yj_l(J(G)). O

Lemma 3.6. Let f : X X C— XxCbea polynomial skew product over
g : X — X such that for each x € X, d(x) > 2. Then, the following are
equivalent.

1. we(P(f)) \ {oo} is bounded in C.
2. For each x € X, J.(f) is connected.
3. For each v € X, J,(f) is connected.

Proof. First, we show 1 =2. Suppose that 1 holds. Let R > 0 be a number
such that for each z € X, B:={y € C | [y| > R} C A.(f) and f,,(B) C B.
Then, for each x € X, we have A,(f) = Upen(fen) H(B) and (f.,)"*(B) C
(fems1) H(B), for each n € N. Furthermore, since we assume 1, we see that
for each n € N, (f,,) ' (B) is a simply connected domain, by the Riemann-
Hurwitz formula. Hence, for each z € X, A,(f) is a simply connected
domain. Since 0A,(f) = J.(f) for each z € X, we conclude that for each
x € X, J.(f) is connected. Hence, we have shown 1 = 2.

Next, we show 2 = 3. Suppose that 2 holds. Let z; € jz(f) and zy €
J(f) be two points. Let {z"},en be a sequence such that 2 — x as n — oo,
and such that d(z1, Jun(f)) — 0 as n — oco. We may assume that there
exists a non-empty compact set K in C such that J,» (f) = K as n — o0,
with respect to the Hausdorff topology in the space of non-empty compact
sets in C. Since we assume 2, K is connected. By Lemma 3.4-2, we have
d(z9, Jun(f)) — 0 as n — oo. Hence, z; € K for each i = 1,2. Therefore,
z1 and zy belong to the same connected component of jm( f). Thus, we have
shown 2 = 3.

Next, we show 3 = 1. Suppose that 3 holds. It is easy to see that
A (f)NJ,(f) = 0 for each 2 € X. Hence, A,(f) is a connected component of
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C\ J,(f). Since we assume 3, we have that for each z € X, A,(f) is a simply
connected domain. Since (fy1) "' (Agw)(f)) = Az(f), the Riemann-Hurwitz
formula implies that for each x € X, there exists no critical point of f,; in
A, (f) N C. Therefore, we obtain 1. Thus, we have shown 3 = 1. O

Corollary 3.7. Let G = (hy, hy) € G. Then, hi'(J(hy)) is connected.

Proof. Let f : TN x C — IV x C be the skew product associated with
the family I' = {hy,ho}. Let v = (hy, ho, ha, ho, hy,...) € TN, Then, by
Lemma 3.4-1, we have J,(f) = h;'(J(h)). From Lemma 3.6, it follows that
hi*(J(hy)) is connected. O

Lemma 3.8. Let G be a polynomial semigroup generated by a compact subset
[ of Polygeg>2. Let f: TN x C — TN x C be the skew product associated with
the family I'. Suppose that G 6 Q Then for each v = (y1,72,.-.,) € TN, the
sets J.(f), Jo(f), and M2y y; -5 (J(G)) are conmected.

Proof. From Lemma 3.5-2 and Lemma 3.6, the lemma follows. O]

Lemma 3.9. Under the same assumption as that in Lemma 3.8, let v, p € TN
be two elements with J,(f) N J,(f) = 0. Then, either J,(f) < J,(f) or

Jo(f) < J5(f).

Proof. Let v,p € TN with J,(f) N J,(f) = 0. Suppose that the statement
“either J,(f) < J,(f) or J,(f) < J,(f)” is not true. Then, Lemma 3.6
implies that J,(f) is included in the unbounded component of C\ J,(f),
and that J,(f) is included in the unbounded component of C\ J,(f). From
Lemma 3.4-4, it follows that K,(f) is included in the unbounded component
A (f) \ {00} of C\ J,(f). However, it causes a contradiction, since ) #
P(G) € K(G) © K,(f) N K (). -

Definition 3.10. Let f : TN x C — I'N x C be a polynomial skew product
over g : X — X. Let p € C and € > 0. We set

Fipe:={a:D(p,e) = C| ais a well-defined inverse branch of (f,,) ",z €
X,n € N}

Lemma 3.11. Let f : TN x C—oTVxCbea polynomial skew product over
g: X — X such that for each v € X, d(z) > 2. Let R > 0,e > 0, and
F:={aof:D(0,1) - C|F:D0,1) = D(p,e), a: D(p,e) = C, a €
Fipe, D€ D(0,R)}. Then, F is normal on D(0,1).

Proof. Since d(xz) > 2 for each x € X, there exists a ball B around oo
with B ¢ C\ D(0, R + ¢€) such that for each z € X, f,1(B) C B. Let
p € D(0,R). Then, for each a € Fy,., a(D(p,e)) € C\ B. Hence, F is
normal in D(0,1). O
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3.3 A lemma from general topology

Lemma 3.12 ([20]). Let X be a compact metric space and let f : X — X
be a continuous open map. Let A be a compact connected subset of X. Then
for each connected component B of f~1(A), we have f(B) = A.

4 Proofs of the main results

In this section, we demonstrate the main results.

4.1 Proofs of results in 2.1

Proof of Theorem 2.1: First, we show the following:
Claim: For any A € A, hy'(A) C A.

To show the claim, let A\ € A with J(hy) # () and let B be a connected
component of hy'(A). Then by Lemma 3.12, hy(B) = A. Combining this
with hy'(J(hy)) = J(hy), we obtain B N J(hy) # (. Hence B C A. This
means that h,'(A) C A for each A € A with J(hy) # (). Next, let A € A with
J(hy) = 0. Then h, is either identity or an elliptic Mobius transformation.
By hypothesis and Lemma 3.1-1, we obtain h;l(A) C A. Hence, we have
shown the claim.

Combining the above claim with 44 > 3, by Lemma 3.1-6 we obtain
J(G) C A. Hence J(G) = A and J(G) is connected. O

Notation: We denote by d the spherical distance on C. Given A c C and
z e C, weset d(z,A) = inf{d(z,w) | w € A}. Given A € C and € > 0, we
set B(A,€) :== {a € C | d(a, A) < €}. Furthermore, given A C C, z € C,
and € > 0, we set de(z, A) ;= inf{|z —w| | w € A} and D(A,¢) := {a € C |

de.(a, A) < €}.

We need the following lemmas to prove the main results.

Lemma 4.1. Let G € G and let J be a connected component of J(G), zo € J
a point, and {gn fnen a sequence in G such that d(zo, J(gn)) — 0 as n — oo.

Then sup d(z,J) — 0 asn — oo.
z€J(gn)

Proof. Suppose there exists a connected component J' of J(G) with J' # J

and a subsequence {g,, }jen 0of {gn}nen such that rﬁin )d(z,J’) — 0 as
ze gnj

j — oo. Since J(gn,) is compact and connected for each j, we may assume,
passing to a subsequence, that there exists a non-empty compact connected
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subset K of C such that J (9n;) — K as j — oo, with respect to the Hausdorff
topology. Then K NJ # @ and K NJ # 0. Since K C J(G) and K is
connected, it contradicts J' # J. [l

Lemma 4.2. Let G € G. Then given J € J and ¢ > 0, there exists an
element g € G such that J(g) C B(J,€).

Proof. We take a point z € J. Then, by Theorem 3.2, there exists a sequence
{gn}nen in G such that d(z,J(gn)) — 0 as n — oo. By Lemma 4.1, we
conclude that there exists an n € N such that J(g,) C B(J,€). O

Lemma 4.3. Let G be a polynomial semigroup. Suppose that J(G) is discon-
nected, and oo € J(G). Then, the connected component A of J(G) containing
oo is equal to {oo}.

Proof. By Lemma 3.12, we obtain g7'(A) C A for each g € G. Hence, if
tA > 3, then J(G) C A, by Lemma 3.1-6. Then J(G) = A and it causes a

contradiction, since J(G) is disconnected. O

We now demonstrate Theorem 2.7.

Proof of Theorem 2.7: First, we show statement 1. Suppose the statement
is false. Then, there exist elements J;, Jo € J such that .Jy is included in
the unbounded component A; of C\ Ji, and such that J; is included in
the unbounded component Ay of C\ Jy. Then we can find an € > 0 such
that B(Js,€) is included in the unbounded component of C\ B(Jy,¢€), and
such that B(Jy,¢€) is included in the unbounded component of C\ B(Jz,¢€).
By Lemma 4.2, for each ¢ = 1,2, there exists an element g; € G such that
J(gi) C B(J;,€). This implies that J(g;) C A, and J(g2) C A}, where A}
denotes the unbounded component of C\ J(g;). Hence we obtain K (g2) C A.
Let v be a critical value of go in C. Since P*(G) is bounded in C, we have
v € K(go). It implies v € A}. Hence g} (v) — oo as | — oo. However, this
implies a contradiction since P*(G) is bounded in C. Hence we have shown
statement 1.

Next, we show statement 2. Let F} be a connected component of F/(G).
Suppose that there exist three connected components Ji, J; and J3 of J(G)
such that they are mutually disjoint and such that 0F; N J; # (0 for each
i = 1,2,3. Then, by statement 1, we may assume that we have either (1):
J; € J foreach i = 1,2,3 and J; < Jo < J3, or (2): J1,Jo € T, J1 < Ja,
and oo € J3. Each of these cases implies that J; is included in a bounded
component of C\ J5 and J3 is included in the unbounded component of C\Jg.
However, it causes a contradiction, since F; N J; # () for each i = 1,2, 3.
Hence, we have shown that we have either
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Case I: #{J : component of J(G) | 0FyNJ # 0} =1 or
Case II: #{J : component of J(G) | 0Fy N J # 0} = 2.

Suppose that we have Case I. Let J; be the connected component of J(G)
such that O0F; C J;. Let Dy be the connected component of C\Jl containing
F,. Since 0F, C J;, we have 0F; N D; = (). Hence, we have F;, = D;.
Therefore, F} is simply connected.

Suppose that we have Case II. Let J; and J5 be the two connected compo-
nents of J(G) such that J; # Jo and 0F; C J; U Jy. Let D be the connected
component of C \ (J1 U J2) containing Fj. Since 0F; C J; U Jy, we have
OF, N D = (). Hence, we have F; = D. Therefore, F; is doubly connected.
Thus, we have shown statement 2.

We now show statement 3. Let g € G be an element and J a con-
nected component of J(G). Suppose that g~'(J) is disconnected. Then,
by Lemma 3.12, there exist at most finitely many connected components
C1,...,C, of g7}(J) with r > 2. Then there exists a positive number ¢ such
that denoting by B; the connected component of g~ (B(J,€)) containing C;
for each j = 1,...,r, {B;} are mutually disjoint. By Lemma 3.12, we see
that, for each connected component B of ¢g~'(B(J,¢)), g(B) = B(J,€) and
BNCj # () for some j. Hence we get that g~ (B(J,¢)) = U,_, B; (disjoint
union) and g(B;) = B(J, €) for each j. By Lemma 4.2, there exists an element
h € G such that J(h) C B(J,€). Then it follows that ¢~ *(J(h)) N B; # 0 for
each j = 1,...,7. Moreover, we have g~'(J(h)) C g~ "(B(J,¢)) = U;_, B
On the other hand, by Corollary 3.7, we have that ¢g~'(J(h)) is connected.
This is a contradiction. Hence, we have shown that, for each g € G and each
connected component J of J(G), g7*(J) is connected.

By Lemma 4.3, we get that if J € 7, then ¢*(J) € J. Let J; and J, be
two elements of J such that J; < J,. Let U; be the unbounded component
of C\ J;, for each i = 1,2. Then Uy C U;. Let g € G be an element. Then
g 1 (Uy) € ¢g7'(U,). Since g~ *(U;) is the unbounded connected component of
C\g~'(J;) for each i = 1,2, it follows that g7 (J;) < g7 1(J»). Hence g*(J;) <
g*(J2), otherwise g*(J2) < ¢g*(J1), and it contradicts g~ (J;) < g7 '(Jo). O

4.2 Proofs of results in 2.2

In this section, we prove results in Section 2.2, except Theorem 2.12-2 and
Theorem 2.12-3, which will be proved in Section 4.3.
To demonstrate Theorem 2.12, we need the following lemmas.

Lemma 4.4. Let G be a polynomial semigroup in Gys. Let Jy, Jo € j be two
elements with J; # Jo. Then, we have the following.
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1. If J1,Jo € J and Jy < Js, then there exists a doubly connected compo-
nent A of F(G) such that J; < A < Js.

2. If oo € Jy, then there exists a doubly connected component A of F(Q)
such that J; < A.

Proof. First, we show statement 1. Suppose that Ji,.JJo € J and J; < Js.
We set B = Ujeg.s,<i<sJ. Then, B is a closed disconnected set. Hence,
there exists a multiply connected component A’ of C\B . Since A’ is multiply
connected, we have that A’ is included in the unbounded component of C\ Ji,
and that A’ is included in a bounded component of C\ J,. This implies that
A'NJ(G) = 0. Let A be the connected component of F(G) such that A" C A.
Since B C J(G), we have F(G) c C\ B. Hence, A must be equal to A’.
Since A’ is multiply connected, Theorem 2.7-2 implies that A = A’ is doubly
connected. Let J be the connected component J(G) such that J < A and
JNOA # (). Then, since A’ = A is included in the unbounded component
of C \ J1, we have that J does not meet any bounded component of C\ J;.
Hence, we obtain J; < J, which implies that J; < J < A. Therefore, A is
a doubly connected component of F(G) such that J; < A < J,. Hence, we
have shown statement 1.
Next, we show statement 2. Suppose that co € Jo. Weset B = (Ujez.5,<sJ)U

Jo. Then, B is a disconnected closed set. Hence, there exists a multiply con-
nected component A’ of C \ B. By the same method as that of proof of
statement 1, we see that A’ is equal to a doubly connected component A of
F(G) such that J; < A. Hence, we have shown statement 2. O

Lemma 4.5. Let Hy be a real affine semigroup generated by a compact set C'
in RA. Suppose that each element h € C' is of the form h(x) = by (h)x+by(h),
where by(h),ba(h) € R, |by(h)| > 1. Then, for any subsemigroup H of Hy, we
have M(H) = J(n(H)) C R.

Proof. From the assumption, there exists a number R > 0 such that for each
h € C, n(h)(B(oo,R)) C B(oo, R). Hence, we have B(oco, R) C F(n(H)),
which implies that J(n(H)) is a bounded subset of C. We consider the fol-
lowing cases:
Case 1: #(J(n(H))) > 3.
Case 2: #(J(n(H))) < 2.

Suppose that we have case 1. Then, from Theorem 3.2, it follows that
M(H) = J(5(H)) C R

Suppose that we have case 2. Let b(h) be the unique fixed point of h € H
in R. From the hypothesis, we have that for each h € H, b(h) € J(n(H)).
Since we assume f(J(n(H))) < 2, Lemma 3.1-1 implies that there exists a
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point b € R such that for each h € H, we have b(h) = b. Then any element
h € H is of the form h(z) = ci(h)(x — b) + c2(h), where ¢1(h),ca(h) €
R,|ci(h)] > 1. Hence, M(H) = {b} C J(n(H)). Suppose that there exists
a point ¢ in J(n(H)) \ {b}. Since J(n(H)) is a bounded set of C, and since
we have h='(J(n(H))) C J(n(H)) for each h € H (Lemma 3.1-1), we get
that h=1(c) € J(n(H)) \ ({b} U {c}), for each element h € H. This implies
that §(J(n(H))) > 3, which is a contradiction. Hence, we must have that

J(n(H)) = {b} = M(H). =

We need the notion of Green’s functions, in order to demonstrate Theo-
rem 2.12.

Definition 4.6. Let D be a domain in C with co € D. We denote by
©(D, z) Green’s function on D with pole at oo. By definition, this is the
unique function on D N C with the properties:

1. ¢(D, z) is harmonic and positive in D N C;
2. ¢(D, z) —log|z| is bounded in a neighborhood of co; and
3. ¢(D,z) — 0as z — JD.

Remark 4.7.

1. Thelimit lim (p(D, z)—log |z|) exists and this is called Robin’s constant
of D.

2. If D is a simply connected domain with co € D, then we have (D, z) =
—log |¢(2)|, where ¢ : D — {z € C | |z| < 1} denotes a biholomorphic
map with ¢ (oc0) = 0.

3. It is well-known that for any g € Polygeg>2,

1
V(Fs(g),2) =log|z| + —————log|a(g)| + o(1) as z — oco. (1)
(Fulg):2) = 105 |2 + sy loglato)] +of1)
(See [30, p147].) Note that the point — g) -logla(g)| € R is the

unique fixed point of ¥(g) in R.

Lemma 4.8. Let Ky and Ky be two non-empty connected compact sets in C
such that Ky < Ks. Let A; denote the unbounded component of C\ K;, for
each i = 1,2. Then, we have lim,_,«(log |z] — ¢(A1, 2)) < lim,_o(log|z| —

p(Az, 2)).
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Proof. The function ¢(z) := ¢(As, z) — p(A1,2) = (log|z| — ¢(A1,2)) —
(log|z| — ¢(As2, z)) is harmonic on Ay N C. This ¢ is bounded around oo.
Hence ¢ extends to a harmonic function on A,. Moreover, since K; < Ko,
we have limsup,_ 5,4, ¢(2) < 0. From the maximum principle, it follows that
¢(00) < 0. Therefore, the statement of our lemma holds. O

In order to demonstrate Theorem 2.12-1, we will prove the following
lemma. (Theorem 2.12-2 and Theorem 2.12-3 will be proved in Section 4.3.)

Lemma 4.9. Let G be a polynomial semigroup in G. Then, there exists an
injective map V : Jg — My ) such that:

1. if Jy, Jy € T and Jy < Jy, then U(Jy) <, W(J);
2. if J € Jg and 0o € J, then 400 € \il(J); and
3. if J € Ja, then U(J) C R\ {+o0}.

Proof. We first show the following claim.
Claim 1: In addition to the assumption of Lemma 4.9, if we have co € F(G),
then M(¥(G)) C R\ {+00}.

To show this claim, let R > 0 be a number such that J(G) C D(0, R).
Then, for any g € G, we have K(g) < 0D(0, R). By Lemma 4.8, we get that
there exists a constant C' > 0 such that for each g € G, gz log la(g)| < C.
Hence, it follows that M (¥ (G)) C [—oo, C]. Therefore, we have shown Claim
1.

We now prove the statement of the lemma in the case G € G.,,. If 0o €
F(G), then claim 1 implies that M(®(G)) C R\ {+00} and the statement
of the lemma holds. We now suppose oo € J(G). We put L, := max.c ) |?|
for each g € G. Moreover, for each non-empty compact subset E of C we
denote by Cap (E) the logarithmic capacity of E. We remark that Cap(E) =
exp(lim, o (log |z| —¢(Dg, 2))), where Dg denotes the connected component
of C\ E containing co. We may assume that 0 € P*(G). Then, by [1], we
have Cap(.J(g)) > Cap ([0, L,]) > L,/4 for each g € G. Combining this with
oo € J(G) and Theorem 3.2, we obtain +00 € My and the statement of
the lemma holds.

