Semi-hyperbolic fibered rational maps and rational semigroups^∗

Hiroki Sumi Department of Mathematics, Graduate School of Science,

Osaka University, 1-1, Machikaneyama, Toyonaka, Osaka, 560-0043, Japan E-mail: sumi@math.sci.osaka-u.ac.jp http://www.math.sci.osaka-u.ac.jp/∼sumi/welcomeou-e.html

June 10, 2006

Abstract

This paper is based on the author’s previous work [S4]. We consider fiber-preserving complex dynamics on fiber bundles whose fibers are Riemann spheres and whose base spaces are compact metric spaces. In this context, without any assumption on (semi-)hyperbolicity, we show that the fiberwise Julia sets are uniformly perfect. From this result, we show that, for any semigroup G generated by a compact family of rational maps on the Riemann sphere C of degree two or greater, the Julia set of any subsemigroup of G is uniformly perfect.

We define the semi-hyperbolicity of dynamics on fiber bundles and show that, if the dynamics on a fiber bundle is semi-hyperbolic, then the fiberwise Julia sets are porous, and the dynamics is weakly rigid. Moreover, we show that if the dynamics is semi-hyperbolic and the fiberwise maps are polynomials, then under some conditions, the fiberwise basins of infinity are John domains. We also show that the Julia set of a rational semigroup (a semigroup generated by rational maps on C) that is semi-hyperbolic, except at perhaps finitely many points in the Julia set, and which satisfies the open set condition, is either porous or equal to the closure of the open set. Furthermore, we derive an upper estimate of the Hausdorff dimension of the Julia set.

1 Introduction

To investigate random one-dimensional complex dynamics, the dynamics of semigroups generated by rational maps on the Riemann sphere C and fiberpreserving holomorphic dynamics on fiber bundles that appear in complex dynamics in several dimensions, we consider the dynamics of fibered rational maps; that is, we consider fiber-preserving complex dynamical systems on fiber bundles

∗published in Ergodic Theory and Dynamical Systems (2006), 26, 893-922.

whose fibers are Riemann spheres and whose base spaces are general compact metric spaces. The notion of the dynamics of fibered rational maps, which is a generalized notion of the “dynamics of the fibered polynomial maps” presented by O. Sester([Se1], [Se2], [Se3]), was introduced by M. Jonsson in [J2]. Researches on the dynamics of semigroups generated by rational maps on the Riemann sphere ([HM1], [HM2], [HM3] [GR], [Bo], [St1], [St2], [St3], [SSS], [S1], [S2], [S3], [S4], [S5], [S6], [S7]), the random iterations of rational functions([FS], [BBR], [Br]) and polynomial skew products on C^2 ([H1], [H2], [J1]) are directly related to this subject. For polynomial skew products (the dynamics of fibered polynomials) whose base spaces are general compact metric spaces, see O.Sester’s work [Se1], [Se2] and [Se3]. In [Se3], he investigated the quadratic case in detail. In particular, he developed a combinatorial theory for quadratic fibered polynomials and constructed an abstract space of combinatorics. Moreover, he demonstrated the realizability and rigidity of abstract combinatorics.

For the ergodic theory of random diffeomorphisms, see [K]. For the Hausdorff dimension of the Julia set of a (semi-) hyperbolic rational semigroup, see [S4] and [S7].

For dynamics of semi-hyperbolic transcendental semigroups, see [KS1], [KS2]. In this paper, by applying some of the results in [S4] obtained by the author, we show that semi-hyperbolicity along the fibers of a fibered rational map implies that the fiberwise Julia sets are k-porous, where the constant k does not depend on any points of the base space (hence the upper box dimensions of the fiberwise Julia sets are uniformly less than a constant that is strictly less than 2) (Theorem 1.16); that the dynamics have a kind of weak rigidity (Theorem 1.19); and that if the fiberwise maps are polynomials with some conditions, then the fiberwise basins of infinity are c-John domains, where c is a constant not depending on any points in the base spaces(Theorem 1.12). This generalizes a result from [CJY] and a result from [Se3]. These results are stated in Section 1.1, and the proofs are given in Section 2.5. For research on the semi-hyperbolicity of the usual dynamics of rational functions, see [CJY] and [Ma].

In Section 1.2, we present several results on the dynamics of rational semigroups; i.e., on the semigroups generated by rational maps on the Riemann sphere. We show that the Julia set of a finitely generated rational semigroup that is semi-hyperbolic, except at most finitely many points in the Julia set, and that satisfies the “(backward) open set condition” (which is a generalized notion in research on self-similar sets constructed by some similarity transformations) with an open set, is either porous (and hence the upper box dimension is strictly less than 2) or equal to the closure of the open set (Theorem 1.25). Furthermore, under the same assumptions, we show that the Hausdorff dimension of the Julia set is less than the infimum of numbers δ, which allows the construction of a “δ-subconformal measure” that is less than the critical exponent of the semigroup (Theorem 1.28). The proofs of these results are given in Section 2.6.

A proof of the above results requires the potential theoretic stories (Section 2.3), distortion lemmas for holomorphic proper maps, various results on non-constant limit functions, and the continuity of the fiberwise Julia sets with respect to points in the base spaces (this is an important property and is not easy to show), from [S4]. Note that the upper semicontinuity of fiberwise Julia sets with respect to points in the base spaces does not hold in general.

Furthermore, in Section 1.1, we show that the fiberwise Julia sets of a fibered rational map are C_1-uniformly perfect and that the Hausdorff dimensions are greater than a positive constant C_2, where C_1 and C_2 are constants that do not depend on any points in the base space, if the fiberwise maps are of degree two or greater, even if semi-hyperbolicity is not assumed (Theorem 1.6). The proof is given in Section 2.5. This result on uniform perfectness is used to show the result on Johnness. Furthermore, from the uniform perfectness of fiberwise Julia sets, we show that, for any semigroup G generated by a compact family of rational maps on C of degree two or greater, there exists a positive constant C such that the Julia set of any subsemigroup of G is C-uniformly perfect (Theorem 1.21). The proof, which is given in Section 2.6, is based on combining the density of repelling fixed points in the Julia set (an application of Ahlfors’s five-island theorem) with the potential theory in Section 2.3.

1.1 Results on fibered rational maps

In this section, we state the results on fibered rational maps. The proofs are given in Section 2.5. First, we provide some notation and definitions regarding the dynamics of fibered rational maps.

Definition 1.1. ( [J2]) A triplet (π, Y, X) is called a “C-bundle” if

1. Y and X are compact metric spaces,

2. π : Y → X is a continuous and surjective map,

3. and there exists an open covering {U_i} of X such that, for each i, there exists a homeomorphism Φ_i : U_i × C → π^{−1}(U_i) such that Φ_i({x} × C) = π^{−1}{x} and Φ^{−1}_j ∘ Φ_i : {x} × C → {x} × C is a Möbius map for each x ∈ U_i ∩ U_j , under the identification {x} × C ∼= C.

Remark 1. By condition 3, each fiber Y_x := π^{−1}{x} has a complex structure. Furthermore, given x_0 ∈ X, one may find a continuous family i_x : C → Y_x of homeomorphisms, for x close to x_0. Such a family {i_x} is called a “local parameterization”. Since X is compact, we may assume throughout this paper that there exists a compact subset M_0 of the set of Möbius transformations of C such that i_x ∘ j^{−1}_x ∈ M_0 for any two local parameterizations {i_x} and {j_x} .

Moreover, throughout this paper, we assume the following condition:

• there exists a smooth (1, 1)-form ω_x > 0 inducing the distance on Y_x from Y , and x → ω_x is continuous. That is, if {i_x} is a local parameterization, then the pull back i^∗_xω_x is a positive smooth form on C that depends continuously on x with respect to the C^∞ topology.

Notation: If (π, Y = X × C, X) is a trivial C-bundle, then we denote by π_C : Y → C the second projection.

Definition 1.2. Let (π, Y, X) be a C-bundle. Let f : Y → Y and g : X → X be continuous maps. Let f be called a fibered rational map over g (or a rational map fibered over g), if

1. π ∘ f = g ∘ π

2. f|_{Yx} : Y_x → Y_{g(x)} is a rational map, for any x ∈ X. That is, (i_{gx} )^{−1} ∘ f ∘ i_x is a rational map from C to itself, for any local parameterization i_x at x ∈ X and i_{g(x)} at g(x).

Notation: If f : Y → Y is a fibered rational map over g : X → X, then we set f^n_x = f^n|_{Yx} : Y_x → Y_gn_{(x)}, for any x ∈ X and n ∈ N. Moreover, we set f_x = f|_{Yx} : Y_x → Y_{g(x)}. Furthermore, we set d_n(x) = deg(f^n_x ) and d(x) = d_1(x), for any x ∈ X and n ∈ N. Note that the definition of fibered rational map implies that the function x → d(x) is continuous on X.

Definition 1.3. Let (π, Y, X) be a C-bundle. Let f : Y → Y be a fibered rational map over g : X → X. Then, for any x ∈ X, we denote by F_x(f)(or simply F_x) the set of points y ∈ Y_x that has a neighborhood U of y in Y_x such that {f^n_x }_{n∈N} is a normal family in U; that is, y ∈ F_x if and only if the family Q^n_x = i^{−1}_{xn} ∘ f^n_x ∘ i_x of rational maps on C (x_n := g^n(x) ) is normal near i^{−1}_x (y). Note that, by Remark 1, this does not depend on the choices of local parameterizations at x and x_n. Equivalently, F_x is the open subset of Y_x, where the family {f^n_x } of mappings from Y_x into Y is locally equicontinuous. We set J_x(f)(or simply J_x)= Y_x \ F_x.

Furthermore, we set J̃(f) = ⋃ x∈X J_x, where the closure is taken in the space Y, F̃ (f) = Y \ J̃(f), and Ĵ_x(f)(or simply Ĵ_x)= J̃(f) ∩ Y_x, for each x ∈ X.

Remark 2. There exists a fibered rational map f : Y → Y such that ⋃ x∈X J_x is NOT compact.

Definition 1.4. ([S4]) Let h_1, . . . , h_m be non-constant rational maps. Let Σ_m = {1, . . . , m}^N be the space of one-sided infinite sequences of m symbols, and σ : Σ_m → Σ_m be the shift map; that is, σ is defined by σ((w_1, w_2, . . . )) = (w_2, w_3, . . . ). Let X be a compact subset of Σ_m such that σ(X) ⊂ X. Let Y = X × C and π : Y → X be the natural projection. Then (π, Y, X) is a Cbundle. Let f : Y → Y be a map defined by: f((w, y)) = (σ(w), h_{w1} (y)), where w = (w_1, w_2, . . . ). Then, f : Y → Y is a fibered rational map over σ : X → X.

In the above, if X = Σ_m, then f : Y → Y is called the fibered rational map associated with the generator system {h_1, . . . h_m} (of the rational semigroup G = ⟨h_1, . . . , h_m⟩). (See Section 1.2 for the definition of rational semigroups.)

Now we present a result on uniform perfectness.

Definition 1.5. Let C be a positive number. Let K be a closed subset of C. We say that K is C-uniformly perfect if, ♯K ≥ 2 and for any doubly connected domain A in C such that A separates K; i.e., such that A ⊂ C \ K and both of the two connected components of C \ A have non-empty intersections with K, mod A (the modulus of A; for the definition, see [LV]) is less than C.

Theorem 1.6. (Uniform perfectness) Let (π, Y, X) be a C-bundle. Let f : Y → Y be a fibered rational map over g : X → X such that d(x) ≥ 2, for any x ∈ X. (In this theorem, we do NOT assume semi-hyperbolicity.) Then, we have the following.

1. There exists a positive constant C such that, for any x ∈ X, J_x and Ĵ_x are C-uniformly perfect. Furthermore, there exists a positive constant C_1 such that for each x ∈ X, we have diam J_x ≥ C_1, with respect to the distance in Y_x induced by ω_x. Moreover, there exists a positive constant C_2 such that, for each x ∈ X, the Hausdorff dimension dim_H (J_x) of J_x, with respect to the distance on Y_x induced by ω_x, satisfies the condition that dim_H (J_x) ≥ C_2. (Note that C_1 and C_2 do not depend on x ∈ X. )

2. Suppose further that f(F̃ (f)) ⊂ F̃ (f)( for example, assume that g : X → X is an open map). If a point z ∈ Y satisfies f^n_{π(z)}(z) = z and (f^n_{π(z)})^′(z) = 0 for some n ∈ N and z ∈ Ĵ_{π(z)}, then z belongs to the interior of Ĵ_{π(z)} with respect to the topology of Y_{π(z)}.

Theorem 1.6 is now used to show a result on Johnness (Theorem 1.12) and Theorem 1.21.

Example 1.7. Let z_0 ∈ C be a point. Let h_1 and h_2 be two rational maps on C of degree two or greater. Let f : Σ_2 × C → Σ_2 × C be the fibered rational map associated with the generator system {h_1, h_2}. Suppose that z_0 is a superattracting fixed point of h_1 and is a repelling fixed point of h_2. Then, it can easily be seen that z_0 ∈ Ĵ_x, where x = (1, 1, . . . ) ∈ Σ_2. Since the shift map σ : Σ_2 → Σ_2 is an open map, by Theorem 1.6 it follows that z_0 belongs to the interior of Ĵ_x.

Remark 3. Theorem 1.6 generalizes Theorem 3.1 in [Br].

