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ABSTRACT. —

A 2-dimensional Dirac operator in a magnetic field given by the white noise is constructed as a
self-adjoint operator. The construction is based on the paracontrolled calculus and does not require
renormalization. The operator is showen to be the strong resolvent limit of Dirac operators associated

with smooth approximations of the noise. Moreover, its spectrum is identified with the whole real line.

1. INTRODUCTION

We study the Dirac operator

2
(1.1) DS =" 3,(i0, + AS(z) + AP ()

=1

acting on C2-valued functions on R?, where

0 1 0
Y1 = , V2 =
1 0 —i 0
are the Pauri matrices,
B[ —T2
(1.2) AB(z) = 5
z

is a vector potential of a constant magnetic field B € R and A%(x) is a vector potential of a magnetic
field

V x AS(z) = 9, AS(2) — 9o A8 (z) = €
given by the white noise on the plane R?: ¢ = (£(x)),er2 is a Gaussian random field on R? such that

E[¢(z)] = 0 and E[¢(2)E(y)] = d(x — y) for any z,y € R?, where § is the Dirac delta distribution.



The purpose of this paper is threefold: (i) to construct the operator D¢, as a self-adjoint operator, (ii)
to approximate it by the Dirac operators D& corresponding to smooth approximations &. of the noise &
in the strong resolvent sense, and (iii) to show that its spectrum coincides with the whole real line R.

The Dirac operator plays a central role in the description of spin-1/2 particles in both relativistic and
nonrelativistic quantum mechanics (see, e.g., Thaller [17]), and it also arises as an effective Hamiltonian
for electrons in graphene (see, e.g., Castro Neto, Guinea, Peres, Novoselov and Geim [4]).

For a spin-0 particle in nonrelativistic quantum mechanics, Schrédinger operators in 2 and 3 dimensions
perturbed by the white noise £ are recently investigated via renormalization techniques. For the case

that the scalar potential is the white noise, the operators of the form
lim(—A + & + ¢)
e—0

are constructed, where c. is a diverging renormalization constant. These developments rely on the recent
theories on singular stochastic partial differential equations. Allez and Chouk [1] construct such an
operator as a self-adjoint operator on the 2-dimensional flat torus R?/Z? and show that this operator
is the norm resolvent limit of the smooth approximation using the paracontrolled calculus developed
by Gubinelli, Imkeller and Perkowski [6]. Gubinelli, Ugurcan and Zachhuber [7] extend these results to
the 3-dimensional flat torus R?/Z3 and apply them to study nonlinear Schrédinger and wave equations.
Ugurcan [19] extends the results to R? where the diverging constant c. is replaced by a spatially decaying
function. Labbé [13] generalizes the results to bounded domains on (—1,1)? and (—1,1)% with periodic
and Dirichlet boundary conditions, applying Hairer’s theory on regularity structures [8]. Hsu and Labbé
[11] define the corresponding Schrédinger operators on R? and R? as the self-adjoint generators of the
heat semigroups obtained from the results by Hairer and Labbé [9], [10]. Mouzard [15] extend these
results to compact 2-dimensional manifolds using the heat semigroup approach to paracontrolled calculus
developed by Bailleul, Bernicot and Frey [2], [3]. Referring these works, the author [18] define such
a self-adjoint operator on R?. For magnetic fields, Morin and Mouzard [14] construct the Schrédinger

operator
2

tim (D00, + A5 (2))? - ez )
=1

and show that this operator is the norm resolvent limit of the smooth approximation on the 2-dimensional
flat torus R?/Z? by the heat semigroup approach to paracontrolled calculus. In this case, the renormal-

ization constant c. is necessary to compensate for the divergence of the product A< (x)? as e — 0.



In contrast, the Dirac operator D¢ is intrinsically well-defined within the paracontrolled framework
without any renormalization, since it depends linearly on A¢ and its action involves only the paraproduct
between A¢ and the spinor field. By means of a suitable gauge transformation, the singular magnetic field
can be absorbed into exponential weights involving a localized inverse of the Laplacian. We introduce
a natural symmetric realization of the Dirac operator on a dense core and prove that it is essentially
self-adjoint almost surely. The analysis relies on paracontrolled calculus and a control of the exponential
weights induced by the gauge transformation, as in [1], [7], [14], [15] and [18]. In particular, the localization
of the inverse Laplacian ensures sufficient off-diagonal decay, which is crucial to consider the original
operator for the magnetic field defined on the whole space. We further study approximation procedures
by smooth and spatially localized magnetic fields. Our smooth approximation is given by a general
mollifier and is not restricted to the one given by the heat semigroup as in [18]. We show that the
corresponding Dirac operators converge in the strong resolvent sense to the singular operator constructed
in this paper. This result provides robustness of the construction and justifies the interpretation of the
operator as a physically meaningful limit. Finally, we establish that the spectrum of the resulting self-
adjoint Dirac operator coincides almost surely with the whole real line. The proof uses a probabilistic
construction of arbitrarily large regions where the operator behaves as a small perturbation of the free
Dirac operator, combined with Weyls criterion. The argument is inspired by methods from random
Schrodinger operators.