We now prove the statement of the lemma in the case G € Ggs. Let
{1 }aea be the set Jg of all connected components of J(G). By Lemma 4.2,
for each A € A and each n € N, there exists an element gy, € G such that

Tgan) € Bl 7). @
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We have that the fixed pomt of U(gxn) in R is equal to m log |a(gan)|-

We may assume that -log|a(grn)| — ax as n — oo, where a, is an

deg(gA -
element of R. For each \ € A, let By € My be the element with o, € B,.
We will show the following claim.
Claim 2: If A, { are two elements in A with A # £, then By # B,. Moreover,
if Jy,Je € Jo and Jy < Jg, then By <, Be. Furthermore, if J; € Ji with
00 € Jg, then +oo € Be.

To show this claim, let A and & be two elements in A with A # £. We have
the following two cases:
Case 1: Jy, Je € Jg and Jy < J.
Case 2: Jy € Jg and oo € Jg.

Suppose that we have case 1. By Lemma 4.4, there exists a doubly
connected component A of F'(G) such that

J)\<A<J§. (3)

Let ¢; and (3 be two Jordan curves in A such that they are not null-homotopic
in A, and such that ¢(; < (5. For each i = 1,2, let A; be the unbounded
component of C \ ¢;. Moreover, we set §; := lim,_.(log |z| — ¢(A4;, 2)), for
each ¢ = 1,2. By Lemma 4.8, we have 3; < 5. Let ¢ € GG be any element.
By (2) and (3), there exists an m € N such that J(gx ) < (;. Since P*(G) C
K(gxm), it follows that P*(@G) is included in the bounded component of C\(;.
Hence, we see that

either J(g) < (1, or (& < J(g). (4)

From Lemma 4.8, it follows that either deg(g -logla(g)] < Bi, or By <
deg(g clog |a(g)|. This implies that

M(¥(G)) CR\ (B, Ba), (5)

where (1, 32) := {x € R| 1 < & < Ba}. Moreover, combining (2), (3), and
(4), we get that there exists a number ny € N such that for each n > ny,
J(grn) < G < (o < J(gen). From Lemma 4.8, it follows that

-1

_— log |a(ge.n)|, 6
T glagen)l,  (6)

-1
logla(gan)| < B < B < 77—
deg(gen) — 1

for each n > ng. By (5) and (6), we obtain By <, Be.
We now suppose that we have case 2. Then, by Lemma 4.4, there exists
a doubly connected component A of F/(G) such that J, < A. Continuing the
same argument as that of case 1, we obtain By # Be. In order to show +o0 €
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B, let R be any number such that P*(G) C D(0, R). Since P*(G) C K(g)
for each g € G, combining it with (2) and Lemma 4.3, we see that there
exists an ng = ng(R) such that for each n > ny, D(0,R) < J(gen). From
Lemma 4.8, it follows that Wlog la(gen)| — +o00. Hence, 400 € Be.
Therefore, we have shown Claim 2.
Combining Claims 1 and 2, the statement of the lemma follows.
Therefore, we have proved Lemma 4.9. ]

We now demonstrate Theorem 2.12-1.
Proof of Theorem 2.12-1: From Lemma 4.9, Theorem 2.12-1 follows. [

We now demonstrate Corollary 2.13.

Proof of Corollary 2.13: By Theorem 3.2, we have J(0(G)) = Upeco(e)J (h)
UgeaJ(0(g)), where the closure is taken in C. Since J(O(g)) = {z € C | |z| =
la(g)| %=@=T}  we obtain
J(O(G)) = Ugea{z € C [ |z] = |a(g)|” *=0=7}, (7)

where the closure is taken in C. Hence, we see that Jj(j@(c)) is equal to the
cardinality of the set of all connected components of J(O(G)) N [0, +oc.
Moreover, let ¢ : [0, 4+00] — R be the homeomorphism defined by Y(x) =
log(x) for z € (0,+00), ¥(0) := —o0, and ¢ (+00) = +oo. Then, (7) implies
that, the map 1 : [0,00] — R, maps J(O(G)) N [0, +o0] onto M (T (O(G))).
For any J € j@(g), let QZJ(J) € My) = Mu(e) be the element such that
(J N[0, 4+00]) = 1(J). Then, the map v : j@(G) — Muye@) = My is a
bijection, and moreover, for any Ji, Jo € Jo(@), we have that J; < J, if and
only if (J;) <, 'L;(Jz) Furthermore, for any J € Jo(a), oo € J if and only
if +00 € @Z)( ). Let © : jG — j@(g) be the map defined by © = ¢~ o U,
where U : Ju — My ) is the map in Lemma 4.9. Then, by Lemma 4.9,
@ jG — J@(G) is mJectlve and moreover, if J, Jo € Jg and J; < J5, then
(Jl) c j@ (G)s (Jz) € j@(G and @(Jl) < @(JQ)
Thus, we have proved Corollary 2.13. [

We now demonstrate Theorem 2.14.
Proof of Theorem 2.14: We have that forany j =1,...,m, (¥(h;)) ! (z) =
m(az —log |a;]) = deg%hj)(x — deg(h) -log |aj|) + deg(hi) -log |a;|, where
z € R. Hence, it is easy to see that U7, (W(h;))~"([o, 8]) C [e, G]. From the

assumption, it follows that
UTLy (W (hy))~ ([ev, B]) = [, B]. (8)
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Moreover, by Lemma 3.1-2, we have

Ui (n(W(hy)~ (T (n(¥(G)))) = J(n(¥(G)))- (9)

Furthermore, by Lemma 4.5, J(n(V(G))) is a compact subset of R. Apply-
ing [10, Theorem 2.6], it follows that J(n(¥(G))) = [a, B]. Combined with
Lemma 4.5, we obtain M(V(G)) = [«, 5]. Hence, M(¥(G)) is connected.
Therefore, from Theorem 2.12-1, it follows that J(G) is connected. O

We now demonstrate Theorem 2.15.
Proof of Theorem 2.15: Let C' be a set of polynomials of degree two
such that C' generates G. Suppose that J(G) is disconnected. Then, by
Theorem 2.1, there exist two elements hi, hy € C' such that the semigroup
H = (hy, he) satisfies that J(H) is disconnected. For each j = 1,2, let
a; be the coefficient of the highest degree term of polynomial h;. Let o :=
minj:m{wj)_l log |a;|} and 5 := maxj:m{wi)_l log |a;|}. Then we have
that o = min;_; o{—log |a;|} and 3 = max;_; 2{— log |a;|}. Since ¥ (h;) ! (x) =
2(z —logla;|) = L(z — (= log |a;])) + (—log|a,|) for each j = 1,2, we obtain
la, B] = Us_; (W (hy;)) "' ([ov, B]). Hence, by Theorem 2.14, it must be true that
J(H) is connected. However, this is a contradiction. Therefore, J(G) must
be connected. O

We now demonstrate Theorem 2.16.
Proof of Theorem 2.16: For each A € A, let by, be the fixed point of
U(hy) in R. It is easy to see that by, = Wb_llogmw for each A € A.
From the assumption, it follows that there exists a point b € R such that
for each A € A, by = b. This implies that for any element g € G, the fixed
point b(g) € R of ¥(g) in R is equal to b. Hence, we obtain M (¥(G)) = {b}.
Therefore, M(¥(G)) is connected. From Theorem 2.12-1, it follows that

J(G) is connected. O

4.3 Proofs of results in 2.3

In this section, we prove results in 2.3, Theorem 2.12-2 and Theorem 2.12-3.
In order to demonstrate Theorem 2.19, Theorem 2.12-2, and Theorem 2.12-
3, we need the following lemma.

Lemma 4.10. If G € G, then oo € F(G).

Proof. Suppose that G € G5 and 0o € J(G). We will deduce a contradiction.
By Lemma 4.3, the element J € J; with oo € J satisfies that J = {oo}.
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Hence, by Lemma 4.2, for each n € N, there exists an element g, € G such
that J(g,) C B(oo, +). Let R > 0 be any number which is sufficiently large
so that P*(G) C B(0, R). Since we have that P*(G) C K(g) for each g € G,
it must hold that there exists an number ng = ng(R) € N such that for each
n > ng, B(0,R) < J(gn). From Lemma 4.8, it follows that lim,_,(log|z| —
©(Fs(gn),2)) — +00 as n — oo. Hence, we see that Wi)_llog\a(gn)] —
400, as n — oo. This implies that

|a(gn)|7deg<9ln>*1 — 00, as N — 00. (10)

Furthermore, by Theorem 2.12-1, we must have that M (W¥(G)) is discon-
nected.

We now consider the polynomial semigroup H = {z — |a(g)|z9¢) | g €
G} € G. By Theorem 3.2, we have J(H) = UpenJ(h). Since the Julia set of
polynomial |a(g)|z9°89) is equal to {z € C | |z| = |a(g)|_m}, it follows
that

J(H) = Ugea{z € C | |2] = |a(g)| @1}, (11)

where the closure is taken in C. Moreover, J(O(G)) = J(H). Combining it
with (10), (11), and Corollary 2.13, we see that

oo € J(H), and J(H) is disconnected. (12)

Let 1) : [0, +00] — R be the homeomorphism as in the proof of Corollary 2.13.
By (11), we have

(J(H) N[0, 400]) = M(¥(H)) = M(¥(G)). (13)
Moreover, by Lemma 3.1-1, we have
h(F(H)N0,+o00]) C F(H)N0,+400], for each h € H. (14)
Furthermore, we have that
Woh=W(h)oy on [0,+00], for each h € H. (15)
Combining (13), (14), and (15), we see that
U(h)(R\ M(U(H))) C (R\ M(¥(H))), for each h € H. (16)

By Lemma 4.3 and (12), we get that the connected component J of J(H)
containing oo satisfies that
J = {o0}. (17)
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Combined with Lemma 4.2, we see that for each n € N, there exists an
element h, € H such that

J(hn) C B(oo, %). (18)

Combining (11), (13), (17), and (18), we obtain the following claim.
Claim 1: 400 is a non-isolated point of M(¥(H)) and the connected com-
ponent of M(W(H)) containing 400 is equal to {+00}.

Let h € H be an element. Conjugating GG by some linear transformation,
we may assume that h is of the form h(z) = 2°,s € N, s > 1. Hence ¥ (h)(z) =
sx,s > 1. Since 0 is a fixed point of ¥(h), we have that 0 € M(¥(H)). By
Claim 1, there exists ¢, ¢2 € [0, +00) with ¢; < ¢y such that the open interval
I = (c1,¢,) is a connected component of R\ M(¥(H)). We now show the
following claim.

Claim 2: Let @ = (r1,72) C (0,400) be any connected open interval in
R\ M(W(H)), where 0 < 7, < ry < 400. Then, we have 7, < s7;.

To show this claim, suppose that sry < ro. Then, it implies that
Unenufoy ¥ (R)™(Q) = (r1, +00). However, by (16), we have Upenugoy ¥ (h)"(Q) C
R\M (¥ (H)), which implies that the connected component @’ of R\ M (¥ (H))
containing @) satisfies that " D (ry, +00). This contradicts Claim 1. Hence,
we obtain Claim 2.

By Claim 2, we obtain ¢; > 0. Let ¢35 € (0,¢;) be a number so that
co —c3 > s(c1 —cg). Since ¢ € M(W(H)), there exists an element ¢ € (c3, ¢1]
and an element hy; € H such that U(h;)(c) = ¢ and (¥(hy))'(c) > 1. Since
co — c3 > s(c1 — ¢3), we obtain

co —c > s(cp — o). (19)

Let t := (¥(hy1))'(¢) > 1. Then, for each n € N, we have (V(hy))"(I) =
(t"(c1 — ¢) + ¢, t"(c2 — ¢) 4 ¢). From Claim 2, it follows that t"(c; —¢) + ¢ <
s(t"(c1 — ¢) + ¢), for each n € N. Dividing both sides by t" and then letting
n — 00, we obtain ¢y — ¢ < s(c; — ¢). However, this contradicts (19). Hence,
we must have that co € F/(G). Thus, we have proved Lemma 4.10. O

We now demonstrate Proposition 2.18.
Proof of Proposition 2.18: Let U be a connected component of F(G)
with UNK(G) # 0. Let g € G be an element. Then we have K (G)NF(G) C
int(K (g)). Since h(F(G)) C F(G) and h(K(G) N F(G)) ¢ K(G) N F(G) for
each h € G, it follows that h(U) C int(K(g)) for each h € G. Hence U C

~ A A

int(K(G)). From this, it is easy to see K(G) N F(G) = int(K(G)). By the
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maximum principle, we see that U is simply connected. [

We now demonstrate Theorem 2.19.
Proof of Theorem 2.19:

First, we show statement 1. By Lemma 4.10, we have that oo € F(G).
Let Fio (G) be the connected component of F'(G) containing co. Let J € J be
an element such that 9F,(G) N J # (). Let D be the unbounded component
of C\ J. Then Fy(G) C D and D is simply connected. We show Fi (G) = D.
Otherwise, there exists an element J; € J such that J; # J and J; C D. By
Theorem 2.7-1, we have either .JJ; < J or J < J;. Hence, it follows that J < J;
and we have that J is included in a bounded component Dy of C\ .J;. Since
F(G) is included in the unbounded component D of C\ Ji, it contradicts
OF(G) N J # (. Hence, Fo(G) = D and F(G) is simply connected.

Next, let Jiax be the element of J with 0F,(G) C Jiyax, and suppose that
there exists an element J € J such that Jy. < J. Then J.x is included
in a bounded component of C\ J. On the other hand, F(G) is included
in the unbounded component of C \ J. Since OF(G) C Jyax, we have a
contradiction. Hence, we have shown that J < J,., for each J € J.

Therefore, we have shown statement 1.

Next, we show statement 2. Since ) # P*(G) C K(G), we have K(G) #
0. By Proposition 2.18, we have dK(G) C J(G). Let J; be a connected
component of J(G) with J; N K (G) # 0. By Lemma 4.3, J; € J. Suppose
that there exists an element J € J such that J < J;. Let 25 € J be a
point. By Theorem 3.2, there exists a sequence {g,}nen in G such that

d(z0,J(g9n)) — 0 as n — oo. Then by Lemma 4.1, sup d(z,J) — 0 as
z€J(gn)
n — oo. Since Jj is included in the unbounded component of C \ J, it

follows that for a large n € N, J; is included in the unbounded component of
C\ J(g»). However, this causes a contradiction, since J; N K(G) # 0. Hence,
by Theorem 2.7-1, it must hold that J; < J for each J € J. This argument
shows that if J; and Jy are two connected components of J(G) such that
J; NOK(G) # 0 for each ¢ = 1,2, then J; = J,. Hence, we conclude that
there exists a unique minimal element Jy,;, in (7, <) and oK (G) C Juin-
Next, let D be the unbounded component of C\ Jyim. Suppose DNK (G) #
0. Let € DN K(G) be a point. By Theorem 3.2 and Lemma 4.1, there

exists a sequence {g,tnen in G such that sup d(z, Juin) — 0 as n — oc.
z€J(gn)

Then, for a large n € N, z is in the unbounded component of C \ J(g,).
However, this is a contradiction, since g! () — oo as [ — oo, and = € K(G).
Hence, we have shown statement 2.

Next, we show statement 3. By Theorem 2.1, there exist A\, Ay € A
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and connected components Jy, Jo of J(G) such that J; # Jy and J(hy,) C
J; for each ¢+ = 1,2. By Lemma 4.3, we have J; € J for each + = 1,2.
Then J(hy,) N J(hy,) = 0. Since P*(G) is bounded in C, we may assume
J(hy,) < J(hy,). Then we have K(h,,) C int(K(hy,)) and Jo < J;. By
statement 2, J; # Jyin. Hence J(hy,) N Jypin = 0. Since P*(G) is bounded in
C, we have that K (h,,) is connected. Let U be the connected component of
int(K (hy,)) containing K (hy,). Since P*(G) C K(h,,), it follows that there
exists an attracting fixed point z; of hy, in K(hy,) and U is the immediate
attracting basin for z; with respect to the dynamics of hy,. Furthermore,
by Corollary 3.7, hy'(J(ha,)) is connected. Therefore, hy'(U) = U. Hence,
int(K(hy,)) = U.

Suppose that there exists an n € N such that hy"(J(hy,)) N J(hy,) # 0.
Then, by Corollary 3.7, A := Usoh,"*(J(hy,)) is connected and its clo-
sure A contains J(hy,). Hence J(hy,) and J(hy,) are included in the same
connected component of J(G). This is a contradiction. Therefore, for each
n € N, we have hy"(J(hy,)) N J(hy,) = 0. Similarly, for each n € N, we
have k3" (J(hy,)) N J(hy,) = 0. Combining h}'(J(hy,)) N J(hy,) = O with
21 € K(hy,), we obtain z; € int(K(hy,)). Hence, we have proved statement
3.

We now prove statement 4. Let g € G be an element with J(g)NJyi = 0.
We show the following:

Claim 2: Jyin < J(9).

To show the claim, suppose that J;, is included in the unbounded com-
ponent U of C\.J(g). Since § # K (G) C Juin, it follows that K(G)NU # .
However, this is a contradiction. Hence, we have shown Claim 2.

Combining Claim 2, Theorem 3.2 and Lemma 4.1, we get that there exists
an element hy € G such that J(hy) < J(g). From an argument which we have
used in the proof of statement 3, it follows that g has an attracting fixed point
2, in C and int(K (g)) consists of only one immediate attracting basin for z,.
Hence, we have shown statement 4.

Next, we show statement 5. Suppose that int(K(G)) = 0. We will deduce
a contradiction. If int(K(G)) = 0, then by Proposition 2.18, we obtain
F(G)N K(G) = 0. By statement 3, there exist two elements ¢; and gy of G
and two elements J; and Jy of J such that J; # Jy, such that J(g;) C J;
for each @ = 1,2, such that ¢g; has an attracting fixed point 2y in int(K(gs)),
and such that K(g2) C int(K(g1)). Since we assume F(G) N K(G) = 0,
we have z, € P*(G) € K(G) C J(G). Let J be the connected component
of J(G) containing zy. We now show J = {z}. Suppose §J > 2. Then
J(g1) C Upsog; "(J). Moreover, by Theorem 2.7-3, g;".J is connected for

each n € N. Since ¢g;"(J) N J # 0 for each n € N, we see that U,>og; "(J) is
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connected. Combining this with zy € int(K(g2)), K(g2) C int(K(g1)), 20 € J
and J(g1) C Un>097 "(J), we obtain U,>0g; " (J) N J(g2) # 0. Then it follows
that J(g1) and J(g2) are included in the same connected component of J(G).
This is a contradiction. Hence, we have shown J = {2}. By statement 2, we
obtain {zp} = Jmin = P*(G). Let ¢(2) := ﬁ and let G := {pgp~" | g € G}.
Then G € Gyis. Moreover, since zy € J(G), we have that co € J(G). This
contradicts Lemma 4.10. Therefore, we must have that int(K(G)) # 0.