Remark 4. Uniform perfectness implies many useful properties ([BP],[Po],[Su]). This terminology was introduced in [Po]. For a survey on uniform perfectness, see [Su]. We now consider the following:

1. In [BP], it was shown that a closed subset K of C with ♯K ≥ 3 is Cuniformly perfect if and only if there exists a constant δ such that, for any component U of C \ K,

λ_U (z) > δ/dist(z, ∂U), (1)

where λ_U (z) denotes the density of the hyperbolic metric of U at z and dist(z, ∂U) denotes the Euclidian distance of the point z from the set ∂U. (If K is bounded and U is the unbounded component of C \ K, then inequality (1) will hold only for all z ∈ U sufficiently close to K.) In the above discussion, δ depends only on C, and C depends only on δ. This fact will be used to show Theorem 1.12. Detailed inequalities regarding the relationships among δ, C and other invariants are presented in [Su].

2. If a closed subset K of C is C-uniformly perfect, then the Hausdorff dimension dim_H (K) of K with respect to the spherical metric satisfies dim_H (K) ≥ C^′ > 0, where C^′ is a positive constant that depends only on C (Theorem 7.2 in [Su]).

Notation :

• Let Z_1 and Z_2 be two topological spaces and g : Z_1 → Z_2 be a map.

For any subset A of Z_2, We denote by c(A, g) the set of all connected components of g^{−1}(A).

• For any y ∈ C and δ > 0, we set B(y, δ) = {y^′ ∈ C | d(y, y^′) < δ}, where d is the spherical distance. Similarly, for any y ∈ C and δ > 0, we set D(y, δ) = {y^′ ∈ C | |y − y^′| < δ}.

• Let (π, Y, X) be a C-bundle. For any y ∈ Y and r > 0, we set B̃(y, r) = {y^′ ∈ Y_{π(y)} | d_{π(y)}(y^′, y) < r}, where, for each x ∈ X, we denote by d_x the distance on Y_x induced by the form ω_x.

We now define the semi-hyperbolicity of fibered rational maps.

Definition 1.8. (semi-hyperbolicity of fibered rational maps) Let (π, Y, X) be a C-bundle. Let f : Y → Y be a fibered rational map over g : X → X. Let N ∈ N. We denote by SH_N (f) the set of points z ∈ Y such that there exists a positive number δ, a neighborhood U of π(z), and a local parameterization {i_x} in U such that, for any x ∈ U, any n ∈ N, any x_n ∈ g^{−n}(x) and any V ∈ c(i_x(B(i^{−1}_{π(z)}(z), δ)), f^n_{xn} ), we have that

deg(f^n_{xn} : V → i_x(B(i^{−1}_{π(z)}(z), δ))) ≤ N.

We set UH(f) = Y \ ⋃ N∈N SH_N (f). A point z ∈ SH_N (f) is called a semihyperbolic point of degree N. Furthermore, we say that f is semi-hyperbolic (along fibers) if J̃(f) ⊂ ⋃ N∈N SH_N (f). This is equivalent to J̃(f) ⊂ SH_N (f), for some N ∈ N.

Definition 1.9. Let f : Y → Y be a rational map fibered over g : X → X. Then, we set C(f) := ⋃ x∈X {critical points of f_x} (⊂ Y ). This is called the fiber critical set of fibered rational map f. Furthermore, we set P (f) = ⋃ n∈N ⋃ x∈X f^n_x ( critical points of f_x) where the closure is taken in Y. This is called the fiber postcritical set of the fibered rational map f. Furthermore, we say that f : Y → Y is hyperbolic along fibers if P (f) ⊂ F (f). (Then f is semi-hyperbolic along fibers with the constant N = 1.)

We now present a result on the John condition.

Notation: Let y ∈ C and b ∈ C be two distinct points. Furthermore, let E be a curve in C joining y to b such that E \ {b} ⊂ C. Then, for any c ≥ 1, we set

car (E, c, y, b) = ⋃ z∈E\{y,b}

D(z,

|y − z| c ).

This is called the c-carrot with core E and vertex y joining y to b.

Definition 1.10. Let V be a subdomain of C such that ∞ ∈ C \ ∂V. Let c ≥ 1 be a number. Then, we say that V is a c-John domain if there exists a point y_0 ∈ V such that, for any y ∈ V \ {y_0}, there exists a curve E joining y_0 to y such that E \ {y_0} ⊂ C and car (E, c, y, y_0) ⊂ V. In what precedes, the point y_0 is called the center of the John domain V.

Definition 1.11. Let (π, Y = X × C, X) be a trivial C-bundle. A fibered rational map f : Y → Y over g : X → X is called a fibered polynomial map over g : X → X if f is of the form: f(x, y) = (g(x), q_x(y)) for (x, y) ∈ X × C, where q_x is a polynomial for each x ∈ X. For such an f, we set A_x(f) := {y ∈ Y_x | π_C(f^n_x (y)) → ∞}.

Theorem 1.12. (Johnness) Let (π, Y = X ×C, X) be a trivial C-bundle. Let f : Y → Y be a semi-hyperbolic fibered polynomial map over g : X → X such that d(x) ≥ 2, for any x ∈ X. Assume that either

1. J_x(f) is connected for each x ∈ X, or

2. the map x → f_x from X to the space of polynomials is locally constant (here, we identify f_x with a polynomial on C) and inf{d(a, b) | a ∈ π_C(J_x), b ∈ π_C(A_x(f) ∩ C(f)), x ∈ X} > 0.

Then, there exists a positive constant c such that, for any x ∈ X, the basin of infinity A_x(f) is a c-John domain.

Remark 5. • For a fibered polynomial map f such that d(x) ≥ 2 for each x ∈ X, we have that J_x(f) is connected for each x ∈ X if and only if π_C(P (f)) \ {∞} is bounded in C.

• In Theorem 1.12, if X is a set consisting of one point, then f is semihyperbolic if and only if the basin of infinity is a John domain([CJY]). In [Se3], O. Sester made the same assertion as that presented in Theorem 1.12 for “non-recurrent quadratic fibered polynomials” with connected fiberwise Julia sets.

Remark 6. Johnness likewise implies many useful properties ([NV], [Jone]).For example, if V is a John domain, then the following facts hold.

• If ∞ ∈ V, then the center of V is ∞.

• Let a ∈ ∂V and b ∈ V. Then there exists a curve E joining a to b and a constant c such that car (E, c, a, b) ⊂ V. In particular, a is accessible from b. • V is finitely connected at any point in ∂V : that is, if y ∈ ∂V, then there exists an arbitrarily small open neighborhood U of y in C such that U ∩ V has only finitely many connected components.

• If V is simply connected, then it follows that ∂V is locally connected.

• ∂V is holomorphically removable: that is, if φ : C → C is a homeomorphism and is holomorphic on C \ ∂V, then φ is holomorphic on C. From this fact, we deduce that the two-dimensional Lebesgue measure of ∂V is equal to zero.

In order to present results on porosity and other properties, let us first establish some technical conditions.

Definition 1.13 (Condition(C1)). Let (π, Y, X) be a C-bundle. Let f : Y → Y be a fibered rational map over g : X → X. We say that f satisfies condition (C1) if there exists a family {D_x}_{x∈X} of topological disks with D_x ⊂ Y_x, x ∈ X such that the following conditions are satisfied:

1. for each x ∈ X, there exists a point z_x ∈ Y_x and a positive number r_x such that D_x = B̃(z_x, r_x), 2. ⋃ x∈X ⋃ n≥0 f^n_x (D_x) ⊂ F̃ (f),

3. for any x ∈ X, it holds that diam(f^n_x (D_x)) → 0, as n → ∞, and

4. inf_{x∈X} r_x > 0.

Definition 1.14 (Condition(C2)). Let (π, Y, X) be a C-bundle. Let f : Y → Y be a fibered rational map over g : X → X. We say that f satisfies condition (C2) if, for each x_0 ∈ X, there exists an open neighborhood O of x_0 and a family {D_x}_{x∈O} of topological disks with D_x ⊂ Y_x, x ∈ O such that the following conditions are satisfied:

1. for each x ∈ O, there exists a point z_x ∈ Y_x and a positive number r_x such that D_x = B̃(z_x, r_x), 2. ⋃ x∈O ⋃ n≥0 f^n_x (D_x) ⊂ F̃ (f),

3. for any x ∈ O, it holds that diam(f^n_x (D_x)) → 0, as n → ∞, and

4. x → D_x is continuous in O.

Remark 7. 1. Let (π, Y = X ×C, X) be a trivial C-bundle. Let f : Y → Y be a fibered polynomial map over g : X → X such that d(x) ≥ 2 for each x ∈ X. Then, setting D_x = D, where D is a small neighborhood of infinity, for each x ∈ X, the fibered rational map f satisfies condition (C2) with the family of disks (D_x)_{x∈X} .

2. Let {h_1, . . . h_m} be non-constant rational functions on C with deg(h_1) ≥ 2.

Let f : Y → Y be the fibered rational map associated with the generator system {h_1, . . . , h_m} of rational semigroup G = ⟨h_1, . . . , h_m⟩ (See Section 1.2). Suppose that f is semi-hyperbolic along fibers and that π_C(J̃(f)) = J(G) (See Section 1.2 and [S5]) is not equal to the Riemann sphere. Moreover, suppose that each element of Aut (C) ∩ G ( if this is not empty ) is loxodromic. Then, it follows that f satisfies condition (C2). Actually, there exists an attracting fixed point a of some element of G in F (G). Since G is semi-hyperbolic, if D_x = D(a, ϵ), for each x ∈ Σ_m where ϵ is a positive number, then f satisfies condition (C2) with the family of disks (D_x)_{x∈Σm} . For more details, see Theorem 1.35 and Remark 5 in [S4].

We now present a result on porosity.

Definition 1.15. Let (Y, d) be a metric space. Let k be a constant such that 0 < k < 1. Let J be a subset of Y. We say that J is k-porous if, for any x ∈ J and any positive number r, there exists a ball in {y ∈ Y | d(y, x) < r} \ J with radius at least kr.

Remark 8. If Y is the Euclidean space R^n and d is the Euclidean metric, the upper box dimension of any k-porous bounded set J in R^n is less than n−c(k, n), where c(k, n) is a positive constant that depends only on k and n (Proposition 4.2 and the proof in [PR]).

Theorem 1.16. (Porosity) Let (π, Y, X) be a C-bundle. Let f : Y → Y be a fibered rational map over g : X → X. Suppose that f satisfies condition (C1) and that f is semi-hyperbolic. Then there exists a constant 0 < k < 1 such that, for each x ∈ X, J_x is k-porous in Y_x. In particular, there exists a constant 0 ≤ c < 2 such that, for each x ∈ X, dim_H (J_x) ≤ dim_B (J_x) ≤ c, where dim_H denotes the Hausdorff dimension and dim_B denotes the upper box dimension with respect to the metric on Y_x induced by ω_x (ω_x is of the form in Remark 1).

We now present a sufficient condition for J̃ = ⋃ x∈X J_x and the complement of the backward images of non-semi-hyperbolic points in fiberwise Julia sets to be of measure zero.

Definition 1.17. (Good points for fibered rational maps) Let (π, Y, X) be a C-bundle. Let f : Y → Y be a fibered rational map over g : X → X. We set J̃_{good}(f) = {z ∈ J̃(f) | lim sup_{n→∞} d(f^n(z), UH(f)) > 0}.

Theorem 1.18. (Measure zero) Let (π, Y, X) be a C-bundle. Let f : Y → Y be a fibered rational map over g : X → X. Suppose that all of the following conditions hold:

1. f satisfies condition (C1);

2. for each x ∈ X, the boundary of Ĵ_x(f) ∩ UH(f) in Y_x does not separate points in Y_x (i.e. Y_x \ ∂(Ĵ_x(f) ∩ UH(f)) is connected);

3. J̃(f) \ ⋃ n∈N f^{−n}(UH(f)) ⊂ J̃_{good}(f); and

4. for each z ∈ J̃(f) ∩ UH(f) and each open neighborhood V of z in Y_{π(z)}, the diameter of f^n_{π(z)}(V ) does not tend to zero as n → ∞.

Then, J̃(f) = ⋃ x∈X J_x and, for each x ∈ X, the two-dimensional Lebesgue measure of J_x \ ⋃ n∈N f^{−n}(UH(f)) is equal to zero.

The statement J̃(f) = ⋃ x∈X J_x in Theorem 1.18 is used to show Theorem 1.25.

We now present a result on rigidity.

Theorem 1.19. (A rigidity) Let (π, Y, X) and (π̃, Ỹ , X̃) be two C-bundles. Let f : Y → Y be a fibered rational map over g : X → X and f̃ : Ỹ → Ỹ be a fibered rational map over g̃ : X̃ → X̃. Let u : Y → Ỹ be a homeomorphism that is a bundle conjugacy between f and f̃ ; i.e., u satisfies the condition that π̃ ∘ u = v ∘ π for some homeomorphism v : X → X and f̃ ∘ u = u ∘ f. Suppose that f is semi-hyperbolic along fibers and satisfies condition (C1). For each w ∈ X, let u_w : Y_w → Ỹ_{v(w)} be the restriction of u. Let x ∈ X be a point and assume that u_x is K-quasiconformal on F_x. Then, for each a ∈ ∪_{n∈Z}g^n({x}), it follows that u_a : Y_a → Ỹ_{v(a)} is K-quasiconformal on the whole Y_a, with the same dilatation constant K.

1.2 Results on rational semigroups

In this section, we present several results on rational semigroups. The proofs are given in Section 2.6. Before stating results, we will first establish some notation and definitions regarding the dynamics of rational semigroups.

For a Riemann surface S, let End(S) denote the set of all holomorphic endomorphisms of S. It is a semigroup whose semigroup operation is the functional composition. A rational semigroup is a subsemigroup of End(C) without any constant elements. We say that a rational semigroup G is a polynomial semigroup if each element of G is a polynomial. Research on the dynamics of rational semigroups was initiated by A. Hinkkanen and G. J. Martin ([HM1]), who were interested in the role that the dynamics of polynomial semigroups plays in research on various one-complex-dimensional moduli spaces for discrete groups, and by F. Ren’s group([GR]).