By our construction of the Dirac operator, its square

2
(D%)? = (i0, + Af(x) + AP (2))* + (¢(x) + B) o
=1 0 1
reproduces the Pauli operator, again without requiring renormalization.
The organization of this paper is as follows. In Section 2 we present the definition of our operator and
state the results together with a discussion of the motivation behind our formulation. In Section 3 we
prove Theore 1 below, which establishes the self-adjointness of the Dirac operator. In Section 4, we prove

Proposition 2.1 below, which approximates the operator. In Section 5 we prove Proposition 2.2 below,

which identifies its spectral set.



2. THE FRAMEWORK AND THE RESULTS

We use the Sobolev space H*(R?) with the index « defined, for example, by

HUR?) = {f € S' (R : (1+[¢)**F(¢) € L*(R?)},

where

fio) = [ do expl-2mic )@
denotes the Fourier transform of f. We also use the Besov a-Hélder space C®(R?). These spaces are
particular cases of the Besov space Bg (R?), since H*(R?) = B3 ,(R?) and C*(R?) := BZ, . (R?). The
Besov space B;‘,q(R2) with parameters p,q € [1,00], € R is defined, for example, via the Littlewood-

Paley decomposition: we take nonnegative smooth radial functions p and y on R? so that suppp C {¢ €

R?:3/4<[¢] <8/3} and Y72 | p} =1, where

For any f € S’'(R?) and j > —1, we define

~

w@Wf=HW%em@MK%Mﬂ%O(O
Then the Besov space is defined by
B2, (R2) = {f € S'(R2) : |[f]lgs z2) < o0},

where
o

) 1/
1 g = { D0 @003 V) fllo)?}

j=—1
is a norm.

Remark 2.1. As in [18] we can define a norm of the Besov space also by the heat semigroup approach as

n [14], [15] and [18]: we fix a large even natural number b and consider operators

c—1

_tA)C
Q1(SC) — E 2 1))|etA and Pt(C) _ Id—/ Q(o)
C — .

for ¢ € [1,b] NN. For k € [0,2b] N Z, let StGC* be the set of all families of operators of the form

b=0

(Vto1) ™ (Vtdo)™ Pt(C))tG(O,l]



with ¢ € [1,b) "N and o, as € [0,00) N Z satisfying ag + a2 = k. These families of operators are colled
as the standard families of Gaussian operators with cancellation of order k. We also set

stge! = | ) stae*

kelNZ

for any interval I in R. Then a norm of the Besov space B;’iq(]RQ) with parameters p,q € [1,00],a € R

and o € (—2b,2b) is defined by

lle2 fll Lo (®2:az) + SUP{Ht_a/Q”Qtf”LP(R?:dz)||L'1([O,1]:t—1dt) 1 Q € StGCel20ly

for any f € By ,(R?). Thus we can use the estimates given in [14], [15] and [18].

We introduce the localized inverse of the Laplacian

1
(2.1) Atee ::—/ dte'®,
0

which satisfies

AflocA — AAfloc S eA
and the integral kernel has a Gaussian bound:

log |A~loe -1
sup og | (f,y)l <L
lz—y|>1 ‘Z - y| 4

We take a [0, 1]-valued smooth function yo on R? such that

ZxazlonR2

a€Z?
and the support of Yo is included in Ay, where xq(7) = xo(z — a) for any a € Z* and z € R?, and
A, = (—=r/2,7/2)? for any r > 0. Thus the support of x, is included in Ay(a), where A,(a) = (a; —
r/2,a1 +1/2) x (ag —1/2,a3 +r/2) for any a € Z? and r > 0.

Then our definition of the Dirac operator is the following:

Definition 2.1. Let

u—
Domg (D) ;:{u - e H (R~ C):
U+ e>0

(2.2)
exp(£A~Ouy € HY(R?) and

1
limsup — log || xa exp(FA ™) uy ln1r2) < 0}.

la]—oc0 |a‘|



For u € Domg(D?%), we define
(2.3) Dfu = ],
where

(Dfu)5 = exp(FAT%€) (i0) F 92 + A5 +iA5 + AP +iAD) exp(£A7E)uy,

AB is the vector potential defined for the constant magnetic field B in (1.2), and

(2.4) Aé(z) = /0 att| 7 (ro))

Z1

is a smooth vector potential associated with the reqularized field e®€.

The space Domg(D?¢) is a convenient core of a self-adjoint operator by Theorem 2.1 below. The
exponential decay condition on ||y, exp(:I:A_l"Cﬁ)uiHHle) is imposed only for technical convenience in
our discussion, as in the definition of the Schrédinger operator, Definition 2.1 in [18].

Now our main result in this paper is stated as follows:
Theorem 1. The operator D¢ in (2.3) is essentially self-adjoint on L?(R? — C?).

We take a smooth approximation and a spatial restriction of ¢ by

(25) &)= [ Do(*Y)ew)

3

with p € C*(R?) such thst [, p(y)dy = 1 for any € > 0 and

(2.6) T ST

a€Z2NARr

for any R € N, respectively. Then we can prove the strong convergence as in Proposition 4.1 in [18]:
Proposition 2.1. (i) For any p € [1,00), € € (0,1) and a € Z?, we have

lim El|[Xa (& = )21 (p2)] = 0.

Thus for any € € (0,1), there exists a decreasing sequence {e(m)}men C (0,1) such that e(m) — 0 and

IXa(€e = )llc-1-<r2y — 0 as m — oo for all a € Z? and almost all €.



