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Abstract

We investigate the dynamics of 2-generator semigroups of polynomials with bounded planar
postcritical set and associated random dynamics on the Riemann sphere. Also, we investigate
the space B of such semigroups. We show that for a parameter h in the intersection of B, the
hyperbolicity locus H and the closure of the disconnectedness locus (the space of parameters
for which the Julia set is disconnected), the corresponding semigroup satisfies either the open
set condition (and Bowen’s formula) or that the Julia sets of the two generators coincide. Also,
we show that for such a parameter h, if the Julia sets of the two generators do not coincide,
then there exists a neighborhood U of h such that for each parameter in U, the Hausdorff
dimension of the Julia set of the corresponding semigroup is strictly less than 2. Moreover, we
show that the intersection of the connectedness locus and B N H has dense interior. By using
the results on the semigroups corresponding to these parameters, we investigate the associated
functions which give the probability of tending to co (complex analogues of the devil’s staircase
or Lebesgue’s singular functions) and complex analogues of the Takagi function.

1 Introduction

Some partial results of this paper have been announced in [25] without any proofs. We investigate
the dynamics of polynomial semigroups (i.e., semigroups of non-constant polynomial maps where
the semigroup operation is functional composition) on the Riemann sphere C and random dynamics
of polynomials. We focus on the randomness-induced phenomena (i.e., phenomena which can
hold in random dynamical systems but cannot hold in deterministic iteration dynamical systems)
and the gradation between chaos and order in random complex dynamical systems and we
study complex analogues of the devil’s staircase, Lebesgue’s singular functions and the Takagi
function which are Holder continuous on C and vary only on connected thin fractal Julia sets of
the associated polynomial semigroups.

The first study of random complex dynamics was given by J. E. Fornaess and N. Sibony ([5]).
For research on random dynamics of quadratic polynomials, see [2, 3, 6]. For recent research
and motivations on random complex dynamics, see the author’s works [21]-[26], [9]. In order
to investigate random complex dynamical systems, it is very natural to study the dynamics of
associated polynomial semigroups. In fact, it is a very powerful tool to investigate random complex
dynamics, since random complex dynamics and the dynamics of polynomial semigroups are related
to each other very deeply. The first study of dynamics of polynomial semigroups was conducted by
A. Hinkkanen and G. J. Martin ([8]), who were interested in the role of the dynamics of polynomial
semigroups while studying various one-complex-dimensional moduli spaces for discrete groups, and
by F. Ren’s group ([7]), who studied such semigroups from the perspective of random dynamical
systems. Since the Julia set J(G) of a finitely generated polynomial semigroup G generated by
{h1,..., hy} has “backward self-similarity,” i.e., J(G) = U’Jﬁzlh;l(J(G)) (see [14, Lemma 1.1.4]),

*Date: January 6, 2016. Published in Adv. Math. 290 (2016) 809-859. 2010 MSC. 37F10, 30D05. Keywords:
polynomial semigroups, random complex dynamics, randomness-induced phenomena, Julia sets, devil’s coliseum,
complex Takagi function. The author’s webpage: http:www.math.sci.osaka-u.ac.jp/~sumi/.




the study of the dynamics of polynomial semigroups can be regarded as the study of “backward
iterated function systems,” and also as a generalization of the study of self-similar sets in fractal
geometry. For recent work on the dynamics of polynomial semigroups, see the author’s papers
[14]-[27], and [12, 13, 28, 29, 30, 10].

To introduce the main idea of this paper, we let G be a polynomial semigroup and denote
by F(G) the Fatou set of G, which is defined to be the maximal open subset of C where G is
equicontinuous with respect to the spherical distance on C. We call J(G) := C\ F(G) the Julia set
of G. For a polynomial map ¢ : C — C, we denote by CV(g) the set of critical values of g : C > C.
We set CV*(g) := CV(g) \ {o0}. For a polynomial semigroup G, we set P(G) := UgecCV(g) (the
closure is taken in C) and P*(G) := P(Q@) \ {oo}. The set P(Q) is called the postcritical set of G
and P*(G) is called the planar postcritical set of G. Note that if G is generated by a family A of
polynomials, i.e., G = {g10---0g, | n € N,Vg; € A}, then P(G) = Upcquirayh(UgeaCV(g)). In
particular, h(P(G)) € P(QG) for each h € G. For a polynomial semigroup G, we set K(G) := {z €
C | Ugec{g(2)} is bounded in C}.

Let P be the space of all polynomial maps g : C — C with deg(g) > 2 endowed with the distance
+ which is defined by x(f, g) := sup,.¢ d(f(2),9(2)), where d denotes the spherical distance on C.
Let P, = {f € P | deg(f) = n}. We remark that deg : P — N is continuous and for each n > 2
Py is a connected component of P, P, is an open and closed subset of P, and P, = (C\ {0}) x C™.

For each h = (hy,...,h,,) € P™, we denote by (hq,..., h,,) the polynomial semigroup gener-
ated by {hi,...,hm}, ie, (h1,...,hm) = {hiy 0---0h;, € P | neN,Vi; € {1,...,m}}. More-
over, we set F'(h1,...hm) = F((h1,...,hm)), J(h1, ... i) = J((hay oo i), PRy .o i) o=
P({h1,.. . hm)), P(h1,y... hy) = P*((h1, ..., hpm)), and K(hy,..., hp) = K({(h1 ..., hn)).

We say that a polynomial semigroup G is postcritically bounded if P*(G) is bounded in C.
We say that a polynomial semigroup G is hyperbolic if P(G) C F(G). We are interested in the
parameter space of 2-generator postcritically bounded polynomial semigroups.

Definition 1.1. We use the following notations.

We set B := {(h1,h2) € P?| P*(h1,hs) is bounded in C}.

We set C := {(h1,h2) € P?| J(hy, hy) is connected}.

We set D := {(hq,ha) € P?| J(hy, hz) is disconnected}.

We set H := {(h1, h2) € P?| (hq, hs) is hyperbolic}.

We set Z := {(hq,h2) € P?| J(hy) N J(h2) # 0}.

We set Q := {(h1,ha) € P?| J(h1) = J(h2), and J(hy) and J(hz) are quasicircles}.

It is well-known that for an element f € P, J(f) is connected if and only if P*(f) is bounded
in C. However, we have BND # () (e.g. (23,22%) € BN D). Moreover, we have the following.

Lemma 1.2 (Lemmas 5.4, 5.1 in [23]). The sets H,BNH,DNBNH are non-empty and open in
the product space P?> =P x P.

To present the first main result, we need some notations. For each z € C, we denote by TC,
the complex tangent space of C at z. For a holomorphic map ¢ : V' — C defined on a domain V,
we denote by Dy, : TC, — T(Cq(z the differential map of ¢ at z. We denote by ||Dy,||s the norm

of the derivative of ¢ at z with respect to the spherical metric on C.

Definition 1.3. Let o = (hy,...,h,,) € P™ be an element. Let %, := {1,...,m}" endowed
with product topology. This is a compact metric space. Let o : 3, — Z be the shift map, i.e.,

o(wi,wa,...) = (wa,ws, . ..). We define the map h : £,, xC — Em xC by h(w, y) (o(w), hwl(y))7
where w = (wy,ws,...) € &, and y € C. The map h : X, X C = 3,, x C is called the skew
product map associated with h = (hy,...,hy). For each w € %,,, we denote by F,,(h) the
maximal open subset of C where the family {/,,, © - 0 hy, }nen of polynomial maps is normal.

We set Jy,(h) := C\ Fy(h). We set J(h) := Upes, {w} x Jw(h), where the closure is taken




in the product space £, x C. We set F(fz) = (X, X @) \ J(iL) Let 7 : % x C = 5, and
Te : X X C — C be the canonical projections. For each n € N and each (w,y) € 3, x C, we set
D]N“LTUL)’y = D(hw, 0---0hy,)y. For all w = (w1, ws,...) € £, and n € N, we denote by w,, the n-th

coordinate of w. R
Definition 1.4. Let h = (hy, ha) € P2. For each z € C and each t > 0, we set

Z(hhhz)(z’t) = Z Z Z D (he,, O"'Ohm)y”;ta

n=1(w1,...,wn)€{1,2}" Y€ (huwy, 0+-0hw; )71 (2)

counting multiplicities. Here, we set 07* := o0. We set Zp, p,)(2) = inf{t > 0 | Z, p,)(2,t) <
oo}, where we set inf() := oo. For each h = (h1,h2) € H, we denote by d(;, p,) the unique zero
of the pressure function P(t) = P(iL|J(;l), —tlogy),t > 0, where P(-,-) denotes the topological
pressure, and ¢(w,y) := —log || D(hy, )ylls (for the existence and uniqueness of the zero, see [18]).

Note that (hi,h2) = O, n,) is real-analytic and plurisubharmonic on H (see [28]). If an
element h = (h1,ha) € H satisfies the open set condition, i.e., there exists a non-empty open
subset U of C such that U?zlhjfl(U) C U and ﬂ?zlh]fl(U) = (), then the dynamics of (hq, ha)
has many interesting properties, e.g., dimg (J(h1,h2)) = O, n,) (this is called Bowen’s formula)
where dimy denotes the Hausdorff dimension with respect to the Euclidean distance (see [18]).
Thus it is very interesting to consider when (hq, hs) € H satisfies the open set condition.

We are interested in the semigroup and random dynamical system generated by an element
(h1, he) of a small neighborhood of (0D) NBNH. Note that by Lemma 1.2, we have (0D)NBNH =

(C)NBNH CCnBNH. Under the above notations, we have the following result.

Theorem 1.5. All of the following statements 1-5 hold.
1. Let (h1,he) € (DNBNH)\ Q. Then (hi,hs) satisfies the open set condition.

2. Let (hy,hy) € DN B and let G = (hy,hy). Then, hi'(J(GQ)) N hy Y (J(G)) = 0, J(G) =
Myeqr,2yn Jw(h) (I denotes the disjoint union), each Jy(h) is connected, the map w — Jo,(h)
is continuous on {1,2N with respect to the Hausdor{f metric, and (hy, hs) satisfies the open
set condition.

3. Let (h1,he) € DNBNH and let G = (hy, ha). Then, J(G) is porous and
dimpy (J(@)) < dimp(J(G)) < 2.

Here, a compact subset X of@ is said to be porous if there exists a constant 0 < k < 1 such
that for each x € X and for each 0 < r < diam C, there exists a ball in {y € C | d(y,x) <

r}\ X with radius at least kr. Moreover, dimp denotes the upper Box dimension with respect
to the Euclidean distance.

4. Let (hy, hy) € (DNBNH)\ Q. Let d; := deg(h;) for each j. Then, for each z € C\ P(hy, hy),
log(di + d2)

1< 5 R < dimH(J(hl, hz)) = mB(J(hl, hg)) = 5(h1,h2) = Z(hl,hz)(z)-
D=1 TG 108 d;
Moreover, in addition to the assumption, if%ﬂl?d = dimg (J(h1, he)), then (h1,ha) €
j=1 dy+dy 08 %

DNBNH and there exist a transformation p(z) = az + B with o, € C,« # 0, two com-
plex numbers ai,as and an integer d > 3 such that d = di = dy and such that for each
j = 172’80 e} h] o) 80_1(2:) = ajzd.

5. Let (h1,h2) € (DNBNH)\ Q. Then there exist an € > 0 and a neighborhood V' of (hy, ho)
in BNH such that for each (g1,92) € V and for each z € C\ P(¢1,92),

dimg (J (g1, 92)) < dimp(J(91,92)) < 8(g1,9) = Z(g1,92)(2) S2— € < 2.



We remark that (2%, 12?) € BNH and J(z%,32%) = {z | 1 < |z| < 2}, whose interior is not
empty, and the author showed that there exists an open neighborhood U of (22, 32%) in BNH
such that for a.e. (hi,he) € U with respect to the Lebesgue measure on (P;)2, 2-dimensional
Lebesgue measure of J(hy,ha) is positive ([30, Theorem 1.6]). We also remark that for each
(di,d2) € Nx N with dy > 2, dy > 2, (dy,ds) # (2,2), we have (291, 2%) € (9C)NBNHN Q, since
(%, (14 L)z®2) e DNBNH.

We now present results on the topology of connectedness locus in the parameter space.

Theorem 1.6. All of the following statements 1—4 hold.

1. int(C)NBNH =CNBNH. Here, we denote by int(C) the set of interior points of C with
respect to the topology in P2. In particular, any element in (OD)NBNH can be approvimated
by a sequence in (int(C)) N BN H.

2.DNQA=0and DNBNI=0. For each connected component ¥V of P2, QNV is included in
a proper holomorphic subvariety of V.

3. ((0C)NBNH)\ Q is an open and dense subset of (OC) N B NH which is endowed with the
relative topology from P2.

4. Suppose that hy € P, (h1) is posteritically bounded, and hy is hyperbolic. Moreover, let
d € N,d > 2 with (deg(h1),d) # (2,2). Then, there exists an element hy € P such that

(h1,ha) € ((BC) NBAH)\Z C (3C) N BNH)\ Q and deg(hs) = d.

We next present the main results on random complex dynamical systems associated with ele-
ments (h1, ha) € B. Let 7 be a Borel probability measure on P with compact support. We consider
the independent and identically distributed (i.i.d.) random dynamics on C such that at every
step we choose a map h € P according to 7. Thus this determines a time-discrete Markov process
with time-homogeneous transition probabilities on the state space C such that for each z € C and
each Borel measurable subset A of C, the transition probability p(z, A) from x to A is defined
as p(z,A) = 7({g € P | g(x) € A}). For a metric space X, let M;(X) be the space of all Borel
probability measures on X endowed with the topology induced by weak convergence (thus p, — u
in My (X) if and only if [ @du, — [ pdu for each bounded continuous function ¢ : X — R). Note
that if X is a compact metric space, then 9t (X)) is compact and metrizable. For each 7 € 9t (X),
we denote by supp 7 the topological support of 7. Let 9t .(X) be the space of all Borel probability
measures 7 on X such that supp 7 is compact. It is very interesting and important to consider the
following function of probability of tending to co.

Definition 1.7. For each h = (hy, hy) € P2, each z € C, and each p € (0,1), we use the following
notations. We denote by T'(hy, ha, p, z) the probability of tending to co € ¢ regarding the random
dynamics on C such that at every step we choose h; with probability p and we choose hs with
probability 1 — p. More precisely, setting 7, n,.p := POn, + (1 — p)dn, € M1 ({h1,h2}) (05, denotes
the Dirac measure concentrated at h;), we set

T(h1,ha,p,z) = Thy e p({7 € {hl,hQ}N | Yn o 071(2) = 00 as n — o0}),

where 7, hy.p = @21 Thy hep € M1 ({h1, ha}Y). (Note: z +— T(hq, ha,p, 2) is locally constant on
F(hy, h2). See [24, Lemma 3.24].)

We now present results on the functions of probability of tending to oo.
Theorem 1.8. Statements 1 and 2 hold.

1. For each (hy,hs) € (DNB)U ((OC)NBNH) and for each 0 < p < 1,
J(hi1,he) = {z0 € C| for each neighborhood U of zy, z + T(h1,ha,p,z) is not constant on U}.



2. Let (h1,h2) € (OC)NBNH and let 0 < p < 1. Then, the function z — T(hy,ha,p, z) is
continuous on C if and only if J(hy) N J(ha) = 0.

We next give the definition of mean stable systems, minimal sets and transition operator in
order to present the results on the associated random dynamical systems and further results on
the functions of probability of tending to co.

Definition 1.9. Let I' be a non-empty compact subset of P. Let G be the polynomial semigroup
generated by I', i.e., G = {h1o---0oh, € P|n € N,Vh; € I'}. We say that I' is mean stable if
there exist non-empty open subsets U, V of F'(G) and a number n € N such that all of the following
(1)—(3) hold: (1) V Cc U and U C F(G); (2) For each v = (y1,72,...) € N, y, 0 0y (U) C V;
(3) For each point z € C, there exists an element g € G such that g(z) € U.

Furthermore, for a 7 € MMy .(P), we say that 7 is mean stable if supp 7 is mean stable.

The author showed that if 7 € 9 .(P) is mean stable, then the associated random dynamical
system has many interesting properties, e.g. the chaos of the averaged system disappears at every
point of C due to the cooperation of many kinds of maps in the system, even though the iteration of
each map of the system has a chaotic part ([24, 26]). Also, the author showed that the set of mean
stable compact subsets I" of P is open and dense in the space of all non-empty compact subsets
of P with respect to the Hausdorff metric (see [26]). Those results are called the cooperation
principle. Note that for every f € P, {f} is not mean stable and (f) is chaotic in the Julia set
J(f) # 0. Thus the cooperation principle is a randomness-induced phenomenon which cannot hold
in the deterministic iteration dynamics of an f € P. Note that randomness-induced phenomena
have been a central interest in the study of random dynamics. Many physicists have observed
various kinds of randomness-induced phenomena (sometimes physicists call them “noise-induced
phenomena”) by numerical experiments (e.g., [11]). In this paper, we consider how large the set
MS := {(h1,h2) € P? | {h1,ha} is mean stable} (resp. MS N B) is in P? (resp. B).

Definition 1.10. For a metric space X, we denote by Cpt(X) the space of all non-empty compact
subsets of X endowed with the Hausdorff metric. For a polynomial semigroup G, we say that a
non-empty compact subset L of C is a minimal set for (G,C) if L is minimal in {C' € Cpt(C) |
Vg € G,g(C) c C} with respect to inclusion. Moreover, we set Min(G,C) := {L € Cpt(C) |
L is a minimal set for (G,C)}.

Definition 1.11. For a compact metric space X, we denote by C(X) the Banach space of all
complex-valued continuous functions on X endowed with supremum norm || - ||. Let (hy, ko) € P?
and let p € (0,1). We denote by M, 4, : C(C) = C(C) the operator defined by My, 4, ,(¢)(2) =
po(h1(2))+(1—p)p(ha(z)) for each ¢ € C(C), z € C. This My, 5, is called the transition operator
with respect to the random dynamical system associated with 7p, pyp = PO, + (1 — p)on,. We
denote by Mj 4. . M, (C) — M, (C) the dual map of My, p,,, i-e., Jo(2)d(M; 4, ,(10)(2) =

[ M, 1y p(9)(2)dp(z) for each ¢ € C(C) and pu € M, (C).

Definition 1.12. For each a € (0,1), we set C*(C) := {¢ € C(C) | SUD,, e 2ty % < o0}

Moreover, for each ¢ € C(C), we set [¢|lo := SUp, ¢ [0(2)| +SUP, yet py %. Note that

C*(C) is a Banach space with this norm || - ||4.