In this paper, a rational semigroup G may not be finitely generated, in general.

Definition 1.20. Let G be a rational semigroup. We set

F (G) = {z ∈ C | G is normal in a neighborhood of z}, J(G) = C \ F (G).

F (G) is called the Fatou set of G, and J(G) is called the Julia set of G. The backward orbit G^{−1}(z) of z and the set of exceptional points E(G) are defined by: G^{−1}(z) = ∪_{g∈G}g^{−1}{z} and E(G) = {z ∈ C | ♯G^{−1}(z) ≤ 2}. Furthermore, we set G(z) := ∪_{g∈G}{g(z)}. For any subset A of C, set G^{−1}(A) = ∪_{g∈G}g^{−1}(A). We denote by ⟨h_1, h_2, . . . ⟩ the rational semigroup generated by the family {h_i}. For a rational map g, we denote by J(g) the Julia set of the dynamics of g.

We now present a result on uniform perfectness. In the following theorem, we do NOT assume semi-hyperbolicity.

Theorem 1.21. (Uniform perfectness) Let Λ be a compact set in the space {h : C → C | h : holomorphic, deg(h) ≥ 2} endowed with topology induced by uniform convergence on C. Let G be a rational semigroup generated by the set Λ. Then there exists a positive constant C such that each subsemigroup H of G satisfies the condition that J(H) is C-uniformly perfect. Furthermore, for any subsemigroup H of G, if a point z_0 ∈ J(H) satisfies the condition that there exists an element h ∈ H such that h(z_0) = z_0 and h^′(z_0) = 0, then it follows that z_0 ∈int J(H).

Example 1.22. Let G = ⟨h_1, h_2⟩ where h_1(z) = 2z + z^2 and h_2(z) =^{z3}_{z−a} , a ∈ C with a ≠ 0. Then, 0 ∈ J(G) and 0 is a superattracting fixed point of h_2. Hence, 0 ∈int J(G), by Theorem 1.21. Since ∞ is a common attracting fixed point of h_1 and h_2, we have ∞ ∈ F (G). Furthermore, let H be a subsemigroup of G such that 0 ∈ J(H) and h_2 ∈ H. Then, by Theorem 1.21 again, we have 0 ∈int J(H). Moreover, we have ∞ ∈ F (H).

In particular, let H_0 be a subsemigroup of G that is generated by G \ ⟨h_1⟩. Then we have all of the following:

1. 0 ∈ int J(H_0).

2. ∞ ∈ F (H_0).

3. For any finitely generated subsemigroup H_1 of H_0, we have 0 ∈ F (H_1).

For, since 0 ∈int J(G), J(G) = ∪_{g∈G}J(g) (Corollary 3.1 in [HM1]), and J(h_1) is nowhere dense, we obtain that there exists a suquence (g_n) in H_0 such that d(0, J(g_n)) → 0 as n → ∞. Hence, 0 ∈ J(H_0). Since 0 is a superattracting fixed point of h_2 and h_2 ∈ H_0, by Theorem 1.21 we obtain 0 ∈ int J(H_0). Since H_0 ⊂ G and ∞ ∈ F (G), we obtain ∞ ∈ F (H_0). For any finitely generated subsemigroup H_1 of H_0, since 0 is a common attracting fixed point of any element of H_0, it follows that 0 ∈ F (H_1).

Remark 9. In [HM2], by A. Hinkkanen and G. Martin, it was shown that a finitely generated rational semigroup G such that each g ∈ G is of degree two or greater satisfies the condition that J(G) is uniformly perfect. In [St3], by R. Stankewitz, it was shown that, if Λ (this is allowed to have an element of degree one) is a family of rational maps on C such that the Lipschitz constant of each element of Λ with respect to the spherical metric on C is uniformly bounded, then the Julia set of semigroup G generated by Λ is uniformly perfect. However, there has been no research done on the uniform perfectness of the Julia sets of subsemigroups of such a semigroup. In [HM2] and [St3], the proofs were based on the density of repelling fixed points in the Julia sets (which was shown by an application of Ahlfors’s five-island theorem), whereas, in this paper, the proof of Theorem 1.21 is based on the combination of the density of repelling fixed points in the Julia set with Proposition 2.2 (potential theory).

We now define the semi-hyperbolicity of rational semigroups.

Definition 1.23. (Semi-hyperbolicity of rational semigroups) Let G be a rational semigroup and N a positive integer. We denote by SH_N (G) the set of points z ∈ C such that there exists a positive number δ such that, for any g ∈ G and any V ∈ c(B(z, δ), g), it holds that deg(g : V → B(z, δ)) ≤ N. Furthermore, we set UH(G) = C \ (∪_{N∈N}SH_N (G)). A point z ∈ SH_N (G) is called a semi-hyperbolic point of degree N (for G). We say that G is semihyperbolic if J(G) ⊂ ⋃ N∈N SH_N (G). This is equivalent to J(G) ⊂ SH_N (G), for some N ∈ N.

Furthermore, for a rational semigroup G, we set P (G) := ⋃ g∈G{critical values of g} (⊂ C). This is called the postcritical set of G. We say that G is hyperbolic if P (G) ⊂ F (G). Note that if G is hyperbolic, then G is semi-hyperbolic. Note also that if G = ⟨h_1, . . . , h_m⟩, then P (G) = ⋃ g∈G g (⋃_m j=1{ critical values of h_j } ) . Definition 1.24. Let G = ⟨h_1, h_2, . . . , h_m⟩ be a finitely generated rational semigroup. Let U be a non-empty open set in C. We say that G satisfies the open set condition with U with respect to the generator systems {h_1, h_2, . . . , h_m}, if for each j = 1, . . . , m, h^{−1}_j (U) ⊂ U and {h^{−1}_j (U)}_{j=1,... ,m} are mutually disjoint.

We now present a result on porosity.

Theorem 1.25. (Porosity) Let G = ⟨h_1, . . . , h_m⟩ be a rational semigroup with an element of degree two or greater. Suppose that all of the following conditions hold:

1. G satisfies the open set condition with an open set U with respect to the generator system {f_1, . . . , f_m},

2. ♯(UH(G) ∩ J(G)) < ∞ and

3. UH(G) ∩ J(G) ⊂ U.

Then it follows that J(G) = U, or that J(G) is porous (and so the upper box dimension of J(G) is strictly less than 2). Moreover, the fibered rational map f : Σ_m × C → Σ_m × C associated with the generator system {h_1, . . . , h_m} satisfies J̃(f) = ⋃ x∈Σ_m Jx.

We now present results regarding the Hausdorff dimension of Julia sets.

Definition 1.26. Let G be a rational semigroup and δ a non-negative number. We say that a Borel probability measure μ on C is δ-subconformal (for G) if, for each g ∈ G and for each Borel-measurable set A, it holds that μ(g(A)) ≤ ∫ A ‖g^′(z)‖^δdμ, where we denote by ‖ · ‖ the norm of the derivative with respect to the spherical metric. We set s(G) = inf{δ | ∃μ : δ-subconformal measure}.

Let G be a countable rational semigroup. For each x ∈ C and each real number s, we set S(s, x) = ∑ g∈G ∑ g(y)=x ‖g

′(y)‖^{−s}, counting multiplicities and S(x) = inf{s | S(s, x) < ∞}. If there is no s such that S(s, x) < ∞, then we set S(x) = ∞. Also, we set s_0(G) = inf{S(x) | x ∈ C}.

An estimate on s_0(G) exists when G satisfies the open set condition.

Proposition 1.27. Let G = ⟨h_1, . . . , h_m⟩ be a rational semigroup. When m = 1, assume that h_1 is neither the identity nor an elliptic Möbius transformation. Suppose that G satisfies the open set condition with an open set U with respect to the generator system {h_1, . . . , h_m}. Suppose also that J(G) ≠ U. Then there exists an open set V included in U ∩F (G) such that, for almost every x ∈ V with respect to the two-dimensional Lebesgue measure, S(2, x) < ∞. In particular, s_0(G) ≤ 2.

Theorem 1.28. (Hausdorff dimension) Let G = ⟨h_1, . . . , h_m⟩ be a rational semigroup. When m = 1, we assume J(G) ≠ C. Under the same assumptions as those of Theorem 1.25, it follows that dim_H (J(G)) ≤ s(G) ≤ s_0(G), where dim_H denotes the Hausdorff dimension with respect to the spherical metric in C. Example 1.29. Let h_1(z) = z^2 + 2, h_2(z) = z^2 − 2 and U = {|z| < 2.}. Then, h^{−1}_1 (U) ∪ h^{−1}_2 (U) ⊂ U and h^{−1}_1 (U) ∩ h^{−1}_2 (U) = ∅. Let h_3 be a polynomial that is conjugate to h^n_4 by an affine map α, where h_4(z) = z^2 +^1_4 and n ∈ N is a sufficiently large number. For an appropriate α, it holds that J(h_3) ⊂ U \(h^{−1}_1 (U)∪h^{−1}_2 (U)). For sufficiently large n, h^{−1}_3 (U) ⊂ U \(h^{−1}_1 (U)∪h^{−1}_2 (U)). Then G = ⟨h_1, h_2, h_3⟩ satisfies the conditions specified as assumptions in Theorem 1.25. In this case, UH(G) ∩ J(G) is one point that is a parabolic fixed point a of h_3 (For, UH(G) ∩ J(G) is included in P (G) ∩ J(G) = {−2, 2, a}, and, by Lemma 2.14, it follows that {−2, 2} ⊂ C \ (UH(G) ∩ J(G))) and UH(G) ∩ J(G) ⊂ U. By Theorem 1.25, it can be seen that J(G) is porous and that, in particular, the upper box dimension is strictly less than two. Furthermore, by Theorem 1.28 we obtain that dim_H (J(G)) ≤ s(G) ≤ s_0(G).

1.3 Remark

We now make some remarks about fibered rational maps and rational semigroups.

Remark 10. 1. Dabija [D] showed that (almost) every holomorphic selfmap f of a ruled surface Y is a fibered rational map over a holomorphic map g : X → X, where X is a Riemann surface.

2. Let p(x) ∈ C[x] be a polynomial of degree two or greater, and q(x, y) ∈ C[x, y] be a polynomial of the form: q(x, y) = y^n + a_1(x)y^{n−1} + · · · . Let f : C^2 → C^2 be a map defined by f((x, y)) = (p(x), q(x, y)). This is called a polynomial skew product in C^2. Dynamics of maps of this form were investigated by S.-M. Heinemann in [H1] and [H2], and by M. Jonsson in [J1]. Let X be a compact subset of C such that p(X) ⊂ X. (e.g., the Julia set of p.) Let (π, Y = X × C, X) be a trivial C-bundle. Then the map f̃ : Y → Y defined by f̃((x, y)) = (p(x), q(x, y)) is a fibered rational map over p : X → X.

3. In Corollary 6.7 of [Se3], O. Sester showed that any “non-recurrent quadratic fibered polynomials” with connected fiberwise Julia sets are semi-hyperbolic.

4. Let {h_1, . . . , h_m} be non-constant rational functions on C. Let f : Y → Y be the skew product map associated with the generator system {h_1, . . . , h_m}. It can be shown by means of simple arguments that f : Y → Y is semihyperbolic along fibers if and only if G = ⟨h_1, . . . , h_m⟩ is semi-hyperbolic.

5. In [S4], with G a finitely generated rational semigroup, a sufficient condition for the semi-hyperbolicity of a point z ∈ J(G) was given, which gives a generalization of R. Mañé’s work([Ma]). Furthermore, in [S4], a necessary and sufficient condition for the semi-hyperbolicity of a finitely generated rational semigroup was given. From this, it can be seen that G = ⟨z^2 + 2, z^2 − 2⟩ is semi-hyperbolic, and is not hyperbolic.

2 Tools and Proofs

We now present the proofs of the main results, meanwhile providing further notation and tools.

2.1 Fundamental properties of fibered rational maps

By means of definitions, the following lemma can be easily shown.

Lemma 2.1. Let (π, Y, X) be a C-bundle. Let f : Y → Y be a fibered rational map over g : X → X. Then,

1. For each x ∈ X, f^{−1}_x (F_{g(x)}) = F_x, f^{−1}_x (J_{g(x)}) = J_x. Furthermore, f(J̃(f)) ⊂ J̃(f).

2. If g : X → X is an open map, then f^{−1}(J̃(f)) = J̃(f) and f(F̃ (f)) ⊂ F̃ (f).

3. If g : X → X is a surjective and open map, then f^{−1}(J̃(f)) = J̃(f) = f(J̃(f)) and f^{−1}(F̃ (f)) = F̃ (f) = f(F̃ (f)).

Proof. This proof is the same as that for Lemma 2.4 in [S4].

2.2 Fundamental properties of rational semigroups

For a rational semigroup G, for each f ∈ G, it holds that f(F (G)) ⊂ F (G) and f^{−1}(J(G)) ⊂ J(G). Note that equality f^{−1}(J(G)) = J(G) does not hold in general. If ♯J(G) ≥ 3 , then J(G) is a perfect set, ♯E(G) ≤ 2, J(G) is the smallest closed backward invariant set containing at least three points, and J(G) is the closure of the union of all repelling fixed points of the elements of G, which implies that J(G) = ⋃ g∈G J(g). If a point z is not in E(G), then, for every x ∈ J(G), x ∈ G^{−1}(z). In particular, if z ∈ J(G) \ E(G) then G^{−1}(z) = J(G). For more precise statements, see Lemma 2.3 in [S5], for which the proof is based on [HM1] and [GR]. Furthermore, if G is generated by a precompact subset Λ of End(C), then J(G) = ⋃ f ∈Λ f

−1(J(G)) = ⋃ h∈Λ h^{−1}(J(G)). In particular, if Λ is compact, then J(G) = ⋃ f ∈Λ f

−1(J(G))([S4]). We call this property of the Julia set backward self-similarity.