(ii) For the sequence {e(m)}men C (0,1) as in (i), the closure DS of the operator DS<tm) with the
domain C§°(R? — C?) converges to the closure DE of the operator D¢ with the domain Domyg(D¥¢) in the
strong resolvent sense as m — oo for almost all .

(ii) The self-adjoint oeprator D% in Lemma 3.5 below converges to the closure Dt of the operator D¢

with the domain Domg(D¥¢) in the strong resolvent sense as R — oo for almost all &.
For the spectrum, we show the following:

Proposition 2.2. The spectral set of the closure D¢ of the operator D¢ in (2.3) is R.

In the rest of this section, we will discuss the motivation of the definition in Definition 2.1.

Motivation of our definition of the operator
The operator is constructed by decomposing the white-noise magnetic field into a singular part (I—e®)¢&

and a smooth part e®¢. The former is treated by the vector potential

o )
(2.7) AS = > | atoce

2}
in a Coulomb-type gauge, while the latter is treated by the potential A€ defined in (2.4) in a Poincaré
gauge. Since
/E - u;g = +(i0 T 8y)ATlocg,
the most singular terms in
(Dfu)x = (i01 F Oa)us + (Zﬁ + u(fg)ui + (E + z'Zé + AB +iAB)uy.
are absorbed into exponential weigts as

(DSu)x = exp(FATE){(i0) T 9a) + (AS £4A5 + AP +iAD)} exp(£A ™) u.

To make sense of the differential terms, we assume exp(£A~"¢¢usr € H'(R?). To accommodate

the non-differentiability of A~¢¢ ¢ m C!~¢(R?) as is showen in Lemma 3.1 below, we impose the

loc
e>0
requirement that us € (oo H' “(R?), where (BY )ioc(R?) := {f : a distribution on R? s.t. xaf €

Bg ,(R?) for any a € Z?} for each Besov space Bg ,(R?).



3. PROOF OF THEOREM 1

Outline of the proof. We first establish regularity and localization properties of the random gauge
factor exp(£A~l¢¢). Next, we introduce an operator D% with a restricted magnetic field, prove its
self-adjointness, and derive a uniform Combes—Thomas estimate. Finally, we pass to the limit R — oo

to conclude the self-adjointness of DE.

We begin with a regularity estimate for exp(+A~!o¢¢):

Lemma 3.1. For any € € (0,1),

exp(+ATl%¢) € ¢} -¢(R?)

loc

and
Xa exp(iA_locg)HCl’é(Rz) < Ceg exp(Cé’E(log(Q + |a|))1/2)7

where Ce ¢ and Cé,g depend on € and on the realization of £.

Proof. We use the following norm of the Holder space:
v(x) —v(y)
ole = sup @)+ sup @V
z€R? z,y€R2:0<|z—y|<1 |£L‘ - y|
A direct proof of the equivalence of this norm with [ - ||c1-< (g2 is given in a general setting in Proposition

2.5 in Bailleul-Bernicot [2]. Set

S Y A

a’€Z2NA2(a)

A direct estimate yields
[ Xa exp(EATIE) | g1

= a\T) — Xa
Sexp (H:aHLoo) + sup M

= exp(Eq(2))
z,y€R?2:0< |z—y|<1 ‘.’E - y|1 ‘ ¢ )

n sup Xa ()

= lexp(Ea(z)) — exp(Za(y))|
z,y€R2:0< |z—y|<1 |£L’ - y|176 “ “

_ o) —Z=
ccoxp (Ealli=) (14 sip (el =Zell)
z,y€R2:0< |z—y|<1 |£L' - y|
and

wp () Z0) =)

< [1Zallar—.
z,y€R2:0<|z—y|<1 ‘x - y|17€ ¢ ‘

By Lemma 3.1 and Lemma 3.3 in [18], there exist constants ¢ ¢ and C/e,g depending on € and &, such that

|Zallar- < cee D exp(—la—ai|*/5)log(2 + |a1|)"/* < ¢l ¢ log(2 + |a])"/>.
a1 €72



Thus we can complete the proof. O

Lemma 3.2. (i) If a measurable function ux on R? satisfies exp(£A~1¢)uy € HL(R?) and

: 1 —loc
(3.1) 1ﬁlsup Ta] 108 [Pxe exp(EA ) u |31 w2y <0,
a|—o00
then this satisfies
. 1
(3.2) limsup — log | Xau ||31-<r2) <O.
|a]—o0 |a|

and uy € H7¢(R?) for any € € (0,1),

(ii) Domg(D?%) is dense in L*(R? — C2).

Proof. (i) We use the Sobolev-Holder product estimate (Lemma 3.2 in [18]): for any « > 0 there exists

C\, such that

(3-3) 1£9ll3e2) < Callflle®)llgllae ®2)-

Then for any function u4 satisfying (3.1) and any € € (0,1), we can show (3.2) by

IXausllr-c@2) < cellxa exp(FAT O uspp-c@ey D, IXa exp(FATE)[lor— (g2
a’€Z2NA2(a)

and Lemma 3.1.

(i) For any u € C§°(R? — C?) and ¢ € (0, 1), we set
Ue 4 := exp(FATE) exp(+ AT Yus.