Since OK (G) C Jmin (statement 2) and K (G) is bounded, it follows that
C\ Jmin is disconnected and £Jy,, > 2. Hence, §J > 2 for each J € J = J.
Now, let g € G be an element with J(g) N Jyuin = 0. we show Juin # g% (Jmin)-
If Join = ¢*(Jmin), then ¢ (Juin) C Jmin. Since fJmm > 3, it follows that
J(9) C Jmin, which is a contradiction. Hence, Jun # ¢"(Jmin), and so
Jmin < g*(Jmin). Combined with Theorem 2.7-3, we obtain ¢~ (J(G))NJmin =
0. Since g(K(G)) c K(@), we have g(int(K(G))) C int(K(G)). Suppose
g(0K(G)) N OK(G) # 0. Then, since K (G) C Juyn (statement 2), we ob-
tain ¢(Jmin) N Jmin 7 0. This implies ¢~ (Jmin) N Jmin # 0, which contra-
dicts ¢~ (J(G)) N Jmin = 0. Hence, it must hold g(dK(G)) C int(K(G)),
and so g(K(G)) C int(K(G)). Moreover, since g~ (J(G)) N Jum = 0, we
have that g(Jmm) is a connected subset of F(G). Since 0K (G) C Juin and
g(0K(G)) C int(K(G)), Proposition 2.18 implies that g(Jp,) must be con-
tained in int(K(G)).

By statement 4, ¢g has a unique attracting fixed point z, in C. Then,
2z, € P*(GQ) € K(G). Hence, z, = g(z,) € g(K(G)) C int(K(G)). Hence, we
have shown statement 5.

We now show statement 6. Since F..(G) is simply connected (statement
1), we have UgeqA C C. Suppose that there exist two distinct elements A,
and As in A such that A; is included in the unbounded component of C\ As,
and such that A, is included in the unbounded component of C\ A;. For each
1 =1,2, Let J; € J be the element that intersects the bounded component
of C\ A;. Then, J; # Jy. Since (J, <) is totally ordered (Theorem 2.7-1),
we may assume that J; < Jy. Then, it implies that A; < Jy < Ay, which is
a contradiction. Hence, (A, <) is totally ordered. Therefore, we have proved
statement 6.

Thus, we have proved Theorem 2.19. O

We now demonstrate Theorem 2.21.
Proof of Theorem 2.21: First, we show Theorem 2.21-1. If G € G,,,, then
J(G) is uniformly perfect.

We now suppose that G € Gys. Let A be an annulus separating J(G).
Then A separates Jyi, and Jyay. Let D be the unbounded component of C\
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Jmin and let U be the connected component of C\ Jyax containing Jyi,. Then
it follows that A C U N D. Since #§Jmin > 1 and co € F(G) (Theorem 2.19),
we get that the doubly connected domain U N D satisfies mod (U N D) < co.
Hence, we obtain mod A < mod (UN D) < oco. Therefore, J(G) is uniformly
perfect.

If a point 2o € J(G) is a superattracting fixed point of an element g € G,
then, combining uniform perfectness of J(G) and [15, Theorem 4.1], it follows
that zo € int(J(G)). Thus, we have shown Theorem 2.21-1.

Next, we show Theorem 2.21-2. If G € G and oo € J(G), then by
Lemma 4.10, we obtain G € §G,.,,. Moreover, Theorem 2.21-1 implies that
oo € int(J(G)). Therefore, we have shown Theorem 2.21-2.

We now show Theorem 2.21-3. Suppose that G € Gy;s. Let g € G and let
z € J(G)NC with g(z) = 2 and ¢/(z) = 0. Then, 2z € P*(G) C K(G).
By Theorem 2.19-2, we obtain z; € Jyi,. Moreover, Theorem 2.21-1 implies
that z; € int(J(G)). Combining this and z; € Jiyin, we obtain 2z € int(Jpy ).
By Theorem 2.19- 5b, we obtain J(g) C Jumin.

Hence, we have shown Theorem 2.21. O

We now demonstrate Theorem 2.12-2.
Proof of Theorem 2.12-2: Suppose G € Gys. Then, by Lemma 4.10, we
obtain co € F(G). Hence, there exists a number R > 0 such that for each
g € G, J(g) < 0B(0,R). From Lemma 4.8, it follows that there exists a
constant C7 > 0 such that for each g € G, = 7 logla(g)] < Ci. This
implies that there exists a constant C5 € R such that

M((¥(G)) C [—o0,C4]. (20)

Moreover, by Theorem 2.19-5, we have that int(K {(G)) # 0. Let B be a closed
disc in 1nt(K(G)) Then it must hold that for each g € G, B < J(g). Hence,
by Lemma 4.8, there exists a constant ('3 € R such that for each g € G,
Cs < deg(g - log |a(g)|. Therefore, we obtain

M(¥(G)) C [Cs, +o0]. (21)

Combining (20) and (21), we obtain M (¥(G)) C R. Let Cy be a large num-

ber so that MV (G)) € D(0,Cy). Since for each g € G, the repelling fixed

point —+- (g -log|a(g)| of n(¥(g)) belongs to D(0,Cy) N ]R we see that

for each fec \ D(0,C4), In(¥(9))(2)] = [deg(g)(z — 55— log la(g)]) +

deg(g clogla(g)|| > deg(g)Cs — (deg(g) — 1)Cy = Cy. It follows that oo €
F(n(w ( ))). Combining this and Theorem 3.2, we obtain M (¥ (G)) = J(n(¥(G))),

if 2(J(n(¥(G)))) = 3.
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Suppose that §(J(n(¥(G)))) = 2. Let g € G be an element and let b € R
be the unique fixed point of ¥U(g) in R. Then, since co € F(n(V(G))), there
exists a point ¢ € (J(n(¥(G)))NC)\ {b}. By Lemma 3.1-1, (n(¥(g)))"!(c) €
J((V(G))) \ {b, c}. This contradicts £(J(n(¥(G)))) = 2. Hence it must hold
that §(J(n(¥(G)))) # 2.

Suppose that §(J(n(V(G)))) = 1. Since M(V(G)) € R and M(¥(G)) N
R C J(n(¥(G))), it follows that M (¥ (G)) = J(n(V(G))).

Therefore, we always have that M(V(G)) = J(n(V(G))). Thus, we have
proved Theorem 2.12-2. O

We now demonstrate Theorem 2.12-3.
Proof of Theorem 2.12-3: By Theorem 2.12-1 and Theorem 2.12-2; the
statement holds. O]

We now demonstrate Proposition 2.22.

Proof of Proposition 2.22: First, we show statement 1. Let g € ;. We
show the following:

Claim 1: For any element J3 € J with J; < Js, we have J; < g*(J3).

To show this claim, let J € J be an element with J(g) C J. We consider the
following two cases;

Case 1: J < J3, and

Case 2: J; < J3 < J.

Suppose that we have Case 1. Then, J; < J = g*(J) < ¢*(J3). Hence,
the statement of Claim 1 is true.

Suppose that we have Case 2. If we have ¢g*(J3) < J3, then, we have
(") (J3) < ¢g"(J3) < J3 < J for each n € N. Hence, inf{d(z,J) | z €
g "(J3),n € N} > 0. However, since J(g) C J and fJ;3 > 3, we obtain a
contradiction. Hence, we must have J; < ¢*(J3), which implies J; < J3 <
g*(J3). Hence, we conclude that Claim 1 holds.

Now, let K7 := J(G)N(JyUA;). Then, by Claim 1, we obtain ¢~ *(K;) C
K, for each g € Q1. From Lemma 3.1-6, it follows that J(H;) C K;. Hence,
we have shown statement 1.

Next, we show statement 2. Let g € Q). Then, by the same method as
that of the proof of Claim 1, we obtain the following.

Claim 2: For any element J; € J with J; < J,, we have g*(Jy) < J.

Now, let Ky := J(G) N (C\ Ay). Then, by Claim 2, we obtain ¢~ *(K5) C
K, for each g € Q5. From Lemma 3.1-6, it follows that J(H,) C K». Hence,
we have shown statement 2.

Next, we show statement 3. By statements 1 and 2, we obtain J(H) C
J(Hl) N J(Hg) CKiNKy,C (C\Ag) N (Jl UAl) Cc 1 U (Al \AQ)

Hence, we have proved Proposition 2.22. ]
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We now demonstrate Proposition 2.23.
Proof of Proposition 2.23: By Theorem 2.7 and Theorem 2.19, (7, <)
is totally ordered and there exists a maximal element J,,,, and a minimal
element Jy,;,. Suppose that for any h € T', J(h) N Jpax = 0. Then, since
fJmax > 3 (Theorem 2.19-5a), we get that for any i € T', A (Jinax) N max = 0.
Combining it with Theorem 2.7-3, it follows that for any h € ', h=*(J(G)) N
Jmax = 0. However, since J(G) = Uperh™H(J(G)) (Lemma 3.1-2), it causes a
contradiction. Hence, there must be an element hy € I' such that J(hy) C
Jmax-

By the same method as above, we can show that there exists an element
he € I' such that J(hQ) C Jmin- ]

4.4 Proofs of results in 2.4

In this section, we prove results in 2.4.

We now prove Theorem 2.24.
Proof of Theorem 2.24: Combining the assumption and Theorem 2.7-3,
we get that for each h € T and each j € {1,...,n}, there exists a k €
{1,...,n} with h=(J;) C Ji. Hence,

h~H(Ul_,J;) C U_, J;, for each h € T. (22)
Moreover, by Theorem 2.19-5a, we obtain
By Jy) 2 3. (23)

Combining (22), (23), and Lemma 3.1-6, it follows that J(G) C Uj_, J;.
Hence, J(G) = U}_,J;. Therefore, we have proved Theorem 2.24.
O

We now prove Proposition 2.25.
Proof of Proposition 2.25: Let n € N with n > 1 and let ¢ be a number
with 0 < € < % For each j = 1,...,n, let a;(2) = %zQ and let §;(z) =
%(z —€e)?+e

For any large [ € N, there exists an open neighborhood U of {0, ¢} with
U C {z | |z| < 1} and a open neighborhood V of (a},...,al, B ..., 6) in
(Poly)*" such that for each (hy,...,hs,) € V, we have U3 h;(U) C U and
U7, C(h;) NC C U, where C(h;) denotes the set of all critical points of h;.
Then, by Remark 1.3, for each (hy,...,hy) € V, (h1,...,he,) € G. If [ is
large enough and V is so small, then, for each (hq,...,hs,) € V, the set
I; := J(h;) U J(hj4y,) is connected, for each j = 1,...,n, and we have:

(ha) (L) NI # 0, (hivn) ™ (1) N 1 # 0, (24)
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for each (i, ). Furthermore, for a closed annulus A = {z | 1 < |z| < n+ 1},
if [ € N is large enough and V' is so small, then for each (hq,...,h,) € V,
U2, (hy) "' (A) C int(A) and {(h;) " (A) U (hjpn) " (A)})-, are mutually dis-
joint. Combining it with Lemma 3.1-6 and Lemma 3.1-2, we get that for each
(hi,... han) €V, J((h1,. .. han)) C A and {J;}7_, are mutually disjoint,
where J; denotes the connected component of J((hi,...,hs,)) containing
I; = J(hj) U J(hj4y,). Combining it with (24) and Theorem 2.24, it follows
that for each (hq, ..., hs,) € V, the polynomial semigroup G = (hq, ..., ho,)
satisfies that #(J¢) = n. O

To prove Theorem 2.26, we need the following notation.
Definition 4.11.

1. Let X be a metric space. Let h; : X — X (j = 1,...,m) be a
continuous map. Let G = (hy,..., h,,) be the semigroup generated by
{h;}. A non-empty compact subset L of X is said to be a backward
self-similar set with respect to {hy,..., h,} if

(a) L=Uj, h;'(L) and
(b) g71(z) # 0 for each z € L and ¢ € G.

For example, if G = (hq,..., h,,) is a finitely generated rational semi-
group, then the Julia set J(G) is a backward self-similar set with respect
to {h1,...,hn}. (See Lemma 3.1-2.)

2. We set ¥, := {1,...,m}". For each z = (21,79,...,) € X,,, we set
Ly =l ha) - he (L) (#0).

3. For a finite word w = (wy,...,wy) € {1...,m}* we set hy, := hy, ©

-+ 0 Py,

4. Under the notation of [24, page 110-page 115], for any k € N, let Q) =
Qi(L,{h1,...,hn}) be the graph (one-dimensional simplicial complex)
whose vertex set is {1,..., m}* and that satisfies that mutually different
wh,w? € {1,...,m}* makes a 1-simplex if and only if m§=1 h;(L)#0.

Let @ : Qxq1 — Qi be the simplicial map defined by:
(wy, ..., wgi1) > (wy, ..., wy) for each (wy, ..., wrq) € {1,...,m}*L
Then {¢x : Qi1 — Q. }ren makes an inverse system of simplicial maps.

5. Let C(|Q2)]) be the set of all connected components of the realization
|Q%] of Q. Let {(vr)s : C(|%+1]) — C(|Q%]) }ren be the inverse system
induced by {¢x }x-
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Notation: We fix an m € N. We set W* := UX {1,...,m}* (disjoint

union) and W := W* U %,, (disjoint union). For an element = € W, we

set |x| = kif z € {1,...,m}*, and |z| = oo if z € %,,. (This is called the

word length of x.) For any # € W and any j € N with j < |z|, we set
1

xlj == (w1,...2;) € {1,...,m}’. For any z' = (z{,...,2,) € W* and any

v? = (23,23,...) €W, we set x'a” = (zf,...,2,,27,23,...) € W.

To prove Theorem 2.26, we need the following lemmas.

Lemma 4.12. Let L be a backward self-similar set with respect to {hy, ..., hy}.
Then, for each k € N, the map |ok| = |Qut1| — |Qk| induced from i, : Q1 —
Qy is surjective. In particular, (pg). : C(|Q41]) — C(|Qu]) is surjective.

Proof. Let 2', 22 € {1,...,m}"* and suppose that {x!, 2%} makes a 1-simplex

in Q. Then h'(L) Nh,' (L) # 0. Since L = U?Llh;l(ll), there exist

and z7,, in {1,...,m} such that h;'h"' (L)Nhh, (L) # 0. Hence,
k+1 k+1

{alzp,,, 2?x7,} makes a 1-simplex in Q4. Hence the lemma holds. O

Lemma 4.13. Let m > 2 and let L be a backward self-similar set with respect
to {h1,. .., hm}. Suppose that for each j with j # 1, hy'(L)Nh; (L) = 0. For

J
each k, let Cy, € C(|Q|) be the element containing (1,...,1) € {1,...,m}*.

Then, we have the following.
1. For each k € N, C, ={(1,...,1)}.
For each k € N, 2(C(|S%])) < #(C(|2%+1]))-

L has infinitely many connected components.

Let x :=(1,1,1,...) € £,, and 2’ € 3,,, an element with x # x'. Then,
for anyy € L, andy' € L., there exists no connected component A of
L such thaty € A and y' € A.

Proof. We show statement 1 by induction on k. We have C; = {1}. Suppose
Cr, = {(1,...,1)}. Let w € {1,...,m}*!' N Cyy; be any element. Since
(01)«(Cry1) = Ck, we have pp(w) = (1,...,1) € {1,...,m}*. Hence, w|k =
(1,...,1) € {1,...,m}* Since hy'(L) N h; (L) = 0 for each j # 1, we
obtain w = (1,...,1) € {1,...,m}*"!. Hence, the induction is completed.
Therefore, we have shown statement 1.

Since both (1,...1,1) € {1,...,m}* ' and (1,...,1,2) € {1,...,m}*
are mapped to (1,...,1) € {1,..., m}* under p;, by statement 1 and Lemma 4.12,
we obtain statement 2. For each k € N, we have

L= ][ U w0 (25)

CeC(9%]) well,...my*nC
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Hence, by statement 2, we conclude that L has infinitely many connected
components.

We now show statement 4. Let ko := min{l € N | 2] # 1}. Then,
by (25) and statement 1, we get that there exist compact sets B; and B,
in L such that BN By = (0, BiUBy = L, L, C (h’fo)_l(L) C By, and
Ly C h;,ll e h;,klo(L) C Bs. Hence, statement 4 holds. O

We now demonstrate Theorem 2.26.

Proof of Theorem 2.26: By Theorem 2.19-1 or Remark 2.5, we have
J = J. Let J; € J be the element containing J(hp). By Theorem 2.1,
we must have Jy # J;. Then, by Theorem 2.7-1, we have the following two
possibilities.

Case 1. Jy < Ji.

Case 2. J; < Jy.

Suppose we have case 1. Then, by Proposition 2.23, we have that J, =
Jmin and J; = Jyax. Combining it with the assumption and Theorem 2.7-3,
we obtain

U A (max) € . (26)

By (26) and Theorem 2.7-3, we get

U N (J(G)) C . (27)
Moreover, since J(h,,) N Jpin = 0, Theorem 2.19-5b implies that

ho (J(G)) N Twins = 0. (28)
Then, by (27) and (28), we get
h (J(G)) N (U ey M (J(G))) = 0. (29)

m

We now consider the backward self-similar set J(G) with respect to {hq, ..., hpy}.
By Lemma 3.1-2, we have

J(G) = Upes,, (J(GQ))w- (30)
Combining (29), Lemma 4.13, Lemma 3.8, and (30), we obtain
Jmax = (J(G))mee 2 J (him), (31)

where we set m™ := (m, m,m,...) € ¥,,. Furthermore, by (29) and Lemma 4.13,
we get

8HJT) > . (32)
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Let © = (21, x9,...) € ¥, be any element with z # m® and let [ := min{s €
N | 25 # m}. Then, by (27), we have
(J(G))e = Miihgy - b (J(G)) € (i)™ (o). (33)

Ty

Combining (30) with (31) and (33), we obtain

J(G) = Jmax U U h;ln(‘]min)- (34)

neNU{0}

By (32) and (34), we get #(J) = Ry. Moreover, combining (31), (34), Theo-
rem 2.19-4 and Theorem 2.19-5b, we get that for each J € J with J % Jmaxs
there exists no sequence {C;} ey of mutually distinct elements of J such that
min.cc; d(z,J) — 0 as j — oo. Furthermore, combining (31), Theorem 2.19-
4 and Theorem 2.19-5b, we obtain Jy.x = (J(G))me = J(hy,). Hence, all
statements of Theorem 2.26 are true, provided that we have case 1.

We now assume case 2: J; < Jy. Then, by Proposition 2.23, we have that

Jo = Jmax and J; = Jyin. By the same method as that of case 1, we obtain

Jmin = (J(G))mee D J (i), (35)
J(G) =T U | ho (Jma): (36)
neNU{0}
and A
8(J) = Ro. (37)

Since J(hj) C Jy, foreach j =1,...,m—1, and Jy # Jpin, Theorem 2.19-5b
implies that for each j =1,...,m — 1, h;(J(hy,)) C int(K (hy,)). Hence, for
each j=1,...,m, hj(K(hy)) C K(hy,). Therefore, we have

int(K (hn)) C F(G). (38)

By (38) and (35), we obtain Juyim = (J(G))me = J(hm). Moreover, by (35)
and (36), we get that for each J € J with J # Jumin, there exists no sequence
{C;};en of mutually distinct elements of J such that min.cc; d(z,J) — 0 as
J — o0. Hence, we have shown Theorem 2.26. O]

We now demonstrate Proposition 2.27.
Proof of Proposition 2.27: Let 0 < € < 3 and let a;(z) := 22, aa(z) =
(z — €)> + ¢, and as(z) := 122 If we take a large | € N, then there exists
an open neighborhood U of {0,¢} with U C {|z| < 1} and a neighborhood
V of (af,al,al) in (Poly)? such that for each (hy,ho,hs) € V, we have
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US_h;(U) € U and U3_,C(h;) NC C U, where C(h;) denotes the set of
all critical points of h;. Then, by Remark 1.3, for each (hy,ho, hs) € V,
(h1, ha, h3) € G. Moreover, if we take an [ large enough and V' so small, then
for each (hy, ho, h3) € V, we have that:

1. J(hy) < J(h3);

2. J(h1) U J(hg) is connected,;

3. by (J(h3)) N (J(h1) U J(hy)) # 0, for each i = 1,2;

4. U?:lhj_l(A) C A, where A={z€ C|1<|z] <3}; and
5. hy'(A) N (U hi'(A) =0.

Combining statements 4 and 5 above, Lemma 3.1-6, and Lemma 3.1-2, we
get that for each (hq,ho,hs) € V', J({h1, ho, h3)) C A and J((hy, ha, h3)) is
disconnected. Hence, for each (hq, hg, h3) € V| we have (hy, ho, h3) € Gys.
Combining it with statements 2 and 3 above and Theorem 2.26, it follows
that J(h1> UJ(hQ) C J() for some J() c \7<h1,h27h3>7 h]_l(J(hg))) ﬂJO 7& @ for each
3= 1,2, and £(Jin, hongy) = No, for each (hy, ho, hg) € V. Since J(hy) < J(hg),
Theorem 2.26 implies that the connected component Jy should be equal to
Jmin(<h1; hQ, h3>), and that Jmax(<h17 hg, h3>) = J(hg)

Thus, we have proved Proposition 2.27. O]

We now show Proposition 2.28.
Proof of Proposition 2.28: In fact, we show the following claim:
Claim: There exists a polynomial semigroup G = (hq, ho, h3) in G such that
all of the following hold.