Definition 1.13. For a polynomial semigroup G with co € F(G), we denote by F(G) the
connected component of F(G) containing co. Also, for an element g € P, we set Fio (9) := Fso ((9))-

Remark 1.14. It is easy to see that if G is generated by a compact subset of P, then co € F(G).

We now present the results on the random dynamical systems generated by elements in 5 and
further results on the functions of probability of tending to co.



Theorem 1.15. Statements 1 and 2 hold.

1. Let (h1,h2) € (DNBNH)U((OC)NBNH)\Z). Let p € (0,1). Then, there exist an open
neighborhood V' of (hi, hs) in BN H, an open neighborhood W of p in (0,1) and a constant
a € (0,1) such that all of the following (i)—(viii) hold.

(1) For each (g1,92,9) € V x (0,1), {g1, 92} is mean stable and 14, 4, 4 is mean stable.
(i) For each (g1,92,q) €V x W, z+ T(g1,92,q,2) is a-Hélder continuous on C.

(iii) Let (g1,92) € V. Then there exists a unique minimal set Lg, 4, for ({(g1,92), K ({91, 92)))
and the set of minimal sets for ({g1, g2),C) is {{o0}, Ly, g, }. Moreover, {co}U Ly, 4, C
F(g1,92) and Ly, 4, C int(K(g1,92))-

(iv) For each (g1,92,4,2) € V. x W x C there exists a Borel subset By, go.a.2 of {g1, 921"
with Tg, g, p(Bg1,g2,q,2) = 1 such that for each v = (y1,72,...) € By, ,g2,q,2> we have
d(Yn - 71(2), {00} U Lg, g,) = 0 as n — oo.

(v) For each (g1,92,q) € V x W, there exists a unique M, . -invariant Borel probability

measure v = vy, 4,4 0n K(g1,g2) such that for each ¢ € C(C),

M;,gg,q((AD)(Z) — T(915927qu) . (P(OO) + (1 — T(g1’927q7z)) . /(,DdV

uniformly on C as n — oc.

(vi) The map (g1,92,9) € VX W — T(g1,92,q,) € C(C) is continuous on V- x W. The map
(91,92,9) €V X W = vy, g, 4 € M1 (C) is continuous on V x W.

(vii) For each (g1,92) € V, there exist an open neighborhood Wy, 4, of p in W and a constant
B € (0,1) such that for each ¢ € Wy, 4,, we have T(g1,92,q,-) € CP(C) and the map
g T(91,92,9,-) € (CP(C), | - |p) is real-analytic on W,

1,92°

(viii) Let (g1,92) € V. Let G = {(g1,92). Then for each z € C, the function q — T(g91, 92,9, 2)
is real-analytic on (0,1). Moreover, for each n € N U {0}, the function (q,z) —
(0™"T/9q™) (91, 92,9, 2) is continuous on (0,1) x C. Moreover, for each q € (0,1), the

function z — T(q1,92,q, 2) is characterized by the unique element p € C(C) such that

My, g2.4(0) = 0.9l g(c) = 0, ¢lre () = 1. Furthermore, inductively, for anyn € NU{0}
and for any q € (0,1), the function z v+ (0"T1T/0q" 1) (g1, g2, q, 2) is characterized by

the unique element p € C(C) such that

orT orT
SO(Z) = MH1792,Q(@)(Z) +(n+ 1) (aqn(glagQaQ7gl(z)) - aqn(gvaQaQ792(z))) )

(
@\k(G)qu(G) =0.
Moreover, for any n € N U {0}, the function z — (0"T/0q™)(91,92,4q,%) is Holder
continuous on C and locally constant on F(G). Moreover, for each q € (0,1), there
exists a ¢ € (0,1) such that setting Pn, g, ,4,,4(2) = (0"T/0q")(91, 92,4, 2) for each z € C
and n € NU {0}7 we have that ¥ni1,9,,9,,9 = Z;io Mgl,g2,q((n + 1)(¢n,91,92,q °g1 —

Ungrgaq © 92)) i (CE(C), |- [l¢) for each n € NU{0}.

2. Let (h1,h2) € (DN B) and let G = (hy,he). Then, for each p € (0,1), the function
T(hy, ha,p,-) is Holder continuous on C and for each z € C, the functionp — T(hi, ha,p, z) is
real-analytic on (0,1). Moreover, for each n € NU{0}, the function (p,z) — (0"T/0p™)(h1, h2,D, 2)
is continuous on (0,1) x C. For each p € (0,1), the function z — T(h1,ha,p,2) is charac-

terized by the unique element ¢ € C(C) such that My, n, »(¢) = ¢, ‘P|f((G) =0,¢lp. (¢ = 1.



Furthermore, inductively, for any n € NU{0}, the function z — (0" YT /0p" 1) (hy, ha,p, 2)
s characterized by the unique element ¢ € C(C) such that

P(2) = My ho,p(0)(2) + (n+ 1) ((0"T/0p™ ) (ha, ha, p, hi(2)) — (O"T/0p™)(ha, ha, p, ha(2)))
el @ur. (@ =0-

Moreover, setting ¥n. hy hyp(z) = (0"T/0p™)(h1, he,p,z) for each p € (0,1),z € C,n e
NU {0}, we have that Yo i1,hy hap = 22 g0 Mil, iy p (0 + 1) (W hs ko p © 11— iy hop © h2))
in (C(C), | - |lso) for each n € NU{0}.

In order to present results on the pointwise Holder exponents of the functions of probability of
tending to oo, we need the following definitions.

Definition 1.16. Let h = (hq,he) € P?. Let p € (0,1). We set p1 = p,ps = 1 — p. Let n, =
ol 1(25 1Dj0;) € Mi(E2) be the Bernoulli measure on Xy with respect to the weight (p1,p2).
We denote by 7 : 3o X C — %, the canonical projection onto 3. Also, we denote by ma : Xa x C—
C the canonical projection_onto C. It is known that there exists a unique h-invariant ergodic
Borel probability measure Ap, ,, on Sa X C such that TuMnyhop) = 7p and h)\h1 . p( lo) =
MAX )¢ (5, % E)ihon (p)=pra (p)=F p(h|0) = ijl p; log(deg(h;)), where h (h|0) denotes the relative
metric entropy of (h, p) with respect to (o,7,), and €;(-) denotes the space of ergodic measures
(see [16]). This An, n,p is called the maximal relative entropy measure for i with respect to
(0,1mp). Also, we set Ap, hyp = (Ta)« (A .hs p)- This is a Borel probability measure on J(hy, ha).

Definition 1.17.

o Let h : ¥y X C — Yo X C be the skew product associated with h = (h1,hs) € H. Let
€ (0,1). We set p1 = p,p2 =1 —p. Let p be an h-invariant Borel probability measure on

J(h) (i.e., p(A) = p(h~1(A)) for each Borel measurable subset A of .J(h)). Moreover, we set

f22><@ logpwl dp(w, 1‘)
f22xclog||D( Dzlls dp(w, )

U(h1,h2,p,p) . € (0,00)

e Let V be an open subset of C. For any function ¢ : V — R and any point y € V, if ¢ is
bounded around y, we set
Hol(p,y) = sup{ > 0 | limsup,_,, ., (lp(2) — ¢ (y)|/|z — y|?) < oo} € [0,00], and this is
called the pointwise Holder exponent of ¢ at y. (Note: If Hol(p,y) < 1, then ¢ is not
differentiable at y. If Hol(p,y) > 1, then ¢ is differentiable at y and the derivative is equal
to 0.)

We now present the results on the pointwise Holder exponents of the functions of probability
of tending to oo.

Theorem 1.18. Statements 1 and 2 hold.

1. (Non-differentiability) Let (h1,hs) € DNBNH, G = (h1,hs), and 0 < p < 1. Then, supp
Abihap = J(G), Anyhop 95 non-atomic, and for almost every point zo € J(G) with respect
10 Ahy hoops

plogp+ (1 — p)log(1l —p)

plog(deg(n) + (1 — p) log(deg(ha) ~

HO(T (h1, ha, p, ), 20) < w(h1, hay Dy Ay hop) = —

and T'(h1, ha,p,-) is not differentiable at zy. In particular, there ezists an uncountable dense
subset A of J(G) such that at every point of A, the function T'(hy, ha,p, ) is not differentiable.
Moreover, if (h1, ha) € DNBNOH, then HOL(T (h1, ha,p, ), 20) = u(h1, ha, P, Ahy hy.p) for almost



every point zo € J(G) with respect to A, py p- Moreover, if (h1, ha) € (DNBNH)\ Q, then for
almost every point zy € J(G) with respect to Ap, b, p, the function T'(hq, he,p,-) is continuous
at 2g.

2. Let (h1,ha) € DNBNH)\ Q, G = (h1,ha), and 0 < p < 1. Let v = dimy(J(G)) and let
H? be the v-dimensional Hausdorff measure. Then we have the all of the following.

(i) 0< H*(J(G)) < >0 cmd there exists a unique Borel probability measure v on J(N) such
that for each p € C(J fj(h () eh—1 (v.2) HD((OLW dv(vy,x fj(h x)dv(y, ).
Moreover, there exists a unique element i € C(J(h)) with (v, ) >0 (V(n, )) such that

for each (v,x) € J(E), we have Z(a,y)efrl(y,z) % = Y(y,x). Also, n:=1-v is

an h-invariant ergodic Borel probability measure on J(h). Further, ()« (V) = %

(ii) For almost every z € J(G) with respect to HY, the function T(hy, he,p,-) : C = [0,1] is
continuous at zg and HOL(T (hy, ha, p, ), 20) < w(hy, ha,p,n). If (h1, he) € DNBNH, then
for almost every zo € J(G) with respect to H, HOl(T'(h1, ha,p, ), z0) = u(hi, ha,p,n).

Theorem 1.19. Let h = (hi,h2) € (DNBNH)\Z. Let G = (h1,ha). Let p € (0,1). Let p; =
p,p2 = 1—p. Then there exists an open neighborhood V' of (hy, ha) in BNH and a numberi € {1,2}
such that for each (g1,92) € V, denoting by p; the maximal entropy measure for g; : C—C for
each j = 1,2, all of the following hold.

. ) .. log p;
(i) For each j =1,2, for pj-a.e. zo € J(g;), HO(T (g1, 92,p, "), 20) < —%.

(il) For pi-a.e. z0 € J(g;), HOUT (91,92, p."): 20) < —pogeeiiay < 1-

iii) For each a € (——=282i— 1) and for each ¢ € C*(C) such that p(c0) = 1 and ¢|z o = 0,
log deg(g) K(@)

we have || M, |l — 00 as n — co.

91 g2, P( )

Remark 1.20. Let (hy,h2) € DN BN H be an element. By statements 1, 2 in Theorem 1.18, it
follows that if p is close enough to 0 or 1, then (1) for almost every zo € J(hq, h2) with respect to
Aha haps 2 — T'(h1, ha,p, ) is not differentiable at zg, but (2) for almost every zg € J(h1, he) with
respect to HY, z — T'(hy, ha,p, 2) is differentiable at zy and the derivative is equal to 0.

Remark 1.21. Theorems 1.15, 1.18, 1.19 and [26, Theorem 3.30] imply that if (hi,hs) € (DN
BN H)\ Z then there exists a neighborhood Ag of (hi,hz) in P? such that for each (g1, g2) € A
and each p € (0, 1), the associated random dynamical system does not have chaos in the C? sense,
but still has a kind of chaos in the C'* sense for some 0 < « < 1 (see also the similar results
Theorems 2.27, 2.42, 2.56 in which we do not assume hyperbolicity). More precisely, for such an
element (g1, g2, p), there exists a number oy € (0,1) such that for each o € (0, ), the system
behaves well on the Banach space C%(C) endowed with a-Hélder norm | - ||o (see [26, Theorem
1.10]), but for each v € (v, 1), the system behaves chaotically on the Banach space C*(C) (and on
the Banach space C1(C) as well). In this way, regarding the random dynamical systems, we have a
kind of gradation between chaos and order. Note that in [24, 26], this phenomenon was found
for the systems with disconnected Julia sets, but in this paper, we show that this phenomenon
can hold for plenty of systems with connected Julia sets. For the related results in which we do
not assume hyperbolicity, see Theorems 2.27, 2.42, 2.56 and Remark 2.57. In [9], we perform a
multifractal analysis of the pointwise Holder exponents of T'(h1, ha,p,-) (and more general limit
state functions of random complex dynamical systems).

Remark 1.22. From the point of view of [24, Introduction] and [26, Remark 1.14], we can say that
the function z — T'(hq, ha, p, 2) is a complex analogue of the devil’s staircase or Lebesgue’s singular
functions and it is called a “devil’s coliseum” (see Figures 2 and 3, for the definition of the devil’s
staircase and Lebesgue’s singular functions, see [32]), and the function z — (9T/9p)(h1, h2,p, 2)



(see Figure 4) is a complex analogue of the Takagi function (or the Blancmange function) (for the
definition of the Takagi function, see [32]). These notions have been introduced in [24, 26], though
in those papers we deal with the case having disconnected Julia sets. In this paper, we also deal
with the case with connected Julia sets which are thin fractal sets.

Figure 1: The Julia set of G = (hy, h2), where (hy,ha) € ((0C) N BN H) \ Z and deg(hy) =
deg(hy) = 4. The Julia set J(G) is connected, (hi,hs) satisfies the open set condition and
3 < dimy(J(G)) < 2.

Remark 1.23. This paper is the first one in which the parameter space of polynomial semigroups
is investigated. We focus on the space of parameters for which the semigroup is postcritically
bounded. In particular, we study the disconnectedness locus and the connectedness locus in the
above space. We combine all ideas on postcritically bounded polynomial semigroups ([21, 13]),
interaction cohomology ([20]), skew products and potential theory ([16, 17, 24]), (semi-)hyperbolic
semigroups and thermodynamic formalisms ([18, 31, 29]), ergodic theory, perturbation theory for
linear operators, and random complex dynamics ([24, 26]). In the proofs of the results, we use the
idea of the nerve of backward images of the Julia set under the elements of a polynomial semigroup
and associated cohomology (interaction cohomology) from [20] and we combine this with potential
theory. Also, we use the results on the dynamics of postcritically bounded polynomial semigroups
from [21] and the results on hyperbolic semigroups from [18]. From these, we obtain that any
element h = (hy,hy) € (DN BN H)\ Q satisfies the open set condition and Bowen’s formula
(Theorem 1.5-1, 4). This is crucial to obtain other results in this paper. Combining this with
some geometric observations by using Green’s functions and a result on the porosity of the Julia
sets from [19], we obtain dimg (J(h1, h2)) < 2 (Theorem 1.5-3) and Theorem 1.5-4. Moreover, we
obtain that there exists a neighborhood Ao of (DN BN H)\ Z such that for each (hy, ha) € Ao,
the set {h1, ho} is mean stable (Theorem 1.15-1-(i)).

Also, it is important and interesting to study the topology of the connectedness locus and its
boundary. Combining int(C)NBNH = CNBNH (Theorem 1.6-1), that ((0C)NBNH)\ Q is dense in
(0C)NBNH (Theorem 1.6-3) and Theorem 1.5-4, we see that in any neighborhood of any point of
(0C) N BNH, there exists an open subset A; of int(C) N BNH such that for each g = (g1, 92) € Ai,
we have that dimg(J(g1,92)) < 2. Combining the results on semigroups and some results on
random complex dynamics from [24, 26], and developing many new ideas, we show Theorems 1.15,
1.18, 1.19. Note that Theorem 1.15 (vii)(viii) (complex analogues of the Takagi function) are
obtained by using some results from [26], which were shown by using the perturbation theory
for linear operators. Combining the above results on semigroups and Theorem 1.15, we obtain
that in any neighborhood of any point of ((0C) N BN H) \ Z, there exists an open subset Ay of
int(C) N BN H such that for each g = (91,92) € A2, {g1,92} is mean stable and the function
T(g1,g2,p,-) of probability of tending to oo is Holder continuous on C and varies only in a thin
connected fractal set J(g1,g2) whose Hausdorff dimension is strictly less than two. Moreover, if
(91,92) € (OC)NBNH)\ Z, then T(g1,92,p, ) is Holder continuous on C and varies precisely on
the connected Julia set J(gi1,g2) which is a thin fractal set (Theorems 1.15, 1.8, 1.5). Thus, we




Figure 2: The graph of z +— T'(h1, he,1/2, 2), where (hy, ha) is as in Figure 1. A devil’s coliseum (a
complex analogue of the devil’s staircase or Lebesgue’s singular functions). The function is Holder
continuous on C and the set of varying points is equal to the connected Julia set in Figure 1.

Figure 3: Figure 2 upside down.

Figure 4: The graph of z — (9T/0p)(h1, h2,1/2,2), where (hy, ha) is as in Figure 1. A complex
analogue of the Takagi function (the Blancmange function). This function is Holder continuous on
C and the set of varying points is included in the Julia set in Figure 1.
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can say that even in the parameter region C N B N H, there are plenty of examples of “complex
singular functions” (complex analogues of the devil’s staircase or Lebesgue singular functions).
Note that in [24, 26], we have obtained many results on the functions of probability of tending
to oo when the associated Julia sets are “disconnected”. This paper is the first one in which we
show the existence of plenty of examples such that the function of probability of tending to oo
is continuous and “singular” when the associated Julia set is connected. (In fact, if the overlap
hiY(J(hi,ha)) N hy t(J(h1, ho)) is not empty, then the analysis of the random dynamical systems
generated by {h1,ho} and T'(hy, he,p,-) is difficult.) Also, the details of such functions are given
in Theorem 1.15.

In section 2, we give the proofs of the main results. Also, in section 2, we show some further
results in which we do not assume hyperbolicity (Theorems 2.26, 2.27, 2.42, 2.52, 2.56). Moreover,
we show a result on the Fatou components (Theorem 2.45) and some results on semi-hyperbolicity
(Theorems 2.26, 2.27).

Acknowledgement. The author thanks Rich Stankewitz for valuable comments. This research
was partially supported by JSPS KAKENHI 24540211, 15K04899.

2 Proofs of the main results

In this section, we give the proofs of the main results. Also, we show some further results in which
we do not assume hyperbolicity.