Then exp(£A %) u. = exp(EATI°¢, )Jug belongs to C§°(R?) and u. + belongs to H!~¢(R?) by (i) of

this lemma. Hence we have u. € Domg(D¢). In the estimate
e+ — utllr2me) = [[{exp(FAT(E — €)) — Tus |l 22
1
< [ dllexplzta o — )AT (6 - Ourliage
0
1
< /0 dt” exp(itA_locgs)HLw (supp u) || exp(:':tA_locf)HLm(supp w) ||’U/i ||L2(R2)

X HA_IOC(EE - g)llL”(suPpu)’



the first and the second terms of the right hand side is finite by the same proof of Lemma 3.1, and the

second term is estimated as

||A_loc(58 - 6) HLOo (supp u)

<c Z exp(—|a1 _a2|2/5)||Xa2(§6 _§)||C*3/2(R2)7

ay1,a2€ZL?,a1 Esupp u

by Lemma 3.1 in [18].
We take a sequence {&(1m)}men in Proposition 2.1 (i). Then we have |[ue () —ul|p2®2) — 0 as m — oo
for almost all €. Since C§°(R?) is dense in L?(R?), we can complete the proof. a

For any R € N, we set
u—
Dom(DS,) := {u = e VM “(R? = C?) : exp(£A " 6p)uy € Hl(RZ)},
Uy e>0

where £p is the restriction of the noise £ defined in (2.6). For u € Dom(Df{), we set

(D4u)
(3.4) Diu = r ,

(D) +

where

(Dyu)s =exp(FATCR) (101 F 02 + A% £iAg, + AR | A ) exp(EATCp)uy,

—_— 1 —
A%=/O are( ) (Aen)ta)

€
and
1 2y
A :B/ dt t > Xi(ta).
0 1 a€Z2NAR

Then, as in Lemma 3.1 and Lemma 3.2, we have the following:

Lemma 3.3. For any e € (0,1),

exp(A~%¢ ) € €14 (R?)
and
IXa exp(EATR) [lc1-e(r2) < explece(log(2 + R))Y? — d(a, Ar)?/5),
where c.¢ 1s a constant depending on € and &.

Lemma 3.4. Dom(D%) is dense in L?(R? — C?).

10



Moreover we can show the following;:
Lemma 3.5. The operator D% with the domain Dom(D%) is self-adjoint on L*(R? — C?).

Proof. Let Dom((D%)*) denote the domain of the adjoint of DS,. For any u € Dom D)%), we have
R R R
(101 F 0o + Ag ) £ A%, + AR | £iAR ) exp(£AT"°¢g)us € L*(R?).
Since
(A%, A%, + AR AR ) exp(EA ¢ p)uy € LA(R?),
it follows that
(101 F 02) exp(iA_loch)ui € L*(R?).
Hence we have
exp(£ATI%%R)uy € HI(R?).
By Lemma 3.3, this implies
U4 € Hl_E(R2>
for any € > 0. Therefore u € Dom(D%) and (D%)*u = D%u. a

We next establish a Combes-Thomas type estimate for the resolvent of D5, (cf. [5]):
Lemma 3.6 (Combes-Thomas estimate). For any a,b € R?, we have

(3.5) XA () (D% + )" Xay ) | (222 c2y) < 6exp(—]a — b]/2),

where || - || (22 (r2—c2)) 15 the operator norm on L?(R? — C?), and XA1(a) 8 the operators of multiplying

the characteristic function of the square A1(a).

Proof. For any w € R? such that |w| < 1, since

2
e—w.wD%Gw-x = D% + Z iwL’yL
=1

and

2
(D% +14)~1/? Ziwb’YL(D% +4) 72| e masyc2) s L2202y < W),
=1

11



we have

le™ (DS + )L || L2 @2 sy

<D + 1) 72| £ (r2(r2 2y

2
x {1+ (D% +4) 72 iwn(Dy + 1) M e sery)
=1

o] 2
<SS+ )72 S i (D + )2 B g e
n=0 =1

<(1 = fw])™
and
XA (a) (D% + ) " Xy ) | 2222 c2y) < sup exp(w - (a' — b)) (1 — |w|) ™"
a’' €A1 (a),bEA (b)

By choosing w = —(a — b)/(2]a — b]), we have

N a—b 1
Xa: (@) (Df +9) " XAyl e(r2rec2)) < 2exp ( _labl |) exp (* sup |a” — b"l)
2 2 a//7b//eA1

and (3.5). O

Then we can prove the theorem:

Proof of Theorem 1. In this proof, ¢; will be constants that may depend on £. For any f € Ran(D¢ +
i)+, we will show f = 0.
Let Xr be a [0, 1]-valued smooth function on R? such that Yz = 0 on R? \ A and Yg = 1 on Ag_;.