~

L #(J) = .

2. Jmin O J(h1) U J(hy) and there exists a superattracting fixed point zg
of hy with 2o € int(Jmin)-

3. T = J(h3).

4. There exists a sequence {n;};en of positive integers such that J =
{Jmin} U{J; | 7 € N}, where J; denotes the element of J with
hy™ (Jin) C Jj.

5. For any J € J with J # Jmax, there exists no sequence {C;};en of
mutually distinct elements of J such that min.c¢; d(z, J) — 0 as j —
0.
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6. G is sub-hyperbolic: ie., §(P(G) N J(G)) < co and P(G) N F(G) is
compact.

To show the claim, let g;(z) be the second iterate of z — 2% — 1. Let g» be
a polynomial such that J(ga) = {2 | [2| = 1} and ga(—1) = —1. Then, we
have ¢1(v/—1) = 3 € C\ K(g1). Take a large, positive integer my, and let
a:= g7 (v/—1). Then,

J((g" 92)) C{z | |2] <a}. (39)
N
2

Furthermore, since a > % + X2 we have

(") H{z [ |zl <a}) C{z | [2] < a}. (40)

Let g3 be a polynomial such that J(gs) = {z | || = a}. Since —1 is a
superattracting fixed point of ¢g"* and it belongs to J(gs2), by [15, Theorem
4.1], we see that for any m € N,

—Lent(J(9", ")) (41)

Since J(g2) Nint(K(g7")) # 0 and J(g2) N Fao(gi™) # 0, we can take an
mo € N such that

(95°) " ({z [ 12| = a}) N T (91", 95)) # 0 (42)

and

(95°) ({2 | |2] < a}) C{z | |2] < a}. (43)
Take a small r > 0 such that
for each j =1,2,3, g;({z | |z| <r}) C{z | [2] <7} (44)

Take an ms such that

(95) " ({=z | 2l =rh) N (Ui (g") ({2 | |2l < a})) = 0 (45)

and
g5 (=1) € {z | |2[ < r}. (46)
Let K :={z|r <|z| < a}. Then, by (40), (43), (44) and (45), we have
() H(K) C K, for j = 1,2,3,and (g) () 1 (U, ()" () = 0.
(47)
Let h; == gjmj, for each j = 1,2,3, and let G = (hy, hg, h3). Then, by (47)
and Lemma 3.1-6, we obtain:

J(G) C K and hy'(J(G)) N (Ui, h; 1 (J(G))) = 0. (48)
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Combining it with Lemma 3.1-2, it follows that J(G) is disconnected. Fur-
thermore, combining (44) and (46), we see G € G, P(G) N J(G) = {—1},
and that P(G) N F(G) is compact. By Proposition 2.23, there exists a
Jj € {1,2,3} with J(h;) C Jumin. Since J(G) C K C {2z | |2] < a} and
J(h3) ={z| |z| = a}, we have

‘](h?)) C Jmax- (49)

Hence, either J(hy) C Jupn or J(hg) C Juin. Since J(hqy)UJ(hs) is connected,
it follows that

J(h1) U J(hy) C Jmin- (50)
Combining this with Theorem 2.7-3, we have hj_l(Jmin) C Jmin, for each
j =1,2. Hence,

J((h1,h2)) C Jmin- (51)
Since v/—1 € J(hy) and hy(v/—1) = a € J(h3), we obtain
hit(J(hs)) N Jin # 0. (52)
Similarly, by (42) and (51), we obtain
hy ' (J(hs)) N Jmin # 0. (53)

Combining (49), (52), (53), and Theorem 2.26, we obtain #(J) = No, Jiax =
J(h3), J(G) = Jmax U Unenqop P3" (Jmin), and that for any J € J with
J # Jmax, there exists no sequence {C;};en of mutually distinct elements of
J such that min.ec, d(z,J) — 0 as j — oo.

Moreover, by (41) and (51) (or by Theorem 2.21-3), the superattracting
fixed point —1 of h; belongs to int(Juyi)-

Hence, we have shown the claim.

Therefore, we have proved Proposition 2.28. O]

4.5 Proofs of results in 2.5

In this section, we prove results in section 2.5.
To prove results in 2.5, we need the following notations and lemmas.

Definition 4.14 ([32]). Let f : X x C — X x C be a rational skew product
over g : X — X. Let N € N. We say that a point (xq,y) € X X C belongs to
SHy(f) if there exists a neighborhood U of g in X and a positive number
0 such that for any z € U, any n € N, any z,, € ¢7"(z), and any con-
nected component V' of (fy, ») " (B(yo,0)), deg(fu,n : V — B(yo,0)) < N.
Moreover, we set UH(f) := (X x C)\ UnenSHy(f). We say that f is semi-
hyperbolic (along fibers) if UH(f) C F(f).
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Remark 4.15. Under the above notation, we have UH (f) C P(f).

Remark 4.16. Let I be a compact subset of Rat and let f : TNxC — I'NxC
be the skew product associated with I'. Let G be the rational semigroup
generated by I'. Then, by Lemma 3.5-1, it is easy to see that f is semi-
hyperbolic if and only if GG is semi-hyperbolic. Similarly, it is easy to see that
f is hyperbolic if and only if G is hyperbolic.

Lemma 4.17. Let f: X x C—XxCbea polynomial skew product over
g: X — X such that for each w € X, d(w) > 2. Let x € X be a point and
yo € F.(f) a point. Suppose that there exists a strictly increasing sequence
{n;}jen of positive integers such that the sequence { fun, }jen converges to a
non-constant map around yo, and such that im;_ .., ™ (z,yo) ezists. We set
(Too, Yoo) 1= im0 [ (z,y0). Then, there exists a non-empty bounded open
set V in C and a number k € N such that {z..} x OV C J(f)NUH(f) C

J(f) N P(f), and such that for each j with j >k, fon,(y0) € V.
Proof. We set

Vi={yeC|3e>0 limsup sup d(fymi(m)mn;n () &) =0}

00 >1 d(8y)<e

Then, by [32, Lemma 2.13], we have {z..} x 0V C J(f)NUH(f) C J(f) N
P(f). Moreover, since for each x € X, f,; is a polynomial with d(z) > 2,
Lemma 3.4-4 implies that there exists a ball B around oo such that B ¢ C\V.

From the assumption, there exists a number ¢ > 0 and a non-constant
map ¢ : D(yo,a) — C such that Jem; — @ as j — oo, uniformly on
D(yo,a). Hence, d(fun,(y), fon;(y)) — 0 as 4,j — oo, uniformly on D(yo, a).
Moreover, since ¢ is not constant, there exists a positive number € such
that for each large i, fy,,(D(yo,a)) DO D(Yoo,€). Therefore, it follows that
d(fgni(z)m;—n; (§),€) — 0 as 4,5 — oo uniformly on D(yus, €). Thus, yoo € V.
Hence, there exists a number & € N such that for each j > k, fon,(y0) € V.
Therefore, we have proved Lemma 4.17. ]

Remark 4.18. In [32, Lemma 2.13] and [35, Theorem 2.6], the sequence
(n;) of positive integers should be strictly increasing.

Lemma 4.19. Let I' be a non-empty compact subset of Polygeg>2. Let f :
N x C — I'Nx C be the skew product associated with I'. Let G be the
polynomial semigroup generated by T'. Let v € TN be a point. Let vy € F.(f)
and suppose that there ezists a strictly increasing sequence {n;};en of positive
integers such that {fyn, };en converges to a non-constant map around yo.
Moreover, suppose that G € G. Then, there exists a number j € N such that

A

fyn; (o) € int(K(G)).
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Proof. By Lemma 4.17, there exists a bounded open set V' in C, a point
Yoo € N and a number j € N such that {7} x 9V C J(f)NP(f), and such
that f, ., (y0) € V. Then, we have 0V C P*(G). Since g(P*(G)) C P*(G)

A

for each g € G, the maximum principle implies that V' C int(K(G)). Hence,

A

Jyn; (40) € int(K(G)). Therefore, we have proved Lemma 4.19. O

Lemma 4.20. Let G be a polynomial semigroup generated by a compact
subset I' of Polygeg>2. If a sequence {g,}nen of elements of G tends to a
constant wy € C locally uniformly on a domain V C C, then wy € P(G).

Proof. Since co € P(G), we may assume that wy € C. Suppose wy € C\
P(G). Then, there exists a ¢ > 0 such that B(wg, 25) C C\ P(G). Let zp € V
be a point. Then, for each large n € N, there exists a well-defined inverse
branch o, of g, on B(wy, 20) such that a,(g,(20)) = 20. Let B := B(wy, 9).
Since I' is compact, there exists a connected component F..(G) of F(G)
containing co. Let C' be a compact neighborhood of oo in F(G). Then, we
must have that there exists a number ngy such that «,(B) N C = 0 for each
n > ng, since g, — oo uniformly on C' as n — oo, which follows from that
deg(g,) — oo and local degree at oo of g, tends to oo as n — oo. Hence,
{an|B}n>n, 1s normal in B. However, for a small € so that B(zg,2¢) C V, we
have g,(B(z0,€)) — wp as n — oo, and this is a contradiction. Hence, we
must have that wy € P(G). O

We now demonstrate Proposition 2.37-1, 2.37-2, and 2.37-3. (Proposi-
tion 2.37-4 will be proved after Theorem 2.41 is proved.)
Proof of Proposition 2.37-1, 2.37-2, and 2.37-3 : Since I' \ [, is
not compact, there exists a sequence {h;};eny in I' \ ['yin and an element
hoo € I'min such that h; — he as j — 00. By Theorem 2.19-5b, for each

~

Jj €N, hj(K(h)) is included in a connected component U; of int(K(G)).
Let 2 € int(K(G)) (C int(K (heo))) be a point. Then, hoo(z) € int(K(G))
and h;(z1) — hoo(21) as j — oo. Hence, we may assume that there ex-
ists a connected component U of int(K(G)) such that for each j € N,
hj(K(hs)) C U. Therefore, K (hoo) = heo(K (hao)) C U. Since U C K (hyo),
we obtain K (hs) = U. Since U C int(K (he)) C U and U is connected, it
follows that int(K (hs)) is connected. Moreover, we have U C int(K (hy)) C

J— ~

int(U) C int(K(G)). Thus,
int(K (ho)) = U. (54)
Furthermore, since

J(hoo) < J(h;) for each j € N, (55)

28



and h; — hy as j — 0o, we obtain
J(h;) = J(h) as j — oo, (56)

with respect to the Hausdorff topology. Combining that h; € I' \ I'y;, for
each j € N with Theorem 2.19-4, (54), (55), and (56), we see that for each
h € I'pin, K(h) = K(he). Combining it with (54), (55) and (56), it follows
that statements 1 and 2 in Proposition 2.37 hold.

We now show that statement 3 holds. Let v € TN and let yo € int(K,(f))
be a point. Suppose that there exists a strictly increasing sequence {n;};en
of positive integers such that f,,. tends to a non-constant map as j — oo
around gy. Then, by Lemma 4.19, there exists a number £ € N such that

Frme (o) € nt(K(G)). Hence, the sequence { f,m (7)mpss—n JjeN converges to

Nhtj
a non-constant map around y; := f-., (y) € int(K(G)). However, combining
Theorem 2.19-5b and statements 1 and 2 in Proposition 2.37, we have that for
each h € T, h: int(K(G)) — int(K(G)) is a contraction map with respect to
the hyperbolic distance on int( K (G)). This causes a contradiction. Therefore,
statement 3 in Proposition 2.37 holds.

Thus, we have proved Proposition 2.37-1, 2.37-2, and 2.37-3. O

We now demonstrate Theorem 2.40-1 and Theorem 2.40-2.

Proof of Theorem 2.40-1 and Theorem 2.40-2: First, we will show the
following claim.

Claim 1. Let v € R(I',T"'\ I'in). Then, for any point yo € F,(f), there exists
no non-constant limit function of {f, , }ren around yo.

To show this claim, by Proposition 2.37-3, we may assume that T\ T,
is compact. Suppose that there exists a strictly increasing sequence {n;};en
of positive integers such that f,, tends to a non-constant map as j — oo
around yo. By Lemma 4.19, there exists a number k& € N such that f, ,, (vo0) €

~

int (K (G)). Hence, we get that the sequence { fork (1),

a non-constant map around the point y; := f,,, (yo) € int(K(G)). However,
since we are assuming that I' \ Ty, is compact, Theorem 2.19-5b implies
that Uper\r h(K(G)) is a compact subset of int(K(G)), which implies that
if we take the hyperbolic metric for each connected component of int(K'(G)),
then there exists a constant 0 < ¢ < 1 such that for each z € int(K(G)) and
each h € I' \ I'yyin, we have [|A/(2)]] < ¢, where || - || denotes the norm of the
derivative measured from the hyperbolic metric on the connected component

A

Wy of int(K(G)) containing z to that of the connected component Wy of

~

int(K(G)) containing h(z). This causes a contradiction, since we have that
v € R(I',T"\ I'nin) and the sequence { fynk (4) _ng }jen converges to a non-

~

_ng pjeN converges to

~

min

M+ 5
constant map around the point y; € int(K(G)). Hence, we have shown Claim
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1.

Next, let S be a non-empty compact subset of I'\T',;, and let v € R(T', S).
We show the following claim.

Claim 2. For each point g, in each bounded component of F.,(f), there exists
a number n € N such that f,,(yo) € int(K(G)).

To show this claim, suppose that there exists non € Nsuch that f, ,(yo) €
int(K (@), and we will deduce a contradiction. By Claim 1, {f,,}nen has
only constant limit functions around gy. Moreover, if a point wy € C is a
constant limit function of {f,,}nen, then by Lemma 4.20, we must have
wy € P*(GQ) € K(G). Since we are assuming that there exists no n € N such
that f,.,(yo) € int(K(G)), it follows that w, € K (G). Combining it with
Theorem 2.19-2, we obtain wy € 0K (G) C Jmin. From this argument, we get
that

d(fy,n(QO)a Jmin) - 07 as n — 0. (57)

However, since vy belongs to R(I', S), the above (57) implies that the sequence
{f+.n(Yo) }nen accumulates in the compact set Upegh™ (), which is apart
from Jiuin, by Theorem 2.19-5b. This contradicts (57). Hence, we have shown
that Claim 2 holds.

Next, we show the following claim.

Claim 3. There exists exactly one bounded component U, of F,(f).

To show this claim, we take an element h € T';, (Note that Ty, # 0,
by Proposition 2.23). We write the element v as v = (71,72, ...). For any
l € Nwith ! > 2, let s; € N be an integer with s; > [ such that v, € S.
We may assume that for each | € N, s; < s.1. For each [ € N, let 7! :=
(Y15 Y2y - - o3 Ysy—1, M By by o) € TN and F1 = 0871 (y) = (74, Va1, - - ) € TN
Moreover, let p := (h,h,h,...) € TN. Since h € T, we have

Jo(f) = J(h) C Jmin. (58)

Moreover, since 7, does not belong to I'y,;,, combining it with Theorem 2.19-
5b we obtain v, ' (J(G)) N Juin = 0. Hence, we have that for each I € N,

A

T (f) =75 o) () € 75, (J(G)) € C\ i, (59)
Combining (58), (59), and Lemma 3.9, we obtain
So(f) < Jx(f), (60)

which implies
T (f) = (Frs=1) 7 () < (frusm1) 7 (T3 () = T () (61)
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From Lemma 3.9 and (61), it follows that there exists a bounded component
U, of F,(f) such that for each | € N with [ > 2,

Ju(f) C U, (62)

We now suppose that there exists a bounded component V' of F,(f) with
V # U,, and we will deduce a contradiction. Under the above assumption,
we take a point y € V. Then, by Claim 2, we get that there exists a number

~

[ € N such that f,,;(y) € int(K(G)). Since s; > [, we obtain f,,,_1(y) €
int(K(G)) ¢ K(h), where, h € Ty, is the element which we have taken
before. By (60), we have that there exists a bounded component B of Fxi(f)
containing K (h). Hence, we have f., ;,_1(y) € B. Since the map f, 41 :V —
B is surjective, it follows that V N ((fy.5,-1) ' (J(Rh))) # 0. Combined with
(Froort) M) = (Frma) (J(R) = (), we obtain V 1 Ju(f) # 0.
However, this causes a contradiction, since we have (62) and U, NV = 0.
Hence, we have shown Claim 3.
Next, we show the following claim.

Claim 4. U, = 0A,(f) = J,(f).

To show this claim, since U, = int(K,(f)), Lemma 3.4-5 implies that
oU, = J,(f). Moreover, by Lemma 3.4-4, we have 0A,(f) = J,(f). Thus,
we have shown Claim 4.

We now show the following claim.

Claim 5. J,(f) = J,(f) and the map w + J,(f) is continuous at y with
respect to the Hausdorff topology in the space of non-empty compact subsets
of C.

To show this claim, suppose that there exists a point z with z € j,y( H\
J,(f). Since J,(f)\ J5(f) is included in the union of bounded components of
F.(f), combining it with Claim 2, we get that there exists a number n € N
such that f,,(z) € int(K(G)) C F(G). However, since z € J,(f), we must
have that f, .(2) = 7a(f(2)) € 7e(J(f)) = J(G). This is a contradiction.
Hence, we obtain jﬂ,( f) = J,(f). Combining it with Lemma 3.4-2, it follows
that w +— J,(f) is continuous at . Therefore, we have shown Claim 5.

Combining all Claims 1,...,5, it follows that statements 1, 2a, 2b, and
2¢ in Theorem 2.40 hold.