To recall some known facts on polynomial semigroups, let G be a polynomial semigroup with
G C P. Then, for each g € G, g(F(G)) C F(G),g~Y(J(G)) C J(G). Moreover, J(G) is a perfect
set and J(G) is equal to the closure of the set of repelling cycles of elements of G. In particular,
J(G) = UyeaJ(g). We set E(G) = {z € C | tUpec g t({z}) < oo}. Then $E(G) < 2 and for
each z € J(G) \ B(G), J(G) = Uyeq 97 ({z})- Also, J(G) is the smallest set in {§ # K C C |
K is compact,Vg € G, g(K) C K} with respect to the inclusion. If G is generated by a compact
family A of P, then J(G) = U,cp b1 (J(G)) (this is called the backward self-similarity). For
more details on these properties of polynomial semigroups, see [8, 12, 7, 16]. The article [12] by
R. Stankewitz is a very nice introductory one for basic facts on polynomial semigroups. For the
properties of the dynamics of postcritically bounded polynomial semigroups, see [21, 13].

For fundamental tools and lemmas of random complex dynamics, see [24, 26].

2.1 Proofs of Theorems 1.5 and 1.6

In this subsection, we prove Theorems 1.5 and 1.6. Also, we show some results in which we do not
assume hyperbolicity (Lemma 2.24, Theorems 2.26, 2.27). We need some definitions.

Definition 2.1 ([21]). For any connected sets K7 and K5 in C, we write K1 <; K> to indicate that
K1 = Ks, or K; is included in a bounded component of C\ Ks. Furthermore, K; <, K5 indicates
Ky <4 Ky and K; # Ks,. Moreover, Ky >, K; indicates K1 <; Ky, and Ky >, K; indicates
K; <5 Ks. Note that <, is a partial order in the space of all non-empty compact connected sets
in C. This <, is called the surrounding order.

Definition 2.2. For a topological space X, we denote by Con(X) the set of all connected compo-
nents of X.

Definition 2.3. We denote by G the set of all postcritically bounded polynomial semigroups G
with G C P. We denote by G4;s the set of all G € G with disconnected Julia set.

Remark 2.4. Let G € Gg;s. In [21], it was shown that J(G) C C, (Con(J(G)), <) is totally
ordered, there exists a unique maximal element Jyax = Jmax(G) € (Con(J(G)), <), there exists
a unique minimal element Jyin, = Jmin(G) € (Con(J(G)),<y), and each element of Con(F(G))
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is either simply connected or doubly connected. Moreover, in [21], it was shown that A # 0,
where A denotes the set of all doubly connected components of F(G) (more precisely, for each
J,J" € Con(J(G)) with J <, J', there exists an A € A with J <¢ A <, J'), Upeq A C C, and
(A, <y) is totally ordered. Note that each A € A is bounded and multiply connected, while for a
single f € P, we have no bounded multiply connected component of F(f).

Definition 2.5. Let v = (71,72,...) € P be a sequence of polynomials. For each m,n € N with
n < m, we set Ym.pn = Ym0 - 0,. We denote by F, the set of points z € C for which there exists
a neighborhood U of z such that {y,1}nen is normal. The set F), is called the Fatou set of the
sequence 7y of polynomials. Moreover, we set J, := C \ F,. The set J, is called the Julia set of the
sequence 7y of polynomials.

Lemma 2.6. Let (hy,hy) € BND. Let T = {hy,he} and G = (hy,hy). Then, hi*(J(G)) N
hy {(J(G)) =0, J(G) = L epn, (disjoint union), and the map v — J,, is continuous on TN with
respect to the Hausdorff metric. Moreover, for each v € TN , Jy 18 connected.

Proof. By [21, Proposition 2.24], we may assume that J(h1) C Jmin(G) and J(hs) C Jpax(G). Then
by [21, Theorem 2.20-5], § # int(K (G)) C int(K (hy)). Here, for any subset A of C, int(A) denotes
the set of interior points of A with respect to the topology in C. By [21, Theorem 2.20-5] again,
ha(J(h1)) C ho(Jmin(G)) C int(K(G)) C int(K(h1)). Therefore ho(int(K(hy))) C int(K(hq)).
Thus int(K (hy)) C F(G).

By [20, Theorems 1.7, 1.5], by 1(J(G)) Nhy 1 (J(G)) = 0. Since J(G) = by (J(G)) Uhy 1 (J(G))
([14, Lemma 1.1.4)), it follows that J(G) = ,YGI‘N J(G)V, where J(G), = N (v ' v LI ().
Since J, = vty YT ms 1 mgar)) C vty H(J(@)) for each v and each n € N, it follows
that for each v € I'N, J, C J(G),.

Let v € I'N. In order to prove J, = J(G)., suppose that there exists a point yo € J(G), \ J,.
We now consider the following two cases. Case 1: #{n € N | v, # h1} = oo. Case 2: §{n € N |
Yo 7 h1} < 0.

Suppose that we have Case 1. Then there exist an open neighborhood U of yq in @, a strictly
increasing sequence {n;}32, of positive integers, and a map ¢ : U — C, such that Yr;41 = ho
for each j € N, and such that v,; 1 — ¢ uniformly on U as j — oo. Since v, 1(y0) € J(G) for
each j, and since int(K(G)) C F(G), [22, Lemma 5.6] implies that ¢ is constant. By [23, Lemma
3.13], it follows that d(vyn, 1(y0), P*(G)) — 0 as j — co. Moreover, since v,,41 = ho, we obtain
Yn;1(Y0) € hy ' (J(G)) for each j. Furthermore, by [21, Theorem 2.20-2,5], hy ' (J(G)) C C\ P*(G).
This is a contradiction. Hence, we cannot have Case 1.

Suppose we have Case 2. Let r € N be a number such that for each s € N with s > r, v5 = hy.
Then At (vr,1(y0)) € J(G) for each n > 0. Since yo & J,, we have 7,.1(yo) € J(h1). Moreover, since
Yr1(y0) € J(G) and int(K (hy)) € F(G), it follows that 7.1 (yo) belongs to Fa(hy). It implies that
Y (r,1(Yo)) = o0 as n — oco. However, this contradicts that AT (y,.1(vo)) € J(G) for each n > 0.
Therefore, we cannot have Case 2.

Thus, for each v € I', J, = J(G),. Combining this with [23, Lemma 3.5] and [19, Proposition
2.2(3)], we obtain that the map ~ ~ .J, is continuous on I'V with respect to the Hausdorff metric.

Finally, by [23, Lemma 3.8], J, is connected for each v € I'N. Thus we have proved our
lemma. O

Proposition 2.7. Let (h1,hs) € BN D. Then either (1) K(hy) C int(K(hg)) or (2) K(hs) C
int(K (h1)) holds. 1If (1) holds, then setting U := (int(K(hz2))) \ K(h1), we have that (h1,h2)
satisfies the open set condition with U, that K (hy) C hi'(K(hs)) C hy *(K(h1)) C K (hy), that ho
is hyperbolic, and that J(he) is a quasicircle.

Proof. Let I' := {hy, ha}. Let G = (h1, h). By Lemma 2.6, we have J(G) = II,¢pnJ,. Combining
this with [21, Theorem 2.7], we obtain that either J(h1) <s J(h2) or J(h2) <s J(h1) holds. We
now assume that J(hy) <5 J(ha) (which is equivalent to K(h;) C int(K(hs))). Then, by [21,
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Proposition 2.24], J(h1) C Jmin(G) and J(h2) C Jmax(G). By Lemma 2.6 again, it follows that
J(h1) = Jnin(G) and J(he) = Jmax(G). Let A = K (hs) \ int(K(h1)). We now prove the following

claim.

Claim 1. hy ' (A) Uhy ' (A) C A.

To prove this claim, let « = (h2,h1,hq,...) € TN, Then J, = h;l(J(hl)). Since J(h1) =
Jmin(G), we obtain that J(hy) <, Jo = hy'(J(hy)). Therefore hy*(A) C A. Similarly, letting
B = (h1,ha, ha,...) € TN, we have Jg = hy'(J(he)) <s J(h2) and h;*(A) C A. Thus we have
proved Claim 1.

We have that hy'(A) and hy'(A) are connected compact sets. We prove the following claim.
Claim 2. Js = hy *(J(h)) <s Jo = hy *(J(h1)). In particular, by ' (A) <s hy ' (A).

To prove this claim, suppose that Jg <4 J, does not hold. Then by [21, Theorem 2.7], J,, <s J3.
This implies that A = h7*(A) U hy'(A). By [8, Corollary 3.2], we have J(G) C A. Since J(G)
is disconnected (assumption) and since A is connected, F(G) N A # 0. Let y € F(G) N A. Since
A = hi*(A)Uhy ' (A), there exists an element v € TN such that for each n € N, ,, 1 (y) € A. Since
y € ANF(G) and UgeGg(F(G)) C F(G), yn1(y) € Fx(h1) N A for each n € N. Therefore there
exists a strictly increasing sequence {nj} 2 1 in N such that for each j, v,,,41 = ha. Since y € F,, we

may assume that there exists an open neighborhood U of y in Canda holomorphic map ¢ : U — @
such that v,,1 — ¢ uniformly on U as j — oco. Since yy,,1(y) € Foo(h1) N A C (C\K(G)NA
for each j, [22, Lemma 5.6] implies that there exists a constant ¢ € C such that ¢ = ¢ on U.
By [23, Lemma 3.13], it follows that ¢ € P*(G). Moreover, v,, 11,1 — ha(c) € P*(G) as j — oo
uniformly on U. Since P*(G) C K (h1) and since vy,;41,1(y) € Foo(h1) for each j, it follows that
d(VYn;+1,1(y), J(h1)) — 0 as j — oo. Combining this with that +,,, ;1 = hg for each j, we obtain that
d(Yn; 1 (y), by (J(h1))) — oc. Since J(h1) <, hy ' (J(h1)), it follows that ¢ € Fio(hq). However,
this is a contradiction, Hence, Jg <s Jo. Thus we have proved Claim 2.

From Claims 1 and 2, we obtain that (hy,hs) satisfies the open set condition with U and
K(hy) € hiY(K(hy)) C hy'(K(h1)) C K (hy).

By [21, Theorem 2.20-4], hy is hyperbolic and J(hg) is a quasicircle.

Thus we have proved our proposition. O

Lemma 2.8. Statement 2 in Theorem 1.5 holds.
Proof. Statement 2 in Theorem 1.5 follows from Lemma 2.6 and Proposition 2.7. O
The following proposition is the key to proving many results in this paper.

Proposition 2.9. Let (hi,hs) € DN (BN H). Then, either (1) K(hy) C K(ha) or (2) K(hs) C
K (hy) holds. If (1) holds then, setting Up, p, := (int(K(h2)))\ K (h1), we have all of the following.

(a) K(h1) C hy (K (ha)) € hy (K (h)) € K (h).
(b) hi ' (Unyha) Why ' (Uny,ha) € Uy ho-
(¢) J(he) is a quasicircle.

Proof. Let (hy,h2) € DN(BNH). Then there exists a sequence {(h1,,, h2.5) }bnen in DNHNB such
that (hin,hen) — (hi,h2) as n — oo. By Proposition 2.7, we may assume that for each n € N,
K(th) C int(K(hg,n)L

K(h1,n) C 0y (K (han)) € hy (K (h1n)) € K (han), (2)

and hy, (Un) I hy ) (Uy) C Uy, where Uy = (int(K (ha,n))) \ K (h1,n). Suppose that hy ' (K (h2))N
(C\ hy'(K(h1))) # 0. Then,

O(hy " (K (h2))) \ hy (K (h1)) # 0. (3)
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For, let z € hy ' (K(hy)) N (C\ hy (K (h1))) # 0 be a point. If z € int(hy (K (hs))), then since
C \ hy'(K(hy)) is connected (this is because (hi,hs) € B), there exists a curve v : [0,1] —
C\ hy (K (h1)) such that v(0) = z € int(h (K (hy))) and v(1) = oo € C\ =y ' (K (hy)). Therefore
there exists a t € [0,1] with v(t) € d(h; (K (hz))). Thus (3) holds. Let V be an open disc
neighborhood of oo such that for each n € N, V' C F(hq p, hon) N F(h1, h2). By (3), there exist
a point w € hy*(J(hy)) and a positive integer I such that hlhg(w) € V. Since J(ha,) — J(h2)
as n — oo with respect to the Hausdorff metric, for a sufficiently large n € N, there exists a
point wy € hl_ﬂll(J(hg,n)) such that k), ho,(wo) € V. Therefore wy € C\ h;}l(K(hln)) Hence,
hl_}L(J(hgm)) N (C\ hQ_;L(K(th))) # (. However, this contradicts (2). Thus, we should have
that hy ' (K (h2)) C hy'(K(hy)). Similarly, by using the fact K(h;,) C int(K(ha,)) for each
n, we obtain K(hy) C K(hg). Therefore, K(hy) C hi'(K(h1)) C hy*(K(h2)) C hy "(K(h1)) C
hy '(K(hy)) = K(hs). Thus statement (a) holds.
We next prove statement (b). Let U = (int(K (h2))) \ K(h1). By statement (a), we have

hi ' (U) =hy (it (K (h2))) \ K (h1)) = (int(hy* (K (h2)))) \ by ' (K (1)) = int(hy* (K (h2)))) \ figu)
C(int(K (h2))) \ K(h1) = U. (5)

Similarly, by statement (a), we have

hy ' (U) =hy ' ((int(K (h2))) \ K (h1)) = hy* (int (K (h2))) \ hy (K (h1)) = (int(K (h2))) \ hy ' (K (b))

(6)

C(int(K(h2))) \ K(h1) = U. (7)
Moreover, since we have hy ' (K (hg)) C hy (K (h1)) (statement (a)),

(int(hy ' (K (h2))) N ((int(K (h2))) \ hy ' (K (h1))) = 0. (8)

Combining (4), (6), and (8), we obtain h;*(U)Nh; *(U) = 0. Therefore statement (b) holds. Since
J(h2n) is a quasicircle for each n, since hg is hyperbolic, and since hz,, — hg, we obtain that
J(hz) is a quasicircle. Hence statement (c) holds.

Thus we have proved Proposition 2.9. O

Lemma 2.10. Statement 1 in Theorem 1.5 holds.

Proof. Let (h1,hs) € (DNBNH)\ Q. Then by Proposition 2.9, either K (h1) C K(hy) or K (hy) C
K (h1). We may assume K (h;) C K(hz2). By Proposition 2.9 again, we obtain that setting U :=
(int(K (h))) \ K (h1), h7Y(U) 11 hy }(U) C U. Moreover, J(hy) is a quasicircle. Since (hy,hs) ¢ Q,
it follows that K(h1) G K(hz). Therefore, U # . Thus, (h1, hy) satisfies the open set condition
with U. Hence statement 1 in Theorem 1.5 holds. O

Lemma 2.11. Let (hy,hs) € (D) NBNH. Then hy*(J(he)) Nhy ' (J(h1)) # 0.

Proof. Suppose hy*(J(hy)) Nhy *(J(h1)) = 0. By Proposition 2.9, we may assume that K (hi) C
K (hy). Combining Proposition 2.9 and hy*(J(h2)) Nhy*(J(h1)) = 0, we obtain that

hi*(K(h2)) C int(hy " (K (h1))). 9)

Let U = (int(K (hz))) \ K(h1). By Proposition 2.9-(b) and [8, Corollary 3.2], we have J(G) C U.
By (4) and (6), we have that

hi ' (U) € hy (K (ha)) and hy'(U) € K (ho) \ (int(hy " (K (h1))))- (10)

)
Since we are assumlng hy (J(hg))ﬂh; (J(h1)) =0, £ from m (9) and( ) it follows that 7' (J(G))N
hyY(J(G)) € hiH(U)Nhy H(TU) = 0. Since J(G) = hy " (J(G)) Uhy ' (J ( ) ([14, Lemma 1.1.4]), we
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obtain that J(G) is disconnected. It implies (hq, ha) € DN BN H. However, since DNBNH is an
open subset of P? (Lemma 1.2), it contradicts (hy, he) € (0D) N BN H. Therefore, we must have
that hy*(J(he)) Nhy (J(h1)) # 0.

Thus we have proved our lemma. O

Lemma 2.12. Let (hy, ha) € BOH. Suppose hi*(J(he)) Nhy ' (J(h1)) # 0. Let zo € hi ' (J(h2))N
h;l(J(hl)). For each b € C, let Sp(z) = z+ b and let hsy = Sp 0 hg o Sgl. Then, for each
€ > 0, there exists a number ¢ € {b € C | |b] < €} such that hi*(J(hs.)) \ hgi(K(hl)) # () and
hi (K (ha.e)) # hy o (K (h)).

Proof. Let wg := h1(20) € J(hz2). Then,
So(wg) = wo, Sp(wo) € J(hsp) for each b € C, and b — Sy(wp) is holomorphic on C. (11)

Let V be an unbounded simply connected subdomain of C with 0 € V such that the set V :=
{Sp(wg) | b € V} does not contain any critical value of h;. Let ¢ : V5 — C be a well-defined
inverse branch of h; such that ((wg) = z. Let « : V. — C be the map defined by a(b) =
(h3p o CoSy)(wg),b e V. Let | := deg(h1),n := deg(h2) and let a;,as € C\ {0} be numbers such
that hy(z) = a12' +--- and ha(2) = azz™ +--- . Then,

wo + b
ai

(St (wo))| = |¢(wo + b)| ~

1 1

T T

‘ = <|1|> .|b|%(1+o(1)), as b — oo in V.
ay

Hence |(Sp(wo))—b| = |b|(1+0(1)]| as b — oo in V. Therefore |ha(¢(Sp(wo))—b)| = |az||b|™(14+0(1))
as b — oo in V. Thus

la(b)| = [b+ ha(C(Sy(wo)) — b)] = |az|[b]™(1 + o(1)) as b — oo in V.

Hence o : V. — C is not constant on V. Since a(0) = ha(z9) € J(h1), it follows that for each
€ > 0 there exists a number ¢ € {b € C | |b] < €} such that a(c) € C\ K(hi). Combining
this with Sc(wo) € J(hs,.), we obtain that (h3o(C\ K(h1))) N (hy " (J(hsc))) # 0. Therefore
(b ((h.e))\ (hy o (K () # 0.

Thus we have proved our lemma. O

Lemma 2.13. Statement 1 in Theorem 1.6 holds.