Then we have

(3.6) ”f”zL?(R?ﬁ((?) = ngnoo(fy ﬁf)LZ(R2—>C2)~

For any L € N, we set
PR,L = (D%JFL +4) RS € Dom(D%JrL)
and
Prr+ = exp(FATC £ AT 1)) or 1+

By Lemma 3.6, we have

(3.7) IXa .l 2@ en) < erexp (= dla, Ar)/2) IXRS l2ce e,

12



By combining this with Lemma 3.3, we have
I Xa exp(£AT°) PR L 2| L2 @202
(3.8) = xa exp(EA L1 L) oR L 2| 222
<exp (ea(log(2 + B+ L))"/2 = d(a. Ar) /2 ) [N | (w2 co)-
We also have the following estimate of the derivative:
IV Xa exp(£ATO)0r L+ L2 (r2)
(3.9)  =I|(i01 £ 02)xa exp(EATEpy L) R L x| L2 (r2)
< exp (callog(2 + R+ L)'/ — d(a, Ar)/2) la] + 1{(08(2 + R+ L)'/ + BYITR L2 s )
Indeed, by
D%, ¢rL = Xrf —iPR.L,

we have

[VXa exp(£ATO)0r L x|l L2 (m2)

=[|(i0y & 02)Xa exp(EA TR L) R, L 2| L2(r2)

<lxai0L F 0p + Afyp ) £idG, Lo + AR 1 £IAR, 1)

x exp(ATCpi L) oRr Lt || L2 (r2)

+ ||Xa(A§z+L,1 + iA%—i—L,Q + Ag+L,1 + iAg-&-L,Q)
x exp(£ATCriL)or Lt || L2 (r2)

<[IXa exp(£ATLri 1) Xa S5 — ior,L.5) | L2 R2)

+ sup |A§{+L,1 + iA%JrL,z + A§+L,1 == iAg+L,2|”Xa eXP(iAilochwLL)SﬁR,L,iHL2(1R2)-

Az (a)
Since
(3.10) R |[Afey 2] < callal + 1)(log(2 + R + L))"/?
and
(3.11) sup |AZ, 1| < B(lal + 1),

2(a)

we have (3.9)

13



By (3.8), (3.9) and Lemma 3.2 (i), we have
IXa exp(£AT€) PR Lk 1901 m2)
(3.12)
<exp (es(log(2 + R+ L))"/2 = d(a, Ar)/2) (lal + 1){(0g(2 + R+ L))"/* + BY|Xaf |l 2(s2 )

and pr 1, € Domg(D?%).

Since (D¢ +i)pr.r € Ran(D¢ + 1), we have
(313) 17y cny = Jm (f, (D + D — (DS + DB L) namesce)
Since

PRI+ — PRI+ = {1 = exp(FAT(E = Erir)) oR,L 5

we have

IXa(PR,L,x — PRI L) L2re) < sup |1 — exp(FAT(E — Erir))llIXa®r L+ | 22 (r2),

A2 (a)

Since

(3.14)  sup |1 - exp(FA(E — €pip))| < sup |AT(E — grir)lexp ( sup [AT(E — Enyr))

As(a) Az(@) Ael®)
and
swp (A —gnn) <Y AT b,
Az (a) ap€Z?NA2(a) "
<cg Z exp(—|a—01\2/5)||X215||C*1*6(R2)
(3.15) @ €L AR 1
<er Y exp(—la—ai|*/5)(log(2 + |aa]))"/?
a1€Z2\AR+L

<cg(log(2 + |a]))'/? exp(—d(a,R* \ Ary1)*/5)

by Lemma 3.1 and Lemma 3.3 in [18], we have
IXa(Pr L+ — PRI L2 ®2)

(3.16)
<exp(co(log(2 + R))? — d(a,R* \ Agy)*/5 — d(a, Ar)/2)IXRS || L2m2—c2).-

14



We also have
(D§%+L90R,L)$ - (D%JrL‘m)jF

—(1 — exp(FAT(E — €ryr)) (DS, (Xifx — IR0 +)

+ {(A%+L,1 - Aﬁ) + i(A%,+L,2 - Ag) + (AngL,l - A{g) + i(Ag+L,2 - AQB)}

x exp(FAT(E — EriL)) PR+

As in (3.10) and (3.11), we have

sup |A% ; — A¢| < cro|al + 1)(log(2 + [a]))'/? exp(—d(a, R* \ Ap+1)?/5)

2(a

and
sup |AB,, — AB| < B(la| 4+ 1)xge (a)
A R+L = XR2\ARr{r—4 :
2(a

By using also (3.14) and (3.15), we have
||Xa((D§;¢+L90R,L)ﬂF - (D§%+LSEETL)¥)”L2(R2)
(3.17)  <exp(c11(log(2 + R))'/? — cd(a, R* \ Apsr)? — d(a, Ar)/2)|IXRSf | r2(r2>c2)

+ez(lal +1)((log(2 + R))? + B) exp(—d(a, R*\ Aps1)*/5 = d(a, Ap) /2)[XR S| 122 c2)-

Thus the right hand side of (3.6) is zero, and we obtain Ran(D¢ + i)+ = {0} (cf.[16]). a

4. PROOF OF PROPOSITION 2.1

In this section we prove Proposition 2.1, which establishes stability properties of the operator D¢ under
mollification of the noise and finite-volume truncations.
Proof of (i).

We present here a simple proof of a fundamental that a general mollified noise converges in negative
Holder spaces. The argument relies on the heat semigroup method. Let @ € StGC” with 1 < r € N.

Then we have

E[[t " 92 Quxa (€ — O3 2(R2 x0.1]:dat /1)

1
:/o dt € /Rz dz /}R2 dml{ g dxop(x2)(Qi(z, 1 + £x2)Xa(T1 + €32) — Qt(x,xl)xa(:v1))}2.