We now show statement 2d. Let v € R(I',S) be an element. Suppose
that ma(J,(f)) > 0, where my denotes the 2-dimensional Lebesgue measure.
Then, there exists a Lebesgue density point b € J,(f) so that

o 720050 11
s—0 mo(D(b, s))

Since 7 belongs to R(I', S), there exists an element 7., € S and a sequence
{n;}jen of positive integers such that n; — oo and v,, — 7 as j — oo,

~1. (63)
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and such that for each j € N, v, € S. We set b; := f,,,-1(b), for each
J € N. We may assume that there exists a point @ € C such that b; — «a

as j — 00 Since Y, (by) = fon (b) = Te(£12(7,5)) € 7o(J(f) = J(G), we
obtain a € v ! (J(G)). Moreover, by Theorem 2.19-5b, we obtain

a €75 (J(G)) C C\ Juin- (64)
Combining it with Theorem 2.19-2, it follows that
r:=d.(a, P(G)) > 0. (65)

Let € be arbitrary number with 0 < € < 5. We may assume that for each
Jj € N, we have b; € D(a,5). For each j € N, let ¢; be the well-defined
inverse branch of (fyn,—1)"" on D(a,r) such that ¢;(b;) = b. Let V; :=
©;(D(bj,r —€)), for each j € N. We now show the following claim.

Claim 6. diam V; — 0, as ] — oo.

To show this claim, suppose that this is not true. Then, there ex-
ists a strictly increasing sequence {ji}ren of positive integers and a pos-
itive constant ~ such that for each £ € N, diam V), > k. From Koebe
distortion theorem, it follows that there exists a positive constant cq such
that for each £ € N, V;, D D(b,co). This implies that for each £k € N,
frw(D(b,co)) C D(bj,,r — €), where v, := n;, — 1. Since v, — 00 as
k — oo and fy n|p.(q) — oo for any o/ € I'N, it follows that for any n € N,
Fon(D(b,co)) C (C\ Fy(G)), which implies that b € F,(f). However, it
contradicts b € J,(f). Hence, Claim 6 holds.

Combining Koebe distortion theorem and Claim 6, we see that there exist
a constant K > 0 and two sequences {7;};en and {R; } jen of positive numbers
such that K < % < land D(b,r;) C V; C D(b, R;) for each j € N, and such
that R; — 0 as j — oo. From (63), it follows that

lim ma (VJ N F’y(f)) _
i—oo my(V))

(66)

For each j € N, let ¢, : D(0,1) — ¢;(D(a,r)) be a biholomorphic map such
that 1;(0) = b. Then, there exists a constant 0 < ¢; < 1 such that for each
JeN,

;' (V) € D(0,c). (67)
Combining it with (66) and Koebe distortion theorem, it follows that
SHV;NE
i 2 GO EG)) (68)

= (Y (V)
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Since ¢; ! (1;(D(0,1)) C D(a,r) for each j € N, combining (67) and Cauchy’s
formula yields that there exists a constant co > 0 such that for any 7 € N,

|(frm;—1093) (2)] < ¢a o hy (V). (69)
Combining (68) and (69), we obtain

ma (Dlbj.r = N0 Fys=iy (D) my (g1 06) 05V 1 B (1)

ma(D(bj,r —€)) N mao(D(bj,r —€))
i wnr i G- 00 (1P dma(2) — my(y71 () .
B ma(¥; (V) ma(D(bj,m —¢€))

as j — 0o. Hence, we obtain

i mo (D(bj,’l“ - E) N Jgnj—l(ﬂ/) (f))

=1.
Jj—0o0 mQ(D(bjﬂ” - 6))

Since J n;-1.,(f) C J(G) for each j € N, and b; — a as j — oo, it follows
that
ma(D(a, 7 —€) N J(G))
ma(D(a,r —€))

This implies that D(a,r —¢€) C J(G). Since this is valid for any €, we must
have that D(a,r) C J(G). It follows that the point a belongs to a connected
component J of J(G) such that J N P*(G) # 0. However, Theorem 2.19-2
implies that the component J is equal to Jyi,, which causes a contradiction
since we have (64). Hence, we have shown statement 2d in Theorem 2.40-2.

Therefore, we have proved Theorem 2.40-1 and Theorem 2.40-2. O

=1.

In order to demonstrate Theorem 2.40-3, we need the following result.

Theorem 4.21. (Uniform fiberwise quasiconformal surgery) Let f :
XxC—XxCobea polynomial skew product over g : X — X such that
for each x € X, d(x) > 2. Suppose that f is hyperbolic and that m&(P(f)) \
{o0} is bounded in C. Moreover, suppose that for each v € X, int(K,(f)) is
connected. Then, there exists a constant K such that for each x € X, J,(f)
is a K-quasicircle.

Proof. Step 1: By [32, Theorem 2.14-(4)], the map x — J,(f) is contin-
uous with respect to the Hausdorff topology. Hence, there exists a posi-
tive constant C) such that for each x € X, inf{d(a,b) | a € J*(f), b €
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7t ({z}) N P*(f)} > C1, where P*(f) := P(f) \ 75" ({o0}), and d(:, ) de-
notes the spherical distance, under the canonical identification 7 ({z}) = C
Moreover, from the assumption, we have that for each x € X, int(K,(f)) # @

Since X is compact, it follows that for each x € X, there exists an analytic
Jordan curve ¢, in K*(f) N F*(f) such that:

1. 7= 1({z})NP*(f) is included in the bounded component V, of 71 ({z})\
Cas

2. inf,ec, d(z, J°(f) U (7' ({z}) N P*(f))) > Cy, where Cy is a positive
constant independent of x € X; and

3. there exist finitely many Jordan curves &i,...,& in C such that for
each z € X, there exists a j with m4(¢;) = &;.

Step 2: By (35, Corollary 2.7], there exists an n € N such that for each z €
X, W = (") " Vynwy) D Vi, inf{d(a,b) | a € OW,,b € V,,z € X} > 0,
and mod (W, \ Vi) > Cs, where C3 is a positive constant independent of
z € X. In order to prove the theorem, since J,(f") = J,(f) for each z € X,
replacing f : X x C — X x C by f" : XXCHXX@,Wemayassume
n=1.

Step 3: For each z € X, let ¢, : 7 '({z}) \ V;, — 7 *({z}) \ D(0,3) be
a biholomorphic map such that ¢,(z,00) = (x,00), under the canonical
identification 7! ({z}) = C. We see that ¢, extends analytically over dV, =
(e- For each x € X, we define a quasi-regular map h, : 7 '({z}) & C —
7 1({g(z)}) = C as follows:

@g(x)fx%pg;l(z)a if z € 901<7T_1({$}) \ Wa),
he(z) == ¢ 2@ if 2 € D(0,1),
ﬁx(z), if 2 € @, (Wo\ Vo),

where A, : ¢, (W, \ V,) — D(0,1)\ D(0, (1)) is a regular covering and a
Ky-quasiregular map with dilatation constant K independent of z € X.
Step 4: For each z € X, we define a Beltrami differential 11, (2)% on 7! ({z})

C as follows:

%j—i, if 2 € 0, (Wo\Va),

PPy a2 . —
(hgm@) -+ ha)* (G )y 1 2 € (hgn@@) -+ ha) ™ (Pgm @) (Wymeay \ Vimea)s

0, otherwise.

12

Then, there exists a constant k£ with 0 < k < 1 such that for each z €
X, |talloc < k. By the construction, we have A} () %2) = %, for each
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x € X. By the measurable Riemann mapping theorem ([17, page 194]), for
each € X, there exists a quasiconformal map 1, : 7 *({z}) — 7 '({z})
such that &40, = p0,10,, ¥.(0) =0, (1) =1, and ¥, (o0 ) = 00, under the
canonical identification 7~ ({z}) = C. For each z € X, let h, = Yyyhathy
71 ({z}) — 7 ({g(x)}). Then, h, is holomorphic on 7~ ({x}) By the con-
struction, we see that h,(z) = c()2%®), where ¢(z) = Vg haty H(1) =
Yy hz(1). Moreover, by the construction again, we see that there exists a
positive constant C, such that for each z € X, C%; < |h.(1)] < C4. Fur-
thermore, [17, Theorem 5.1 in page 73] implies that under the canonical
identification 7' ({z}) = C, the family {¢;'},cx is normal in C. There-
fore, it follows that there exists a positive constant C5 such that for each

r € X, CLS < le(x)| < Cs. Let J, be the set of non-normality of the se-

quence {Bgm(x)---ﬁx}meN in 7'({z}) = C. Since hy(z) = ¢(2)z4® and
C%_) < |e(z)| < Cs for each € X, we get that for each z € X, J,
is a round circle. Moreover, [17, Theorem 5.1 in page 73| implies that
{2 }2ex and {¢71},ex are normal in C (under the canonical identification
7 1({z}) = C). Combining it with [35, Corollary 2.7], we see that for each
e X, J(f) = ;' (¢;'(J2)), and it follows that there exists a constant K
such that for each x € X, J,(f) is a K-quasicircle.

Thus, we have proved Theorem 4.21. O

Remark 4.22. Theorem 4.21 generalizes a result in [23, THEOREME 5.2],
where O. Sester investigated hyperbolic polynomial skew products f : X X
C — X x C such that for each z € X, d(z) = 2.

We now demonstrate Theorem 2.40-3.
Proof of Theorem 2.40-3: First, we remark that the subset Wy, of ry

a o-invariant compact set. Hence, f : W, x C — Wy » X Cisa polynomlal
skew product over o : Ws, — Ws,. Suppose that J(f) N P(f) # 0 and
let (v,y) € J(f) N P(f) be a point. Then, since the point v = (71,72, ...)
belongs to Wy, there exists a number j € N such that v; € S. Combining
it with Theorem 2.19-5b and Theorem 2.19-2, we have ;' (J(G)) € C\
K(G) c C\ P(G). Moreover, we have that W@(?i,_l(’}/,y)) =7e(fI7 (7)) €
Joi-1(f) =75 (Joien (f)) €751 (J(G)). Hence, we obtain

me(f, (1)) € C\ P(G). (70)
However, since (v,y) € P(f), we have that W@(ﬁfl(’y,y)) € m+(P(f)) C

P(G), which contradicts (70). Hence, we must have that J(f)n P(f) = 0.
Therefore, f: Wg, x C — Wg, x Cis a hyperbolic polynomial skew product
over the shift map o : Wy, — Wg,.
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Combining this with Theorem 2.40-2a and Theorem 4.21, we conclude
that there exists a constant Kg, > 1 such that for each v € Wg,, J,(f) is

a Kgy-quasicircle. Moreover, by Theorem 2.40-2c, we have J,(f) = J,(f) =
(f).

Hence, we have shown Theorem 2.40-3. O

To demonstrate Theorem 2.41, we need the following.

Lemma 4.23. Let G be a polynomial semigroup generated by a non-empty
compact setI' in Polygeg>2. Suppose that G € Gyis. Then, we have K(Gpinr) =
K(G).

Proof. Since Gyinr C G, we have K(G) C IA{(Gmm’F). Moreover, it is easy
to see K(Gmimr) = NgeGmnr K (g9). Let g € Guinr and h € T'\ T'yin. For
each a € Ty, we have o™ (Jin(G)) C Jumin(G). Since #(Jnin(G)) > 3
(Theorem 2.19-5a), Lemma 3.1-6 implies that J(g) C Jumin(G). Hence, from
Theorem 2.19-5b, it follows that

A A

h(J(g)) C int(K(G)) C int(K(g)). (71)

Since J(g) is connected and each connected component of int(K(g)) is simply
connected, the above (71) implies that h(K(g)) C K(g). Hence, we obtain
h(K(Guinr)) = MNgeGmr K(9)) C Ngecrmr K (9) = K (Ginr). Combined
with that oz(f((Gm-m,p)) C K(Gmin,l—‘) for each o € T'n, it follows that for
each 0 € G, B(IA((Gmin,p)) C IA((Gmin,p). Therefore, we obtain K(Gmin,p) C
K(G). Thus, it follows that K (Gminr) = K(G). O

Definition 4.24. Let GG be a rational semigroup and N a positive integer.
We denote by SHy(G) the set of points z € C satisfying that there exists a
positive number 0 such that for each g € G, deg(g : V — B(z,0)) < N, for
each connected component V' of g~'(B(z2,0)). Moreover, we set UH(G) :=
C \ UNGNSHN(G).

Lemma 4.25. Let G be a polynomial semigroup generated by a compact
subset I' of Polygeg>2. Suppose that G € Gyis and that I'\ 'y, is not compact.
Moreover, suppose that (a) in Proposition 2.37-2 holds. Then, there exists

an open neighborhood U of U'in in I and an open set U in int(K(G)) with
U C int(K(Q)) such that:

1. Uheuh(U) cU;
2. UpeyCV*(h) C U, and
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3. denoting by H the polynomial semigroup generated by U, we have that

~

P*(H) C int(K(G)) C F(H) and that H is hyperbolic.

Proof. Let hy € T'in be an element. Let £ := {¢(z) =az+b|a,b e C,|a| =
1,9(J(ho)) = J(ho)}. Then, by [2], £ is compact in Poly. Moreover, by [2],
we have the following two claims:

Claim 1: If J(hg) is a round circle with the center by and radius r, then
E={v(z)=a(z—by) + by | |a| =7}.

Claim 2: If J(ho) is not a round circle, then € < oo.

Let zy be the unique attracting fixed point of hg in C. Let g € Gin,r- By
[2], for each n € N, there exists an v, € € such that h{jg = ¥,gh{. Hence,
for each n € N, h{}g(z0) = ¥ngh{(20) = ¥ng(z0). Combining it with Claim 1
and Claim 2, it follows that there exists an n € N such that hg(g(20)) = zo.
For this n, g(20) = ¥, (hi(g(20))) = ¥, (20) € Uygeetb(29). Combining it
with Claim 1 and Claim 2 again, we see that the set C' := Ugeq,. 119(20)}

~

is a compact subset of int(K(G)). Let dy be the hyperbolic distance on
int(K(G)). Let R > 0 be a large number such that setting U = {z €
int(K(G)) | mingee dp(z,a) < R}, we have Uper,. CV*(h) C U. Then, for
each h € Ty, A(U) C U. Therefore, there exists an open neighborhood
U of T in T such that Upeh(U) C U, and such that U, CV*(h) C
U. Let H be the polynomial semigroup generated by Y. From the above
argument, we obtain P*(H) = UyepCV*(g) C Ugerugiayg (UneuCV*(h)) C
Ugernupayg(U) € U C int(K(G)) € F(H). Hence, H is hyperbolic. Thus, we

have proved Lemma 4.25. O

We now demonstrate Theorem 2.41.

Proof of Theorem 2.41: Suppose that G, is semi-hyperbolic. We will
consider the following two cases:

Case 1: T'\ T'yy, is compact.

Case 2: '\ ', is not compact.

Suppose that we have Case 1. Since UH (Guinr) C P(Guminr); Gminr € G,
and Guinr is semi-hyperbolic, we obtain UH (Gupinr) N C C F(Guminr) N
K(Gmin,f‘> :int(f((GminI)). By Lemma 4237 we have K(Gmin,f‘> = K(G)
Hence, we obtain

~

UH(Guinr) NC C int(K(G)) € C\ Juin(G). (72)

Therefore, there exists a positive integer N and a positive number § such
that for each z € Ji,in(G) and each h € Guinr, we have

deg(h:V — D(z,0)) < N, (73)
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for each connected component V of h=1(D(z,d)). Moreover, combining Theo-
rem 2.19-5b and Theorem 2.19-2, we obtain Uaer\r,,,. @ (Jmin(G)) NP*(G) =
(). Hence, there exists a number §; such that for each

2 € Uner\Mn @ (Jmin(G)) and each 3 € G U {Id},
deg(B: W — D(z,01)) = 1, (74)

for each connected component W of 371(D(z,d1)). For this 6;, there exists a
number d; > 0 such that for each z € Jyi(G) and each o € T\ T,

diam B < 0y, deg(av: B — D(z,62)) < max{deg(a) |« € '\ Tin} (75)

for each connected component B of a~!'(D(z,d,)). Furthermore, by [32,
Lemma 1.10] (or [33]), we have that there exists a constant 0 < ¢ < 1
such that for each z € Juin(G), each h € Ginr U {Id}, and each connected
component V of h=!(D(z, ¢d)),

diam V < 4. (76)

Let g € G be any element.

Suppose that ¢ € Guinr. Then, by (73), for each z € Jun(G), we
have deg(g : V. — D(z,¢0)) < N, for each connected component V' of
971 (D(z,c6)).

Suppose that g is of the form g = h o a o go, where h € Guinr U {Id},
a € I'\ T'hin, and go € G U {Id}. Then, combining (74), (75), and (76), we
get that for each z € Jyin(G), deg(g : W — D(z,¢0)) < N - max{deg(«) |
@ € T'\ Tyin}, for each connected component W of g=(D(z, ¢d)).

From the above argument, we see that Juyin(G) C SHx/(G), where N’ :=
N - max{deg(a) | @ € T\ T'yin}. Moreover, by Theorem 2.19-2, we see that
for any point z € J(G) \ Juin(G), z € SH1(G). Hence, we have shown that
J(G) C C \ UH(G). Therefore, G is semi-hyperbolic, provided that we have
Case 1.

We now suppose that we have Case 2. Then, by Proposition 2.37, we
have that for each i € T, K(h) = K(G) and int(K (h)) is non-empty and
connected. Moreover, for each h € [y, int(K(h)) is an immediate basin of
an attracting fixed point z, € C. Let U be the open neighborhood of T';,
in I as in Lemma 4.25. Denoting by H the polynomial semigroup generated
by U, we have P*(H) C int(K(G)). Therefore, there exists a number § > 0
such that

D(J(G),6) c C\ P(H). (77)
Moreover, combining Theorem 2.19-5b and that I' \ &/ is compact, we see
that there exists a number € > 0 such that

U o' (D(ain(G), €)) C A, (78)
acel\U

68



where Ay denotes the unbounded component of C \ Jy,(G). Combining it
with Theorem 2.19-2, it follows that there exists a number §; > 0 such that

D( |J o (D(Jun(G).€)), 61 ] €T\ P(G). (79)

ael\U

For this 07, there exists a number §, > 0 such that for each o € I' \ U and
each € D(Jmin(G), €),

diam B < 6y, deg(a: B — D(z,d7)) < max{deg(g8) | € '\U}  (80)

for each connected component B of ™' (D(x,ds)). By Lemma 3.11 and (77),
there exists a constant ¢ > 0 such that for each h € H and each z € J,i,(G),

diam V' < min{dy, €}, (81)

for each connected component V of A= (D(z,¢d)). Let z € Juin(G) and g € G.
We will show that z € C\ UH(G).

Suppose that g € H. Then, (77) implies that for each connected compo-
nent V of g~ 1(D(z,cd)), deg(g: V — D(z,cd)) = 1.

Suppose that ¢ is of the form g = hoa o gy, where h € H U {ld},«a €
L'\U, gy € GU{Id}. Let W be a connected component of g~!(D(z, ¢d)) and
let Wy := go(W) and V' := «(W7). Let z; be the point such that {z} =
VNht({z}). If 21 € C\ D(Jmin(G),€), then, by (81) and Theorem 2.19-
2, V. .C D(z,¢) C C\ P(G). Hence, deg(awo gy : W — V) = 1, which
implies that deg(g : W — D(z,¢0)) = 1. If 21 € D(Juin(G), €), then by (81),
V' C D(z1,02). Combining it with (79) and (80), we obtain deg(aogy : W —
V) =deg(a: W, — V) <max{deg(f) | B € I'\U}. Therefore, deg(g : W —
D(z,¢))) <max{deg(f) | B € ' \U}. Thus, Juin(G) C C\UH(G).