Proof. Tt suffices to prove that (0C) N BNH C int(C) N BN H. In order to prove it, let (hy, ha) €
(0C)NBNH. Then (hy,hs) € (D) NBNH. By Proposition 2.9, we may assume K (hy) C K (hsg).
Let W be a small neighborhood of hy in P with {h;} x W C BN H. By Lemmas 2.11 and 2.12,
there exists an element hz € W such that (hy'(J(h3))) \ (h3 (K (h1))) # 0. Then there exists an
open neighborhood B of (hy,h3) in BN H such that

(91 (J(92)) \ (92 (K (g1))) # 0 for each (g1, 92) € B. (12)

We consider the following two cases. Case 1. K(h1) & K(hg). Case 2. K(h1) = K(hs).
We now suppose that we have case 1. Then, letting W and B so small, we obtain that

K(g2) \ K(g1) # 0 for each (g1,92) € B. (13)

Then, for each (g1,92) € B, J(g1,92) is connected. Indeed, suppose that there exists an element
(B1,P2) € B such that J(B1,32) is disconnected. Then (81,82) € D N B. By Proposition 2.7
and (13), we obtain K(f3;) C int(K(Bz)). By Proposition 2.7 again, we get that 8, (K (32)) C
By H(K(f1)). However, this contradicts (12). Therefore, for each (g1, g2) € B, J(g1, g2) is connected.
Thus, B C int(C) N BN H. Since W was an arbitrary small neighborhood of hs, it follows that
(h1, hg) S int(C) NBNH.
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We now suppose that we have case 2. For each b € C, let Sy(2) = z+band hs(2) = SbohgoSb_l.
Let A := K(hy) = K(h2). Let x1,29 € A be two points such that |x; — z3| = diamg(A), where
diamp(Ao) = sup, ge 4, | — B for a subset Ag of C. Then x1, 2 € J(h1) = J(ha). Moreover, we
have

\Sb(xl) — Sb(x2)| = diamE(K(hg’b)) = dlamE(K(h1>) (14)

Let € > 0 be any small number. Since int(K (k1)) = int(K (ha)) # 0 (see Proposition 2.9-(c)), there
exists an element ¢ € {b € C | |b| < €} such that

S.(z1) € int (K (h)). (15)

By (14) and (15), we obtain
SC(Z'Q) S (C\K(hl) (16)

By (15) and (16), it follows that
J(hs.c) Nint(K(h1)) # 0 and J(hs ) N (C\ K(hy)) # 0.
Therefore there exists a neighborhood B of (h1, hs ) in BN H such that for each (¢1,92) € B,

J(g2) Nint(K(g1)) # 0 and J(g2) N (C\ K(g1)) # 0.

Since J(g1) is connected, we obtain that for each (g1, g2) € B, J(g1)NJ(g2) # 0. Thus J(g1)UJ(g2)
is included in a connected component of J(g1,92). By [21, Theorem 2.1], it follows that for each
(91,92) € B, J(g1,92) is connected. Hence B C int(C). From these arguments, we obtain that
(hl, hg) S ll'lt(C) NBNH.

Therefore (0C) N BNH C int(C) N BN H. Thus statement 1 in Theorem 1.6 holds. O

Lemma 2.14. There exists a neighborhood U of BND in P? such that for each (g1,92) €
(deg(g1),deg(g2)) # (2,2). Moreover, for each connected component A of P? with ANBND #

(deg(g1), deg(g2)) # (2,2)) for each (g1, g2) € A.

Proof. By [21, Theorem 2.15], for each (g1,92) € BN D we have (deg(g1),deg(g2)) # (2,2). Since
the function deg : P — N C R is continuous, the statement of our lemma holds. O

U,
0,

Definition 2.15. Let D be a domain in C with co € D. We denote by (D, z) Green’s function
on D with pole at oco.

Lemma 2.16. Let (hy,hy) € (DNBNH)\ Q. For each i = 1,2, let d; := deg(h;) and we denote
by ¢; the leading coefficient of h;. Then ﬁlog\cﬂ # ﬁlog|62|. Moreover, hi'(K(hy)) #
hy (K (7))

Proof. Let (hi,hs) € (DNBNH)\ Q. By Proposition 2.9, we may assume that K(h;) C K(hs).
Then by Proposition 2.9 again, we have K (hy) C hy (K (h)) C hy (K (h1)) C K(hs). For each
i=1,2,let A; ;= C\ K(h;). Since K (h1) C K(hs), we have that

p(Ag,2) — p(A1,2) <0 on C\ K(hsg). (17)

Therefore by letting z — oo in (17), we obtain that

log |ea| — log |c1| < 0. (18)

1 1
do — 1 di—1
Since the function ¢(Asz,z) — ¢(A1,2) is harmonic and bounded in C\ K(hsz), the maximum
principle implies that the equality holds in (18) if and only if p(As, z) —p(A1,2z) =0 on C\ K (hs),
which is equivalent to J(h1) = J(hz). Since K (hy) C K (hg), Proposition 2.9-(c) implies that J(hs)
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is a quasicircle. Therefore, J(h1) = J(ha) is equivalent to (h1,h2) € Q. Since we are assuming
(h1,ho) ¢ Q, it follows that

1
log |ca| — 71 log |c1| # 0. (19)

do — 1

It is easy to see that p(C\ hi (K (hy)), 2) = dilcp(Ag, hi(z)) for each z € C\hfl(K(hg)) and o(C\

hy ' (K (h1)),2) = (A1, ha(2)) for each z € C\ hy ' (K (hy)). Since hy (K (h2)) C hy ' (K (b)),

we obtain that o(C\ hy H(K(h1)),2) — @(C \ ki (K (hg)),z) < 0 for each z € C \ h YK (h)).

Therefore ! 1

jo(Al, ha(z)) — df(,&(Ag, hi(z)) <0 for each z € C\ hy ' (K (hy)). (20)

Since p(4;,2) = log |z| + d 7 log |c;| + O(%) as z — oo for each i = 1,2, by letting z — oo in
(20) we obtain that

1
: log|ci|) — = (log |e1 | + y

1
— (log|ea| + 7 @

< 0.
- log|es]) <0 (21)

The function —cp(Al, ho(2)) — i(p(Ag, h1(2)) is harmonic and bounded in C\ hy* (K (h1)). There-
fore, the maximum principle implies that the equality holds in (21) if and only if

1

N (A2, hi(2)) =0 on C\ hy ' (K (h)),
2

(A1, ha(2)) — d1

which is equivalent to that k' (K (hy)) = hy * (K (h1)). Moreover, (21) is equivalent to
(da(d1 —1)(d2 — 1) — d1(d2 — 1)) log |e1]| > (d1(d2 — 1)(d1 — 1) — da(d1 — 1)) log |ca]. (22)
It is easy to see that (22) is equivalent to
(dide — dy — d2)((d2 — 1) log |c1| — (d1 — 1) log |e2]) > 0. (23)
Since (di,ds2) # (2,2) (Lemma 2.14), (23) is equivalent to
(dy — 1)log|er] = (di — 1) log |ea]. (24)

Therefore, (21) is equivalent to (24), and the equality holds in (21) if and only if the equality holds
n (24). By (19), it follows that k' (K (hs)) # hy ' (K (h)).
Thus we have proved our lemma. O

Lemma 2.17. Statement 3 in Theorem 1.5 holds.

Proof. 1t suffices to prove that if (hi,ha) € (DN BNH)\ Q, then J(hy,hs) is porous and
dimg (J(h1,ha)) < dimp(J(h1,h2)) < 2. In order to prove it, let (hi,he) € (DNBNH)\ Q.
By Proposition 2.9, we may assume that K (h;) C K(ha). By Proposition 2.9 again, we obtain that

K(h1) € hy (K (hg)) C hy'(K(h1)) € K(hs) and settmg U := (int(K(h2))) \ K(h1), (h1, ho) sat-
isfies the open set condltlon with U. Moreover, hy 1(U) U hy 1 (U) € U. We now show the following
claim.
Claim. hy ' (U)Uhy (U) £ TU.

To prove this claim, suppose that hy ' (U) U hy (U) = U. Since U C K (hy) \ int(K (hy)), we

obtain that

U=h"(U)Uhy'(U) € (b (K (he)) \ int(K (h1))) U (K (h2) \ int(hy (K (h1)))) - (25)
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Moreover, by Lemma 2.16, h ' (K (hs)) S hy (K (hy)). Since int(hy ' (K (h1))) = hy (K (h1)), we
obtain that (int(hy ' (K (h1)))) \ hy (K (hs)) # 0. Therefore

0 # (int(hy ' (K (h1)))) \ by ' (K (h2)) C (int(K (ha))) \ K (h1) = U.

However, this contradicts (25). Thus we have proved our claim.

Let G = (h1, h2). By [8, Corollary 3.2], J(G) C U. Moreover, by [14, Lemma 1.1.4]), J(G) =
hi (J(G)) U hy H(J(G)). Therefore, Claim above implies that J(G) = hy*(J(G)) U hy ' (J(G)) C
h N (U) C hy '(O) C U. Hence, J(G) # U. Combining this with [19, Theorem 1.25], we see that
J(G) is porous and dimg (J(G)) < dimp(J(G)) < 2. Thus statement 3 in Theorem 1.5 holds. [

Lemma 2.18. Statement 4 in Theorem 1.5 holds.

Proof. Let (hy1,hs) € (DNBNH)\ Q. By Lemma 2.10, (hq, hy) satisfies the open set condition.
Thus, by [18, Theorem 1.1, 1.2], for each z € C\ P((h1, ha)), dimg (J(h1, h2)) = dimg(J(h1, ho)) =

O(h1,ha) = Z(hy,hs)(2). Moreover, by [31, Theorem 3.15], we have that Z)h)g(d+d2) < dimg(J(hy, hg)).

i :
i=1 Titag 108 d;

Suppose that %ﬂl?d = dimpg(J(h1, h2)). Then [31, Theorem 3.15] implies that there
i=1 Ty 08 di

exist a transformation p(z) = az + 8 with «, 8 € C,« # 0, two complex numbers a1, as and a

positive integer d such that we have d = dy = ds and for each j =1,2,p0hjo0 e Hz) = ajzd. By

Lemma 2.14, we obtain that d > 3. From these it is easy to see that (h1,he) € DNBNH. O
Lemma 2.19. Statement 5 in Theorem 1.5 holds.

Proof. There exists a neighborhood W of (hy, hy) in BNH. By [18, Theorem 1.1], for each (g1, g2) €
W and for each z € C\ P({(g1,92)), we have dimy(J(g1,92)) < dimp(J(g1,92)) < O(g1,g0) =
Z (g, g»)(2). Furthermore, by [28], the map (g1, g2) — J(g,,4,) is continuous in W. Combining these
arguments with Lemmas 2.17, 2.18, we see that Statement 5 in Theorem 1.5 holds. O

Lemma 2.20. Let Ly := {(h1,h2) € P?| J(h1) = J(ha)}. Then, for each connected component V
of P2, L1 NV is included in a proper holomorphic subvariety of V.

Proof. Let (h1,hs) € P2. Let n := deg(hy), m := deg(hs). We write hy(2) = a,(h1)z"+a,_1(h)2z" 1+
o ag(hn) and ha(2) = by (ha)2™ + by 1(ha)2™ L 4 -+ + bo(ha). Let ((hy) := — 22=tl) et
E(h1) = A{a(z) = a(z = (1)) + () | a € C, [a] = 1,a(J(h1)) = J(h1)}-

By [1, Theorems 1,5], J(h1) = J(hg) if and only if there exists an element n € X(h1) such that
h1 o hg = 1o hy o hy. Moreover, either (1) §X(h;) < n or (2) §X(h1) = oco. Moreover, (1) holds if
and only if setting p(z) = (ﬁ)ﬁ -z, we have p~! o T{(}H) 0 hy o Te(nyy © p(2) = 2°h10(2%),
where ¢,d > 0 are maximal for this form, and h; ¢ is a non-constant monic polynomial. Note that
in this case, X(h1) = {a(z) = a(z — ((h1)) + ¢(h1) | a(J(h1)) = J(h1),a? = 1}. Furthermore,
“J(h1) = J(hg) and (2)” holds if and only if hi(z) = an(h1)(z — ((h1))"™ + ((h1) and ha(z) =
bm (h2)(z — ¢(h1))™ + ¢(h1). Thus the statement of our lemma holds. O

Lemma 2.21. Statement 2 in Theorem 1.6 holds.

Proof. By the definition of Q, it is easy to see that @ N D = (). Moreover, by Lemma 2.6, for each
(hi,he) € DN B, hy*(J(h1,he)) Nhy ' (J(hi,hy)) = 0. Thus DNBNZ = 0. Let Ly := {(hy, hs) €
P2 | J(h1) = J(ha)}. Let V be any connected component of P2. Since @ C Ly, Lemma 2.20 implies
that @ NV is included in a proper subvariety of V. Thus statement 2 in Theorem 1.6 holds. O

Lemma 2.22. Statement 3 in Theorem 1.6 holds.
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Proof. Tt is easy to see that ((0C) N BN H)\ Q is an open subset of (0C) N BN H. In order to
show that ((OC)NBNH)\ Q is dense in (OC) NBNH, let (h1,hs) € (OC) NBNH. Let W be any
open polydisc neighborhood of (hy, hg) in BN H. By Lemma 2.13 and Lemma 2.21, there exists
an element (g1,g2) € ((int(C)) N W)\ Q. By Lemma 2.21, W\ Q is connected. Therefore there
exists a curve v in W \ Q which joins (g1,g2) and a point in D. Then v N D # . Therefore

N(((OD)NBNH)\ Q) # (. Thus (0C)NBNH)\ Q is dense in (OC) N BNH. Hence statement 3
in Theorem 1.6 holds. O

Lemma 2.23. Statement 4 in Theorem 1.6 holds.

Proof. Let hy € P and suppose (h1) € G and hy is hyperbolic. Then int(K (hy)) # 0. Let dy =
deg(hy) and let d € N. Suppose (dy,d) # (2,2). Let b € int(K(hy)) be a point. Here, if hq(2) is of
the form c¢;(z — c2)% + co, then we need the additional condition that b # cy. Let zo € J(hy) be a
point such that [20 — b] = sup,, cxn,) [21 — bl Let s := |20 — b]. We show the following claim.
Claim 1. {z € C ||z —b| =s}\ J(h1) # 0.

In order to prove Claim 1, let C':= {z € C | |z — b| = s}. By the way of the choice of b, we
have C # J(h1). (Indeed, if J(hy) = C, then hi(z) = ci(z — b)¥ + b for some ¢; € C.) Suppose
C C J(h1). Then C' G J(hy). By the definition of s, we have J(h1) C {z € C | |z — b < s}.
Therefore J(h1) \ C C {z € C | |z = b < s}. Let wy € J(hy) \ C be a point. Let W be any
neighborhood of wy in C. Then there exists a point wy € W N (C\K(h))n{zeC||z—b| < s}.
Since C \ K(hy) is connected, there exist a curve v in C\ K (k) which joins wy and oco. Then
0 #£~yNC cC\ (K(hy)), which contradicts the assumption that C' C J(hy). Thus, we must have
that C' ¢ J(h1). Hence claim 1 holds.

Let 21 € {z € C||z—b] = s}\ J(h1). Let § € R be a number such that e’ L (20— )% +b = z.
Let > 0 be a number such that D(b,r) C int(K(h1)). Let ¢; € C\ {0} be the leading coefficient
of h1. Then hy(z) = c12% (1 + O(2)) as z — co. Let R € R be a number such that

—dy logr+d1dlog2—d10g|cl)> . (26)

1
R>eXp<dd1—d—d1(

Taking R large enough, we may assume that R satisfies the following

Db, ¢ B3 c hyY(D(b,R)) C D b, * B3 cc D(b, R), (27)
‘Cl‘ 4 |Cl| 2

where A CC B means that A is a compact subset of int B. For each ¢ > O let g¢(2) = te'?(z—b)?+b.
Then for each t > 0, we have g; ' (D(b,7)) = D (b, /7). Let to = 5i—. Taking R so large, we
may assume that

Since (di,d) # (2,2), it is easy to see that (26) is equivalent to

29
624 (29)
By the definition of ¢y, we have
1
Sg) ={ze ==/t = ecile-n=mr (30)
0

Moreover, taking R so large, we may assume

D (b, a % : ;) S K(h1), D(0,R) > K(hy). (31)
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By (31), (27), (29), (30), we obtain

K(h) CD <b, dﬁé) ccD <b, a |ch:|i> C By (K (g)) C D <b, dﬁ. ‘;’> (32)
cch (b, \/Z> =g, (D(b,7)) C g5, (K (h1)) CC K(g4,)- (33)
Let
ty »= sup{t € [to, S%] | Vu € [to,1), K(h1) €C hy ' (K(gu)) €C g, (K (h1)) €C K(gu)}.  (34)
Note that by (32), (33) and (28), #; is well-defined. It is easy to see that
K(hi) € hi (K (90,) C g5, (K (h1)) C K (gs,)- (35)

Therefore, for each t € [to,t1], we have g:(CV*(h1) U CV*(g:)) C ¢:(K(h1)) € K(h1) and
h1(CV*(h1) UCV*(gs)) C h1(K(h1)) = K(hy). In particular,

(h1,g:) € B for each t € [tg, t1]. (36)

Moreover, for each t € [tg, 1),

(A (K (g0) \ int(K (h1)))) I (g7 (K (ge) \ int(K (ha)))) C K (ge) \ int(K (ha)).

Therefore J(h1,g9:) C K(g¢) \ int(K(hy1)) and by [14, Lemma 1.1.4]

J(h1,9¢) = by ' (I (ha, 90)) U gy ' (I (R, g0)) = By (I (e, g0) Wy (T (o, ge).-

Thus
(h1,g:t) € D for each t € [to,t1). (37)

In particular, -
(h1,9t,) €EDNB. (38)

We now show the following claim.
Claim 2. t; < sd%l
To prove this claim, suppose to the contrary that t; = —*. Then J(g,) = {z € C ||z —b| = s}.
Since |zp — b] = s, it follows that zy € J(g¢ ) N J(h1). By (35), we have gy, (K(h1)) C K(hq).
Therefore, gi, (20) € J(gi,) N K (h1). Moreover, by the way of the choice of 8, we have g, (20) =
21 € J(h1). Hence, we obtain g, (z0) € J(gt,) Nint(K (hy)). In particular, J(g¢, ) Nint(K (k1)) # 0.
However, this contradicts (35). Thus, we have proved Claim 2.

By Claim 2 and that K(hy) C D(b, s), we obtain that

J(hi) N J(gz,) = 0. (39)
Combining (39) and (35), we also obtain that
K(h) € int(hy ' (K (g1,))) and g," (K (ha)) C int(K (g, ))- (40)

Moreover, by the definition of ¢; and (40), we obtain hi " (J(g:,)) N g5, (J(h1)) # 0. In particular,
hy ' (I (R, 96)) N g3,  (J (R, gt,)) # 0. Combining this with (36) and [20, Theorems 1.5, 1.7], we
obtain that (hq, g, ) € C. Combining this with (38), we see that

(h1,91,) € (0D) N B. (41)
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We next prove the following claim.
Claim 3. g;,'(J(h1)) N J(h1) = 0.