Since
| 2
(4.1) /Iszdw /0 dt t° /R dxl{/m drzp(22) (Qu(@, 21 + £22)Xa (01 + 222) = Qi(,1)¥a(21)) |
<cexp(—c(R — |al)?),
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for any a € Z? and 1 > 0, there exists R(a,n) € (0,00) such that the qunatity in (4.1) is smaller than n

for any R > R(a,n). The remaining part can be rewritten as

1
/|I<R(am) dx/o dt t€ /Rz dxl{ /]RZ dxop(xe)(Qi(x, x1 + ex2)Xa (21 + £22) — Qt(x,xl)xa(ml))}z

1
:/ dx/ dt te/ dl’gp(l’g)/ dzop(z2)
(42) |z|<R(a,n) 0 R2 R2

X { / dr Qi (x, x1 + ex2)Xa(®1 + €22) Qe (x, 1 + ex2)Xa (21 + £22)
R2

- 2/ dz1Qi(x, 21 + ex2)Xa (21 + €22) Qe (2, 1) Xa(21) +/ dlet(xaxl)QXa(ml)Q}
R2 R2
Since |Q¢(x, x1+ex2)Xa(z1+ex2)| is dominated by an x;-integrable function exp(—clz—z1[+c|22])Xa,, ., (o) (1),

the dominated convergence theorem yields

lim [ dz1Q(z, 1 + exa)xa(z1 + €22) Qi (x, 21 + £22) Xa(T1 + £T2) = dz1Qi(z, 21)* Xa(w1)?

e—0 R2 R2
and

lim [ dziQi(z,z1 + ex2)Xa(T1 + €22) Qe (2, 1) Xa(21) = /

d 2 2'
e—0 R2 2 let(xaxl) Xa(xl)

Consequently, the quantity in (4.2) converges to 0 as ¢ — 0 by the bounded convergence theorem.

Therefore we obtain
;%E[||f(l+ﬁ)/2QtXa(fs — OI72 @2 x[0,1]:dwat /)] = O-
Since Qixq (& — &) is Gaussian, it follows that

: €)/2
;%EHU(H 2QiXa(e = Lo g2 xo.1)dzar/n) =0
for any p € [1,00). Similarly we have
~ A
tim E[[® (6 — Ol za,0) = 0.
Hence we obtain
: p —
;%E[Hxa(gE - 5)”3;;—5(]1{2)] - 0
By Proposition A.1 in Allez and Chouk [1], we obtain
lim E[[a (& — €)1 )] =0. O

Proof of (ii).
For any v € L?(R? — C?), we set

u = (D& + i) tw.
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For any 1 > 0, there exists ug € Domg(D¢) such that
||u - U0||L2(R2—>C2)7 ||ﬁu — D£u0||L2(R2_>C2) <n.
For any € > 0, we set
Uz 1 = exp(FATE) exp(FATOug 4.
Then we have
[ Xa(to,+ — us,:t)||L2(R2) < Sltp) 11— eXp(:FA#OC(fs - f))|||Xan,i||L2(R2)~
A2 a

Moreover we have

(@3 sup |1 - exp(FAT(E — £))] < sup |A(E — &) exp ((sup |A7(e — &.)])
Az(a) Az(a) Az(a)
and
(4.4) sup [AT(E - &) <c Z exp(—cla — a1]?)[Ix2, & — &lle-1-<re)
AZ(a) a1 €72

as in (3.14) and (3.15). Thus, we have

(4.5) im luo,x — ue(m) 2|22 =0
by using also Lemma 3.2. We next consider
(D%uo)x — (D% ue)x
=(1 — exp(FAT(& — €))(Duo)+
— exp(FA L) (A % 145) — (AT A5 ) exp(+A 1) Jug 1.
The first term is estimated similarly as
[Xa (1 = exp(FAT(E = €)(D uo) % L2 (r2) < sup 11— exp(FAT(& = )l xa(D uo)% ] 2 (w2,

By (1.2), we have

B
sup \AB| < —(1+al).
As(a) 2

By (2.4) and Lemma 3.3 (ii) in [18], we have

sup |A€| < c(1 + |a])*(log(2 + [a])) /2.
Az(a)

By using also Lemma 3.1 and Lemma 3.2, we obtain

Ixa (Do) | L2(r2) < cexp(—clal),
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Hence, by (4.3) and (4.4), we have

lim |[(1 = exp(FAT(Ecm) — €)) (Do) [l 12 (e2) = 0

m— o0

Furthermore, by (2.4), we have

sup \;12 - ;12;| < c(1+ |al) Z exp ( — cd(al, U tAg(a))Q) 1€ = Elle—1-<(m2)-

Az(a) a) €22 t€[0,1]

Combining this with (4.4), we have

lim || exp(FAT) (AT £iA35) — (A £iA5)) exp(£A ™€) )uo + || 12 (r2) = 0.
— 00

m

Therefore we conclude that

(4.6) lim ||(D£’LL0);F — (D§E<m>us(m))¢||Lz(Rz) =0.

m—00
Finally we note that
(D% + i)~ o — (D +4) o]l L2@2 2y
<D + 1) L2 me—sc2) o L2z c2) (DS +9)u — (D + i)uo|| 122 —c2)
+ (D% + i) "H(D* + i)ug — ue|| 2 ®2—sc2)
+ [lue — uollL2r2sc2) + [luo — ull L2 (2 c2)

<||D%up — DEEUEHLZ(RQ—MC?) + [Juo — uell L2 (r2 -2y + 30

Therefore we obtain

(4.7 lim H(Dfi(m) + i)_lv — (Df + ’L’)_l'UHL2(R2*>(C2) =0.
m—o0

Proof of (iii).