Moreover, Theorem 2.19-2 implies that J(G) \ Jun(G) € C\ P(G) C
C\ UH(G). Therefore, J(G) C C\ UH(G), which implies that G is semi-
hyperbolic.

Thus, we have proved Theorem 2.41. O

We now demonstrate Theorem 2.42.
Proof of Theorem 2.42: We use the same argument as that in the proof
of Theorem 2.41, but we modify it as follows:

1. In (72), we replace UH (Gminr) N C by P*(Gin,r)-

2. In (73), we replace N by 1.
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3. We replace (75) by the following (75)’ diam B < ¢, deg(aw : B —
D(Z, (52)) =1.

4. We replace (80) by the following (80)" diam B < ¢, deg(aw : B —
D(z,d5)) = 1. (We take the number € > 0 so small.)

With these modification, it is easy to see that G is hyperbolic.
Thus, we have proved Theorem 2.42. O

We now demonstrate Proposition 2.37-4.
Proof of Proposition 2.37-4: Suppose that (a) in Proposition 2.37-2 holds.
By Lemma 4.25, Gpinr is hyperbolic. Combining it with Theorem 2.41, it
follows that G is semi-hyperbolic. Thus, we have proved Proposition 2.37-
4. O]
To demonstrate Theorem 2.44, we need the following proposition.

Proposition 4.26. Let f : X x C—XxCobhea semi-hyperbolic polynomial
skew product over g : X — X. Suppose that for each x € X, d(x) > 2, and
that 7o (P(f)) N C is bounded in C. Let w € X be a point. If int(K,(f)) is a
non-empty connected set, then J,(f) is a Jordan curve.

Proof. By [35, Theorem 1.12] and Lemma 3.6, we get that the unbounded
component A, (f) of F,(f) is a John domain. Combining it, that A, (f) is
simply connected (cf. Lemma 3.6), and [21, page 26], we see that J,(f) =
0(Au(f)) (cf. Lemma 3.4) is locally connected. Moreover, by Lemma 3.4-5,
we have d(int(K,(f))) = J.(f). Hence, we see that C\ J,(f) has exactly
two connected components A, (f) and int(K,(f)), and that J,(f) is locally
connected. From [22, Lemma 5.1], it follows that J,(f) is a Jordan curve.
Thus, we have proved Proposition 4.26. O

We now demonstrate Theorem 2.44.
Proof of Theorem 2.44: Let v € R(I',I'\ I'yyin) and y € int(K,(f)). Com-
bining Theorem 2.40-1 and [32, Lemma 1.10], we obtain lim inf,, . d(f,.(y),
J(G)) > 0. Combining this with Lemma 4.20 and Theorem 2.40-1, we see that
there exists a point a € P*(G) N F(G) such that liminf,, .. d(f,,.(v),a) = 0.

Since P*(G) N F(G) C int(K(G)), it follows that there exists a positive in-
teger [ such that

A

friy) € mt(K(G)). (82)

Combining (82) and the same method as that in the proof of Claim 3 in the
proof of Theorem 2.40-1 and Theorem 2.40-2, we get that there exists exactly
one bounded component U, of F,(f). Combining it with Proposition 4.26, it
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follows that .J,(f) is a Jordan curve. Moreover, by [32, Theorem 2.14-(4)],

we have J,(f) = J,(f).
Thus, we have proved Theorem 2.44. O

We now demonstrate Theorem 2.45.

Proof of Theorem 2.45: Let V be an open set with J(G)NV # (. We may
assume that V' is connected. Then, by Theorem 3.2, there exists an element
a1 € G such that J(ap)NV # (. Since we have G € G5, Theorem 2.1 implies
that there exists an element as € G such that no connected component J
of J(G) satisfies J(ay) U J(ag) C J. Hence, we have (aq, ) € Ggis. Since
J(a1) NV # 0, combined with Lemma 3.4-2, we get that there exists an
lo € N such that for each [ with [ > Iy, J(azal) NV # (. Moreover, since
no connected component J of J(G) satisfies J(a1) U J(az) C J, Lemma 3.4~
2 implies that there exists an l; € N such that for each [ with [ > [y,
J(azad) N J(arab) = 0. We fix an | € N with [ > max{l,[; }. We now show
the following claim.

Claim 1. The semigroup Hy := (aaf, arad) is hyperbolic, and for the skew
product f : I x C — TN x C associated with Ty = {aa}, a0}, there exists
a constant K > 1 such that for any v € T}, J (f) is a K-quasicircle.

To show this claim, applying Theorem 2.40-3 with I' = {ay, a2}, S =
['\ T, and p = 20 + 1, we see that the polynomial skew product f:
Wsor+1 X C — Wsor+1 X C over o : Wsor1 — Wiy is hyperbolic, and
that there exists a constant K > 1 such that for each v € Wga41, Jw(?)
is a K-quasicircle. Moreover, combining the hyperbolicity of f above and
Remark 4.16, we see that the semigroup H; generated by the family {o;, o

coay,, | 1 <3k <1+ 1with g, = 1,1 < Jky < 14 1 with j, = 2}
is hyperbolic. Hence, the semigroup Hy, which is a subsemigroup of Hy, is
hyperbolic. Therefore, Claim 1 holds.

We now show the following claim.

Claim 2. We have either J(asal) < J(a1ah), or J(aad) < J(azal).

To show this claim, since J(agat) N J(ayab) = 0 and Hy € G, combined
with Lemma 3.9, we obtain Claim 2.

By Claim 2, we have the following two cases.

Case 1. J(apad) < J(aya).
Case 2. J(aab) < J(agat).

We may assume that we have Case 1 (when we have Case 2, we can
show all statements of our theorem, using the same method as below). Let
A= K(apab)\ int(K (agat)). By Claim 1, we have that J(ajab) and J(azal)
are quasicircles. Moreover, since Hy € gdzs and Hj is hyperbolic, we must
have P*(Hy) C int(K(aal)). Therefore, it follows that if we take a small
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open neighborhood U of A, then there exists a number n € N such that,

setting hy = (azal)™ and hy := (yab)", we have that

hiY(U)Uh Y (U) c U and hy'(U) N hy ' (U) = 0. (83)

Moreover, combining Lemma 3.4-2 and that J(h;) NV # 0, we get that there
exists a k € N such that J(hoh¥) NV # 0. We set gy := h¥*! and gy := hoht.
Moreover, we set H := (g1, g2). Since H is a subsemigroup of Hy and H
is hyperbolic, we have that H is hyperbolic. Moreover, (83) implies that
g {(U)U gy "(U) Cc U and g; *(U) N g5 *(U) = 0. Hence, we have shown that
for the semigroup H = (g1, g2), statements 1,2, and 3 in Theorem 2.45 hold.
From statement 2 and Lemma 3.1-6, we obtain .JJ(H) C U and g; *(J(H))N
g5 '(J(H)) = 0. Combining this with Lemma 3.1-2 and Lemma 3.5-2, it fol-
lows that the skew product f : TN x C — I'Vx C associated with Ty = {g1, g}
satisfies that J(H) is equal to the disjoint union of the sets {jv(f)}verg“-
Moreover, since H is hyperbolic, [32, Theorem 2.14-(2)] implies that for each
v e TV, J,(f) = J,(f). In particular, the map v ~— J,(f) from T} into the
space of non-empty compact sets in (@, is injective. Since J,(f) is connected
for each v € 'Y (Claim 1), it follows that for each connected component J of
J(H), there exists an element vy € 'Y such that J = J,(f). Furthermore, by
Claim 1, each connected component J of J(H) is a K-quasicircle, where K is
a constant not depending on J. Moreover, by [32, Theorem 2.14-(4)], the map
v+ J,(f) from T} into the space of non-empty compact sets in C, is contin-
uous with respect to the Hausdorff topology. Therefore, we have shown that
statements 4a,4b 4c, and 4d hold for H = (g, ¢5) and f: T¥ x C — 'Y x C.
We now show that statement 4e holds. Since we are assuming Case
1, Proposition 2.23 implies that {hq, ho}min = {h1}. Hence J(g1) < J(g2).
Combining it with Proposition 2.23 and statement 4b, we obtain

J(g1) = Jmin(H) and J(g2) = Jmax(H). (84)

Moreover, since J(g1) = J(aqal), J(azal) NV £ 0, J(go) = J(hoh), and
J(hoh®) NV #£ 0, it follows that

Join(H) NV #£ 0 and Jouo(H) NV 0. (85)

Let v € 'Y be an element such that J(f) N (Juin(H) U Juax(H)) = 0. By
statement 4b, we obtain

JuinlH) < T (f) < T (H). (36)

Since we are assuming V' is connected, combining (85) and (86), we obtain
Jy(f) NV % (. Therefore, we have proved that statement 4e holds.
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We now show that statement 4f holds. To show that, let w = (w1, ws,...) €
I be an element such that $({j € N | w; = ¢1}) = 8({j € N | w; =
g2}) = oo. For each r € N, let w” = (w,1,wy2,...) € I'Y be the element

Wrj = Wj (1 S] ST),

such that _
wj=q1 (j>r+1).

Moreover, let p" = (pr1,pr2,...) €

= ws (1< <7), o
'Y be the element such that {p i=w (lsjsr) Combining (84),

prj=g2 (j=r+1)
statement 4a, and statement 4b, we see that for each r € N, J(¢;) <
Jorw)(f) < J(g2). Hence, by Theorem 2.7-3, we get that for each r € N
(for) 7 (I(g1)) < (for) ™ (Jor)(f)) < (fur)7'(J(g2)), where fwr( )

(g
e (f"(w,y)). Since we have (fu,r) "' (J(91)) = Jur (f), (for) ™! (Jor)(f)) =
Jo(f), and (fo,) "' (J(g92)) = J(f), it follows that

Jor () < Ju(f) < o (f), (87)

for each » € N. Moreover, since w”™ — w and p" — w in 'Y as 7 — oo,
statement 4d implies that J-(f) — J,(f) and J,-(f) — Jo(f) as r — oo,
with respect to the Hausdorff topology. Combined with (87), statement 4b
and statement 4c, we get that for any connected component W of F(H),
we must have OW N J,(f) = 0. Since F(G) C F(H), it follows that for any
connected component W’ of F(G), OW' N J,(f) = 0. Therefore, we have
shown that statement 4f holds.

Thus, we have proved Theorem 2.45. O

4.6 Proofs of results in 2.6

In this section, we demonstrate Theorem 2.48. We need the following nota-
tions and lemmas.

Definition 4.27. Let h be a polynomial with deg(h) > 2. Suppose that
J(h) is connected. Let ¢ be a blholomorphlc map C\ D(0, (0,1) — F(h) with
1(00) = oo such that 1y~ o ho(z) = 248" for each z € C\ D(0,1). (For
the existence of the biholomorphic map 1, see [19, Theorem 9.5].) For each
0 €0D(0,1), weset T(0) := ¢ ({rf | 1 <r < oo}). This is called the external
ray (for K (h)) with angle 6.

Lemma 4.28. Let h be a polynomial with deg(h) > 2. Suppose that J(h) is
connected and locally connected and J(h) is not a Jordan curve. Moreover,
suppose that there exists an attracting periodic point of h in K(h). Then, for
any € > 0, there exist a point p € J(h) and elements 0,0 € 9D(0,1) with
01 # 0y, such that all of the following hold.
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1. For each i = 1,2, the external ray T(0;) lands at the point p.

2. Let Vi and Vy be the two connected components of C\ (T'(0;) UT(6;) U
{p}). Then, for each i = 1,2, V;N J(h) # 0. Moreover, there exists an
i such that diam (V; N K(h)) <e.

Proof. Let 1) : @\D(O, 1) — F(h) be a biholomorphic map with ¢ (c0) = oo
such that for each z € C\ dD(0,1),4 " o hoh(z) = z4™_ Since J(h) is
locally connected, the map ¢ : C\D(0,1) — F.,(h) extends continuously over
0D(0,1), mapping 0D(0,1) onto J(h). Moreover, since J(h) is not a Jordan
curve, it follows that there exist a point py € J(h) and two points g 1,02 €
0D(0,1) with ¢o; # to2 such that two external rays T'(tp1) and T'(t2) land
at the same point py. Considering a higher iterate of h if necessary, we may
assume that there exists an attracting fixed point of h in int(K(h)). Let
a € int(K(h)) be an attracting fixed point of h and let U be the connected
component of int( K (h)) containing a. Then, there exists a critical point ¢ € U
of h. Let Vj be the connected component of C\ (T'(t;)UT (t2)U{po}) containing
a. Moreover, for each n € N, let V,, be the connected component of (h™)~1(1})
containing a. Since ¢ € U, we get that for each n € N, ¢ € V,,. Hence, setting
e, = deg(h™ : V,, — Vp), it follows that

e, — 00 as n — 00. (88)

We fix an n € N satisfying e, > d, where d := deg(h). Since deg(h" :
VaNFo(h) = VoNEFy(h)) = deg(h™ : V,, — V), we have that the number of
connected components of V,,NF,,(h) is equal to e,,. Moreover, every connected
component of V,, N F(h) is a connected component of (h™)~1(Vy N F(h)).
Hence, it follows that there exist mutually disjoint arcs &;,&s,...,&, in C
satisfying all of the following.

1. For each j, h"(&;) = (T'(t1) UT(t2) U {po}) N C.

2. For each j, {; U {oo} is the closure of union of two external rays and
§; U{oo} is a Jordan curve.

3.0V, =6 U---UE, U{oo}.

For each j = 1,..., ey, let W, be the connected component, of C\ (&; U {oo})
that does not contain V,,. Then, each W is a connected component of @\Vn
Hence, for each (4,7) with i # j, W; N W; = (). Since the number of critical
values of h in C is less than or equal to d — 1, we have that ({1 < j <e, |
W;NCV(h) =0}) > e, — (d—1). Therefore, denoting by w; ; the number of
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well-defined inverse branches of h~' on W;, we obtain

€n

D iy >d(en - (d—1)) > d.

Inductively, denoting by u; ; the number of well-defined inverse branches of
(R*)~! on W;, we obtain

> ur; >d(d— (d—1)) > d,for each k € N. (89)
j=1

For each k € N, we take a well-defined inverse branch ¢, of (h*)~! on a domain
W;, and let By := (x(W;). Then, h¥ : B, — W; is biholomorphic. Since 0By
is the closure of finite union of external rays and A"** maps each connected
component of (0B )NC onto (T'(t1)UT (t2)U{po})NC, By is a Jordan domain.
Hence, h* : B, — W, induces a homeomorphism 0By, = OW;. Therefore, 0B,
is the closure of union of two external rays, which implies that By N F.(h)
is a connected component of (h¥)~*(W; N F(h)). Hence, we obtain

I (w—l(Bk A Fo(R)) N OD(0, 1)) 0 as k — oo, (90)

where [(-) denotes the arc length of a subarc of dD(0,1). Since ¢ : C \
D(0,1) — F(h) extends continuously over dD(0, 1), (90) implies that diam
(Bx N J(h)) — 0 as k — oo. Hence, there exists a k € N such that diam
(B N K(h)) < e. Let 01,00 € 0D(0,1) be two elements such that 0By =
T(01) UT(6y). Then, there exists a point p € J(h) such that each T'(6;) lands
at the point p. By [19, Lemma 17.5], any of two connected components of
C\ (T(6,) UT(6) U {p}) intersects J(h).

Thus, we have proved Lemma 4.28. O

Lemma 4.29. Let G be a polynomial semigroup generated by a compact
subset T of Polygeg>o. Let f: TN x C — I'Nx C be the skew product associated
with the family I'. Suppose G € Ggis. Let m € N and suppose that there
exists an element (hy,..., hy) € I such that setting h = hy, o --- o hy,
J(h) is connected and locally connected, and J(h) is not a Jordan curve.
Moreover, suppose that there exists an attracting periodic point of h in K(h).
Let a = (o, 9,...) € TN be the element such that for each k,l € N U {0}
with 1 < 1 < m, agmy = h. Let pg € T'\ T be an element and let
B = (po,1,9,...) € TN Moreover, let g : C \ D(0,1) — As(f) be a
biholomorphic map with ¥g(c0) = oo. Furthermore, for each 8 € 0D(0,1),
let T3(0) = Yp({rf | 1 <r < oo}). Then, for any € > 0, there exist a point
p € Js(f) and elements 61,0, € 0D(0,1) with 6, # 605, such that all of the
following statements 1 and 2 hold.
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1. For each i = 1,2, Ts(0;) lands at p.

2. Let Vy and Vs be the two connected components of C\ (T(61)UTs(6,)U
{p}). Then, for eachi = 1,2, ViNJs(f) # 0. Moreover, there exists an i
such that diam (V,NKg(f)) < € and such that V;NJs(f) C py ' (J(GQ)) C
C\ P(Q).

Proof. We use the notation and argument in the proof of Lemma 4.28. Taking
a higher iterate of h, we may assume that d := deg(h) > deg(po). Then, from
(89), it follows that for each k € N, we can take a well-defined inverse branch
¢ of (h*)™! on a domain W; such that setting By := (,(W;), By does not
contain any critical value of py. By (90), there exists a k € N such that diam
(BN J(h)) < €, where ¢ > 0 is a small number. Let B be a connected
component of p,'(By,). Then, there exist a point p € Js(f) and elements
61,6, € 0D(0,1) with 6, # 65 such that for each i = 1,2, T3(6;) lands at p,
and such that B is a connected component of C\ (T}3(6;)UT3(65)U{p}). Taking
€' so small, we obtain diam (BN K3(f)) = diam (BN Jz(f)) < e. Moreover,
since pg € I'\ I'pin, combining Theorem 2.19-2 and Theorem 2.19-5b, we
obtain Js(f) = p'(J(h)) C py " (J(G)) C C\ P(G). Hence, BN Js(f) C
0o (J(@)) C C\ P(G). Therefore, we have proved Lemma 4.29. O

Lemma 4.30. Let f: X X C—>XxCohea polynomial skew product over
g+ X — X such that for each v € X, d(z) > 2. Let v € X be a point.
Suppose that J,(f) is a Jordan curve. Then, for each n € N, Jyn(f) is a
Jordan curve. Moreover, for each n € N, there ewists no critical value of f.,,

in Jgni) (f)-

Proof. Since (f1) " "(Ky)(f)) = K, (f), it follows that int(Ky.)(f)) is a
non-empty connected set. Moreover, Jy(f) = fy1(Jy(f)) is locally con-
nected. Furthermore, by Lemma 3.4-4 and Lemma 3.4-5, O(int(K g (f))) =
(A (f)) = Jg(+(f). Combining the above arguments and [22, Lemma 5.1],
we get that Jy,)(f) is a Jordan curve. Inductively, we conclude that for each
n €N, Jgny(f) is a Jordan curve.