To prove this claim, suppose to the contrary that there exists a point w € g;,' (J(h1)) N J(h1).
Then by (35), we have w € hy*(K(gs,)). If we would have that w € hi!(int(K(g¢,))), then (35)
implies that w € g;," (int(K (h1))). However, this contradicts w € g;;'(J(h1)). Therefore, we must

have that w € hi'(J(gs,)). Hence w € hy*(J(gs,)) N J(hy). Therefore hy(w) € J(gs,) N J(h1).
However, this contradicts (39). Thus, we have proved Claim 3.
By (35) and Claim 3, we obtain that

K(h1) C int(g;, (K (h1)). In particular, K (hy) N gy, ' (J(h1)) = 0. (42)

We next prove the following claim.
Claim 4. For each t € [tg, t1], P*(h1,9:) C int(K(h1)).

To prove this claim, let ¢ € [tg, ¢1]. By (36), we have that CV*(h1)UCV™*(g¢) C K (h1). Moreover,
by (35), g¢(K(h1)) Uhi(K(h1)) C K(hy). Therefore

P*(hy,g9:) C K(hy). (43)

Combining this with (42), we obtain that there exists a constant ¢; > 0 such that for each z €
g7 (J(hy)), for each h € (hy,g;) and for each connected component V; of h='(D(z, €;)),

h: Vi — D(z,¢€1) is bijective. (44)

Since CV*(g;) = {b} C int(K (h1)), there exists a number ez > 0 such that for each z € J(hy), for
each connected component V5 of g; *(D(z,€3)), we have that

diam(Vz) < €1 and g¢ : Vo — D(z, €2) is bijective. (45)

Since h; is hyperbolic, there exists a number e3 > 0 such that for each z € J(hy), for each n € N
and for each connected component Vs of hy " (D(z,€3)), we have that

diam(V3) < €3 and A : V3 — D(z, €3) is bijective. (46)

By (44), (45) and (46), it follows that for each z € J(hy), for each g € (hy,g:), and for each
connected component W of g=!(D(z,€3)), we have that g : W — D(z,¢3) is bijective. Thus
J(h1) N P*(hy,g:) = 0. Combining this with (43), we obtain that P*(hi,g;) C int(K(hy)). Thus
we have proved Claim 4.

By (34) and (35), for each t € [to, t1], g:(K(h1)) C K(hy) and hy(K(h1)) C K(h1). Thus

int(K(hl)) C F(hhgt) for each t € [to,lfl]. (47)
Combining this with Claim 4, it follows that for each ¢ € [to, t1], P(h1,9:) C F(h1,g:). Thus
(hl,gt) € H for each t € [to,tl]. (48)

By (41), (39) and (48), it follows that (h1, g:,) € (OD)NBNH)\Z C ((0D)NBNH)\ Q. Moreover,
deg(gs, ) = d. Therefore, statement 4 in Theorem 1.6 holds. Thus we have proved Lemma 2.23. [

We show some results which are related to statement 4 in Theorem 1.6. In order to do so, we
need the following lemma.

Lemma 2.24. Let (hy, ha) € B with (deg(hy),deg(hz2)) # (2,2). Suppose that K (hy) C int(K (hz))
and suppose that (h1,he) satisfies the open set condition with U := (int(K (h2))) \ K(h1). Then
hi ' (K (h2)) S hy ' (K(h1)) and int(J (h1, hs)) = 0.
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Proof. Since (hi,hs) € B and (hy, ha) satisfies the open set condition with U, we obtain that
K(h1) C hy'(K(hy)) € hi* (K (h2)) C K (hy). Combining this, the assumption (deg(hy), deg(hs)) #
(2,2), and the method in the proof of Lemma 2.16, we obtain that k' (K (hy)) G hy (K (hy)).
Hence hy*(U) U hy *(D) C U. Let G = (hy1,hg). Since J(G) C U (see [8, Corollary 3.2]) and
N (J(G)Uhy N (J(G)) = J(G) (see [14, Lemma 1.1.4]), it follows that J(G) # U. Combining this
with [17, Proposition 4.3], we obtain that int(J(G)) = 0. O

Definition 2.25. A polynomial semigroup G is said to be semi-hyperbolic if there exists an N € N
and a § > 0 such that for each z € J(G), for each g € G and for each connected component V' of
g Y(B(z,9)), we have deg(g : V — B(2,d)) < N.

Theorem 2.26. Under the assumptions of Lemma 2.24, suppose that hy is semi-hyperbolic (i.e.
(h1) is semi-hyperbolic). Then (hy, ha) is semi-hyperbolic, J(hy, ha) is porous and dimpg (J(hy, ha)) =
dimB(J(hl, hg)) = inf{Z(hl,hg)(Z) | S C} < 2.

Proof. Since K(hy) C int(K (hg)), we have K(hy) C int(h] (K (hz))). By Lemma 2.24, it follows
that K (hy) C int(hy '(K(hy))). By using the similar method to that in the proof of Lemma 2.23, it
is easy to see that (hy, ha) is semi-hyperbolic. Let A be the connected component of int(K (hs)) with
K(hy) C A. Since K(h;) C int(K (hy)), we have hy ' (K (h1)) C int(K (hy)). Since (hi, hy) satisfies
the open set condition with U, we have hy '(K(hy)) D K(hy). Moreover, since (hy,hy) € B, we
have that hy ' (K (h1)) is connected. Tt follows that hy (K (hy)) C A. Thus hy'(A) C A. It implies
that int(K (hg)) is connected. Since ho(K (h1)) C K(h1) C int(K (he)), it follows that J(hs) is a
quasicircle. Since J(hg) is a quasicircle and since Fuo(h1) is a John domain (this is because hy
is semi-hyperbolic, see [4]), it follows that there exists a constant o € (0,1) such that for each
r € (0,1] and for each * € U, we have lo(U N D(z,7)) > ala(D(x,r)), where Iy denotes the
2-dimensional Lebesgue measure on C. Since (hq, ha) satisfies the open set condition with U :=
(int(K (h2))) \ K(h1), [29, Theorem 1.11] implies that dimg (J(h1, he)) = inf{Z, n,)(2) | 2z € Cy.

Moreover, since (hy.hs) is semi-hyperbolic, (hy,hs) satisfies the open set condition with U,
and J(hy,hs) # U (see Lemma 2.24), [19, Theorem 1.25] implies that J(hi,hs) is porous and
dimp (J(hy, ho)) < dimp(J(hy,hs)) < 2. Hence we have proved our theorem. O

Semi-hyperbolic polynomial semigroups with open set condition have many interesting proper-
ties. For the results, see [29].
By using the method in the proof of Lemma 2.23, we can show the following theorem.

Theorem 2.27. Suppose that hy € P, (h1) is posteritically bounded and int(K (h1)) # 0. Moreover,
let d € N, d > 2 and suppose that (deg(hy),d) # (2,2). Then there exists an element hy € P such
that all of the following hold.

1. (h1,h2) € (D) NCNB)\ T and deg(hz2) = d.

2. We have that K (hy) C int(K (hy)), K(hy) C int(hy (K (hs))) and hy ' (K (h1)) C int(K (hy)).
Moreover, (hi,ha) satisfies the open set condition with U := (int(K (h2)) \ K(h1). Further-
more, int(J(hy, h2)) = 0.

3. If, in addition to the assumptions of our theorem, hy is semi-hyperbolic, then (h1, ha) is semi-
hyperbolic, J(hi, h) is porous and and dimg (J(hy, he)) = dimp(J(h1, h2)) = inf{Z, p,)(2) |
zeC} <2

Proof. By using the method in the proof of Lemma 2.23 and Lemma 2.24, we can show that
there exists an element hy € P which satisfies properties 1,2. We now suppose hy is semi-

hyperbolic. Then by Theorem 2.26, we obtain that (hj, he) is semi-hyperbolic, J(h1, hs) is porous
and dimH(J(hl, hg)) = diirnB(J(hl, hg)) = inf{Z(hlth)(Z) | z € (C} < 2. O
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2.2 Proof of Theorem 1.8

In this subsection, we prove Theorem 1.8. We need the following.

Definition 2.28. Let Rat be the space of all non-constant rational maps on (@, endowed with
the distance x which is defined by x(f,g) := sup,.a d(f(2),9(2)), where d denotes the spherical

distance on C. All the notations and definitions in section 1 are generalized to the settings of
rational semigroups (i.e., subsemigroups of Rat) and random dynamical systems of rational maps.

Definition 2.29. Let h = (hy,...,h,) € (Rat)™. Let U be a non-empty open subset of C.
We say that h = (hq,...,h,,) satisfies the open set condition with U if U;”Zlh;l(U) C U and
hHU)N hj_l(U) = {) for each (i,7) with i # j. We say that h = (hy, ..., hy,) satisfies the open set
condition if there exists a non-empty open set U such that h = (hy, ..., h,,) satisfies the open set
condition with U.

Definition 2.30. For a rational semigroup G and a subset A of C, we set G(A) :==Ugeqg(A) and
G (A) = Ugecg ' (4).

Definition 2.31. We denote by B(C) the set of all bounded Borel measurable complex-valued
functions on C. For each 7 € 9, (Rat), we denote by M, : B(C) — B(C) the operator defined by
M (0)(2) = [ga: ©(9(2))d7(g) for each ¢ € B(C) and z € C. Note that M,(C(C)) c C(C). This
M. is called the transition operator with respect to the random dynamical system associated with
T.

Lemma 2.32. Let m € N with m > 2. Let hq,...,h, € Rat and let G = (hy,...,hy). Let
(P15 s Pm) € (0,1)™ with 3700 pj = 1. Let 7 = 30 pjon,;. Let o € B(C) such that My (p) = ayp
for some a € C with |a| = 1. Suppose that for each connected component 2 of F(G), ¢|q is constant.
Let

A={z€C| for each neighborhood V of zy in C, |y is not constant on V'}.

Suppose that (hy, ..., hy,) satisfies the open set condition with an open set U. Then either A = J(G)
or A C OU.

Proof. From the assumption of our lemma, we have A C J(G). Moreover, by the open set condition,
[16, Lemma 2.3(f)] implies that J(G) C U. Suppose that there exists a point 29 € AN U. We now
prove the following claim.

Claim 1. If wg € h;l(zo) for some 4, then wg € ANU.

To prove claim 1, let h;(wy) = zo. Then there exists an open disk neighborhood Wy of wy
such that h;(Wy) C U. By the open set condition, we have that for each j with j # ¢, h;(Wy) C
(C\U) ¢ F(G). Combining this with A C J(G), we obtain that for each j with j # i and
for each wq,wy € Wy, @(hj(w1)) = @(hj(wz)). Hence, by M.(¢) = ap, we get that for each
wn, w5 € W, a(p(wr) — p(wn)) = Me (@) (1) — My (0)(wa) = S0y py(p(hy (w1)) — (g (w3))) =
pi(e(hj(w)) — ¢(h;j(ws))). Since zp € A, it follows that wy € A. Moreover, by the open set
condition, wg € U. Therefore, claim 1 holds.

By claim 1, we obtain that G—1(zp) C A.

We now prove the following.

Claim 2. zg € E(G).

To prove claim 2, we first observe that {(hw, - hw,) " (U)}wy,..;wn)ef1,...,m}» are mutually
disjoint because of the open set condition. Therefore § Uiy, ... .w,)ef1,....m}n (P, o he, )" H(z0) >
m™. Thus $G~1(z9) = co and 2y ¢ E(G). Hence we have proved claim 2.

By the fact G=1(zp) C A, claim 2 and [16, Lemma 2.3(e)], it follows that J(G) C G~1(zp) C A.
Thus we have proved Lemma 2.32. O

Definition 2.33. Let 7 € 9, (P). We set 7 := @52 ,7 € M, (PY). Moreover, for each z € C, we
set Tror(2) = 7({y = (11,72,---) € PN | 0 ---71(2) — o0 as n — oo}). Furthermore, we denote
by G the polynomial semigroup generated by supp 7. Namely, G, = {hp 0---0hy | n € N,Vh; €

supp 7 }. Moreover, we set I'; := supp7 and X, := (supp7)".
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Lemma 2.34. Let 7 € My (P). Suppose int(K(G,)) # 0. Then int(T.L.({1})) € F(G).

Proof. We first prove the following claim. R
Claim. For each zy € T ({1}), there exists no g € G with g(z) € int(K(G)).
To prove this claim, let zo € T' ({1}) and suppose there exists an element g € G, with

9(z0) € int(K(G,)). Let hy,..., hy € T be some elements with g = h,, 0+ - -ohy. Then there exists

a neighborhood W of (hy, ..., hy,) in T such that for each w = (w1, ...,wm) € W, Wi, - - w1(20) €

int (K (G)). Therefore for each v € X, with (y1,...,%m) € W, {¥n.1(20) }nen is bounded. Thus

Toor(z0) <1 =7y € X; | (715---,7m) € W}) < 1. This is a contradiction. Hence we have
proved the claim.

From this claim, G, (int(T' ({1}))) C C \ int(K(G,)). Therefore int(TL.({1})) € F(G,).

O

Thus we have proved our lemma.

Lemma 2.35. Let (hy, ha) € DNBNH. Suppose that K (h1) & K (hy). Then (int(K (hs))) \ K (h1) =
K (h2) \ int(K (h1)).

Proof. Tt is clear that (int(K (hs2))) \ K(h1) C K(ho) \ int(K(h1)). Let Ay := J(ha) N (C\ K(hy)),
As = (int(K (h2))) N (C\ K(h1)), Az := J(ha) N J(h1) and Ay := (int(K(h2))) N J(h1). Then we
have

K(ho) \int(K(h1)) = (J(h2) Uint(K(h2))) N (C\ int(K (h1)))

= (J(h2) Uint(K(h2))) N ((C\ K(h1)) U J(h1))
= A UAyUA3U A,

We want to see that A; C (int(K(ha))) \ K(hy) for each i =1,...,4.

It is clear that Az C (int(K (h2))) \ K(h1).

Suppose zg € A;p. Let €9 > 0 be a small number such that B(zg,ey) C C\ K(h1). Then for each
€ € (0, €9) there exists a point z; € B(zg, €)Nint(K (he)). Thus z; € (B(zo, €)Nint(K (h2)))\ K (hq).
Hence zp € (int(K(h2))) \ K (hy1). Therefore A; C (int(K (hz2))) \ K(h1).

We now let zp € Ay. Then there exists a number ¢y > 0 such that B(zg,€p) C int(K (hz)). For
each € € (0,¢), there exists an element z; € B(z,€) N (C\ K(h1)). Hence z; € B(zg,¢) N (C\
K (h1)) Nint(K (ha)). Therefore zo € (int(K(h2))) \ K (h1). Thus Ay C (int(K (h2))) \ K(h1).

We now let 29 € Az. Since we are assuming K (h1) & K (hz), there exists a point 21 € J(ha) \
K (h1). Then for each € > 0 there exists a point a, € h;"(z1) for some n € N such that a,, €
B(zp, €). There exists a point wy € (int(K (ha)))\ K (h1) arbitrarily close to z;. Hence there exists a
point b, € hy " (w;) arbitrarily close to a,. Since hy ' ((int(K (h2)))\ K (h1)) C (int(K (h)))\ K (h1)
(see Proposition 2.9), it follows that b, € (int(K(hg))) \ K(h1). Therefore we obtain that zy €
(int(K (h2))) \ K(h1). Thus Az C (int(K(hs2))) \ K(h1). From these arguments, it follows that
(nt(K (ha))) \ K (k) = K (h2) \ int(K (hy).

Thus we have proved Lemma 2.35. O

The following notion is the key to investigating random complex dynamical systems which are
associated with rational semigroups.

Definition 2.36. Let G be a rational semigroup. We set Jie:(G) = () e ¢~ (J(G)). This Jier (G)
is called the kernel Julia set of G. Moreover, for a finite subset {hi,...,h,} of Rat, we set
Jker(hh cees hm) = Jker(<h17 R hm>)

Note that Jier(G) is the largest forward invariant subset of J(G) under the action of G. We
remark that if G is a group or if G is a commutative semigroup, then Ji..(G) = J(G). However,
for a general rational semigroup G generated by a family of rational maps h with deg(h) > 2, it

may happen that § = Jie: (G) # J(G).
Proposition 2.37. Let (hy, ha) € (OC)NBNH. Let G = (hy, ha). Then we have all of the following.
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(1) Jxer(G) = J(h1) N J(h2).
(2) Either K(h1) C K(h2) or K(he) C K(hy).
(3) If K(h1) C K (hy) then Fso(G) = C\ K (hy) and K(G) = K (hy).

Proof. If K(hy) = K(h2), then J(hy) = J(ha) and J(G) = J(h1) = J(h2). Thus (1)-(3) hold.

We now suppose K (h1) # K(hy). By Proposition 2.9, either K (hy) C K(hg) or K(hy) C K(hy).
We suppose K (hi) C K(hs). Since we are assuming K (h1) # K(hz), we obtain K(h1) & K(hs).
Therefore U := (intK (hs2)) \ K(h1) is a non-empty open set. Moreover, by Proposition 2.9, we
have that (hi,hs) satisfies the open set condition with U. Therefore J(G) C U. Moreover, by
Lemma 2.35, we have U = K(ho) \ int(K(h;)). Thus we obtain J(G) C K(hs) \ int(K(hy)).
Therefore R

Foo(G) = C\ K(h2). (49)

We now prove the following claim.

Claim. K(G) = K(hy).
To prove this claim, it is easy to see that K’(G) C K(h1). By Proposition 2.9, we have that

hj_l((int(K(hg))) \ K(h1)) C (int(K (h2))) \ K(h1) for each j =1,2. (50)

Suppose ho (K (h1))N(C\K (h1)) # 0. Then ho(int(K (hy)))N(C\K (k1)) # 0. Since ha(int(K (h1))) C
ho(int (K (hy))) C int(K (hs)), it follows that hy *((int(K (hg))) \ K (h1)) Nint(K (hy)) # 0. How-
ever, this contradicts (50). Thus we must have that hy(K (h1)) C K(hy). Hence K(hy) C K(G).
Therefore K (h1) = K(G). Thus we have proved the above claim.

By Claim and (49), we obtain J(hy) N J(hy) C K(G) N Fso(G). Therefore for each j = 1,2, we
have

hj(J(h1) N J(h2)) € K(G) N Fu(G) = K (h1) N (C\ int(K (h2))).
Since K (hy) C K(hz), we have int(K (hy)) C int(K (hg)). Hence

K (h) N(C\int (K (h))) € J () N(C\int(K (h))) = J(h) 1 ((C\K (h2)) U (ha)) = J (ha)N I (hs).