Remark 11. In the context of backward self-similarity, the existing research on the Julia sets of rational semigroups may be considered as a kind of generalization of the research on self-similar sets constructed by some similarity transformations from C to itself, which can be regarded as the Julia sets of some rational semigroups. It can be easily seen that the Sierpiński gasket is the Julia set of a rational semigroup G = ⟨h_1, h_2, h_3⟩, where h_i(z) = 2(z − p_i) + p_i, i = 1, 2, 3, with p_1p_2p_3 a regular triangle.

2.3 Potential theory and measure theory

For the proof of results on uniform perfectness, Johnness, and so on, let us borrow some notation from [J2] and [S4], concerning potential theoretic aspects. By the arguments in [J2] and [S4], for a fibered rational map f : Y → Y over g : X → X with d(x) ≥ 2 for each x ∈ X, one can show a result corresponding to Proposition 2.5 in [S4], using the arguments in §3 in [J2] and from pp. 580- 581 in [S4] . In this paper, the following statements, and especially the lower semicontinuity of x → J_x(f), are necessary. (Proposition 2.2.3).

Proposition 2.2. Let (π, Y, X) be a C-bundle. Let f : Y → Y be a rational map fibered over g : X → X. Assume that d(x) ≥ 2, for each x ∈ X. Then, for each x ∈ X, there exists a Borel probability measure μ_x on Y satisfying all of the following.

1. x → μ_x is continuous with respect to the weak topology of probability measures in Y.

2. supp(μ_x) = J_x, for each x ∈ X.

3. x → J_x is lower semicontinuous with respect to the Hausdorff metric in the space of the non-empty compact subsets of Y. That is, if x, x_n ∈ X, x_n → x as n → ∞ and y ∈ J_x, then there exists a sequence (y_n) of points in Y with y_n ∈ J_{xn} , for each n ∈ N, such that y_n → y as n → ∞.

Furthermore , J_x(f) is a non-empty perfect set, for each x ∈ X.

Proof. Since d(x) ≥ 2 for each x ∈ X, and x → d(x) is continuous, we can demonstrate these statements in the same way as in §3 in [J2], using the argument from pp. 580-581 in [S4]. The statement 3 follows easily from 1 and 2.

2.4 Distortion lemma and limit functions

For an exposition of the results deduced from semi-hyperbolicity, the following statements are necessary. For the research on the semi-hyperbolicity of the usual dynamics of rational functions, see [CJY] and [Ma]. Notation:

1. Let X be a compact set in C and z be a point in C \ X. Then we set Dist(X, z) = max_{y∈X} d(y, z)/ min_{y∈X} d(y, z).

2. For two positive numbers A and B, A ≍ B means K^{−1} ≤ A/B ≤ K, for some constant K independent of A and B.

Lemma 2.3 ([CJY]). (Distortion lemma for proper maps) For any positive integer N and real number r with 0 < r < 1, there exists a constant C = C(N, r) such that, if f : D(0, 1) → D(0, 1) is a proper holomorphic map with deg(f) = N, then H(f(z_0), C) ⊂ f(H(z_0, r)) ⊂ H(f(z_0), r) for any z_0 ∈ D(0, 1), where H(x, s) denotes the hyperbolic disk in D(0, 1) around x with radius s. Here, the constant C = C(N, r) depends only on N and r.

The following is a generalized distortion lemma for proper maps.

Lemma 2.4 ([S4],[S6]). Let V be a domain in C, K, a continuum in C with diam_S K = a. Assume V ⊂ C \ K. Let f : V → D(0, 1) be a proper holomorphic map of degree N. Then there exists a constant r(N, a) depending only on N and a such that, for each r with 0 < r ≤ r(N, a), there exists a constant C = C(N, r) depending only on N and r such that, for each connected component U of f^{−1}(D(0, r)), it follows that diam_S U ≤ C, where we denote by diam_S the spherical diameter. Furthermore, it follows that C(N, r) → 0 as r → 0.

As the author mentioned in Remark 6 in [S4], the results Lemma 2.13, Theorem 2.14, Lemma 2.15 and Theorem 2.17 in [S4] are generalized to the version of the dynamics of fibered rational maps on C-bundles, which we need to show results in this paper. The following lemma is a slightly modified version of Lemma 2.15 in [S4].

Lemma 2.5 ([S4]). Let (π, Y, X) be a C-bundle. Let f : Y → Y be a fibered rational map over g : X → X. Assume that f satisfies condition (C1). Assume z_0 ∈ SH_N (f), for some N ∈ N. Then there exists a positive number δ_0 such that, for each δ with 0 < δ < δ_0, there exists a neighborhood U of x_0 := π(z_0) in X such that, for each n ∈ N, each x ∈ U and each x_n ∈ p^{−n}(x), it follows that each element of c(i_xi^{−1}_{x0} B̃(z_0, δ), f^n_{xn} ) is simply connected.

The following theorem relates to what happens if there exists a non-constant limit function on a component of a fiber-Fatou set. This is the key to state other results. The proof is the same as that for Lemma 2.13 in [S4].

Theorem 2.6 ([S4]). (Key theorem I) Let (π, Y, X) be a C-bundle. Let f : Y → Y be a fibered rational map over g : X → X. Assume that f satisfies condition (C1). Let z ∈ Y be a point with z ∈ F_{π(z)}. Let (i_x) be a local parameterization. Let U be a connected open neighborhood of i^{−1}_{π(z)}(z) in C. Suppose that there exists a strictly increasing sequence (n_j ) of N such that R_j := i^{−1}_{πf} n_{j (z)} ∘ f^{nj}_{π(z)} ∘ i_{π(z)} uniformly converges to a non-constant map ϕ on U as j → ∞. Furthermore, suppose that f^{nj}_{π(z)}(z) converges to a point z_0 ∈ Y. Let S_{i,j} = f^{nj −ni}_gn_{i π(z)} for 1 ≤ i ≤ j. We set

V = {a ∈ Y_{π(z0)} | ∃ϵ > 0, lim_{i→∞} sup_{j>i} sup

ξ∈B̃(a,ϵ)

d(S_{i,j} ∘ φ(ξ), ξ) = 0},

where φ is a map from Y_{π(z0 )} onto Y_gni_{π(z)} defined by the local parameterization around π(z_0). Then V is a non-empty open proper subset of Y_{π(z0)}, and it follows that ∂V ⊂ Ĵ_{π(z0)}(f) ∩ UH(f).

Corollary 2.7. Let (π, Y, X) be a C-bundle. Let f : Y → Y be a fibered rational map over g : X → X. Assume that f satisfies condition (C1). Assume also that, for each x ∈ X, the boundary of Ĵ_x(f) ∩ UH(f) in Y_x does not separate points in Y_x. Then, for each z ∈ Y with z ∈ F_{π(z)}, it follows that diamf^n_{π(z)}(W ) → 0 as n → ∞, for each small connected neighborhood W of z in Y_{π(z)}, and that d(f^n_{π(z)}(z), UH(f)) → 0 as n → ∞.

Proof. Let z ∈ Y be a point with z ∈ F_{π(z)}. Suppose that the assumptions of Theorem 2.6 are satisfied, and continue with the same notation as that in Theorem 2.6. Let x_i = g^{ni} π(z). Let D^i be the topological disk in Y_{xi} satisfying condition(C1). We may assume that there exists a non-empty open set A in C such that A ⊂ i^{−1}_{xi} (D_i) for each i ∈ N. Then, by the definition of V , it must be that i_{π(z0)}(A) ⊂ Y_{π(z0)} \ V. This contradicts the assumption of the corollary. Hence, it must be that diamf^n_{π(z)}(W ) → 0 as n → ∞, for each small connected neighborhood W of z in Y_{π(z)}. Then, by Lemma 2.4, it follows that that d(f^n_{π(z)}(z), UH(f)) → 0 as n → ∞.

2.5 Proofs of results on fibered rational maps

In this section, we present proofs of the results from Section 1.1. We begin with the following.

Proof of Theorem 1.6. First, we prove that there exists a constant C > 0 such that for each x ∈ X, J_x is C-uniformly perfect. Since, for each x ∈ X, J_x is a non-empty perfect set (Proposition 2.2), it has uncountably many points. Combined with the lower semicontinuity of the map x → J_x (statement 3 in Proposition 2.2) and the compactness of X, this suggests that, for any x ∈ X, one can take four points z_{x,1}, z_{x,2}, z_{x,3} and z_{x,4} in J_x so that d(z_{x,i}, z_{x,j}) > C_1, whenever i ≠ j and x ∈ X, for some constant C_1 independent of (i, j) and x ∈ X.

Suppose that there exists a sequence of annuli {D_j } with D_j ⊂ Y_{xj} , x_j ∈ X such that D_j separates J_{xj} , for each j and mod D_j → ∞ as j → ∞. Let D^′_j and D^{′′}_j be the two components of Y_{xj} \ D_j . We may assume that

diam D^{′′}_j → 0 as j → ∞. (2)

For, by the existence of {z_{x,i}}_{x,i}, it may be assumed that inf_{j∈N} diam D^′_j > 0. Then, since mod D_j → ∞ as j → ∞, by Lemma 6.1 on p. 34 in [LV] it follows that diam D^{′′}_j → 0 as j → ∞.

It may also be assumed that (intD^{′′}_j ) ∩ J_{xj} ≠ ∅, for each j ∈ N. Hence, there exists a smallest positive integer n_j such that diam f^{nj +1}(D^{′′}_j ) ≥ C_1. Then, there exists a constant l_0 such that l_0C_1 < diam f^{nj} (D^{′′}_j ), for each j. Since diam f^{nj} (D^{′′}_j ) < C_1, there exist three distinct points in {z_x′_{j ,i}}_{i=1,... ,4} none of which belongs to f^{nj} (D^{′′}_j ), where x^′_j = g^{nj} (x_j ). Since D_j ⊂ F_{xj} , it follows that none of these three points belongs to f^{nj} (D_j ), or to f^{nj} (D_j ∪ D^{′′}_j ). Let φ_j : {|z| < 1} → D_j ∪ D^{′′}_j be a Riemann map such that φ_j (0) = y_j ∈ D^{′′}_j (note that we may assume that int D^′_j ≠ ∅ for each j ). Then, from the above, it follows that, if we set α_j = i^{−1}_x′_j f^{nj} φ_j : {|z| < 1} → C, then {α_j }_{j∈N} is normal

in {|z| < 1}. But this causes a contradiction, because diam φ^{−1}_j (D^{′′}_j ) → 0 as j → ∞, which follows from mod φ^{−1}_j (D_j ) = mod D_j → ∞ as j → ∞, and l_0C_1 < diam f^{nj} (D^{′′}_j ), for each j. Hence, we have shown that there exists a constant C > 0 such that for each x ∈ X, J_x is C-uniformly perfect.

Next, we prove that there exists a constant C > 0 such that for each x ∈ X, Ĵ_x is C-uniformly perfect. Suppose that there exists a sequence of annuli {D_j } with D_j ⊂ Y_{xj} , x_j ∈ X such that D_j separates Ĵ_{xj} , for each j, and mod D_j → ∞ as j → ∞. Let D^′_j and D^{′′}_j be the two components of Y_{xj} \ D_j . As in the previous paragraph, it may be assumed that diam D^{′′}_j → 0 as j → ∞.

Fix any j ∈ N. Let y ∈ D^{′′}_j ∩ Ĵ_{xj} be a point. There exists a sequence ((x_{j,n}, y_{j,n}))_n in X ×Y with y_{j,n} ∈ J_{xj,n} , for each n ∈ N, such that (x_{j,n}, y_{j,n}) → (x, y) as n → ∞. Then we may assume that there exists a number n(j) ∈ N such that i^{−1}_{xj ,n(j)}(J_{xj,n(j)} ) ⊂ i^{−1}_{xj} (D^′_j ∪ D^{′′}_j ). Since i^{−1}_{xj ,n(j)}(J_{xj,n(j)} ) ∩ i^{−1}_{xj} (D^{′′}_j ) ≠ ∅ (take n(j) sufficiently large), by the previous paragraph it must be that i^{−1}_{xj ,n(j)}(J_{xj,n(j)} ) ⊂ i^{−1}_{xj} (D^{′′}_j ), for large j. However, this contradicts the existence of {z_{x,i}}_{x,i}, because it is also the case that diam D^{′′}_j → 0 as j → ∞. Hence, we have proved the first and the second statements in 1. The third statement in 1 follows from the uniform perfectness of J_x , the continuity of ω_x, and Theorem 7.2 in [Su].

Next, we prove statement 2. Suppose the point z belongs to the boundary of Ĵ_x with respect to the topology of Y_x, where x = π(z). Under a coordinate exchange, the map f^n_x around z is conjugate to α(z) = z^l for some l ∈ N. Since f^n_x (Y_x \ Ĵ_x) ⊂ Y_x \ Ĵ_x, there exists an annulus A around z in Y_x that separates Ĵ_x and is isomorphic to a round annulus A^′ = {r < |z| < R} in the above coordinate. Then, mod (f^{ns}_x (A)) = mod (α^s(A^′)) → ∞ as s → ∞. In addition, f^{ns}_x (A) separates Ĵ_x, for each s ∈ N. This contradicts the fact that Ĵ_x is uniformly perfect.