Furthermore, applying the Riemann-Hurwitz formula to the map f,,, :
int(K,(f)) — int(Kgn()(f)), we obtain 1 4 p = deg(f,,,), where p denotes
the cardinality of the critical points of f,, : int(K,(f)) — int(Kgn(f))
counting multiplicities. Hence, p = deg(f,,,) — 1. It implies that there exists
no critical value of f,,, in Jgn(y)(f). O

Lemma 4.31. Let f: X X C—XxCbea polynomial skew product over
g : X — X such that for each x € X, d(x) > 2. Let p > 0 be a number.
Then, there exists a number 6 > 0 such that the following statement holds.
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o Let w € X be any point and p € J,(f) any point with min{|p — b| |
(w,b) € P(f),b € C} > . Suppose that J,(f) is connected. Let 1 :
C\ D(0,1) — A,(f) be a biholomorphic map with ¢(c0) = oco. For
each 0 € 0D(0,1), let T(0) = ({r0 | 1 <r < oco}). Suppose that there
exist two elements 01,05 € 0D(0,1) with 6, # 0y such that for each i =
1,2, A(Gi) lands at p. Moreover, suppose that a connected component
V oof C\ (T(0;) UT(02) U{p}) satisfies that diam (V N K,(f)) < 0.
Furthermore, let v € X be any point and suppose that there exists a
sequence {ny}ren of positive integers such that g™ (y) — w as k — 0.
Then, J,(f) is not a quasicircle.

m m

Proof. Let pn > 0. Let R > 0 with 7 (J(f)) € D(0, R). Combining Lemma 3.11
and Lemma 3.4-3, we see that there exists a dp > 0 with

0 < 8 < g5 min{inf,cx diam J,(f), u} such that the following statement
holds:

e Let x € X be any point and n € N any element. Let p € D(0, R)
be any point with min{|p — b| | (¢"(x),b) € P(f),b € C} > u. Let
¢ : D(p,p) — C be any well-defined inverse branch of (f,,)”" on
D(p, j1). Let A be any subset of D(p, §) with diam A < §y. Then,

: L.
diam ¢(A) < 1_0922; diam J,(f). (91)
We set § := 0. Let w € X and p € J,(f) with min{|p — 0| | (w,b) €
P(f),b € C} > p. Suppose that J,,(f) is connected and let ¢ : C\ D(0,1) —
A,(f) be a biholomorphic map with 1(c0) = co. Setting T'(0) := ¢ ({ro |
1 < r < oo}) for each 0 € 0D(0, 1), suppose that there exist two elements
01,05 € 0D(0,1) with 6; # 0 such that for each i = 1,2, T'(6;) lands at p.
Moreover, suppose that a connected component V of C\ (T(0;)UT(6,) U{p})
satisfies that

diam(V N K, (f)) < 6. (92)

Furthermore, let v € X and suppose that there exists a sequence {ny}ren
of positive integers such that ¢"*(vy) — w as k — co. We now suppose that
J,(f) is a quasicircle, and we will deduce a contradiction. Since g™+ (y) — w
as k — oo, we obtain

max{d.(b, K,(f)) | b € Jyu()(f)} — 0 as k — oo. (93)

We take a point a € V N J,(f) and fix it. By Lemma 3.4-2, there exists a
number ky € N such that for each k& > ky, there exists a point y; satisfying
that

o —pl

U € Jgn (f) N D(a, ok

(94)
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Let V’ be the connected component of C\ (T'(0;) UT(6,) U{p}) with V' # V.
Then, by [19, Lemma 17.5],

VN Ju(f) #0. (95)

Combining (95) and Lemma 3.4-2; we see that there exists a k(> ko) € N
such that for each k& > kq,

Vin T (f) # 0. (96)

By assumption and Lemma 4.30, for each k& > ki, Jyni (1) (f) is a Jordan curve.
Combining it with (94) and (96), there exists a ko(> k1) € N satisfying that
for each k > ks, there exists a smallest closed subarc & of Jyn(y)(f) = S!
such that y, € &, & C V, #(& N (T(01) UT(62) U {p})) = 2, and such that
§e # Jgnn(y)(f). For each k > ko, let 1 and y 2 be the two points such that
{yr1, yk2} = & N (T(61) UT(62) U {p}). Then, (93) implies that

Yri — D as k — oo, for each ¢ =1, 2. (97)

Combining that & C V U{yk1,ykz2}, (93), and (92), we get that there exists
a k3(> ko) € N such that for each k > ks,

diam &, < %0. (98)

Moreover, combining (94) and (97), we see that there exists a constant C' > 0
such that
diam &, > C. (99)

Combining (97), (98), and (99), we may assume that there exists a constant
C > 0 such that for each k € N,

C < diam &, < % and & C D(p,do)- (100)

By Lemma 4.30, each connected component v of (f,,,) (&) is a subarc of
J,(f) = St and f,,, : v — & is a homeomorphism. For each k € N, let
Ax be a connected component of (f, ,, )" (&), and let z1, 22 € A be the
two endpoints of Ay such that f,,, (zx1) = yk1 and fy ., (2k2) = Yk2. Then,
combining (91) and (100), we obtain

diam\, < diam (J,(f) \ Ax), for each large k € N. (101)

Moreover, combining (97), (100), and Koebe distortion theorem, it follows

that dism X
AR L o as k — oo, (102)
|2k, — 22|
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Combining (101) and (102), we conclude that .J,(f) cannot be a quasicircle,
since we have the following well-known fact:

Fact ([17, Chapter 2]): Let £ be a Jordan curve in C. Then, ¢ is a quasicircle
if and only if there exists a constant K > 0 such that for each z1,2, € &

with 21 # 2o, we have dlaﬁllf)‘z(j’zz) < K, where A(z1, z2) denotes the smallest

closed subarc of £ such that z1, 22 € A(21, 22) and such that diam A(zq, 22) <

diam (& \ A(z1, 22)).
Hence, we have proved Lemma 4.31. O

We now demonstrate Theorem 2.48-1.
Proof of Theorem 2.48-1: Let + be as in Theorem 2.48-1. Then, by
Theorem 2.44, J,(f) is a Jordan curve. Moreover, setting A = h,, o --- o hy,
since h is hyperbolic and J(h) is not a quasicircle, J(h) is not a Jordan curve.
Combining it with Lemma 4.31 and Lemma 4.28, it follows that J,(f) is not
a quasicircle. Moreover, A,(f) is a John domain (cf. [35, Theorem 1.12]).
Combining the above arguments with [21, Theorem 9.3], we conclude that
the bounded component U, of F,(f) is not a John domain.

Thus, we have proved Theorem 2.48-1. O

We now demonstrate Theorem 2.48-2.

Proof of Theorem 2.48-2: Let py, 3,7 be as in Theorem 2.48-2. By
Theorem 2.44, J,(f) is a Jordan curve. By Theorem 2.19-5, we have () #
int(K(G)) € int(K(h)). Moreover, h is semi-hyperbolic. Hence, h has an
attracting periodic point in K (h). Combining Lemma 4.31 and Lemma 4.29,
we get that J,(f) is not a quasicircle. Combining it with the argument in
the proof of Theorem 2.48-1, it follows that A, (f) is a John domain, but the
bounded component U, of F,(f) is not a John domain.

Thus, we have proved Theorem 2.48-2. O

4.7 Proofs of results in 2.7

In this subsection, we will demonstrate results in Section 2.7.
we now prove Corollary 2.51.

Proof of Corollary 2.51: By Remark 2.35, there exists a compact subset
S of T\ T'iin such that the interior of S with respect to the space I' is not
empty. Let U := R(T', S). Then, it is easy to see that U is residual in ', and
that for each Borel probability measure 7 on Polygee>2 with I': =T, we have
7(U) = 1. Moreover, by Theorem 2.40-1 and Theorem 2.40-2, each v € U
satisfies properties 1,2,3, and 4 in Corollary 2.51. Hence, we have proved
Corollary 2.51. O
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To demonstrate Theorem 2.52, we need several lemmas.

Lemma 4.32. Let T be a compact set in Polygeg>2. Let f: TN x C—IVxC
be the skew product associated with the family I'. Let G be the polynomial
semigroup generated by I'. Suppose that G € G and that G is semi-hyperbolic.
Moreover, suppose that there exist two elements o, 3 € TN such that Jz(f) <
Jo(f). Let v € TN and suppose that there exists a strictly increasing sequence
{nktren of positive integers such that o™ () — a as k — oo. Then, J.(f) is
a Jordan curve.

Proof. Since G is semi-hyperbolic, [32, Theorem 2.14-(4)] implies that
Jori () (f) = Ja(f) as k — oo, (103)

with respect to the Hausdorff topology in the space of non-empty compact
subsets of C. Combining it with Lemma 3.9, we see that there exists a number
ko € N such that for each k > kg,

Jo(f) < Jomin(f)- (104)

We will show the following claim.
Claim: int(K,(f)) is connected.

To show this claim, suppose that there exist two distinct components U
and U, of int(K,(f)). Let y; € U; be a point, for each i = 1,2. Let € > 0
be a number such that D(Kjz(f),€) is included in a connected component U
of int(K,(f)). Then, combining [32, Theorem 2.14-(5)] and Lemma 4.20, we
get that there exists a number k; € N with k; > kg such that for each k& > £y
and each 1 = 1,2,

Frm (i) € D(P*(G),€) € D(Kps(f),€) CU. (105)

Combining (105), (103) and (104), we get that there exists a number ky € N
with ke > kq such that for each k > ko,

f%nk(Ul) = f%nk(U2) = Vi, (106)

where V}, denotes the connected component of int(K,n(,)(f)) containing
Js(f). From (104) and (106), it follows that

(frne) ™ (J5(f)) € int(K,(f)) and (£0,) " (Ja(f)) N U # 0 (i = 1,2),

which implies that

(fyme) " (J5(f)) is disconnected. (108)
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For each k > ky, let W := (71, .., Yy, 1, B, - . .) € TN, Then for each k > ko,

(fra) " (T5(f)) = Tur (). (109)

Since G € G, combining (108), (109) and Lemma 3.6 yields a contradiction.
Hence, we have proved the claim.

From the above claim and Proposition 4.26, it follows that J,(f) is a
Jordan curve. O

Lemma 4.33. Let " be a non-empty compact subset of Polygeg>a. Let f : TN x
C — TN x C be the skew product associated with the family I' of polynomials.
Let G be the polynomial semigroup generated by I'. Let a,p € T'N be two
elements. Suppose that G € G, that G is semi-hyperbolic, that o is a periodic
point of o : TN — TN that J,(f) is a quasicircle, and that J,(f) is not a
Jordan curve. Then, for each ¢ > 0, there exist n € N and two elements
01,05 € 0D(0,1) with 01 # 0y satisfying all of the following.

1. Letw = (oq,... 00, p1,p2,-..) €N and let o : C\ D(0,1) = A, (f) be
a biholomorphic map with 1(o0) = co. Moreover, for each i = 1,2, let
T(0;) :=vY({{rb; | 1 <r < oo}). Then, there exists a point p € J,(f)
such that for each i = 1,2, T'(0;) lands at p.

2. Let Vi and Vy be the two connected components of C\ (T'(0;) UT(6,) U
{p}). Then, for each i =1,2, V;NJ,(f) # 0. Moreover, there exists an
i € {1,2} such that diam (V; N K,(f)) <€, and such that V; N J,(f) C

D(Ja(f), €)-

Proof. For each y € TN, let ¢, : C\ D(0,1) = A, (f) be a biholomorphic map
with 1, (c0) = oco. Moreover, for each 6§ € 9D(0,1), let T,(0) := ¥, ({rf |
1 < r < oo}). Since G is semi-hyperbolic, combining [35, Theorem 1.12],
Lemma 3.6, and [21, page 26], we see that for each v € TN, J,(f) is locally
connected. Hence, for each v € TV, ¢, extends continuously over C\ D(0,1)
such that ., (0D(0,1)) = J,(f). Moreover, since G € G, it is easy to see that
for each v € TV, there exists a number a, € C with |a,| = 1 such that for
each z € C\ D(0,1), we have Uiy © fr1 095(2) = a, 290,

Let m € N be an integer such that ¢ (o) = @ and let h := a;, 0 -+ - 0 .
Moreover, for each n € N, we set w" := (ay, ..., Qmn, p1, P2, .- .) € IV, Then,
w" — a in TN as n — oco. Combining it with [32, Theorem 2.14-(4)], we
obtain

Jon(f) = Ju(f) as n — oo, (110)

with respect to the Hausdorff topology. Let £ be a Jordan curve in int(K (h))
such that P*((h)) is included in the bounded component B of C \ . By
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(110), there exists a k € N such that J_.(f) N (U B) = (). We now show the
following claim.
Claim 1: & C int(K x(f)).

To show this claim, suppose that ¢ is included in A (f) = C\ (K (f)).
Then, it implies that f,, — oo on P*((h)) as u — oo. However, this is a
contradiction, since G € G. Hence, we have shown Claim 1.

By Claim 1, we see that P*((h)) is included in a bounded component By
of int(K,x(f)). We now show the following claim.

Claim 2: J_«(f) is not a Jordan curve.

To show this claim, suppose that Jx(f) is a Jordan curve. Then, Lemma 4.30
implies that J,(f) is a Jordan curve. However, this is a contradiction. Hence,
we have shown Claim 2.

By Claim 2, there exist two distinct elements t1,t, € 9D(0, 1) and a point
po € Jur(f) such that for each i = 1,2, T),(¢;) lands at the point p,. Let Wy
be the connected component of C\ (T),(t;) UT,(t;) U{po}) such that Wy does
not contain By. Then, we have

Wo N P*((h)) = 0. (111)

For each j € N, we take a connected component W; of (h/)~'(Wj). Then,
W : W; — Wy is biholomorphic. We set ¢; := (h?|w,)”" on Wy. By (111),
there exists a number R > 0 and a number a > 0 such that for each j, ; is
analytically continued to a univalent function ¢; : B(Wy N D(0, R),a) — C
and W; N (Jur+s(f)) € G(Wo N D(0, R)). Hence, we obtain

diam (W; N K i+ (f)) = diam (W; N i (f)) = 0as j — oo, (112)

Combining (110) and (112), there exists an s € N such that diam (W, N
K i+s(f)) < e, and such that W N J s (f) C D(Jo(f),€).

Each connected component of (W) N C is a connected component of
(h*) " (T (1) UT,x (t2) U{po })NC), and there are some uy, . .., u, € ID(0,1)
such that OW, = UY_; T, k+s(u;). Hence, Wy is a Jordan domain. Therefore,
h* : W, — W, is a homeomorphism. Thus, h* : (OW,) NC — (OW,) N C
is a homeomorphism. Hence, (OW;) N C is connected. It follows that there
exist two elements 61,0, € 0D(0,1) with 6 # 65 and a point p € Jr+s(f)
such that OW, = T, k+s(01) U T, r+s(02) U{p}, and such that for each i = 1,2,
T, x+s(0;) lands at the point p. By [19, Lemma 17.5], each of two connected
components of C\ (T i+ (61) U Tors(62) U {p}) intersects J s (f).

Hence, we have proved Lemma 4.33. O

Lemma 4.34. Let I' be a non-empty compact subset of Polygeg>2. Let f :
N x C — I'N x C be the skew product associated with the family T of poly-
nomials. Let G be the polynomial semigroup generated by I'. Let o, 3, p € TN
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be three elements. Suppose that G € G, that G is semi-hyperbolic, that o
is a periodic point of o : TN — TN that Js(f) < Ju(f), and that J,(f)
1s not a Jordan curve. Then, there exists an n € N such that setting w :=
(1, oy, p1y P2, - ) € TN andU = {y € TV | I{m; }jen, I been, o™i () —
a, o™ (y) — w}, we have that for each v € U, J,(f) is a Jordan curve but
not a quasicircle, A,(f) is a John domain, and the bounded component U,
of F,(f) is not a John domain.

Proof. Let p € N be a number such that o?(a) = o and let u := ayo0--- 0.
We show the following claim.
Claim 1: J(u) is a quasicircle.

To show this claim, by assumption, we have Jg(f) < J(u). Let ¢ :=
(a1, .. s, 1, B,...) € TN, Then, we have J:(f) = u=*(Js(f)). More-
over, since G € G, we have that J:(f) is connected. Hence, it follows that
u™'(J5(f)) is connected. Let U be a connected component of int(K (u))
containing Jg(f) and V a connected component of int(K(u)) containing
u (Js(f)). By Lemma 3.9, it must hold that U = V. Therefore, we ob-
tain 4~1(U) = U. Thus, int(K (u)) = U. Since G is semi-hyperbolic, it follows
that J(u) is a quasicircle. Hence, we have proved Claim 1.

Let p = sminf{|b —¢| | b € Jo(f),c € P*(G)}. Since Ja(f) < Ja(f),
we have P*(G) C Kj(f). Hence, p > 0. Applying Lemma 4.31 to the
above (f,u), let  be the number in the statement of Lemma 4.31. We
set € := min{d, u}(> 0). Applying Lemma 4.33 to the above (I',q,p,e¢),
let (n,0;,6,w) be the element in the statement of Lemma 4.33. We set
U= {y eIV | 3IHm;}jen, Hnitken, 0™ (y) — a,0™(y) — w}. Then, com-
bining the statement Lemma 4.31 and that of Lemma 4.33, it follows that for
any v € U, J,(f) is not a quasicircle. Moreover, by Lemma 4.32, we see that
for any v € U, J,(f) is a Jordan curve. Furthermore, combining the above
argument, [35, Theorem 1.12], Lemma 3.6, and [21, Theorem 9.3], we see
that for any v € U, A,(f) is a John domain, and the bounded component U,
of F,(f) is not a John domain. Therefore, we have proved Lemma 4.34. [

We now demonstrate Theorem 2.52.

Proof of Theorem 2.52: We suppose the assumption of Theorem 2.52.
We will consider several cases. First, we show the following claim.

Claim 1: If J,(f) is a Jordan curve for each v € TN, then statement 1 in
Theorem 2.52 holds.

To show this claim, Lemma 4.30 implies that for each v € X, any critical
point v € 7 *({~}) of f, : 7 ({7}) — 7 *({o(7)}) (under the canoni-
cal identification 7' ({7}) = 7~ ({o(7)}) = C) belongs to F(f). More-
over, by [32, Theorem 2.14-(2)], J(f) = U,ernJ?(f). Hence, it follows that
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C(f) € EF(f). Therefore, C(f) is a compact subset of F(f). Since f is semi-
hyperbolic, [32, Theorem 2.14-(5)] implies that P(f) = U,y f*(C(f)) C
F(f). Hence, f : TN x C — TN x C is hyperbolic. Combining it with
Remark 4.16, we conclude that G is hyperbolic. Moreover, Theorem 4.21
implies that there exists a constant K > 1 such that for each v € TN, J,(f)
is a K-quasicircle. Hence, we have proved Claim 1.

Next, we will show the following claim.
Claim 2: If J,(f)NJs(f) # 0 for each (o, 8) € TN x TN, then J(G) is arcwise
connected.

To show this claim, since G is semi-hyperbolic, combining [35, Theorem
1.12], Lemma 3.6, and [21, page 26], we get that for each v € TN, A (f) is a
John domain and J,(f) is locally connected. In particular, for each v € TV,

J(f) is arcwise connected. (113)

Moreover, by [32, Theorem 2.14-(2)], we have

J(f) = Uyern (). (114)

Combining (113), (114) and Lemma 3.5-1, we conclude that J(G) is arcwise
connected. Hence, we have proved Claim 2.

Next, we will show the following claim.

Claim 3: If J,(f) N Jz(f) # 0 for each (o, ) € TN x TV, and if there exists
an element p € TN such that J,(f) is not a Jordan curve, then statement 3
in Theorem 2.52 holds.