It follows that h;(J(h1) N J(h2)) C J(h1) N J(h2) for each j = 1,2. Therefore J(hy) N J(hs) C
Jker(G)-

We now let zp € Jier(G). Then we have zy € K(hy) N K(hy) = K(hy). By Proposition 2.9,
we have ha(int(K(h1))) C int(K(hy)). Therefore g(int(K(h1))) C int(K(hy)) for each g € G. It
implies that int(K(h1)) C F(G). Since zg € J(G) N K(hy), it follows that zo € J(h1). We now
want to show that zp € J(hg). Suppose that zo € int(K(hg)). By Proposition 2.9, J(ha) is a
quasicircle and hy has a unique attracting fixed point ¢ € int(K (hz)). Since ¢ € P(G) C F(G),
it follows that there exists a number n € N such that h%(z9) € F(G). However, this contradicts
20 € Jrer(G). Therefore zy € J(ha). Thus zg € J(h1) N J(h2). Hence Jxer(G) C J(h1) N J(h2).
Therefore Jyer (G) = J(h1) N J(hz). Thus we have proved Proposition 2.37. O

Lemma 2.38. Statement 1 in Theorem 1.8 holds.
Proof. Let (h1,h2) € (DNB)U((OC)NBNH) and let 0 < p < 1. Let ¢(2) = T'(h1, ha,p, z). Let

A ={z € C| for each neighborhood V of z, ¢|y is not constant}.

Let G = (hy,hs). Since § # P*(G) € K(G), ¢ # 1. Hence ¢ : C — [0,1] is not constant. If
(h1,h2) € DN B, then by Lemma 2.6 and [24, Lemmas 3.75, 3.73, Theorem 3.22], it follows that
J(G) = A.

We now suppose (hi, he) € (OC)NBNH. We consider the following two cases. Case 1. (h1,h2) €
Q. Case 2. (h1,ha) € Q. If we have case 1, then K(G) = K(hy) = K(hg) and J(G) = J(hy) =
J(hz2). Therefore A = J(G) = J(h1) = J(ha). Thus, the remaining case is Case 2. Let (hy, hs) €
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((0C)NBNH)\ Q. By Proposition 2.9, we may assume that K (hi) C K (hs). Then by Proposition 2.9
again, we have
K(h) C hy ' (K (hs)) € hy' (K (h)) C K (hs) (51)

and (hq, ho) satisfies the open set condition with U := (int (K (hg)))\ K (h1). Moreover, by Lemma 2.16,
we have hy ' (K (ha)) # hy (K (hy)). Therefore hy*(J(h2)) \ hy *(J(h1)) # 0. Moreover, by Propo-
sition 2.37 (1), that K(h;) C K(h2) and that (hi,he) ¢ Q, we obtain that J(hg) N J(hy)
is a nowhere dense subset of J(hy). It follows that (hy'(J(h2))) \ (hy*(J(h1)) U J(hy)) # 0.
Let zo € hi'(J(h2)) \ (hy*(J(h1)) U J(h1)) be a point. Since hy*(K(h2)) C hy *(K(h1)) and
20 & hy ' (J(h1)), we obtain zy € hy *(int(K (hy))). Hence

hQ(Zo) € 1nt(K(h1)) (52)

Since K(hy) C hi*(K(ha)) C hy'(K(h1)) C K(hs), we obtain h;(K(hy)) C K(h;) for each
i =1, 2. Therefore int(K(hy)) C F(G). Combining this with (52), we obtain

hQ(Z()) € F(G) (53)

We now show the following claim.
Claim 1. zg € U.

To prove this claim, since zg € hy *(J(h1)), the fact K(h1) C hi (K (hy)) C hy ' (K(hy)) C
K (hg) implies that zg € K (hz). If z9 € J(h2), then (52) implies that ho(z9) € J(h2) Nint(K (hq)).
However, this contradicts K (hy1) C K (hg). Therefore, we must have that

20 € int(K(hg)). (54)

If 2o € K(hy), then the fact 2o € hy*(J(ha)) \ (hy ' (J(hy)) U J(hy)) implies zy & J(hy). Hence
20 € int(K (hy)). Therefore 2o € (int(K(hy1))) N hy'(J(hs)). However, this contradicts K (hy) C
hi* (K (hs)). Thus, we must have that

By (54)(55), we obtain that zg € U. Thus claim 1 holds.

Since zy € hy*(J(hg)), we have hy(z9) € J(hz). Moreover, by (51), we have hi(Fu(h2)) C
Fs(h2). Therefore for each g € G, we have g(Fuo(ha)) C Foo(he). It follows that Fi,(he) C F(G).
Therefore Foo(ha) = Foo(G). Thus hi(z0) € Foo(G) N J(G). We now prove the following claim.
Claim 2. For each neighborhood W of hq(zp) in C, the function olw : W —[0,1] is not constant.

To prove claim 2, suppose that there exists a neighborhood W of h1(zp) in C and a constant
¢ € [0,1] such that ¢|w = c. Since hi(z9) € Fo(G), [24, Lemma 5.24] implies that ¢ = 1. Thus
hi(z0) € int(p~1(1)). Combining this with Lemma 2.34, we obtain that hy(z9) € F(G). However,
this contradicts hy(zp) € J(G). Therefore, claim 2 holds.

By the equation ¢(z) = pp(hi(2)) + (1 — p)p(ha(z)), the fact ¢ : F(G) — [0,1] is locally
constant (see [24, Lemma 5.27]), (53), and claim 2, we obtain that zy € A. From this, claim 1,
Lemma 2.32 and the fact that (hq,hs) satisfies the open set condition with U, it follows that
A=J(G).

Thus statement 1 in Theorem 1.8 holds. O

We now prove statement 2 in Theorem 1.8.
Lemma 2.39. Statement 2 in Theorem 1.8 holds.

Proof. Let (h1,h2) € (OC)NBNH) and let 0 < p < 1. Let G = (hy, ha). Let ¢(z) = T'(h1, ha, D, 2).
Suppose J(h1)NJ(he) = (. Then by Proposition 2.37, we obtain that Jie;(G) = 0. By [24, Theorem
3.22], it follows that ¢ : C — R is continuous on C.

We now suppose that J(h1) N J(ha) # 0. By Proposition 2.37 (3), we have J(h1) N J(h2) C
Foo (G)NK (G). Since ¢lr.(c) =1 (see [24, Lemma 5.24]) and ¢|z ) = 0, it follows that ¢ : C—oR
is not continuous at each point in J(hi) N J(he). Thus statement 2 in Theorem 1.8 holds. O
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2.3 Proof of Theorem 1.15

In this subsection, we prove Theorem 1.15. We also show a result on the Fatou components
(Theorem 2.45) and a result in which we do not assume hyperbolicity (Theorem 2.42).

Definition 2.40. For an element 7 € 9t (Rat), we denote by U, the space of all linear combina-

tions of unitary eigenvectors of M, : C(C) — C(C), where a non-zero element ¢ € C(C) is said to
be a unitary eigenvector of M, if there exists an element a € C with |a| = 1 such that M, () = ap.

Lemma 2.41. Statement 1 in Theorem 1.15 holds.

Proof. Let (h1,he) € (DNBNH)U(((OC)NBNH)\Z). Let p € (0,1). By Lemma 2.8 and
Proposition 2.37, we obtain Jie (h1,h2) = (. From this, that (hj, hs) is hyperbolic, and [24,
Proposition 3.63], it follows that there exists an open neighborhood V' of (hy, hs2) in BN H such
that for each (g1,92,9) € V x (0,1), we have that {g1,92} is mean stable and 7y, 4, , i mean
stable. By [26, Remark 5.11], taking a small open neighborhood W of p, and shrinking V if
necessary, we obtain that there exists a number « € (0,1) such that for each (g1, g2,¢9) € V x W,

T(g1,92,9,-) € C*(C). ) . )

We now let (g1,g2,q9) € V x W. Since O # K(g1, g2) and {g1, g2)(K(g91,92)) C K(g1,92), Zorn’s
lemma implies that there exists a minimal set Ly for ({g1, g=), C) with Lo C K(gl,gg). Let L be
a minimal set for (<gl,g2>,C) with L # {oo}. Then L C K(gl,gg). By Proposition 2.9, we may
assume that K (hy) C K(hg). Then, by Proposition 2.9 again, we obtain that J(hs) is a quasicircle
and hg has an attracting fixed point ¢ in K (hs). Shrinking V' if necessary, we obtain that J(g2)
is a quasicircle and g2 has an attracting fixed point ¢’ in K(gz). Moreover, since {g1, g2} is mean
stable, L C F(g1,g2). Therefore L C int(K(g2)). It follows that for each z € L, g5(z) — ¢ as

n — oo. In particular, ¢ € L. Thus, there exists a unique minimal set Ly, 4, for ({(g1, g2),C) with
Ly, 4, C C. Hence the set of all minimal sets for ({g1, g2), C) is {{oo}, Lg, 4, }- Moreover, from the

above argument we have Ly, 4, C int(K(g1,92)) C F(g1,g2). By [24, Theorem 3.15-7], item (iv) of
statement 1 in Theorem 1.15 follows. Since L, 4, contains a fixed point go, [24, Theorem 3.15-12]
implies that the number rz, in [24, Theorem 3.15-8] for L = L, 4, is equal to 1. Therefore, by [24,
Theorem 3.15-1, 13], there exist two functions @1, 2 € C(C) with My, ,, 4(¢i) = @i and a Borel

probability measure v = vy, 4, 4 00 Ly, 4, with My (v) = v such that for each ¢ € C(C),

Mg, 40.q(#) = ©(00) - o1 + (/ wdv) - g in C(@) as n — 0o,

suppv = Ly, 4,, p1(00) = L, 01[1, ,, =0, p2(c0) =0, and o[z, , = 1. Combining these with
item (iv), we see that ¢;(2) = T(g1, g2, ¢, 2) and p3(z) = 1 — T(g1, g2, ¢, z). From these arguments
item (v) of statement 1 in Theorem 1.15 follows. By [26, Theorem 3.24], shrinking V' and W if
necessary, item (vi) of statement 1 in Theorem 1.15 holds. By [26, Theorem 3.32], item (vii) of
statement 1 in Theorem 1.15 holds.

We now prove item (viii). Let (g1,92) € V and let G = (g1, g2). Since the statement in
item (vii) holds for arbitrary p € (0,1), we obtain that the function ¢ — T'(h1, h2,q, 2) is real-
analytic on (0, 1) for any 2z € C, that the function (q,2) — (0"T/0q¢™)(g1, 92,9, 2) is continuous
on (0,1) x C for any n € NU {0}, and that the function z — (9"T/dq")(g1,g2,q, z) is Holder
continuous on C for any n € NU {0} and any ¢ € (0,1). Moreover, for any n € NU {0} and any
q € (0,1), since z — T(g1, g2,q, #) is locally constant on F(G) (see [24, Lemma 3.24]), it follows
that the function z — (9"T/0q™)(g1, 92,4, z) is locally constant on F(G). By [24, Proposition
3.26], for each ¢ € (0,1), the function z — T(g1, g2, ¢, z) is characterized by the unique element
¢ € C(C) such that M,, 4, () = @, ¢lg) = 0, ¢lr.(e) = 1. For each ¢ € (0,1) and for each
n € NU {0}, we set @, 4(2) = (0"T/0q")(91, 92,4, 2). Since @o4|r._(@) = 1 and <p07q|K(G) =0,
we have ¢nqlp_(@yui(e) = 0 for each n > 1. By [26, Theorem 3.32], the function ¢y 4 is char-

acterized by the unique element ¢ € C(C) such that 1 4(2) = My, 4,.4(¢1,4)(2) + (00,4(91(2)) —
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©0,4(92(2))): ¥1,4 Foo (G)UK(G) = 0. Let k > 0 and suppose that @r41,4(2) = Mg, g5.4(Pr41,4)(2) +
(k + 1)(¢k,q(91(2)) — @r,q(g2(2))). By taking the partial derivatives of both hand sides of this
equation with respect to the parameter g, we obtain that ri24(2) = My, g,.q(Prt2,4)(2) +
(k + 2)(pr+1,4(91(2)) — ©rt1,4(92(2))). Therefore for each n € N U {0}, we have ¢, 41,4(2) =

Mg, g2,q(Pn+1,¢)(2) + (0 + 1) (@n,q(91(2)) — ¢n,q(92(2))). Let n € N, q € (0,1) and let ¢ € C(C) be
an element such that

P(2) = Mg, g,,4(9)(2) + (n + 1)(0n,q(91(2)) — ¥n,q(g2(2))) and LP|E,O(G)uf<(c:) =0. (56)

We want to show that ¢ = @1 1.4- Let ¢ (2) = (n41)(@n.q(91(2)) —@n.q(g2(2))). Then ¢,, € C7(C)

for some v € (0,1). Since 74, ¢,4 is mean stable, there exists a direct decomposition C(C) =

Uy, ona @ € C I Mg () — 0asn — oo} (see [24, Theorem 3.15]). Let 7w, . C(C) —
To1.09.4 D€ the projection map regarding the direct decomposition. Moreover, by [26, Theorem

3.30] and its proof, there exist constants ¢ € (0,7], A € (0,1),C > 0 such that for each 1 € C¢(C),
MY, (0 — Trg e (@) lc < CNF ||y — Trg o090 ()]l for each k € N. By the definition of ¢,,, we
have ¢n|{oo}uf<(G) = 0. Therefore by [24, Theorem 3.15-2], we have 7. (¢,) = 0. It follows

that [ M5, ,(6u)llc < CN¥[[6ulc. By (56), we have

k—1
(I—=M} (@)=Y M} (¢n) for each k € N. (57)
j=0

Moreover, by ¢|p_(cukq = 0 and [24, Theorem 3.15-2] we have 7, . . (¢) = 0. Hence

M!fhg%’q(tp) — 0in C(C) as k — oo. Therefore, let:cing k — o0 in (57), we obtain p = 377 Mgl,g%q(%)
in C(C). (In fact, this equation holds even in C¢(C).) Thus, there exists a unique element ¢ € C(C)
which satisfies (56). Hence we have proved item (viii). Thus we have proved statement 1 in Theo-

rem 1.15. O

Theorem 2.42. Let (hy,ha) € B. Let p € (0,1). Suppose that K(hy) C (int(K(he))). Let U :=
(int(K (h2))) \ K(h1). Suppose that (hq, ha) satisfies the open set condition with U. Then, we have
all of the following.

(i) Jker(h1,he) = 0. Moreover, T(hy, ha,p,-) is Hélder continuous on C and locally constant on

F(G). Moreover, J(G) = {z € C | for each neighborhood V of zy, T(hy, ha,p,-)|v is not constant}.

(ii) There ezxists a unique minimal set L for ((h1, ha), K(h1,ha)) and the set of minimal sets for

(<h1a h2>a (C) is {{OO}, L}

(iii) For each z € C there exists a Borel subset B, of {hy, ho}N with 71, n, »(B.) = 1 such that for
each v = (v1,72,...) € By, we have d(vy -+ -71(2), {occ} UL) = 0 as n — oo.

(iv) There exists a unique Mz, -, -invariant Borel probability measure v on K(h1, hy) such that

for each ¢ € C(C),
Mgl,hg,p(sp)(z) - T(h17h27pa Z) : SD(OO) + (1 - T(h17h27pa Z)) ! /‘Pd’/ asn — oo

uniformly on C.

(v) For each z € C, the function p — T(h1, ha,p, 2) is real-analytic on (0,1). Moreover, for
each n € NU {0}, the function (p,z) — (0"T/p™)(h1, ha,p, 2) is continuous on (0,1) x C.
The function z — T(hy, ha,p, z) is characterized by the unique element ¢ € C(C) such that
Mp, by p(@) = 0, 90|f((G) =0,¢|r.(q) = 1. Furthermore, inductively, for any n € NU{0}, the
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function z — (0" YT /Op™ 1) (h1, ha,p, 2) is characterized by the unique element ¢ € C’(C)
such that

@(2) = My nyp(0)(2) + (0 +1) ((0"T/0p")(h1, ha, p, ha(2)) = (9"T/9p™)(ha, ha, p, h2(2))) ,
?li@ur. (@ =0-

Moreover, the function z — (9"T1T/0p™*1)(hy, ha,p, 2) is locally constant on F(G). More-
over, Setting Y n, hyp(2) = (0T /Op™) (b1, ha, p, 2) for eachp € (0,1),z € C,n € NU{0}, we

have that ¥ri1,hy hop = Z;io Mljz1,h2,p((n+1)("/)n,hhhz,pohl_wmhl,hzmohﬂ)) i (C(C>7 [[[oc)
for each n € NU{0}.