Before proving Theorem 1.12, we need the following.

Corollary 2.8. (Corollary of Theorem 1.6) Let (π, Y = X × C, X) be a trivial C-bundle. Let f : Y → Y be a fibered polynomial map over g : X → X such that d(x) ≥ 2, for each x ∈ X. Let R > 0 be a number such that for each x ∈ X, π_C(J_x(f)) ⊂ {z | d(z, ∞) > R}, where π_C : Y → C denotes the projection and d denotes the spherical distance. (Note that such an R exists, since d(x) ≥ 2 for each x ∈ X.) Let ρ_x(z)|dz| be the hyperbolic metric on π_C(A_x(f)). Let δ_x(z) = inf_{w∈∂(πC(Ax(f )))} |z − w| for each z ∈ π_C(A_x(f)) ∩ C. Then, there exists a positive constant C depending only on f and R such that for each x ∈ X and each z ∈ π_C(A_x(f)) ∩ {z | d(z, ∞) > R}, we have C ≤ ρ_x(z)δ_x(z) ≤ 1.

Proof. ρ_x(z)δ_x(z) ≤ 1 follows easily from the Schwarz lemma.

Next, as in the proof of Theorem 1.6, for any x ∈ X, we can take two points z_{x,1} and z_{x,2} in J_x(f) so that d(z_{x,1}, z_{x,2}) > c_0, whenever x ∈ X, for some positive constant c_0 independent of x ∈ X. Let ψ_x(z) be a Möbius transformation such that ψ_x(z_{x,1}) = ∞ and ψ_x preserves the spherical metric. Let B_x = ψ_x(π_C(A_x(f))) (⊂ C). By Theorem 1.6 and Theorem 2.16 in [Su], there exists a positive constant c_1 such that for each x ∈ X and each z ∈ B_x, ρ_{x,1}(z) inf_{w∈∂Bx} |z − w| ≥ c_1, where ρ_{x,1}(z)|dz| denotes the hyperbolic metric on B_x.

Let z ∈ π_C(A_x(f)) ∩ {y | d(y, z_{x,1}) > c_0/2, d(y, ∞) > R}. Then, we have ρ_x(z) = ρ_{x,1}(ψ_x(z))|ψ^′_x(z)|. Since ψ_x(z) ∈ {y | d(y, ∞) > c_0/2, d(y, ψ_x(∞)) > R} and ψ^{−1}_x ({y | d(y, ψ_x(∞)) > R}) ⊂ {y | d(y, ∞) > R}, by the Cauchy formula, we have |ψ^′_x(z)| = |(ψ^{−1}_x )^′(ψ_x(z))|^{−1} ≥ c_2, where c_2 is a positive constant independent of z and x.

Next, let w_0 ∈ ∂(π_C(A_x(f))) = π_C(J_x(f)) be a point such that δ_x(z) = |z − w_0|.

Suppose case (1): w_0 ∈ {y | d(y, z_{x,1}) ≤ c_0/4}. Then, |z − w_0| ≥ c_3, where c_3 is a positive constant depending only on c_0. Further, inf_{w∈∂Bx} |ψ_x(z) − w| ≤ |ψ_x(z) − ψ_x(z_{x,2})| ≤ c_4, where c_4 is a positive constant depending only on c_0. Hence, δ_x(z) ≥^{c3}_{c4} inf_{w∈∂Bx} |ψ_x(z) − w|.

Suppose case (2): w_0 ∈ {y | d(y, z_{x,1}) > c_0/4}. Let γ be the Euclidean segment connecting z and w_0. Then, since |w_0 − z| = δ_x(z), we obtain d(z_{x,1}, γ) ≥ c_5, where c_5 is a positive constant depending only on c_0, which implies d(∞, ψ_x(γ)) ≥ c_5. Hence, by the Cauchy formula, we have inf_{w∈∂Bx} |ψ_x(z) − w| ≤ |ψ_x(z) − ψ_x(w_0)| ≤ sup_{w∈γ} |ψ^′_x(w)| · |z − w_0| ≤ c_6δ_x(z), where c_6 is a positive constant independent of z and x_0.

From these arguments, we find that there exists a positive constant c_7 depending only on f and R, such that for each z ∈ π_C(A_x(f)) ∩ {y | d(y, z_{x,1}) > c_0/2, d(y, ∞) > R}, we have ρ_x(z)δ_x(z) ≥ c_7. Similarly, we find that there exists a positive constant c_8 depending only on f and R, such that for each z ∈ π_C(A_x(f)) ∩ {y | d(y, z_{x,2}) > c_0/2, d(y, ∞) > R}, we have ρ_x(z)δ_x(z) ≥ c_8. Since d(z_{x,1}, z_{x,2}) > c_0, we obtain the statement of the corollary.

Proof of Theorem 1.12. This statement can be proved using an approach similar to that in [CJY], using Theorem 2.14 (3) in [S4], Corollary 2.8, Lemma 2.3 and Lemma 2.4.

The procedure is as follows: first, for any (x, y) ∈ X × C, let G_x((x, y)) := lim_{n→∞}^1_{dn(x)} log^+ |π_C(f^n_x ((x, y)))|, where log^+(a) := max{log a, 0} for a ∈ R with a > 0. Then, by the arguments in [Se3] (or [Se1]), on A_x(f), G_x equals the Green’s function with pole (x, ∞), G_{g(x)}(f_x(z)) = d(x)G_x(z) for any x ∈ X and z ∈ Y_x, (x, y) → G_x((x, y)) is continuous in X×C, and there exist numbers r > 0 and M > 0 such that for any (x, y) ∈ X × C with |y| > r, |G_x((x, y)) − log |y|| ≤ M. Further, for any x ∈ X, we can define a locally conformal map ψ_x that is defined on {(x, y) | |y| > R}, where R is a number independent of x ∈ X, such that ψ_{g(x)}f_x = (ψ_x)^{d(x)} and log |ψ_x| = G_x on {(x, y) | |y| > R}. In particular, G_x has no critical points in {(x, y) | |y| > R}.

Next, for each x ∈ X, let ρ_x(z)|dz| be the hyperbolic metric on A_x(f). Similarly, let δ_x(z)|dz| be the quasihyperbolic metric on A_x(f) (δ_x(z) := inf_{w∈Jx} |π_C(z)− π_C(w)|). By Theorem 2.14(3) in [S4], we obtain the following claim: Claim 1: There exist constants C > 0 and α > 0 such that for each x ∈ X and each z ∈ A_x(f) ∩ (X × C) with δ_x(z) ≤ 1, we have δ_x(z) ≤ CG_x(z)^α.

Next, for each x ∈ X and each z ∈ A_x ∩ (X × C), we take a Green’s line (a curve of steepest descent for G_x) γ_z running from z to “J_x(f)”, such that f_x(γ_z ) = γ_{fx(z)}. (We choose a direction (left or right) consistently at every critical point encountered.) Then, we show the following:

Claim 2: Let 0 < C_1 < C_2 < ∞, 0 < C_3 < C_4 < ∞ be given numbers. Let τ : [a, b] → A_x(f) (0 ≤ a < b < ∞) be a curve that parameterizes part of a Green’s line, such that τ([a, b]) ⊂ {z ∈ A_x(f) | C_1 < δ_x(z) < C_2} and C_3 ≤ l_E τ < C_4, where l_E denotes the Euclidean length. Then, there exist constants C_5 > 0 and 0 < λ_1 < 1, which depend only on f, C_1, C_2, C_3, and C_4, such that |τ(a) − τ(b)| ≥ C_5 and G_x(τ(b)) < λ_1G_x(τ(a)).

The proof of this claim is immediate, since we assume that either J_x(f) is connected for each x ∈ X (then f_x and G_x have no critical points in A_x(f)) or condition 2 in the assumption of Theorem 1.12 is satisfied. Using Claim 2, inf{d(a, b) | a ∈ π_C(J_x), b ∈ π_C(A_x(f) ∩ C(f)), x ∈ X} > 0, the Koebe distortion theorem, and Corollary 2.8, we easily obtain the following: Claim 3: Let 0 < C_6 < C_7 < ∞ and 0 < C_8 < ∞ be given numbers. Let τ : [a, b] → A_x(f) be a curve that parameterizes part of a Green’s line. Suppose τ([a, b]) ⊂ {z ∈ A_x(f) | |π_C(z)| ≤ C_8} and C_6 ≤ l_{ρx} τ ≤ C_7 (l_{ρx} denotes the ρ_x-length). Then, there exist constants C_9 > 0 and 0 < λ_2 < 1 that depend only on f, C_6, C_7, and C_8, such that C_9 ≤ d_{ρx} (τ(a), τ(b)) ≤ C_7 (d_{ρx} denotes the distance induced by ρ_x(z)|dz|) and G_x(τ(b)) < λ_2G_x(τ(a)).

Next, we will show the following:

Claim 4: There exist constants C_{10} > 0, C_{11} > 0, and α > 0 such that for any x ∈ X and any z ∈ A_x(f) with G_x(z) ≤ C_{10}, we have l_Eγ_z ≤ C_{11}G_x(z)^α. In particular, any Green’s line γ_z lands at a point in J_x(f).

To show this claim, take a number C_{10} such that for any x ∈ X, {z ∈ A_x(f) | G_x(z) ≤ C_{10}} ⊂ {z ∈ A_x(f) | δ_x(z) ≤ 1}. Next, for any two points w_1 and w_2 in a Green’s line γ_{z0} (z_0 ∈ A_x(f)) with G_x(w_2) ≤ G_x(w_1), let γ_{z0} (w_1, w_2) be the arc from w_1 to w_2 along γ_{z0} . Let {z_n} be a sequence in γ_{z0} such that l_{ρx} γ_{z0} (z_n, z_{n+1}) = c for each n ∈ N, where c is a positive constant that is sufficiently small. Then, by Corollary 2.8, Claim 1, and Claim 3, we obtain l_E γ_{z0} = ∑ n l_E γ_{z0} (z_n, z_{n+1}) ≤ Const. ∑ n ∫ γ_{z0} (z_n,z_{n+1}) δx(z)ρx(z)|dz| ≤

Const. ∑ n ∫ γ_{z0} (z_n,z_{n+1}) δx(zn)ρx(z)|dz| ≤ Const. ∑ n δ_x(z_n) ≤ Const. ∑ n G_x(z_n)^α ≤ Const. ∑ n λ^{nα}G_x(z_0)^α ≤ Const.G_x(z_0)^α, where, α > 0 and 0 < λ < 1 are constants and Const. denotes a constant. Hence, we obtain the claim.

Next, we show the following:

Claim 5: There exist constants δ^′ > 0 and p ∈ N such that for any x ∈ X and any (w, z) ∈ A_x(f) × A_x(f) with w ∈ γ_z, l_{ρx} γ_z(z, w) ≥ p and G_x(z) < δ^′, we have δ_x(w) ≤^1_2 δ_x(z).

This claim can be shown using the argument on page 11 in [CJY], using Claims 3 and 4, and the distortion lemma for proper holomorphic maps. Next, we show the following:

Claim 6: There exist constants δ^′ > 0 and C_{12} > 0 such that for any x ∈ X and any (w, z) ∈ A_x(f) × A_x(f) with w ∈ γ_z and G_x(z) ≤ δ^′, we have δ_x(z) ≥ C_{12}|π_C(z) − π_C(w)|.

This claim can be shown using Claim 5 and Corollary 2.8. Finally, we show the following:

Claim 7: There exists a constant C > 0 such that for any x ∈ X and any (w, z) ∈ A_x(f) × A_x(f) with w ∈ γ_z, we have δ_x(z) ≥ C|π_C(z) − π_C(w)|.

This claim can easily be shown using Claim 6 and the fact that there exist numbers r > 0 and M > 0 such that for any (x, y) ∈ X × C with |y| > r, |G_x((x, y)) − log |y|| ≤ M. Hence, we have shown Theorem 1.12.

Proof of Theorem 1.16. For any y^′ ∈ ⋃ x∈X J_x and r > 0, we set

h(y^′, r) = sup{s | ∃y^{′′} ∈ Y_{π(y}′_), B̃(y^{′′}, s) ⊂ F_{π(y}′_) ∩ B̃(y^′, r)}

and h(r) = inf{h(y^′, r) | y^′ ∈ ⋃ x∈X J_x}. By Theorem 2.14 and Remark 6 in [S4], it follows that J̃(f) = ⋃ x∈X J_x. Furthermore, by condition (C1), int J_x = ∅, for any x ∈ X. Hence, it follows that h(r) > 0 for any r > 0.

Since f is semi-hyperbolic and satisfies condition (C1), by Lemma 2.5 there exists a positive number δ_1 and a number N ∈ N such that, for any y^′ ∈ J̃(f), 0 < δ ≤ δ_1, n ∈ N, any V ∈ c(B̃(y′, 2δ), f n), we have that V is simply connected and that deg(f^n : V → B̃(y^′, 2δ)) ≤ N.

Let y ∈ J̃(f) and r > 0. We set B_n = f^n(B̃(y, r)) and y_n = f^n(y), for each n ∈ N. Since y ∈ J_{π(y)}, there exists a smallest positive integer n_0 such that diam B_{n0+1} > δ_1. Then there exists a constant l_0 such that l_0δ_1 <diam B_{n0} . By Corollary 2.3 in [Y], there exists a constant K that depends only on N and a ball B̃(y_{n0} , r_0) ⊂ B_{n0} , with r_0 ≥diam B_{n0} /K ≥^{l0 δ1}_K such that the element W ∈ c((B̃(y_{n0} , r_0), f^{n0} ) containing y is a subset of B̃(y, r). There exists a ball B̃(y′,^2_3 h(r_0)) included in B̃(y_{n0} , r_0) ∩ F_{π(yn0 )}.