As in the proof of (ii), we take v € L?(R? — C?) arbitrarily, and we set
u:= (D¢ 4i) .
We take 1 > 0 arbitrarily and choose uy € Domg(D?%) so that
lu = uollL2@asc2),  |1DSu — Dougl| 2 resc2y <,

For any R > 0, we set
up,+ = exp(FAR) exp(FAT°¢)ug 4.
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Now we have ||x1(& —&)ll¢-1-<r2) — 0 as R — oo for any € € (0,1), a € 72 and almost all £ by Lemma

3.3 in [18]. Thus as in the proof of (4.5) and (4.6), we have

(4.8) Rh—rgo HUQ’i — uR,iHL?(R?) =0
and
(4.9) Jim (Do) — (D te(om)) | L2 gy = 0.

Therefore, as in (4.7), we obtain

(4.10) lim [(D%em 4 d) o — (DS +4) " o] 222y = 0.

5. PROOF OF PROPOSITION 2.2

In this section we prove Proposition 2.2, namely that the spectrum of D¢ coincides almost surely
withthe whole real line. The argument follows the strategy of Section 5 in [18], based on the construction
of compactly supported Weyl sequences.

On the 2-dimensional flat torus T2 := R?/(LZ)? with any L € N, we take an orthonormal basis

{eE}neze of L?(T?%) defined by

Py mn) (1, 72) = OF (11)0), (2)

and

\/2/Lcos(2mnixz1 /L) for 0 < n; € Z,

™~

O, (1) = 4 /1]

for n; =0,

2/Lsin(2rnyxzy /L) for 0 > ny € Z.
Then the white noise ¢& on T? is represented as

@)= Xal€)en(@)

nez?

in the Besov Hoélder space C™17¢(T2%) on T% for any € > 0, where { Xy, (£X)}ez2 is a system of indepen-
dently identically distributed random variables having the standard normal distribution. Let %7 and x7°
be [0, 1]-valued smooth function on R? such that xz = 0 on R2\Ar, Xz = 1 on A;_; and }Z2+(§<\ZC)2 =1

on R2.
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We represent the white noise as
(51) é— _ ;{Z&L + ;(\ZCELw’
where ¢& and £+¢ are white noises on T2 and R?, respectively, such that ¢& and £+¢ are independent as
random fields. (5.1) is justified by showing that the probability distribution of the pairing of the right
hand side with any ¢ € L?(R?) is the normal distribution with the mean 0 and the variance [|¢||72 g
For any N € N, we decompose ¢& into low- and high-frequency components:

(5:2) @)= Y Xal)ep(x) and &Ko(@)= Y Xalt)en(a)

nEZ2NAn n€Z2\AN

For any L € N, we define the event Q(L) by

{5 : In the representation of (5.1) and (5.2) with N = L'°) it holds that

| Xo(£5) + LB|, | Xn (%) < N72 for any n € Z2 N Ay \ {0}, and

. L~¢© (anzﬂAL/Q),
IXaéN <lle-1-c(r2) <
o (e € Z2N0 (AL \Arpa)

where € € (0,1) and B € R are arbitrarily fixed. The positivity of this event is proven as in the proof of

Lemma 5.3 in [18]:
Lemma 5.1. There exists Ly € N such that P((L)) > 0 for any Lo < L € N.

Under the event (L), we set
No(@) = (Xo(€M) +LB)pg() + Y Xu(€)ep(z)
neZ?NAn\{0}

and
—~ L, —~c¢sL.c
¢80 = XL(ENS + R o) + XL°€™°
Then ¢ = ¢10 — N7 B and ¢10(z) is small for # € A. Now let DSL’O be the Dirac operator obtained by

replacing (£, B) by (¢%9,0) in the definition (2.3): for u in

U_
Domo(D§ ") ::{u - € (VH'(R* = C*) : exp(+A "¢ O)us € H'(R?),
Uy e>0
) 1
limsup —
la]—o0 | |

10g [|Xa exp(£A T ug |31 g2) < 0}7
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we set

i u)_
DSLUU: ( 0 ) ’
gL,O
(D5 u)y
where
(D§""u)5 = exp(FATEL0) (10, F 0y + A" £iAS"") exp(£AT1EL0 )y |
and

A0 (2) = /01 dt t o (eAfL’O)(tx).

I

Then we have
D¢ =D +By- A,

where

. 1 To . 1 [ —22
Alx) = Aty +/ dt t (e®X1)(tz) + 3
—81 0 —I1 T

Since

V x A=1- XL,
there exists ;5 € C*°(R? — R) such that
Vo—A—A,

where

1 —x
Alx) ::/O dtt| ) (=) ().

L1

Thus we have
DE = exp(iB)(DS” + By - A) exp(—iBd).