Proof. Let A be the connected component of int(K (hs)) with K (hy) C A. Since K (hy) C int(K (hg))
we have hy *(K(h1)) C int(K(h)). Since (hi,hs) satisfies the open set condition with U, we
have hy'(K(hi)) D K(h1). Moreover, since (hy,hy) € B, we have that hy'(K(hy)) is con-
nected. It follows that hy'(K(hy)) C A. Thus hy'(A) C A. It implies that int(K(ho)) is
connected. Since ha(K(h1)) C K(hi) C int(K(ha)), it follows that there exists an attracting
fixed point zg of hy in K(hy). Since (hy,ho) satisfies the open set condition with U, we have
hi (U)Nhy Y (U) = 0. Since U = (int(K (hs)))\ K (h1) and int(K (hs)) = UUK (h;), we obtain that
hy M(U) N (R (int (K (he)))) = hy H(U) N (A H(U) U K (hy)) € by N(U) N K (hy) C UNK(hy) = 0.
Therefore h; 1 (U) c C\ hy*(int(K (hs))). We now want to show that zy € int(K(h;)). Sup-
pose to the contrary that zop € J(hy). Then zy € hy'(20) C hy'(U) = hy'(U). It implies that
z0 € C\ hyl(int(K (he))) € C\ A7 (K (1)) = C\ K(hy), which contradicts zo € J(h;). Thus we
must have that zg € int(K(hq)).
Since ho(K (h1)) C K(hy), setting G = (hq, ha), we have g(K(h1)) C K(hy). Hence

K(G) = K(h). (58)

Therefore G(int(K (hy))) C int(K(hy)). Thus int(K(hy1)) C F(G). Since 2y is an attracting fixed
point of he and it belongs to int(K (hy)) C F(G), it follows that for each z € K (hy), there exists
a number n € N such that h%(z) € F(G). Moreover, if z € C\ K(h;), there exists a number
m such that hi*(z) € Fx(G) C F(G). Hence, we obtain that Jie,(G) = §. Combining this with
[26, Theorem 3.29] and [24, Theorem 3.22], we obtain that the function v, = T'(hq, ho,p,-) is
Holder continuous on C and My, j, »(¥,) = . By [24, Lemma 3.24], 1, is locally constant on
F(G). By Lemma 2.24 and the arguments in the proof of Lemma 2.34, it follows that J(G) =
{20 € C | for each neighborhood V of zg, %, |y is not constant}. By using the arguments in the
proof of Lemma 2.41, we can show that items (ii)—(iv) of our theorem hold. Moreover, by [24,
Proposition 3.26], 1, is characterized by the unique element ¢ € C(C) such that ¢ = Mp, n, ,(¥) =
Y, ¥r. ) = LYk =0

Since (hi, ho) satisfies the open set condition with U, we have hi!(int(K(hy))) € hy (U U
K(h1)) C UUK (hy) = int(K (hs)). Hence hy* (K (hs)) C K (hg). Therefore hy(Fuo(hz)) C Fuo(ha).
Thus G(Fx(h2)) C Fso(ha). It follows that

Foo(G) = Fso(h2). (59)
Since 1, is continuous on C and Mj, 4, (1) = b, We obtain that

Pp(2) = pp(hi(2)) + (1 — )i, (ha(2)) for each z € C, Ul =0, 1/Jp|m =1 (60)

Let ¢ € C(C) be an element such that ¢z = 0, ¢lggy = 1. By items (ii) and (iii) of our

theorem, which have been already proved, we obtain that T'(h1, he, p, 2) = limp 00 M} 1., (¢)(2)
for each z € C. Let A := {p € C| |p| < 1,]1 —p| < 1}. For each p € A and for each ¢ € C(C),
we set M,(¥)(2) = py(h1(2)) + (1 — p)ip(ha(z)). For each p € A, we set p1 = p and py = 1 — p.
For each n € N and for each w = (wy,...,w,) € {1,2}", we set hy = hy, -+ hy, and p, =
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Puw, - Du, - Moreover, we set B, . = {(wy,...,wn) € {1,2}" | hy, -+ hu, (2) € Fo(G)} and
Ch» = {(w1,...,w,) € {1,2}" | hy, - - hu, (2) € U}. Furthermore, for each w = (w1, ..., wy,) €
{1,2}" and for each m < n, we set w|m = (w1, ..., W) € {1,2}™. Then for each p € A, for each
n € N and for each z € C, we have

M) (2) — My () (2)]

= Z Pu + Z pwe(h Z by — Z pyp(hy(2))

wWEBp 41,2 w€Chny1,2 YEBny, - YECh, 2
= | E Pw + E Dw + E Pw@(h
WEBn41,2,w|n€Bn, = WEBn41,2,w|n€Ch, 2 wECnt1,2
§ by — § p’y@(hv(z))
"{eBn,z ’Yecn,z

Since EweBn+1,z,w|neBn,z Do = Z%Bn,z D~, We obtain

My () (2) = My (9)(2)] = > Pt D>, puplh — > pyplh
WEBp41,2,W|[n€Ch. 2 weChy1,2 veCh,
(61)
Let K be a non-empty compact subset of A. Then there exists a constant cx € (0,1) such that
K C {|]#] < e¢x}. By (61) and that (hq, ho) satisfies the open set condition with U, it follows that
| My () (2) = My (2)] < e + (i + ) sup, ¢ [(a)|. Therefore Sec p(2) := limy o0 My (10)(2)
exists in A x C, (p, 2) = Soo,p(2) is continuous on A x C, and

for each z € C, the function p — Sa, ,(2) is holomorphic in A. (62)
9" S0 p(2)
apn
wous on A x C. From these arguments, it follows that for each z € C, the function p — T'(hq, he, p, 2)
is real-analytic on (0,1) and for each n € NU {0}, the function (p, z) — (8"T/0p™)(h1, h2,p, 2) is

continuous on (0,1) x C.
Let ¢y p(2) = %(hh ha,p, z) for each n € NU {0} and z € C. By taking the n-th derivatives
of equations in (60), we obtain that

Y1 p(2) = My(Wsr ) (2) + (04 D) W11 (2)) — G p(h(2). sl ron ey =0 (63)

Combining these with Cauchy’s integral formula, we obtain that for each n € N; is contin-

for each n € NU {0}, p € (0,1) and z € C. Let ¢ p(2) == (1 + 1) @np(h1(2)) = Pnp(ha(2))).
Then ¢nvp|muf((c) = 0. Let vp € C(C) be an element such that Ves@uk(c) = 0- Then

M;f(w)(z) = Zwe{m}k Pt (hy(z)) = Zwecm put(hy(z)). Since (h1,hy) satisfies the open set
condition with U, it follows that

1My (%)lloo < (max{p, 1 = p})*[[9]|oo- (64)
If o € C(C) is an element such that

a(2) = My(@)(2) + (1 + 1) (W p (11 (2)) = ¥ (h2(2))): @i ) = 0 (65)
then we have

k
(I - M’C ZM (¢np)(2) for each z € C, k € N. (66)
7=0
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By (64), letting & — oo in (66) we obtain that a = 3 72 M (¢n,p) in (C(C), || - llo). Therefore,
for each n € NU {0}, the element 1,1, € C(C) is characterized by the unique element o € C(C)
such that a(z) = My(a)(2) + (1 + D)Wy (h1(2)) — Yoy (ha(2))): alp— o = 0- Since ¥y =
T(h1, ha,p,-) is locally constant on F(G), n41,p is locally constant on F'(G).

Combining all of these arguments, we see that item (v) of our theorem holds.

Thus we have proved Theorem 2.42. O

Remark 2.43. Let h; € P and d € Nwithd > 2 and p € (0,1). Suppose that (h;) is posteritically
bounded, int(K (h1)) # 0 and (deg(h1),d) # (2,2). Then, by Theorem 2.27, there exists an element
he € P with deg(hz2) = d such that (hy, ha) € ((0D)NCNB)\Z and such that (hy, he,p) satisfies
the assumptions of Theorem 2.42. Note that if h; has a parabolic cycle or a Siegel disk cycle, then
the above hy can be taken so that {hi, ho} is not mean stable. In fact, in order to have such an ha,
we take a point b € int(K (hy)) so that b belongs to the basin of parabolic cycle or the Siegel disk
cycle of hy and then use the method in the proof of Lemma 2.23. In [26], the author showed several
results on the random dynamical systems for which the associated kernel Julia sets are empty and
all minimal sets are included in the Fatou sets. However, the author did not deal with the case for
which some minimal sets meet the Julia sets. We remark that if h; € P has a parabolic cycle, (h1)
is postcritically bounded, and d > 2 satisfies (deg(hq),d) # (2,2), then we can take an hy € P so
that deg(ha) = d, (h1,h2) € (D)NCNB)\Z, (h1, ha) satisfies the assumptions of Theorem 2.42,
Jier(P1, he) = 0 and the bounded minimal set of (h1, ho) meets J(hy, ha) (we take a point b in the
basin of the parabolic cycle of hy and use the method of Lemma 2.23). Thus, Theorems 2.27 and
2.42 deal with a new case.

Lemma 2.44. Statement 2 in Theorem 1.15 holds.

Proof. Let (hy,hs) € (DN B). Then by Proposition 2.7, we may assume that K (hy) C int(K(hs)).
By Proposition 2.7 again, (hi, hy) satisfies the open set condition with U := (int(K (hg))\K (h1).
Thus, Theorem 2.42 implies that statement 2 in Theorem 1.15 holds. O

We now give a result on the set of connected components of the Fatou set, which is shown by
applying Theorem 1.15-1-(i) and Theorem 1.5-5.

Theorem 2.45. Let (h1,h2) € ((OC)NBNH)\Z. Then there exists a neighborhood V' of (hy, ha) in
BNH with VNint(C)NBNH £ O such that for each (g1, g2) € V, the set of connected components
U of F(g1,92) withUN(Fuoo(g1,92) UK(gl, 92)) = 0 is infinite. In particular, for each (g1,92) € V,
there are infinitely many connected components of F(g1,g2).

Proof. By Theorem 1.15-1-(i) and Theorem 1.5-5, there exists a neighborhood V of (h1, ko) in BNH
such that for each (g1,92) € V, the set {g1, g2} is mean stable and dimp(J(g1,92)) < 2. Thus for
each (g1,92) € V, we have K(g1,92) # 0, Jxer(g1,92) = 0 and int(J (g1, g2)) = 0. Combining this
with [24, Theorem 3.34], we see that for each (g1,¢g2) € V, the set of connected components U of
F(g1,92) with UN(Fs (g1, 92) UK(gl, g2)) = 0 is infinite. In particular, for each (g1, g2) € V, there
are infinitely many connected components of (g1, g2). Since (g1, g2) € (0C)NBNH, Theorem 1.6-1
implies that V Nint(C) N BN H # (. Thus we have proved our theorem. O

2.4 Proof of Theorem 1.18
In this subsection, we prove Theorems 1.18. Also, we show some related results in which we do
not assume hyperbolicity (Theorems 2.52, 2.56). We need the following.

Definition 2.46. Let h = (h1,...,hy) € (Rat)™. Let p = (p1,p2,-.-,Pm) € (0,
> is1pj = 1. Let fi be an h-invariant Borel probability measure on .J(h) (i.e., fi(A) =
for each Borel subset A of J(h)). We set

ol i) = L R P )

R fz w108 || D (P, )e || sdip(w, x)

with

"
i(h=1(A))

€ (0,00)
(when the denominator is positive).
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Deﬁnitjon 2.47. Let (hy,...,hpm) € (Rat)™ aIAld let G = (h1,...,hm). Let L be a minimal set
for (G,C). We say that L is attracting (for (G, C)) if there exist non-empty open subsets U,V of
F(G) and a number n € N such that both of the following hold.

e LCVCVcUCUCF(G),4C\V)>3.

e For each (w1,...,w,) € {1,...,m}", hy, -+ hy,, (U) C V.

Definition 2.48. Let 7 € My (Rat) and let L be a minimal set for (G, (C) For each z € C, we
set Tr - (2) = 7({y = (71,72, --.) € Rat)" [ d(vs---m(2),L) = 0 as n — oo}).

Definition 2.49. Let 7 € Sﬁl(Rat) We denote by M* M, (C) — My (C) the dual map of M, :
C(C) = C(C), ie., [xp(2)d(M;(n = [aM du(z) for each ¢ € C(C) and p € My (C).
By using the topological embeddlng z € (C — (52: € 9)?1 ((C)7 we regard C as a compact subset of the
compact metric space 9y (C) We denote by th(T) the set of points zy € C for which the sequence
{(M)"]& : C — 91 (C)}nen is equicontinuous at the one point z.

Lemma 2.50. Let (hq,...,hy) € (Rat)™ and let G = (hy, ..., hy). Let L be an attracting minimal
set for (G,C). Let p = (p1,---,pm) € (0, )™ with Z;”:l pj=1andlet T = ijl Pjon,. Then Ty, -
is locally constant on F(G) and M, (Ty ;) = Tr . Moreover, Ty, - is continuous at every point of
FO% (7).

pt

Proof. Let U be the open set coming from Definition 2.47 for L. By [26, Remark 3.5], for each z € U
and for each v € X,,, we have d(h,, 0---0h,,(2),L) = 0asn — oo and ||D(hy, ©---0hy,).|ls = 0
as n — oo. Hence, for each w € 3, for each connected component W of F(G), if x is a point of W
and d(hy, o+ ohy, (z),L) = 0 as n — oo, then for any y € W, we have d(h,,, o---0hy, (y),L) = 0
as n — co. Therefore T}, ; is constant on W. Thus T}, ; is locally constant on F(G).

Let € > 0 be a small number such that B(L, e) C U. Let ¢ € C(C) be an element such that ¢|;, =
1L and ¢|¢ g, ) = 0. Since for each z € U and for each y € Xy, we have d(h, 0+ --0hs, (2),L) = 0

as n — 00, it follows that M (¢)(z) — Ty +(2) as n — oo for each z € C. Therefore by [24, Lemma

4.2-2], we obtaln that 77, is continuous at every point of FJ (7). Moreover, for each z € C,
M (Tp ) (z) = M. (limy, 0o M?(9))(2) = T1,+(2). Thus we have proved our lemma. O

Definition 2.51. Let h = (hq,...,hy) € (Rat)™. Let w = (w1,...,wy,) € {1,...,m}". We set
hw = hy, © -0 hy,. Moreover, for each v = (v1,72,...) € ¥,, and for each n € N, we set
7|n = (713"'7’777,) S {177m}n

Theorem 2.52. Let m € N with m > 2. Let h = (h1,...,hy) € (Rat)™. Let G = (hy,..., hp).
Suppose that §J(G) > 3. Let p = (p1,...,pm) € (0,1)™ with 377" pj =1 and let T = 377" | p;on,.
Suppose that h satisfies the open set condition with an open set U. Let i be an h-invariant ergodic
Borel probability measure on J(h) such that [log|D(v)sllsdfi(y,2) > 0. Let p = (). (f2).
Suppose that (U \ P(G)) > 0. Let L be an attracting minimal set for (G,C). Suppose that there
exists a point & € U such that Ty » is not constant on any neighborhood of . Then for -a.e.
2o € J(G), we have that zy € F)(1), Ty + is continuous at zo and Ho(Ty -, 20) < v(h, p, i).

Proof. We assume that there exists an attracting minimal set L for (G, C). Let U := 7r_1 (U\P(@)).

Then h=1(U) ¢ U and i(U) > 0. Hence ji(N2% Qh (~U)) =1lim,, o0 2(h () = u(U) > 0. There-
fore by the ergodicity of fi, we obtain (N3 h~™(U)) = 1. Let (w,a) € supp(f) NN oh “U) N
J(ﬁ) be a point. By Birkhoff’s ergodic theorem, we have that for p-a.e. (v,z) € J(h), there
exists a strictly increasing sequence {nj} in N such that A" (y,2) = (w,a) as j — oo. Let
A = {(y,x) € J(h) | I{n;} = ocos.t. K% (y,x) = (w,a)}. Then i(A) = 1. We now prove
the following claim.

Claim. For each b € W@(OSL":OB_"(U)) N J(G), there exists a unique o € %, such that b €
N3 hgt -+ h_}(J(G)).

w
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To prove this claim, since b € ma(N52 ° oh~™(U)), there exists an element o € %, such that
(o, b) € NS oh~"(U). Therefore b € ha| ( ) for each n. Moreover, since b € J(G) = ma(J(h)) (see

23, Lemma 3.5)), there exists an element o/ € %, such that (a/,b) € J(h). Then hy (b) € J(G
"VL

for each n. Since J(G) C U, we obtain b € h ,1| (U). Hence h7|1 U)n ff,l‘ (U) # 0. Therefore
h L (U)Nh, 1 (U) # 0. Since h satisfies the open set condition with U, it follows that o, = o[,

for‘ eachn € N Hence @ = o'. Therefore b € NS 0ha| (J(@)). Let 8 € ,,, be an element such that
bene Oh 5, (J(G)). Then b € ha‘ (U) ﬂh 5, (J(G) = ha| (U) Oh 5|, (U) for each n € N. Since
h satisfies the open set condition with U, we obtain that 04|n Bln for each n € N. Hence o = .
Therefore our claim holds.

By the above claim and [24, Lemma 4.3], we obtain that ma(N52 > h(U)) N J(G) C (7).
By Lemma 2.50, for each point zp € W@(ﬁ%ozoffn(ff)) N J(G), the function T, . is continuous
at zo. Since a € ma (N5 ° h(0) N J(G), it follows that T}, is continuous at a. Moreover, let

{K,} be a sequence of compact subsets of N2 h~"(U) such that i((N2oh~™(U))\ U2, K,,) = 0.
Then B := ma(Up Ky,) N J(G) is Borel meaburable and p(B) = 1. ThUb we obtaln that for
p-a.e.zg € J(G), we have zy € F(7) and Ty, is continuous at z.

We now want to prove that for u-a.e. zg € J(G), Hol(TL -, z0) < v(h,p, i). We have v(h, p, i) <
00, i.e., [|log||D(11)s|ls|diu(v, z) < oc. For each k € N, let 6, = v(h,p, i) + 4. Then
1108 (5, || Dl ) |0 i, ) < 0. Let

- ~ 1 -
Ap = {(,2) € J(h) | —10g(Pr, -+ Py [ DDy, )l ) = /log(pwlIID(hm)xllﬁ’“)du(%x) as n — oo}

for each k € N. By Birkhoff’s ergodic theorem, we have ﬂ([lk) = 1. Moreover, since

/ log(ps, | D (ks )22V di(, ) > 0,

we obtain that for each (v,z) € Ay, py, -~ Pr, | DRy, )a||% — 00 as n — oo. Let (v, ) € AN A4,

Then there exists a strictly increasing sequence {n;} in N such that by, (£) — a as j — oo.
_ J

Let W be a small open disk neighborhood of a with W C U \ P(G). We may assume that

oy, (x) € W for each j. Let ¢; : W — C be the inverse branch of hs,., with Cj(hv\nj () = z.

Then (;(W) C h;l (W) c h;l (U). Since h satisfies the open set condition with U and J(G) C U,

In [n
we obtain that for each (p1,-- .J,pn].) € {1,...,m}"™ with (y1,...,7;) # (p1,..-,pn,), we have
GW)n (hpnj < hp ) THJ(G)) = 0. In particular, o, (¢;(W)) is included in F(G). Since
hou, = oy (¢j(W)) is connected, it is included in a connected component of F(G). Since 17, -
is locally constant on F(G) and M,(TLr) = Tr, (see Lemma 2.50), it follows that for each
y € ¢;(W), we have

T20r(2) = Tor (0)] = P, 1| Thr (i, (@) = Thr (o, ()]

Since we are assuming that there exists a point £ € U such that T}, ; is not constant in any neigh-
borhood of £, Lemma 2.32 implies that 77, , is not constant in any neighborhood of a. Therefore
there exists a point b € W such that 77, -(a) # Ty ,(b). Let n = [Ty -(a) — T1~(b)] > 0. Let
¢; = ¢;(b) € ¢;(W). Since T}, ; is continuous at a, for each large j, we have

TLr(hy,, (@) = To 7 (B, ()] = [TL7(hy,, (2) = T~ (0)] =

Therefore for each large j, we have |1 (x) — Tr -(cj)| > Py, ---p13. By the Koebe distortion
theorem, there exists a constant C' > 0 such that ¢; € B(z,C||D(h., )a|l5") for each j. Then

Tor(@) ~Too@)] o Py

J

N3

Vlny

sup —>ooasg—>oo

—0, — 6
yEB(@,ClID(y, Vel COIID (o, Jalls™ = GO DRy, Jalls™ 2
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Therefore limsup,,_,, , 2. W = 00. Thus Hol(T%, 7, ) < ). Hence for each (7, z) € AN

ﬂz"zlflk, HOl(Ty, -, x) < v(h,p, t). Let {E,} be a sequence of compact subsets of AN ﬂ?:l;lk such
that a((ANNP, Ax) \UpZ Ey,) = 0. Then D := 7s (U2 E,,) is Borel measurable and p(D) = 1.
Moreover, for each z € D, H81(T}, ,,z) < v(h,p, i1). Thus we have proved Theorem 2.52. O

Lemma 2.53. Let h = (hy,hs) € (DNBNH)\ Q. Let G = (hy, ha). Then (h1, hs) satisfies the open
set condition with an open set U for which the following (i) and (ii) holds. (i) (UNJ(G))\P(G) # 0.
(ii) There exists a point & € U such that T(hi,he,p,-) is not constant in any neighborhood of .
Moreover, if i is an h-invariant ergodic Borel probability measure on J(;L) with suppfi = J(ﬁ),
then for each p € (0,1), setting p = (wa)« (1) and T = pop, + (1 — p)on,, for p-a.e.zo € J(G), we
have zg € F]?t(T), T(hi,ha,p,-) is continuous at zg, and HOL(T (hy, ha,p,-),20) < u(hy,ha,Dp, iL).