Let D_0 be an element of c((B̃(y^′,^1_2 h(r_0))), f^{n0} ) contained in W. It follows that D_0 ⊂ F_{π(y)}. Let y^{′′} ∈ D_0 ∩(f^{n0} )^{−1}{y^′} be a point. Then, by Corollaries 1.8 and 1.9 in [S4], it follows that Dist (∂D_0, y^{′′}) ≤ M, for some M that depends only on N. Further, by the method used in Corollary 1.9 in [S4] it follows that min_{z∈∂D0} d_{π(y}′′_)(y^{′′}, z) ≍ max_{z∈∂E} d_{π(y}′′_)(y^{′′}, z), where E ∈ c(B̃(y_{n0} , δ_1), f^{n0} ) with y^{′′} ∈ E. Since B̃(y, r) ⊂ E, it follows that diam D_0 ≍ r. Combining this with Dist (∂D_0, y^{′′}) ≤ M leads to the conclusion that there exists a constant 0 < k < 1 that does not depend on y and r such that B(y^{′′}, kr) ⊂ D_0 ⊂ F_{π(y)}.

To show Theorem 1.18, we present some notation and propositions.

Definition 2.9. (Conical set for fibered rational maps) Let (π, Y, X) be a C-bundle. Let f : Y → Y be a fibered rational map over g : X → X. Let N ∈ N and r > 0. We denote by J̃_{con}(f, N, r) the set of points z ∈ J̃(f) such that, for any ϵ > 0, there exists a positive integer n such that the element U ∈ c(B̃(f^n(z), r), f^n|_{Yπ(z)} ) containing z satisfies the following conditions:

1. diam U ≤ ϵ,

2. U is simply connected, and

3. deg(f^n : U → B̃(f^n(z), r)) ≤ N.

We set J̃_{con}(f, N) = ⋃ r>0 J̃_{con}(f, N, r) and J̃_{con}(f) = ⋃_{N∈N} J̃_{con}(f, N).

Proposition 2.10. Let (π, Y, X) be a C-bundle. Let f : Y → Y be a fibered rational map over g : X → X. Suppose that Ĵ_x has no interior points with respect to the topology in Y_x, for each x ∈ X. Then the two-dimensional Lebesgue measure of J̃_{con}(f) ∩ J_x is equal to zero, for each x ∈ X.

Proof. Fix N ∈ N. Suppose that there exists a point x ∈ X such that J̃_{con}(f, N)∩ J_x has positive measure. Then there exists a Lebesgue density point y ∈ J̃_{con}(f, N) ∩ J_x. Let y_m = f^m_x (y) and x_m = g^m(x), for any m ∈ N. Let δ > 0 be a number such that y ∈ J̃_{con}(f, N, δ). Let U_m, U^′_m be the respective elements of c(B̃(y_m, δ/2), f^m_x ), c(B̃(y_m, δ), f^m_x ) containing y. Since y ∈ J̃_{con}(f, N, δ), there exists a subsequence (n) in N with n → ∞ such that U^′_n is simply connected, deg(f^n_x : U^′_n → B̃(y_n, δ)) ≤ N, for each n, and diam U^′_n → 0 as n → ∞. By Corollary 1.9 in [S4], for any local parameterization i_x,

lim_{n→∞} m(i^{−1}_x (U_n ∩ J_x)) m(i^{−1}_x (U_n))

= 1, (3)

where m denotes the spherical measure of C. Using an argument from the proof of Theorem 4.4 in [S4], from (3) we can show that

lim_{n→∞} m(ı^{−1}_{xn} (B̃(y_n, δ/2) ∩ F_{xn} )) m(i^{−1}_{xn} (B̃(y_n, δ/2)))

= 0, (4)

where i_{xn} denotes a local parameterization. There exists a subsequence (n_j ) of (n), a point y_∞ ∈ Y , and a point x_∞ ∈ X such that y_{nj} → y_∞ and x_{nj} → x_∞ as j → ∞. By (4), it follows that B̃(y_∞, δ/2) ⊂ Ĵ_{x∞} . On the other hand, by assumption, for any a ∈ X, Ĵ_a has no interior point. This is a contradiction.

Proposition 2.11. Let (π, Y, X) be a C-bundle. Let f : Y → Y be a fibered rational map over g : X → X. Suppose that f satisfies condition (C1). Then the following hold. 1. J̃_{good}(f) ∩ ⋃ x∈X J_x ⊂ J̃_{con}(f).

2. If it is assumed, furthermore, that, for each x ∈ X, the boundary of Ĵ_x(f) ∩ UH(f) in Y_x does not separate points in Y_x, then

J̃_{good}(f) ⊂ J̃_{con}(f) ∩ ⋃ x∈X J_x.

Proof. We will first prove the first statement. Let z ∈ ⋃ x∈X J_x be a point such that lim sup_{n→∞} d(f^n(z), UH(f)) > 0. For each m ∈ N, let z_m = f^m(z) and x_m = π(f^m(z)). For each m ∈ N and each r > 0, let U_m(r), U^′_m(r) respectively, be the elements of c(B̃(z_m, r/2), f^m_{π(z)}), c(B̃(z_m, r), f^m_{π(z)}) containing z. There exists a positive number δ, a positive integer N, and a sequence (n) in N such that deg(f^n_{π(z)} : U^′_n(δ) → B̃(z_n, δ)) ≤ N. By Lemma 2.5, taking δ sufficiently small it can be assumed that U^′_n(δ) is simply connected.

Suppose that diam (U_n(δ)) does not tend to zero as n → ∞ in (n). Then, by the distortion lemma for proper maps, there exists a subsequence (n_j ) of (n) with n_j → ∞ and a positive number r such that U_{nj} (δ) ⊃ B̃(z, r), for each j. Hence,

f^{nj} (B̃(z, r)) ⊂ B̃(f_{nj} (z), δ) (5) for each j. By condition (C1), if δ is sufficiently small, then (5) contradicts that z ∈ ∪_{x∈X} J_x. Hence, it follows that diam U_n(δ) → 0 as n → ∞ in (n). Therefore, z ∈ J̃_{con}(f).

The second statement follows from Corollary 2.7 and the first statement.

Corollary 2.12. Let (π, Y, X) be a C-bundle. Let f : Y → Y be a fibered rational map over g : X → X. Suppose that J̃(f) = ⋃ x∈X J_x, and that f satisfies condition (C1). Then, for each x ∈ X, it follows that d(f^n_x (y), UH(f)) → 0, as n → ∞, for almost every y ∈ J_x, with respect to the Lebesgue measure in Y_x.

Proof. By condition (C1), Ĵ_x = J_x has no interior points, for each x ∈ X. By Proposition 2.10 and Proposition 2.11, the following statement results.

Proof of Theorem 1.18. Suppose that there exists a point z ∈ J̃(f) such that z ∈ F_{π(z)}. By Corollary 2.7, for each small connected neighborhood W of z in F_{π(z)}, it follows that diam f^n(W ) → 0 and d(f^n(z), UH(f)) → 0 as n → ∞. However, by conditions three and four in the assumptions of our theorem, this causes a contradiction. Hence, we have shown that J̃(f) = ⋃ x∈X J_x. By Corollary 2.12, it also follows that the two-dimensional Lebesgue measure of J_x \ ⋃ n∈N f^{−n}(UH(f)) is equal to zero.

Proof of Theorem 1.19. Let x^′ = v(x). We now show the following.

Claim: There exists a constant C > 0 such that, for each y ∈ C,

lim sup r→0 sup{ d_x′ (u_x(i_x(y)), u_x(i_x(y^′))) d_x′ (u_x(i_x(y)), u_x(i_x(y^{′′})))

| d(y, y^′) = d(y, y^{′′}) = r} ≤ C, (6)

where d_x′ is the metric on Ỹ_x′ induced by the form ω̃_x′ .

If i_x(y) ∈ F_x(f), then (6) holds with a constant C = C(K) that depends only on K. Let i_x(y) ∈ J_x(f) be a point. Let δ_1 and N ∈ N be the numbers from the proof of Theorem 1.16. Let r > 0 be a number. We set B_n = f^n(i_x(B(y, r))) and y_n = f^n(i_x(y)), for each n ∈ N. Since i_x(y) ∈ J_x(f), there exists a smallest positive integer n_0 such that diam B_{n0 +1} > δ_1. Furthermore, there exists a constant l_0 such that l_0δ_1 <diam B_{n0} . By Corollary 2.3 in [Y], there exists a constant A that depends only on N, and a ball B̃(y_{n0} , r_0) ⊂ B_{n0} with r_0 ≥diam B_{n0} /A ≥^{l0 δ1}_A such that the component of (f^{n0} i_x)^{−1}(B̃(y_{n0} , r_0)) containing y is a subset of B(y, r). Then there exist constants δ^′ > 0 and 0 < c < 1 such that B̃(u(y_{n0} ), cδ^′) ⊂ u(B̃(y_{n0} , r_0)) ⊂ u(B_{n0} ) ⊂ B̃(u(y_{n0} ), δ^′).

Since f is semi-hyperbolic and satisfies condition(C1), the same thing holds for f̃. Applying Lemma 2.5, Lemma 2.3, and the Koebe distortion theorem to the map f̃^{n0} , which maps a neighborhood u(i_x(B(y, r))) of u(i_x(y)) in Ỹ_x′ to a neighborhood of u(y_{n0} ) in Ỹ_{g̃}n0_{(x}′_), it follows that (6), for some constant C^′ that does not depend on i_x(y) ∈ J_x(f). Hence, the claim holds.

By this claim, u_x : Y_x → Ỹ_x′ is quasiconformal. Since the two-dimensional Lebesgue measure of J_x(f) is zero, which is a consequence of Theorem 1.18, it is K-quasiconformal on Y_x. Since f̃_{v(w)} ∘ u_w = u_{g(w)} ∘ f_w on Y_w, and f_w and f̃_{v(w)} are holomorphic for each w ∈ X, it follows that u_{a′} : Y_{a′} → Ỹ_{v(a′ )} is K-

quasiconformal for each a^′ ∈ ∪_{n∈Z}g^n({x}). Hence, for each a ∈ ∪_{n∈Z}g^n({x}), the map u_a : Y_a → Ỹ_{v(a)} is also K-quasiconformal, with the same dilatation constant K.

2.6 Proofs of results on rational semigroups

In this section, we prove the results given in Section 1.2. We now prove Theorem 1.21.

Proof of Theorem 1.21. Let f : Λ^N × C → Λ^N × C be the fibered rational map over the shift map σ : Λ^N → Λ^N (σ(h_1, h_2, h_3, . . . ) = (h_2, h_3, . . . )) defined as f((h_1, h_2, . . . ), y) = ((h_2, h_3, . . . ), h_1(y)). Then, by Theorem 1.6, there exist positive constants C_0 and C_1 such that each g ∈ G satisfies the conditions that J(g) is C_0-uniformly perfect and that diam J(g) > C_1.

Let H be any subsemigroup of G. Let A be an annulus that separates J(H). Let V_1 and V_2 be two connected components of C \ A. Since J(G) = ⋃ g∈G J(g) (Corollary 3.1 in [HM1]) , there exist elements g_1 and g_2 in H such that J(g_1) ∩ V_1 ≠ ∅ and J(g_2) ∩ V_2 ≠ ∅.

If J(g_1) ∩ V_2 ≠ ∅ or J(g_2) ∩ V_1 ≠ ∅, then mod A ≤ C_0. If J(g_1) ∩ V_2 = ∅ and J(g_2) ∩ V_1 = ∅, then, by Lemma 6.1 on p. 34 in [LV], there exists a constant C = C(C_1) that depends only on C_1 such that mod A ≤ C. The second statement follows from the uniform perfectness of J(H) and Theorem 4.1 in [HM2].

To show Theorem 1.25, we present some notation and lemmas. Notation: Throughout the rest of this section, for a fixed generator system {h_1, . . . , h_m}, let f : Σ_m ×C → Σ_m ×C be the fibered rational map over the shift map σ : Σ_m → Σ_m, where Σ_m = {1, . . . , m}^N, associated with the generator system {h_1, . . . , h_m}. We set q^{(n)}_x (y) = π_C(f^n_x (y)), for any (x, y) ∈ Σ_m × C.

Lemma 2.13. Let E be a finite subset of C. Let ⟨h_1, . . . , h_m⟩ be a rational semigroup. Then, for any number M > 0, there exists a positive integer n_0 such that, for any (n, x, y) ∈ N × Σ_m × E with n ≥ n_0 that satisfies all of the following conditions:

1. q^{(j)}_x (y) ∈ E for j = 0, . . . , n

2. (q^{(n)}_x )^′(y) ≠ 0 and

3. for any i ∈ N and j ∈ N with i + j ≤ n, if q^{(j)}_{σi (x)}(q^{(i)}x (y)) = q^{(i)}x (y), then

|(q^{(j)}_{σi (x)})^′(q^{(i)}_x (y))| > 1,

we have that ‖(q^{(n)}_x )^′(y)‖ > M, where ‖ · ‖ denotes the norm of the derivative with respect to the spherical metric.

Proof. This lemma can be shown by induction on ♯E by means of the same method that was employed in Lemma 1.32 in [S4].

Lemma 2.14. Let G = ⟨h_1, . . . , h_m⟩ be a finitely generated rational semigroup. Suppose ♯(UH(G) ∩ J(G)) < ∞ and UH(G) ∩ J(G) ≠ ∅. Then, for each z ∈ UH(G) ∩ J(G), there exists an element g ∈ G, an element h ∈ G, and a point w ∈ UH(G) ∩ J(G) such that h(w) = z, g(w) = w and |g^′(w)| ≤ 1.