To show this claim, let V := U,en(0") "1 ({p}). Then, V is a dense subset
of I'N. From Lemma 4.30, it follows that for each v € V, .J,(f) is not a Jordan
curve. Combining this result with Claim 2, we conclude that statement 3 in
Theorem 2.52 holds. Hence, we have proved Claim 3.

We now show the following claim.

Claim 4: If there exist two elements «, 3 € I'N such that J,(f) N Js(f) = 0,
and if there exists an element p € 'V such that .J,(f) is not a Jordan curve,
then statement 2 in Theorem 2.52 holds.

To show this claim, using Lemma 3.9, We may assume that Jz(f) <
Jo(f). Combining this, Lemma 3.9, [32, Theorem 2.14-(4)], and that the
set of all periodic points of ¢ in I'N is dense in I'Y, we may assume further
that « is a periodic point of ¢. Applying Lemma 4.34 to (I', o, 3, p) above,
let n € N be the element in the statement of Lemma 4.34, and we set
w=(a1,...,Qn,p1,p2,...) EMNand U := { € TV | A(m;), I(ny), 0™ () —
a, 0™ () — w}. Then, by the statement of Lemma 4.34, we have that for each
v eU, J,(f)is a Jordan curve but not a quasicircle, A,(f) is a John domain,
and the bounded component U, of F,(f) is not a John domain. Moreover, U
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is residual in IV, and for any Borel probability measure 7 on Polygeg>2 with
[, =T, we have 7(U) = 1. Furthermore, let V := U,en(0™) " ({p}). Then,
V is a dense subset of I'N, and the argument in the proof of Claim 3 implies
that for each v € V, J,(f) is not a Jordan curve. Hence, we have proved
Claim 4.

Combining Claims 1,2,3 and 4, Theorem 2.52 follows. O]

We now demonstrate Corollary 2.53.
Proof of Corollary 2.53: From Theorem 2.52, Corollary 2.53 immediately
follows. [

To demonstrate Theorem 2.54, we need several lemmas.
Notation: For a subset A of C, we denote by C(A) the set of all connected
components of A.

Lemma 4.35. Let f : X X C > XxCbea polynomial skew product
over g : X — X such that for each v € X, d(z) > 2. Let « € X be a
point. Suppose that2 < 4 (C(int(K.(f)))) < 0o. Then, § (C(int(Kya)(f)))) <
£ (C(int(Ka(f)))) - In particular, there exists ann € N such that int(Kgn ) (f))
15 a non-empty connected set.

Proof. Suppose that 2 < §(C(int(K g (f )))) = #(C(int(K.(f)))) < oo. We
will deduce a contradiction. Let {V} = C(int(Kya)(f))), where 2 <
r < oo. Then, by the assumption above we have that C(int(Ky)(f))) =
{faa1(V3)}io,. Foreach j = 1,...,7, let p; be the number of critical points of
fax Vi = fa1(V;) counting multiplicities. Then, by the Riemann-Hurwitz
formula, we have that for each j = 1,...,7, x(V;) + p; = dx(far(V})),
where x(:) denotes the Euler number and d = deg(fa,1). Since X(V) =
X(fa,1(V;)) = 1 for each j, we obtain r+3 7, p; = rd. Since 3 77, p; < d—1,
it follows that rd — r < d — 1. Therefore, we obtain r < 1, which is a
contradiction. Thus, we have proved Lemma 4.35. O

Lemma 4.36. Let f: X x C—XxCbea polynomial skew product over
g : X — X such that for each x € X, d(x) > 2. Let w € X be a point.
Suppose that f is hyperbolic, that me(P(f)) N C is bounded in C, and that
int(K,(f)) is not connected. Then, there exist infinitely many connected
components of int(K,(f)).

Proof. Suppose that 2 < #(C(int(K,(f)))) < oo. Then, by Lemma 4.35,
there exists an n € N such that int(Kgn(f)) is connected. We set U :=
int(Kgn(w)(f)). Let {V;}7_, be the set of all connected components of ( f,,) " (U).
Since int(K,(f)) is not connected, we have r > 2. For each j = 1,...,r, we
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set d; = deg(fun : V; — U). Moreover, we denote by p,; the number of crit-
ical points of f,, : V; — U counting multiplicities. Then, by the Riemann-
Hurwitz formula, we see that for each j = 1,... 7, X(V) +p; = d;x(U).
Since x(V;) = x(U) =1foreach j=1,...,r, it follows that

r+> pi=d, (115)
j=1

where d := deg(f,n). Since f is hyperbolic and 7(P(f)) N C is bounded
in C, we have Z;zlpj = d — 1. Combining it with (115), we obtain r = 1,
which is a contradiction. Hence, we have proved Lemma 4.36. O

Lemma 4.37. Let f: X X C—XxCbea polynomial skew product over
g: X — X. Let « € X be an element. Suppose that ma(P(f)) NC is bounded
in C, that f is hyperbolic, and that int(K,(f))) is connected. Then, there
exists a neighborhood Uy of o in X satisfying the following.

o Letvy € X and suppose that there exists a sequence {m;};en C N,m; —
oo such that for each j € N, g™i(vy) € Uy. Then, J,(f) is a Jordan
curve.

Pmof Let P*(f) = P(f)\ 7 '({o0}). By assumption, we have ma(P*(f) N

“{a})) € int(KL(f)). Slnce int(K,(f)) is simply connected, there exists
a Jordan curve ¢ in int(K,(f)) such that ma(P*(f) N7~ ({a})) is included
in the bounded component B of C\ £. Since f is hyperbolic, [32, Theorem
2.14-(4)] implies that the map = +— J,(f) is continuous with respect to
the Hausdorff topology. Hence, there exists a neighborhood Uy of o in X
such that for each § € Uy, Js(f) N (£ U B) = 0. Moreover, since P(f) is
compact, shrinking U, if necessary, we may assume that for each 3 € U,
me(P*(f) N7t ({B})) C B. Since 7(P(f)) N C is bounded in C, it follows
that for each 0 € Uy, £ < Js(f). Hence, for each 8 € Uy, there exists a
connected component Vj of int(Kz(f)) such that

me(P*(f) e~ ({8}) € Vs (116)

Let v € X be an element and suppose that there exists a sequence {m;};en C
N,m; — oo such that for each j € N, g™ (y) € Uy. We will show that
int(K,(f)) is connected. Suppose that there exist two distinct connected
components Wy and Wy of int(K,(f)). Then, combining [35, Corollary 2.7]
and (116), we get that there exists a j € N such that

T (P () Na ({B1) C frm, (W) = frm, (W2). (117)
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We set W = [, (W1) = fym,(Wa2). Let {Vi}i_; be the set of all connected
components of (fy,,) ' (W). Since Wy # Wa, we have r > 2. For each

i = 1,...,7, we denote by p; the number of critical points of f, .., : Vi —
W counting multiplicities. Moreover, we set d; := deg(fym, : Vi — W).
Then, by the Riemann-Hurwitz formula, we see that for each ¢ = 1,...,r,

X(V;) + pi = dix(W). Since x(V;) = x(W) = 1, it follows that

T+ Zpi = d, where d := deg(fym,)- (118)
i=1
By (117), we have Y., p; = d—1. Hence, (118) implies r = 1, which is a con-
tradiction. Therefore, int(K,(f)) is a non-empty connected set. Combining
it with Proposition 4.26, we conclude that J,(f) is a Jordan curve.
Thus, we have proved Lemma 4.37. O

We now demonstrate Theorem 2.54.

Proof of Theorem 2.54: We suppose the assumption of Theorem 2.54.
We consider the following three cases.

Case 1: For each v € 'V, int(K,(f)) is connected.

Case 2: For each v € TV, int(K,(f)) is disconnected.

Case 3: There exist two elements o € TN and 3 € I'N such that int(K,(f))
is connected and such that int(Ks(f)) is disconnected.

Suppose that we have Case 1. Then, by Theorem 4.21, there exists a
constant K > 1 such that for each v € TN, J.(f) is a K-quasicircle.

Suppose that we have Case 2. Then, by Lemma 4.36, we get that for
each v € 'V, there exist infinitely many connected components of int( K., (f)).
Moreover, by Theorem 2.52, we see that statement 3 in Theorem 2.52 holds.
Hence, statement 3 in Theorem 2.54 holds.

Suppose that we have Case 3. By Lemma 4.36, there exist infinitely many
connected components of int(Kg(f)). Let W := Upen(0™) 1 ({}). Then, for
each v € W, there exist infinitely many connected components of int (K, (f)).
Moreover, W is dense in I'N.

Next, combining Lemma 4.37 and that the set of all periodic points of
o : TN — I'N is dense in I'N, we may assume that the above « is a periodic
point of o. Then, J,(f) is a quasicircle. We set V := Upen(c™) ' ({a}).
Then V is dense in I'N. Let v € V be an element. Then there exists an
n € N such that o"(y) = a. Since (f,,) " "(Ka(f)) = K,(f), it follows that
8(C(int(K,(f)))) < co. Combining it with Lemma 4.36 and Proposition 4.26,
we get that J,(f) is a Jordan curve. Combining it with that J,(f) is a
quasicircle, it follows that J,(f) is a quasicircle.

Next, let p := smin{lb —¢[ | b € J(G), ¢ € P*(G)}(> 0). Apply-
ing Lemma 4.31 to (f, ) above, let 6 be the number in the statement of
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Lemma 4.31. We set € := min{d, u} and p := . Applying Lemma 4.33
to (I',a, p,€) above, let (n,0;,02,w) be the element in the statement of
Lemma 4.33. LetU := {y € IV | I{m;}jen, Hnk bren, 0™ () — o, 0™ (y) —
w}. Then, combining the statement of Lemma 4.31 and that of Lemma 4.33,
it follows that for any v € U, J,(f) is not a quasicircle. Moreover, by
Lemma 4.37, we get that for any v € U, J,(f) is a Jordan curve. Combining
the above argument, [35, Theorem 1.12], Lemma 3.6, and [21, Theorem 9.3,
we see that for any v € U, A, (f) is a John domain, and the bounded compo-
nent U, of F,(f) is not a John domain. Furthermore, it is easy to see that U
is residual in ', and that for any Borel probability measure 7 on Polygee>2
with I'; =T', 7(U) = 1. Thus, we have proved Theorem 2.54. O

Remark 4.38. Using the above method (especially, using Lemma 4.28,
Lemma 4.31 and Lemma 4.37), we can also construct an example of a poly-
nomial skew product f : C* — C?, f(z,y) = (p(r),¢.(y)), where p: C — C
is a polynomial with deg(p) > 2, ¢, : C — C is a monic polynomial with
deg(g,) > 2 for each x € C, and (x,y) — ¢.(y) is a polynomial of (x,y), such
that all of the following hold:

o f satisfies the Axiom A; and

e for almost every = € J(p) with respect to the maximal entropy measure
of p: C — C, the fiberwise Julia set J,.(f) is a Jordan curve but not a
quasicircle, the fiberwise basin A,(f) of co is a John domain, and the
bounded component of F,(f) is not a John domain.

For the related topics of Axiom A polynomial skew products on C?, see [8].

We now demonstrate Proposition 2.57.
Proof of Proposition 2.57: Since P*(G) C int(K(G)) € F(G), G is
hyperbolic. Let v € I'N be any element. We will show the following claim.
Claim: int(K,(f)) is a non-empty connected set.

To show this claim, since G is hyperbolic, int(K,(f)) is non-empty. Sup-
pose that there exist two distinct connected components W; and W, of

~

int(K,(f)). Since P*(G) is included in a connected component U of int(K (G))
C F(G), [35, Corollary 2.7] implies that there exists an n € N such that
P*(GQ) C fy.n(W7) = fyn(Wa). Let W = f, ,(W1) = f,,,(W3). Then, any
critical value of f,, in C is included in W. Using the method in the proof
of Lemma 4.37, we see that (f,,) '(W) is connected. However, this is a
contradiction, since Wi # W,. Hence, we have proved the above claim.

From Claim above and Theorem 4.21, it follows that there exists a con-
stant K > 1 such that for each v € TN, J (f) is a K-quasicircle.

Hence, we have proved Proposition 2.57. ]
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4.8 Proofs of results in 2.8

We now demonstrate Proposition 2.58.
Proof of Proposition 2.58: Conjugating G by z — z + b, we may assume
that b = 0. For each h € ', we set ap, := a(h) and dj, := deg(h). Let r > 0 be
a number such that D(0,r) C int(K(G)).

Let h € I" and let o > 0 be a number. Since d > 2 and (d, dp,) # (2,2), it

is easy to see that (= )i > 2 <|a ‘(l)di1>d7h if and only if

d(d — 1)d, lan| 1
1 —2—(lo 2——1 — — =1 . 119
0ga<d+dh_dhd(g g 08 - log) (119)
We set
did —1)d 1 a 1
Co - :r}?mexp <ﬁ(log2—d—hlog%—alogﬂ) € (0,00)

(120)
Let 0 < ¢ < ¢y be a small number and let @ € C be a number with 0 < |a| < c.
Let go(2) = az?. Then, we obtain K(g,) = {z € C | |z] < (1 )d 1} and
G ({2 € C | |5l = r}) = {= € C| 2| = (£)%}. Let D, == D(0,2()7).
Since h(z) = apz®(1 + o(1)) (2 — oc) uniformly on I‘, it follows that if ¢
is small enough, then for any a € C with 0 < |a| < ¢ and for any h € T,

h~Y(D,) C {Z eC|lz] <2 <ﬁ(ﬁ)d*1> dh} . This implies that for each h €
r

?

Rt (D,) C g, ({z€C|lz| <r}). (121)
Moreover, if ¢ is small enough, then for any a € C with 0 < |a| < ¢ and any
hel,
K(G) cg'{zeC ||z <r}), MC\ D,) c C\ D,. (122)
Let a € C with 0 < |a] < ¢. By (121) and (122), there exists a compact
neighborhood V' of g, in Polygeg>2, such that

U U hH(D,) Cint (Ngevg ' ({z € C||z] <r})), and (123)
lJ mC\D,) cC\D, (124)

which implies that
int(R (@) U (€\ D,) C F(Hry), (125)
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where Hp - denotes the polynomial semigroup generated by the family I'UV.
By (123), we obtain that for any non-empty subset V' of V,

K(G) = K(Hrv), (126)

where Hr -+ denotes the polynomial semigroup generated by the family T'UV”.
If the compact neighborhood V' of g, is so small, then

L cvi(g) c imt(K(G)). (127)

gev

Since P*(G) C K(G), combining it with (126) and (127), we get that for
any non-empty subset V' of V., P*(Hp /) C K (Hr ). Therefore, for any
non-empty subset V' of V| Hry € G.

We now show that for any non-empty subset V' of V', J(Hr ) is discon-
nected and (I'U V') C T Let

U —(mt ﬂg {zeC|lz <r}) )\LJh_1

gev hell

Then, for any h € T, )
h(U) Cc C\ D,. (128)

Moreover, for any g € V, g(U) C int(K(G)). Combining it with (125), (128),
and Lemma 3.1-2, it follows that U C F(Hr,y). If the neighborhood V' of g,
is so small, then there exists an annulus A in U such that for any g € V., A
separates J(g) and Uperh™1(J(g)). Hence, it follows that for any non-empty
subset V' of V, the polynomial semigroup Hrys generated by the family
[' U V' satisfies that J(Hr ) is disconnected and (I'U V) C T

We now suppose that in addition to the assumption, G is semi-hyperbolic.
Let V' be any non-empty subset of V. Since (I' U V/)yin C T, Theorem 2.41
implies that the above Hp - is semi-hyperbolic.

We now suppose that in addition to the assumption, G is hyperbolic. Let
V' be any non-empty subset of V. By (126) and (127), we have

U cv*(g) cint(K(Hyp)). (129)

geruv’

Since (T'UV’)min C T, combining it with (129) and Theorem 2.42, we obtain
that Hr y+ is hyperbolic.
Thus, we have proved Proposition 2.58. O
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We now demonstrate Theorem 2.61.
Proof of Theorem 2.61: First, we show 1. Let » > 0 be a number such that
D(b;,2r) C int(K(hy)) for each j =1,...,m. If we take ¢ > 0 so small, then
for each (ag,...,a,) € C™ ! such that 0 < |a;| < ¢ for each j = 2,...,m,
setting h;(2) = a;(z — b))% +b; (j =2,...,m), we have

Hence, K (hy) = K(G), where G = (hy, ..., hy,). Moreover, by (130), we have
P*(G) C K(hy). Hence, G € G.

If (hy) is semi-hyperbolic, then using the same method as that of Case 1
in the proof of Theorem 2.41, we obtain that G is semi-hyperbolic.

We now suppose that (h,) is hyperbolic. By (130), we have UJL,CV*(h;) C

~

int(K(G)). Combining it with the same method as that in the proof of The-
orem 2.42, we obtain that G is hyperbolic. Hence, we have proved statement
1.

We now show statement 2. Suppose we have case (i). We may assume
d,, > 3. Then, by statement 1, there exists an element a > 0 such that
setting hj(z) = a(z — b))% +b; (j = 2,....,m —1), Gy = (h1,..., hpm_1)
satisfies that Gy € G and K(Gp) = K(hy) and if (hy) is semi-hyperbolic
(resp. hyperbolic), then G is semi-hyperbolic (resp. hyperbolic). Combining
it with Proposition 2.58, it follows that there exists an a,, > 0 such that
setting A, (2) = am(z — bp)®™ + by, G = (hy, ..., hy,) satisfies that G € Gy,
and K(G) = k(GO) = K(hy) and if G is semi-hyperbolic (resp. hyperbolic),
then G is semi-hyperbolic (resp. hyperbolic).

Suppose now we have case (ii). Then by Proposition 2.58, there exists
an ay > 0 such that setting h;(z) = aa(z —b;)> +b; (j = 2,...,m), G =
(h1,...,hy) = (hy, hy) satisfies that G € Gy, and K(G) = K(h;) and if
(h1) is semi-hyperbolic (resp. hyperbolic), then G is semi-hyperbolic (resp.
hyperbolic).

Thus, we have proved Theorem 2.61. O

We now demonstrate Theorem 2.63.

Proof of Theorem 2.63: Statements 2 and 3 follow from Theorem 2.61.

We now show statement 1. By [36, Theorem 2.4.1], H,, and H,, N D,,
are open.

We now show that H,,,NB,, is open. In order to do that, let (hy, ..., h,) €
Hpm N By, Let € > 0 such that D(P*((hy,...,hm)), 3€) C F((h1,...,hm)).
By [32, Theorem 1.35], there exists an n € N such that for each (iy,...,7,) €
{1,...,m}",

hi, -+ hi (D(P*({ha, - . 1)), 2€)) € D(P*({has -+ b)), €/2).

in
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Hence, there exists a neighborhood U of (hq,...,hy) in (Polygeg>2)™ such
that for each (g1,...,9m) € U and each (iy,...,1,) € {1,...,m}",

G Giy (D(P*({h1, ..., hin)), 2€)) C D(P*((h1,. .., hm)), €).

If U is small, then for each (g1, ..., gm) € U, UJL,CV*(g;) C D(P*((h1,. -, hm)), €).
Hence, if U is small enough, then for each (g1, ..., 9m) € U, P*({g1,. .., 9m)) C
D(P*((h1,...,hm)),€). Hence, for each (g1,...,9m) € U, {g1,...,9m) € G.
Therefore, H,, N B,, is open.

Thus, we have proved Theorem 2.63. O
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