Proof. By Proposition 2.9, we may assume that K(hy) C K(ha). By Proposition 2.9 again, we
obtain that (hy, ho) satisfies the open set condition with U := (int(K (h2)))\ K (h1). Let a € J(hs2)\
J(h1) and let b € J(h1) \ J(ha). Then there exists a sequence {a;} of points with a; € h; "/ (a) for
some n; € N, such that a; — b as j — oco. Then, for a large j, we have a; € (int(K(h2)))\ K (h1) =
U. Since a; € J(G), it follows that U N J(G) # 0. Moreover, by Lemma 2.38, for each zg € J(G),
the function T'(hq, ha,p,-) is not constant in any neighborhood of zy. Hence there exists a point
& € U such that T(hy, ha,p,-) is not constant in any neighborhood of £. Furthermore, since G is
hyperbolic and U N J(G) # (), we obtain (U N J(G)) \ P(G) #0. .

Let fi be an h-invariant ergodic Borel probability measure on J(h) with supp ji = J(h). Let p €
(0,1). We set p := (ms)«(j2) and 7 := pdn, + (1 — p)dn,. Since supp p = 7 (J(h)) = J(G) (see [23,
Lemma 3.5]), we obtain that ;(U\ P(G)) > 0. By Theorem 2.52, it follows that for p-a.e.zo € J(G),
we have zg € th(T), T(hy,ha,p,-) is continuous at zg, and HOL(T'(hy, he,p, ), 20) < u(hy, ha,p, ft).
Thus we have proved our lemma. O

We now prove Theorem 1.18.

Lemma 2.54. Statement 1 in Theorem 1.18 holds.

Proof. Let h = (h1,ha) € DNBNH and let 0 < p < 1. By [16, Theorem 4.3], Supp An, n,.p = J(G).
Let p1 = p,p2 = 1 — p. Since my(Ap, n,p) i equal to the Bernoulli measure ®%O:1(Z?:1 Di0;)
on Yy, we have fZ2X@ —1og Py, dAny by p (7, ) = 72?:1 p; log p;. Moreover, by [24, Lemma 5.52],

fzng log || D(hy, )a ||5d5\h1,h2’p(7, x) = Zle p; log deg(h;). Therefore we get that w(hy, ha, p, S‘hl,hz,p) =

Zii%g;‘ég:&)). Since Z?:l —p;ilogp; <log2 and (deg(hi),deg(hs)) # (2,2) (see Lemma 2.14),
— S22 pilogpi
STty < )

If (h1,h2) € Q, then J(G) = J(hl) = J(hg), FOO(G) = Foo(hl) = Foo(hg), and K(G) =
K(h1) = K(hs). Since T(h1,h2,p, )| (c) = 1 (see [24, Lema 5.24]) and T'(h1, h2,p, )| () = 0,
we obtain that for each zg € J(G), the function T'(hq, ha,p, ) is not continuous at zg. In particular,
for each zg € J(G), 0 = HOl(T'(h1, ha,p, ), 20) < u(hy, ha,p, S\hlyhg,p).

We now suppose that (hy,hy) € (DN BNH)\ Q. By [16, Theorem 4.3], SUppAn, hyp =

J(h). Hence, Lemma 2.53 implies that for A, p,p-a.c. 2o € J(G), we have that the function
T(h1,ha,p,-) : C — R is continuous at zy and HSL(T(hy, ha, p,-), 20) < u(hi, ha, D, My hsp)-

We now suppose that (hi,he) € DN BNH. Then by Lemma 2.6, hy *(J(G)) N hy (J(G))
0. By [24, Theorem 3.82], it follows that for A\, p, p-a.e. 29 € J(GQ), HOU(T'(h1, h2,p, ), 20) =
w(hi, ha, Dy My hy.p)- Thus statement 1 in Theorem 1.18 holds. O

we obtain

Lemma 2.55. Statement 2 in Theorem 1.18 holds.

Proof. Let h = (hi,hg) € (DNBNH)\ Q. Then by Lemma 2.10, (hy, hs) satisfies the open set
condition. By [18], it follows that item (i) of statement 2 holds. Moreover, we have suppv = J(h).
Hence suppn = J(h). By Lemma 2.53 and item (i) of statement 2, it follows that for almost every
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zo € J(G) with respect to HY, the function T'(hy, h2,p,-) : C — [0,1] is continuous at zp and
HOW(T (h1, h2,p,-), 20) < u(hy, ha,p,n).

We now suppose that (hi,hs) € DN BN H. Then by Lemma 2.6, we have hy*(J(G)) N
hy ' (J(G)) = 0. By [24, Theorem 3.84], it follows that for almest every zy € J(G) with respect to
Hva HOI(T(hh h27p7 ')a ZO) = u(hlv h2vp7 77)

Thus statement 2 in Theorem 1.18 holds. O

We now show the following result which is proved by using Theorem 2.52.
Theorem 2.56. Let (hy,he) € B with (deg(h1),deg(hz)) # (2,2). Let G = (hy, he). Let p € (0,1).
Suppose that K (h1) C (int(K(h2))). Let U := (int(K (h2))) \ K (h1). Suppose that (h1, he) satisfies
the open set condition with U. Then, supp An, hyp = J(G), Ahy hep i nOn-atomic, and for almost
every point zo € J(G) with respect to Apy by ps

_ plogp+ (1—p)log(l—p)

plog(deg(hi)) + (1 — p) log(deg(hz))
and T'(hy, ha,p, ) is not differentiable at zo. In particular, there exists an uncountable dense subset
A of J(G) such that at every point of A, the function T'(h1, ha,p,-) is not differentiable. Moreover,
for each € (u(h1, ha, D, Any.hyp), 1) and for each ¢ € C*(C) such that o(c0) = 1 and ¢lgc) =0,
we have || My ;. (¢)|a = 00 as n — oo.

HOI(T(hla h2ap7 ')7 ZO) < u(hh h27pa Xhl,hQ,p) - <1 (67)

Proof. From our assumption, we have .J(h;)NJ (hy) = 0. Also, by Lemma 2.24, we have hy * (K (hs)) S
h31(K(hy)). By Theorem 2.42 (i), we have that for each open set W in C with J(G) NW # 0,
T(h1, ha,p,-) is not constant on W. Let a € J(h2) and let b € J(h1). Then there exists a sequence
{a;} of points with a; € h; " (a) for some n; € N, such that a; — b as j — co. Then, for a large
J, we have a; € (int(K (h2))) \ K(h1) = U. Since a; € J(G) and U C (C\ K(hy)) Cc C\ P*(G), it
follows that U N J(G) N (C\ P(G)) # 0. Also, by [16, Theorem 4.3, suppAn, n,» = J(G). Hence
Ay o p(U \ P(G)) > 0. Moreover, by [24, Lemma 5.52], we have [ log D1l s @Ay 1y p (7, ) =
plog deg(hi)+(1—p)logdeg(hs) > 0. Combining these with Theorem 2.52, we see that for A\, 5, p-
a.e.zg € J(G),

HOT (hy, ha, py ), 20) < (i, hay Py Any hp) = plogp + (1~ p)log(l ~p)

~ plog(deg(ha)) + (1 — p) log(deg(h2))”

Since —plogp — (1 — p)log(1 — p) < log2 and (deg(hq),deg(hz)) # (2,2), we have that
_ plog p+(1—p)log(1—p)

plog(deg(h1))+(1—p) log(deg
differentiable at zy. Moreover, by [16, Lemma 5.1], Ap, p,p is non-atomic. Hence there exists an

uncountable dense subset A of J(G) such that at every point of A, the function T'(hy, he,p,-) is
not differentiable. ~ .
We now let € (u(ha, ha, P, Any s p); 1) and let o € C*(C) such that ¢(c0) = 1 and ¢|g ) = 0.

By Theorem 2.42, we have My’ ;. ()(z) — T(h1,h2,p,2) as n — oo uniformly on C. If there

7 < 1. In particular, for Ap, p, p-a.e.20 € J(G), T(h1,ha,p,-) is not

exists a constant C' > 0 and a strictly increasing sequence {n;} in N such that [|[M,;7 p(@la <

C for each j, then we obtain T'(hy,h2,p,) € C*(C). However, this is a contradiction. Hence

M3, 1y p(@)lla — 00 as m — oo. Thus we have proved our theorem. O

Remark 2.57. Let hy € P and d € Nwithd > 2 and p € (0,1). Suppose that (hy) is posteritically
bounded, int(K(hq)) # 0 and (deg(h1),d) # (2,2). Then, as in Remark 2.43, by Theorem 2.27,
there exists an element hy € P with deg(hs) = d such that (hy,hs) € ((0D) NCNB)\ Z and such
that (hi, he,p) satisfies the assumptions of Theorems 2.42 and 2.56. These two theorems imply
that the associated random dynamical system does not have chaos in the C° sense (note that this
is a randomness-induced phenomenon which cannot hold in the deterministic iteraton dynamics of
an f € P), but still has a kind of chaos in the C* sense for some 0 < « < 1. More precisely, there
exists a number ag € (0,1) such that for each o € (ap, 1), the system behaves chaotically on the
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Banach space C*(C) (and on the Banach space C'(C) as well). Namely, as in Remark 1.21, the
above results indicate that regarding the random dynamical systems, we have a kind of gradation
between chaos and order. Note that in Theorems 2.42 and 2.56 we do not assume hyperbolicity,
and as in Remark 2.43, if h; has a parabolic cycle or Siegel disk cycle, then the above hy can be
taken so that (hi, ha) is not mean stable. Moreover, as in Remark 2.43 again, if hy has a parabolic
cycle, then the above hy can be taken so that Jier (71, h2) = 0 and a minimal set of {(hy, ho) meets
the Julia set of (hy,h2). Thus, regarding the gradation between the chaos and order, Theorems
2.42 and 2.56 deal with a new case.

2.5 Proof of Theorem 1.19

In this subsection, we prove Theorem 1.19. We need several lemmas.

Lemma 2.58. Let m € N with m > 2. Let h = (h1,...,hy) € (Rat)™. Let G = (b1, ..., hpy).
Let p = (p1,-..,pm) € (0,1)™ with 2721 p; =1 and let T = Z;.n:lpjéhj. Let L be an attracting
minimal set for (G,C). Let i be an h-invariant ergodic Borel probability measure on J(h). Let
p= (mg)«(f1). Suppose that all of the following holds.

() supp i € J(G)\ Uy jyuins (hi ' (J(G)) N1 (J(G))).

(b) There exists a point a € supp p\ P(G) such that Ty, » is not constant in any neighborhood of
a.

(¢) [log|[D(m)allsdi(y,x) > 0.
Then, Ty, . is continuous at each point of suppp and for p-a.e. zy € J(G), HOWTL +,20) <
v(h, p, [i).
Proof. Let x € supp pu. Then there exists an element vy € ¥,, such that (y,x) € supp fi. Since
h™(supp i) C supp ji for each n € N, we obtain that

), (z) € suppp C J(G) \ U (b (J (@) N h;l(J(G))) for each n € N. (68)
(i,9):17]
Let a € %,, be an element such that 2 € N h_! (J(G)). Then by (68), it follows that v = .

aln

Therefore {w € %, | z € N2 oh "1 (J(G))} = {7}. By [24, Lemma 4.3], we obtain that supp u C

w|pn
th(T). By Lemma 2.50, it follows that 17, is continuous at every point of supp p.
Since a € supp p, there exists a point w € %, such that (w,a) € supp fi. Let
A:={(y,z) € J(h) | I{n;} = co s.t. K" (v,2) = (w,a) as j — oco}.

Then by Birkhoff’s ergodic theorem, we have ji(4) = 1. By using the assumptions of our lemma,
(68) and the method in the proof of Theorem 2.52, it is easy to see that for p-a.e. z9 € J(G),
HOl(T, -, 20) < v(h,p, ). Thus we have proved our lemma. O
Lemma 2.59. Let (hi,ho) € (DNBNH)\Z. Then U2, J(h;) C C\ (hy ' (J(G)) N hy ' (J(G))).
Moreover, if, in addition to the assumption, K(h1) C K(hg), then ho(K(h1)) C int(K(h1)) and
hi(Foo(h2)) C Foo(h2).

Proof. By Proposition 2.9, either K (h;) C K(hg) or K (hg)
By Proposition 2.9 again, we obtain K (hy) C hy (K( (
satisfies the open set condition with U = (int(K(hg) (h1). Then J(G) c U C K
int(K (h1)). Suppose J(h1) N hy*(J(G)) # 0. Then J(hi) N hy (J(G)) C J(hy) N K (ho
int(K(h1))) € J(h1) Nhy *(J(h1)). Hence J(hy) Nhy*(J(hy)) # 0. Since J(hi) C hy (K (h2))
hy ' (K (h1)), we obtain that @ # J(h1)Nhy *(J (k1)) C J(hi)Nhi (I (hg)). Thus J(hy)NJ (hy
However, this contradicts (hy, k) € Z. Hence we must have that J(hy) Nhy (J(G)) = 0

we can show that J(hg) N Ay (J(G)) = 0. Since K(h1) C hy ' (K (h2)) C hy (K (h1))

J(h1) N hy ' (J(G)) = B, and J(ha) N Ay (J(G)) = 0, we obtain that he(K (hy)) C int(K(h;)) an
h1(Fs(h2)) C Fx(hs). Thus we have proved our lemma. O
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Lemma 2.60. Let 7 € 9 (P). Suppose oo € F(G,). Then int(T.!, ({0})) € F(G-).

Proof. Since oo € F(G,), [24, Lemma 5.24] implies that for each v € X,, v,1 — oo locally
uniformly on F,(G,). We now prove the following claim.
Claim. For each zg € T ' ({0}), there exists no g € G, with g(z0) € Fuo (G,).

To prove this claim, let zy € T o-({0}) and suppose there exists an element g € G, with
9(20) € Fo(G). Let hq, ..., hy, € 'y be some elements with g = hyy, 0« -0 hy. Then there exists a
neighborhood W of (hy, ..., hy) in T such that for each w = (wy,...,wm) € W, wy, - --w1(20) €
Fs(G7). Therefore for each v € X, with (v1,...,%m) € W, Yn,1(20) = 00 as n — oo. Thus
Toor(20) > 7({v € X: | (71,-..,vm) € W}) > 0. This is a contradiction. Hence the claim holds.

From this claim, G (int(7;.'.({0}))) C C\ Fao(G,). Therefore int(T.1.({0})) € F(G). O

T

We now prove Theorem 1.19.
Proof of Theorem 1.19. By Lemma 2.14, we have deg(h;) > 2 for each j and (deg(h1), deg(h2)) #
(2,2). Therefore there exists an ¢ € {1,2} such that —loglfli% <1.

By Proposition 2.9, we may assume that K(hy) C K(hg). Since (g1,92) — J(g1,92) is con-
tinuous in a neighborhood of (hi,he) with respect to the Hausdorff metric (see [14, Theorem

2.4.1]), Lemma 2.59 implies that there exists an open neighborhood V' of (h1, h2) such that for each
(91,92) € V, we have UZ_,J(g;) C C\ (97 (J(91,92))195 ' (J (91, 92))); 92(K (1)) C int(K (g1)) and
91(Fso(g2)) C Fao(g2). Then for each (g1, g2) € V, K(g1,92) = K(g1) and Foo (g1, 92) = Fao(g2). If
V is small enough, then Lemma 2.41 implies that for each g = (¢1,92) € V, T(¢1,92,p, ) is con-
tinuous on C. Hence for each g = (91,92) €V, T(q1, 92, s -)|m =1.Let g = (g1,92) € V. By

Lemma 2.34, it follows that for each point a € 0F (g1, 92) = J(g2), the function T'(¢1, g2, p, -) is not
constant in any neighborhood of a. Moreover, by lemma 2.60, for each point a € aK(91 ,g2) = J(g1),
the function T'(g1, g2, p, ) is not constant in any neighborhood of a. Furthermore, for each j = 1,2,
there exists a g-invariant Borel probability measure fi; on J(g) such that (7). (ft;) = ;. Since
15 is ergodic with respect to g;, we obtain that fi; is ergodic. Moreover, for each j = 1,2, we have
Jlog |ID(71)allsdfsj (v, z) = [log||D(g;)zllsdp;(z) = logdeg(g;) > 0. Hence, Lemma 2.58 implies

. log p; _ log p;
that for pj-a.e. zo € J(g;), we have Hol(T' (g1, 92,Dp, ), 20) < 7flog\|D(gj)m]\|sduj(ac) = 710gdegjgj'

Therefore items (i) (ii) of our theorem hold. We now prove item (iii) of our theorem. Let

a € (—bgh?f)%,l) and let ¢ € C*(C) be an element such that ¢(co) = 1 and ¢|gg) = 0.

By Lemma 2.41, if V is small enough, item (v) in statement 1 in Theorem 1.15 holds. Thus

o ga.p(P)(2) = T(g1,92,p,2) as n — oo uniformly on C. If there exists a constant C' > 0 and

a strictly increasing sequence {n;} in N such that ||Mg7 4, »()|la < C for each j, then we obtain

T(g1,92,p,-) € C*(C). However, this contradicts item (i) of Theorem 1.19, which we have already
proved. Therefore, item (iii) of our theorem holds. Thus, we have proved Theorem 1.19. O
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