Proof. Suppose that there exists a point z ∈ UH(G) ∩ J(G) for which there exists no (g, h, w) in the conclusion of our lemma. Then, by Lemma 2.13 and the Koebe distortion theorem, it can easily be seen that, for an arbitrarily small ϵ > 0, there exists a positive number δ and a positive constant N such that, if a point w_0 ∈ UH(G) ∩ J(G) and an element g_0 ∈ G satisfy g_0(w_0) = z, then the diameter of the component V of g^{−1}_0 (B(z, δ)) containing w_0 is less than ϵ and deg(g_0 : V → B(z, δ)) ≤ N. Then, for ϵ sufficiently small, since G is finitely generated and ♯(UH(G) ∩ J(G)) < ∞, we can easily obtain that there exists a positive constant N^′ such that, for any element g_1 ∈ G, and any component W of g^{−1}_1 (V ), it follows that deg(g_1 : W → V ) ≤ N^′. This implies that z ∈ SH_{N+N} ′ (G), and this contradicts that z ∈ UH(G).

In the following Lemma 2.15, Lemma 2.16, and Lemma 2.17, we suppose the assumption of Theorem 1.25. Furthermore, we assume either (1) m ≥ 2, or (2) m = 1 and J(G) ≠ C.

Lemma 2.15. If m ≥ 2, then there exists a disk D in F (G) such that 1. ⋃ g∈G g(D) ⊂ F (G) and

2. diam q^{(n)}_x (D) → 0 as n → ∞ uniformly on x ∈ Σ_m.

In particular, the fibered rational map f satisfies condition (C2).

Proof. Suppose the case m ≥ 2. Let h ∈ G be an element of degree two or greater. Since ∅ ≠ C \ U ⊂ F (G) and UH(G) ∩ J(G) ⊂ U, there exists an attracting periodic point z_0 of h in F (G) \ U. Since z_0 ∈ UH(G) and UH(G) ∩ J(G) ⊂ U again, it follows that there exists a disk D around z_0 such that ⋃ g∈G g(D) ⊂ F (G). Now the second statement of the lemma results from Lemma 1.30 in [S4].

Lemma 2.16. If UH(G) ∩ J(G) ≠ ∅, then, for each point z ∈ UH(G) ∩ J(G), there exists an element h ∈ G such that z is a parabolic fixed point of h. Furthermore, {β ∈ G | β(z) = z} = {g^n_z | n ∈ N} for some g_z ∈ G such that z is a parabolic fixed point of g_z.

Proof. Let z ∈ UH(G) ∩ J(G) be a point. Then z ∈ U. By Lemma 2.14, there exists an element g ∈ G, an element α ∈ G, and a point w ∈ UH(G)∩J(G) such that α(w) = z, g(w) = w, and |g^′(w)| ≤ 1. We write α = h_{ik} · · · h_{i1} and g = h_{jl} · · · h_{j1} . We may assume l ≥ k. Since w ∈ g^{−1}(U) ∩ α^{−1}(U), by the open set condition we obtain (i_1, . . . i_k) = (j_1, . . . , j_k). Let h := h_{jk} · · · h_{j1} · h_{jl} · · · h_{jk+1} . Then we easily obtain h(z) = z. Furthermore, |h^′(z)| = |g^′(w)| ≤ 1.

If deg(h) = 1, then, by Lemma 2.15, it follows that z is a repelling fixed point of h. However, this is a contradiction. If deg(h) ≥ 2, then, since it is assumed that ♯(UH(G)∩J(G)) < ∞, there exists no recurrent critical point c of h in J(h). From [Ma], it follows that z is an attracting or parabolic fixed point of h. Suppose that z is an attracting fixed point of h. Then there exists an open neighborhood V of z in U such that h(V ) ⊂ V. Let x ∈ Σ_m be a point such that h_{xn} · · · h_{x1} = h, for some n, where x = (x_1, x_2, . . . ). Then, by the open set condition, it follows that h_x′_n · · · h_x′_1 (V ) ⊂ C\U, for any (x^′_1, . . . , x^′_n) ∈ {1, . . . , m}^n \{(x_1, . . . , x_n)}. Hence, G is normal in V , and this is also a contradiction.

Let g_z be an element in G_z := {β ∈ G | β(z) = z} with minimal word length with respect to the generator system {h_1, . . . , h_m}. Let β ∈ G_z . Then z ∈ β^{−1}(U) ∩ g^{−1}_z (U). By the open set condition, it follows that β = γg_z for some γ ∈ G. Then γ ∈ G_z . Applying the same argument again to γ, we see that β = g^n_z for some n ∈ N.

Lemma 2.17. We have that for each (x, y) ∈ π^{−1}_C ( G^{−1}(J(G) \ UH(G)) ) ∩ J̃(f), lim sup_{n→∞} d(q^{(n)}_x (y), UH(G)) > 0.

Proof. Let (x, y) be a point in π^{−1}_C ( G^{−1} (J(G) \ UH(G)) ) ∩J̃(f). Then q^{(n)}_x (y) ∈ J(G) \ UH(G), for each n ∈ N.

Assume that lim_{n→∞} d(q^{(n)}x (y), UH(G)) = 0. We now derive a contradiction. Let ϵ > 0 be a small number and let A_ϵ be the ϵ-neighborhood of UH(G)∩J(G) in C. Then there exists a number n_0 ∈ N such that q^{(n)}_x (y) ∈ A_ϵ, for each n ≥ n_0.

For each n ≥ n_0, let z_n ∈ UH(G) ∩ J(G) be the unique point such that d(z_n, q^{(n)}_x (y)) < ϵ. Since g(UH(G)) ⊂ UH(G), for each g ∈ G, it may be assumed that q^{(1)}_{σn(x)}(z_n) = z_{n+1}, for each n ≥ n_0.

Since ♯(UH(G) ∩ J(G)) < ∞, there exists a positive integer n_1 ≥ n_0 and l ∈ N such that z_{n1+l} = z_{n1} . Let g_1 ∈ G be an element such that g_1(z_{n1} ) = z_{n1} . Let w ∈ {1, . . . , m}^l be the word such that h_{wl} ∘ · · · ∘ h_{w1} = g_1. Then, by the open set condition, σ^{n1} (x) = w^∞. Since we assume that d(q^{(n)}_x (y), UH(G)) → 0 as n → ∞, by z_{n1+l} = z_{n1} it follows that g^k_1 (q^{(n1)}x (y)) → z_{n1} as k → ∞. Hence, by Lemma 2.16 it must be that z_{n1} is a parabolic fixed point of g_1, and q^{(n2 )}x (y) belongs to W ∩P, where W is a small neighborhood of z_{n1} in U, P is the union of the attracting petals of g_1 at z_{n1} , and n_2 is a large positive number with n_2 ≥ n_1. Then there exists an open neighborhood V of y such that q^{(n2 )}x (V ) ⊂ W ∩ P. Taking W sufficiently small and n_2 sufficiently large, it may be assumed that g^s_1(q^{(n2 )}_x (V )) ⊂ W ∩P, for any s ∈ N. It follows that q^{(n)}_x (V ) ⊂ U for each n ∈ N. By the open set condition, for each n ∈ N, it follows that q^{(n)}_x′ (V ) ⊂ C \ U, for each x^′ ∈ Σ_m with (x^′_1, . . . , x^′_n) ∈ {1, . . . , m}^n \ {(x_1, . . . , x_n)}. Hence, G is normal in V , and this contradicts that y ∈ J(G).

We now present a proof of Theorem 1.25.

Proof of Theorem 1.25. By Lemma 2.3 in [S5], we have J(G) ⊂ U. Suppose J(G) ≠ U. Then, by Proposition 4.3 in [S4], intJ(G) = ∅. For any y^′ ∈ J(G) and r > 0, we set

h(y^′, r) = sup{s | ∃y^{′′} ∈ C, B(y^{′′}, s) ⊂ F (G) ∩ B(y^′, r) ∩ U}

and h(r) = inf{h(y^′, r) | y^′ ∈ J(G)}. Then, since int J(G) = ∅ and J(G) ⊂ U, it follows that h(r) > 0 for any r > 0.

Let δ_0 > 0 be a small number. Let B be the δ_0-neighborhood of UH(G) ∩ J(G) in C. By Lemma 2.5 and Lemma 2.15, there exists a positive number δ_1 and a number N ∈ N such that, for any y^′ ∈ J(G) \ B, 0 < δ ≤ δ_1 and any V ∈ c(B(y^′, 2δ), g), V is simply connected and deg(g : V → B(y^′, 2δ)) ≤ N. By Lemma 2.16 and the open set condition, the condition 4 in Theorem 1.18 holds. Hence by Lemma 2.17 and Theorem 1.18, we obtain

J̃(f) = ⋃ x∈Σ_m

J_x. (7)

Let y ∈ J(G) be a point. Since π_C(J̃(f)) = J(G) (Proposition 3.2 in [S5]), by (7) there exists a point x ∈ Σ_m such that y ∈ J_x.

Let δ_2 = min{δ_0, δ_1}. Let r be a positive number. We set B_n = q^{(n)}_x (B(y, r)) and y_n = q^{(n)}_x (y), for each n ∈ N. Since y ∈ J_x, there exists a smallest positive integer n_0 such that diam B_{n0 +1} > δ_2. Then there exists a constant l_0 such that l_0δ_2 <diam B_{n0} .

Case 1. y_{n0} ∈ J(G) \ B.

By Corollary 2.3 in [Y], there exists a constant K that depends only on N, and a ball B(y_{n0} , r_0) ⊂ B_{n0} with r_0 ≥diam B_{n0} /K ≥^{l0 δ2}_K such that the element W ∈ c(B(y_{n0} , r_0), q^{(n0)}x ) containing y is a subset of B(y, r). There exists a ball B(y^′,^2_3 h(r_0)) included in B(y_{n0} , r_0) ∩ F (G) ∩ U.

Let D_0 be the element of c(B(y^′,^1_2 h(r_0)), q^{(n0)}_x ) contained in W. By the open set condition, we obtain that g^{−1}(U ∩ F (G)) ⊂ U ∩ F (G), for each g ∈ G. Hence, it follows that D_0 ⊂ F (G) ∩ U. Let y^{′′} ∈ D_0 ∩ (q^{(n0 )}_x )^{−1}{y^′} be a point. Then, by Corollaries 1.8 and 1.9 in [S4], Dist (∂D_0, y^{′′}) ≤ M for some M that depends only on N. Further, by the same argument that was used in the proof of Theorem 1.16, diam D_0 ≍ r. Hence, there exists a constant 0 < k < 1 that does not depend on y and r such that B(y^{′′}, kr) ⊂ D_0 ⊂ F (G) ∩ B(y, r).

Case 2. y_{n0} ∈ B.

Making use of Lemma 2.16, the fact that UH(G) ∩ J(G) ⊂ U, taking a sufficiently small δ_0, and the method used on pp. 286-287 in [Y], one can show that there exists a ball B(y^{′′}, k^′r) in B(y, r) ∩ F (G), where k^′ is a constant with 0 < k^′ < 1 that does not depend on y and r.

We now prove Proposition 1.27.

Proof of Proposition 1.27. By the open set condition and Lemma 2.3 (f) in [S5], J(G) ⊂ U. We now show the following.

Claim 1: There exists an open set V^′ included in U ∩ F (G) such that h^{−1}(V^′) ∩ V^′ = ∅, for each h ∈ G.

Before supporting this claim, we would like the reader to note that the following claim can easily be shown.

Claim 2: If there exists a point z ∈ U ∩ F (G) such that z ∈ C \ G(z), then Claim 1 holds with a small open neighborhood V^′ of z.

As a proof of Claim 1, by the open set condition, we obtain that m⋃ j=1 h^{−1}_j (U ∩ F (G)) ⊂ U ∩ F (G). (8)

Suppose the equality does not hold in (8). Then there exists a point z ∈ U ∩F (G) such that h_j (z) ∈ C\U for each j = 1, . . . , m. Hence, by the open set condition, z ∈ C \ G(z). By Claim 2, Claim 1 holds.

Hence, it may be assumed that m⋃ j=1 h^{−1}_j (U ∩ F (G)) = U ∩ F (G). (9)

Let α : U ∩ F (G) → U ∩ F (G) be the map defined as: α(z) = h_j (z) if z ∈ h^{−1}_j (U ∩ F (G)). This is well defined by (9) and the open set condition.

Let z ∈ U ∩ F (G) be a point. If z ∈ C \ G(z), then, by Claim 2, Claim 1 follows. Hence, it may be assumed that z ∈ G(z); i.e., z ∈ ∞⋃ n=0 {α^n(z)}. (10)

Let W be the connected component of U ∩ F (G) containing z. By (10), there exists a smallest positive integer n with α^n(W ) ⊂ W. By (10) and the open set condition, one of the following two cases holds.

Case 1: W is included in an attracting or a parabolic basin of an element g ∈ G, z is a fixed point in the basin, and g|_W = α^n|_W .

Case 2: W is included in a Siegel disk or a Herman ring of an element g ∈ G of degree 2 or greater, and g|_W = α^n|_W .

If Case 1 holds, then there exists an open set V^′ included in W with α^{−l}(V^′)∩ V^′ = ∅, for each l ∈ N; i.e., h^{−1}(V^′) ∩ V^′ = ∅, for each h ∈ G.

If Case 2 holds, then, for V^′ in a connected component A of α^{−n}(W ) with A∩W = ∅, it follows that α^{−l}(V^′)∩V^′ = ∅, for each l ∈ N; i.e., h^{−1}(V^′)∩V^′ = ∅, for each h ∈ G.