We fix B,u € R and € € (0,1) arbitrarily. For any ¢ € (0,1), we can take p. =' (o —,p: 1) €
C5°(R?* — C?) and R. € (0,00) such that [|(i01 F 02)pe,+ — ppe xllr2m2) < €, ||¢ellL2R2—c2) = 1 and
supp e C Arg..

Under the event Q(L), we set oo+ := exp(FAT0¢L0)p. . Then we have @, € Dom(DgLVO). As in

the proof of Theorem 1, we have the following;:
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Lemma 5.2. For any € € (0,1), there exists L. € N satisfying the following: under the event Q(L.),

llpe — PellL2@2oc2) < cee
and
(D€ — 1) exp(iBe) Bz || L2 g2 c2) < cee,

where c. is a finite constant depending on &.

In the following, {c;};en are positive finite constants, and {c¢ ;}jen are positive finite constants de-
pending on £.

Proof. Under the event (L), it holds that
IXa AT erae ey

< Z crexp(—cala — a1 )L™ + Z crexp(—cala — ay[*) L™
a1 EZ2NAL a1€Z2NAL /2

+ Z c1 exp(—cala — a1]?)]a1 | + Z ce.1 exp(—cala — a1 |*)(log(2 + |as]))'/2.
aleZzﬂ(AL\AL/z) H.1€Z2\AL_1

For a € Ag_, it holds that
||A7lOC£L’O||L°°(A2(a))
<es L™+ eqexp(—cad(a, Ap \ Apjp)®) (1 + [al) + ce 2 exp(—ead(a, R? \ Ar)?)(log(1 + |a]))!/?

<es L™+ ea(1+ RE) exp(—ca(L — 2R.)2)) + ce o(log(2 + R.)) /2 exp(—ca(L — R.)%)).
Thus we have

llpe — @EH%2(R2~>C2)

< Z exp(2[|AT6M 0 Lo (ax (@) AT 0T oo (A (ay) IXa P 1 T2 w2 s 02
(53) a€Z2NAg

<exp{2c3 L™ + 2¢4(1 + RE) exp(—ca(L — 2R5)i)) + 2¢¢ 2 (log(2 + RE))l/2 exp(—ca(L — Rg)i))}

x {esL™ 4 ca(1 + RE) exp(—ca(L — 2R.)2)) + ce 2 (log(2 + R))Y2 exp(—ca(L — R

By using also
ghoo .
(D5 —mee)=
= exp(FATEEO) (101 F Da)pe, s — ppez) + (AT £iA5" ). u

+ p(exp(FATIEL0) — exp(£ATI¢E0))p, o
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and

[ AS" ]| oo (Ag(a))

1
<cs(1+|al) Z / dt exp(—calta — a1[?) ]| Xa, €7 llc-1- @)
0

CLIEZQ
<cs(l+ R)L™ 4+ cr(1+ R;“) exp(—co(L — 2RE)1))
+ ce3(1 + Re(log(2 + RE))l/Q) exp(—co(L — Rg)i))
for a € Agr_, we have
s .
[(Dg  — H)<P5||L2(R2—>c2)
<exp{esL™¢ + ca(1 + RE) exp(—ca(L — 2RE)3_)) + ce2(log(2 + Rg))l/2 exp(—ca(L — Re)i))}
(5.4)
x {cge + co(1+ R)L™ + c1o(1 + RET) exp(—ca (L — 2R5)3_))
+ ce.a(1+ Re(log(2 + R.))Y?) exp(—ca(L — R:)2))},
Thus, since supp A C R2\ A_1, we have
(D — 1) exp(iB¢)&e | L2 (w22
é-L.,O A~
=[(Dg —p+ By A)pellLzme—c2)
(5.5)  <exp{csL ™+ ca(1l+ RE) exp(—ca(L — 2R:)2)) + ce2(log(2 + Re))Y? exp(—ca(L — Re)2))}
x {cse + (1 + Ro)L™¢ + co(1 + RET) exp(—ca(L — 2R.)3))
+ ce.a(1+ Re(log(2 + R.))?) exp(—ca(L — R.)2))}

if L >R+ 1.

We can take L so large that the right hand sides in (5.3), (5.4) and (5.5) are less than cee,

Proof of Proposition 2.2. For any z( € Z?2, we set
Qzo, Le) == {: £(- — o) € QLe)}-

Then by the spacial independence and the stationarity of the white noise and Lemma 5.1, we have

]P’( N Q(mO,LE)C): I1 <1—]P>(Q(L5))):O.

ro€L.Z2 xro€EL .72

Thus we have

]P’( U Q(mLE)) ~1.

ro€L 72
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For any zg € L.Z? and ¢ € Q(zo, L.), we define

Pemo () = Pe(2;£(- — 0))

for any z € R?, where ¢, (+;€) is the function ¢, (-) used in Lemma 5.2 whose dependence on ¢ is denoted.

Then we have exp(iBd(- + 20))@z 2o (- + o) € Domg(D?),

[l exp(iB(- + 20))Prro (- + 7o) | 2ee) — 1] < cee.

and

|(DS = 1) exp(iBé(- + 0))pmmn (- + o)l 12(e2) < cee.

Since ¢ is taken arbitrarily small, we can prove that p belongs to the spectral set of DE, by Weyl’s criterion

(cf. Hislop and Sigal [12], Theorem 5.10), O

10.
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