Hence, we have proved Claim 1. Let V^′ be an open set included in U ∩ F (G) such that h^{−1}(V^′) ∩ V^′ = ∅ for each h ∈ G. Then, by the open set condition, g^{−1}(V^′) ∩ h^{−1}(V^′) = ∅, if g, h ∈ G and g ≠ h. Furthermore, the postcritical

set P (G) of G, which equals ⋃ g∈G g (⋃_m j=1{critical values of h_j } ) , does not accumulate in V^′. Let V be an open disk included in V^′ \ P (G). Then, it follows that ∫ V ∑ h∈G ∑ α ‖α^′(z)‖^2 dm(z) < ∞, where α runs over all the well-defined

inverse branches of h on V. Hence, for almost every x ∈ V with respect to the Lebesgue measure, it follows that S(2, x) < ∞.

We now prove Theorem 1.28. We first present several lemmas.

Lemma 2.18. Let G be a rational semigroup. Assume that ∞ ∈ F (G) and that, for each x ∈ E(G), there exists an element g ∈ G such that g(x) = x and |g^′(x)| < 1. Let A be a subset of J(G). Suppose that there exist positive constants a_1 , a_2 and c with 0 < c < 1 such that, for each x ∈ A, there exist two sequences (r_n) and (R_n) of positive real numbers and a sequence (g_n) of the elements of G satisfying all of the following conditions:

1. r_n → 0 and, for each n, 0 <^{rn}_{Rn} < c and g_n(x) ∈ J(G).

2. for each n, g_n(D(x, R_n)) ⊂ D(g_n(x), a_1).

3. for each n g_n(D(x, r_n)) ⊃ D(g_n(x), a_2).

Then, dim_H (A) ≤ s(G).

Proof. We may assume that ♯(J(G)) ≥ 3. Let δ ≥ s(G) be a number and μ a δ-subconformal measure. Using the method employed in the proof of Lemma 5.5 in [S4], one can show that there exists a constant c^′ > 0 that does not depend on n ∈ N and x ∈ A such that μ(D(x, r_n)) ≥ c^′r^δ_n. From this and Theorem 7.2 in [Pe], it follows that dim_H A ≤ δ.

Definition 2.19. (Conical set for rational semigroups) Let G be a rational semigroup. Let N ∈ N and r > 0. We denote by J_{con}(G, N, r) the set of points z ∈ J(G) such that, for any ϵ > 0, there exists an element g ∈ G such that g(z) ∈ J(G) and the element U ∈ c(B(g(z), r), g) containing z satisfies the following conditions:

1. diam U ≤ ϵ,

2. U is simply connected, and

3. deg(g : U → B(g(z), r)) ≤ N.

We set J_{con}(G, N) = ∪_{r>0}J_{con}(G, N, r) and J_{con}(G) = ∪_{N∈N}J_{con}(G, N).

Proposition 2.20. Let G be a rational semigroup. Assume that F (G) ≠ ∅ and that, for each x ∈ E(G), there exists an element g ∈ G such that g(x) = x and |g^′(x)| < 1. Then, dim_H (J_{con}(G)) ≤ s(G).

Proof. We now have only to show the following:

Claim: For fixed N ∈ N and r > 0, dim_H (J_{con}(G, N, r)) ≤ s(G). We may assume that ∞ ∈ F (G). Let x ∈ J_{con}(G, N, r) be a point. Then there exists a sequence (g_n) in G such that, for each n ∈ N, we have that g_n(x) ∈ J(G), deg(g_n : V_n(r) → D(g_n(x), r)) ≤ N, V_n(r) is simply connected and diam V_n(r) → 0 as n → ∞, where V_n(r) is the element of c(D(g_n(x), r), g_n) containing x. Let φ_n : D(0, 1) → V_n(r) be the Riemann map such that φ_n(0) = x. By the Koebe distortion theorem, for each n, V_n(r) ⊃ D(x,^1_4 |φ^′_n(0)|). By Lemma 2.3 and the Koebe distortion theorem, there exists an ϵ > 0 such that, for each n ∈ N, V_n(ϵr) ⊂ D(x,^1_8 |φ^′_n(0)|). Since diam V_n(r) → 0 as n → ∞, it follows that |φ^′_n(0)| → 0 as n → ∞. The application of Lemma 2.18 proves the claim.

Definition 2.21. (Good points for finitely generated rational semigroups) Let G = ⟨h_1, . . . , h_m⟩ be a rational semigroup. Let f : Σ_m × C → Σ_m × C be the fibered rational map associated with the generator system {h_1, . . . , h_m}. Then we set J_{good}(G) = π_C(J̃_{good}(f)). Note that this definition does not depend on the choice of any generator system of G that consists of finitely many elements.

We now prove the following theorem.

Theorem 2.22. Let G = ⟨h_1, . . . , h_m⟩ be a finitely generated rational semigroup with F (G) ≠ ∅. Let f : Y → Y be the fibered rational map associated with the generator system {h_1, . . . , h_m}, where Y = Σ_m × C. Suppose that f satisfies condition (C1) and that, for each x ∈ Σ_m, the boundary of Ĵ_x(f) ∩ UH(f) in Y_x does not separate points in Y_x. Then, J_{good}(G) ⊂ J_{con}(G) and dim_H (J_{good}(G)) ≤ s(G) ≤ s_0(G).

Proof. We may assume that ♯(J(G)) ≥ 3. We now show the following:

Claim: If E(G) ≠ ∅, then, for each x ∈ E(G), there exists an element g ∈ G such that g(x) = x and |g^′(x)| < 1.

If there exists an element h ∈ G with deg(h) ≥ 2, then this claim is trivial. Suppose that each element of G is of degree one. By Lemma 2.3 (d) in [S5], ♯(E(G)) ≤ 2. Since f satisfies condition (C1), for each i, h_i is loxodromic. Since h_i(E(G)) = E(G), for each i, it must be that each x ∈ E(G) is fixed by h_i, for each i. Let x ∈ E(G) be a point. Suppose |h^′_i(x)| > 1, for each i. Then,

J(G) = {x}, and this is a contradiction, since we assume that ♯(J(G)) ≥ 3. Hence, |h^′_i(x)| < 1 for some i. Hence, the claim holds.

The statement of this theorem follows from the claim, the second statement in Proposition 2.11, Proposition 2.20 and Theorem 4.2 in [S2].

We now prove Theorem 1.28.

Proof of Theorem 1.28. This follows from Lemma 2.15, π_C(J̃(f)) = J(G) (Proposition 3.2 in [S5]), Lemma 2.17 and Theorem 2.22, when m ≥ 2.

We now suppose m = 1 and J(G) ≠ C. Then, by [Ma], J_{good}(G) ⊂ J_{con}(G). By Lemma 2.17 and Proposition 2.20, it follows that dim_H (J(G)) ≤ s(G). Moreover, by Theorem 4.2 in [S2], we have s(G) ≤ s_0(G).

Hence, we have proved Theorem 1.28.

References

[BBR] R.Brück, M.Büger and S.Reitz, Random iterations of polynomials of the form z^2 + c_n: Connectedness of Julia sets, Ergod.Th. and Dynam.Sys., 19, (1999), No.5, 1221-1231.

[Bo] D.Boyd, An invariant measure for finitely generated rational semigroups, Complex Variables Theory Appl., 39, (1999),No.3, 229-254.

[BP] A.F.Beardon and Ch.Pommerenke, The Poincaré metric of plane domains, J.London Math.Soc., (2)18(1978), 475-483.

[Br] R.Brück, Geometric properties of Julia sets of the composition of polynomials of the form z^2 + c_n, Pacific J. Math., 198 (2001), no.2, 347-372.

[CJY] L.Carleson, P.W.Jones and J.-C.Yoccoz, Julia and John, Bol.Soc.Bras.Mat.25, N.1 1994, 1-30.

[D] M.Dabija, Böttcher divisors. Preprint.

[FS] J.E.Fornaess and N.Sibony, Random iterations of rational functions, Ergod.Th.and Dynam.Sys.11(1991), 687-708.

[GR] Z.Gong and F.Ren, A random dynamical system formed by infinitely many functions, J. Fudan Univ. Nat. Sci., 35, 1996, 387-392.

[H1] S.-M.Heinemann, Julia sets for holomorphic endomorphisms of C^n. , Ergod.Th. and Dyn.Sys. 16(1996), 1275-1296.

[H2] S.-M.Heinemann, Julia sets of skew products in C^2, Kyushu J.Math.52(1998), 299-329.

[HM1] A.Hinkkanen and G.J.Martin, The Dynamics of Semigroups of Rational Functions I, Proc.London Math.Soc. (3)73(1996), 358-384.

[HM2] A.Hinkkanen and G.J.Martin, Julia Sets of Rational Semigroups , Math.Z. 222, 1996, no.2, 161-169.

[HM3] A.Hinkkanen and G.J.Martin, Some Properties of Semigroups of Rational Functions, XVIth Rolf Nevanlinna Colloquium(Joensuu,1995), 53-58, de Gruyter, Berlin, 1996.

[J1] M.Jonsson, Dynamics of polynomial skew products on C^2, Math.Ann,314(1999), pp403-447.

[J2] M.Jonsson, Ergodic properties of fibered rational maps , Ark.Mat., 38 (2000), pp 281-317.

[Jone] P.Jones, On removable sets for Sobolev spaces in the plane, Essays on Fourier Analysis in honor of Elias M.Stein, (Princeton, NJ, 1991), 250-267, Princeton Univ. Press, Princeton N.J., 1995.

[K] Y.Kifer, Ergodic theory of random transformations, Number 10 in Progress in Probability and Statistics. Birkhäuser, Boston, 1986.

[KS1] H.Kriete and H.Sumi, Semihyperbolic transcendental semigroups, J.

Math. Kyoto Univ., Vol.40, No.2, 2000, pp205-216.

[KS2] H.Kriete and H.Sumi, Correction to “Semi-hyperbolic transcendental semigroups”, J. Math. Kyoto Univ., Vol.45, No.2, 2005, pp427.

[LV] O.Lehto and K.I.Virtanen, Quasiconformal Mappings in the plane, Springer-Verlag, 1973.

[Ma] R.Mañé, On a Theorem of Fatou, Bol.Soc.Bras.Mat., Vol.24, N. 1, 1-11.

1992.

[NV] R.Näkki and J.Väisälä, John Discs, Expo.math.9(1991), 3-43.

[Pe] Y.Pesin, Dimension theory in dynamical systems, Chicago Lectures in Mathematics, The University of Chicago Press. 1997.

[Po] Ch.Pommerenke, Uniformly perfect sets and the Poincaré metric, Arch.Math., 32(1979), 192-199.

[PR] F.Przytycki and S.Rohde, Porosity of Collet-Eckmann Julia sets, Fund.Math., 155, (1998), 189-199.

[S1] H.Sumi, On Dynamics of Hyperbolic Rational Semigroups, Journal of Mathematics of Kyoto University, Vol.37, No.4, 1997, 717-733.

[S2] H.Sumi, On Hausdorff Dimension of Julia Sets of Hyperbolic Rational Semigroups, Kodai Mathematical Journal. Vol.21, No.1, pp10-28, 1998.

[S3] H.Sumi, Dynamics of rational semigroups and Hausdorff dimension of the Julia sets, Thesis, Graduate School of Human and Environmental Studies, Kyoto University, Japan, 1999.

[S4] H.Sumi, Dynamics of sub-hyperbolic and semi-hyperbolic rational semigroups and skew products, Ergod. Th. and Dynam. Sys.(2001), 21, 563-603.

[S5] H.Sumi, Skew product maps related to finitely generated rational semigroups, Nonlinearity, 13, (2000), 995-1019.

[S6] H.Sumi, A correction to the proof of a lemma in ‘Dynamics of subhyperbolic and semi-hyperbolic rational semigroups and skew products’, Ergod.Th.and Dynam.Sys.(2001), 21, p1275-1276.

[S7] H.Sumi, Dimensions of Julia sets of expanding rational semigroups, Kodai Mathematical Journal, Vol.28, No.2, 2005, pp390-422. (See also http://arxiv.org/abs/math.DS/0405522.)

[Se1] O.Sester, Thesis: Etude Dynamique Des Polynômes Fibrés, Universite De Paris-Sud, Centre d’Orsey, 1997.

[Se2] O.Sester, Hyperbolicité des polynômes fibrés, Bull.Sc.Math.France, 127, (1999), No.3, 393-428.

[Se3] O.Sester, Combinatorial configurations of fibered polynomials, Ergod.Th.and Dynam.Sys., (2001), 21, 915-955.

[SSS] R.Stankewitz, T.Sugawa, H.Sumi, Some counterexamples in dynamics of rational semigroups, Annales Academiae Scientiarum Fennicae Mathematica Vol.29, 2004, 357-366.

[St1] R.Stankewitz, Completely invariant Julia sets of polynomial semigroups, Proc.Amer.Math.Soc., 127, (1999), No.10, 2889-2898.

[St2] R.Stankewitz, Completely invariant sets of normality for rational semigroups, Complex Variables Theory Appl., Vol 40.(2000), 199-210.

[St3] R.Stankewitz, Uniformly perfect sets, rational semigroups, Kleinian groups and IFS’s , Proc.Amer.Math.Soc. 128, (2000), No.9, 2569-2575.

[Su] T.Sugawa, Various Domain Constants Related to Uniform Perfectness, Complex Variables Theory Appl., Vol.36, pp-311-345, 1998.

[Y] Y.Yin, Geometry and dimension of Julia sets, in “The Mandelbrot Set, Theme and Variations”, edited by Tan Lei, pp281-289, London Math.Soc. LNS 274, 2000.