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Abstract. –

Spectral properties of a self-adjoint operator corresponding to a limit of −∆ + ξε + cε as ε → 0 are

invetigated, where ∆ is the Laplacian on R2, ξε is a smooth approximation of the white noise ξ defined by

exp(ε2∆)ξ, and cε is a positive function of ε diveging as ε→ 0. For sufficiently low energies, it is proven

that phenomena of the Anderson localization occur: the spectrum is pure point and the corresponding

eigenfunctions decay exponentially at infinity. For the proof, the Wegner estimate and the multi scale

analysis are modified appropriately.

1. Introduction

Our object is a self-adjoint operator corresponding to a limit of −∆+ξε+cε as ε→ 0, which is defined

in [21] as follows: for any element u in

Dom+0(H̃ξ) :=
{
u ∈

⋂
ϵ>0

H1−ϵ(R2) : lim sup
|a|→∞

1

|a|
log ∥χau∥H1−ϵ(R2) < 0

for any ϵ > 0,

Φξ(u) ∈ H2(R2), lim sup
|a|→∞

1

|a|
log ∥χaΦξ(u)∥H2(R2) < 0

}
,
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we set

H̃ξu

=−∆Φξ(u) + PξΦξ(u) + Π(Φξ(u), ξ) + P
(b)
1 ((P

(b)
1 u)(P

(b)
1 ξ))

+ e∆Puξ + e∆uPξ(∆
−locξ) + e∆PuYξ

+ C(u, ξ, ξ) + S(u, ξ, ξ)

+ PYξ
u+Π(u, Yξ) + P

(b)
1 ((P

(b)
1 u)(P

(b)
1 Yξ))

+ Pξ(∆
−loc

uPξ(∆
−locξ)) + Π(∆−loc

uPξ(∆
−locξ), ξ)

+ Pξ(∆
−locPuYξ) + Π(∆−locPuYξ, ξ),

(1.1)

where

Φξ(u) := u−∆−locPuξ −∆−loc
uPξ(∆

−locξ)−∆−locPuYξ.

Then the operator H̃ξ with the domain Dom+0(H̃ξ) is essentially self-adjoint on L2(R2). We denote the

corresponding self-adjoint extension by the same symbol.

For this definition, we should introduce several notations: we take a [0, 1]-valued smooth function χ0

on R2 such that ∑
a∈Z2

χ2
a ≡ 1 on R2

and the support of χ0 is included in Λ2, where χa(x) = χ0(x − a) for any a ∈ Z2 and x ∈ R2, and

Λr = (−r/2, r/2)2 for any r > 0. We take this function so that χ0 > 0 on Λ2 and χ0 = 0 on R2 \Λ2. For

each a ∈ Z2, let Λr(a) = a + Λr. Referring the paracontrolled calculus in Mouzard [14], we fix a large

even natural number b and consider operators

Q
(c)
t :=

(−t∆)c

(c− 1)!
et∆ and P

(c)
t := I −

∫ t

0

ds

s
Q(c)

s =

c−1∑
j=0

(−t∆)j

j!
et∆

for c ∈ [1, b] ∩ N, where ∆ is the Laplacian on R2, and I is the identity operator. For k ∈ [0, 2b] ∩ Z, let

StGCk be the set of families of operators of the form

((
√
t∂1)

α1(
√
t∂2)

α2P
(c)
t )t∈(0,1]

with c ∈ [1, b] ∩ N and α1, α2 ∈ Z satisfying α1, α2 ≥ 0 and α1 + α2 = k. These families of operators are

colled as the standard families of Gaussian operators with cancellation of order k. We also set

StGCI =
⋃

k∈I∩Z

StGCk
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for any interval I in [0,∞). Referring [2] and [14], we decompose the product as follows:

fg = Pfg +Π(f, g) + Pgf + P
(b)
1 ((P

(b)
1 f)(P

(b)
1 g)),

for appropriate distributions f, g on R2, where

(1.2) Pfg :=
∑
ν

cν

∫ 1

0

dt

t
Q1,ν

t ((P ν
t f)(Q

2,ν
t g))

with a finite subset {(cν , Q1,ν , Q2,ν , P ν)}ν

of R× StGC [b/2,2b] × StGC [b/2,2b] × StGC [0,b/2),

and

(1.3) Π(f, g) :=
∑
µ

cµ

∫ 1

0

dt

t
Pµ
t ((Q

1,µ
t f)(Q2,µ

t g))

with a finite subset {(cµ, Q1,µ, Q2,µ, Pµ)}µ

of R× StGC [b/2,2b] × StGC [b/2,2b] × StGC [0,b/2). Pfg is called as a paraproduct and Π(f, g) is called as

a resonating term. We use also

hPfg :=
∑
ν

cν

∫ 1

0

dt

t
Q1,ν

t ((P ν
t f)(Q

2,ν
t g)h),

where h is another appropriate distribution. We use

(1.4) ∆−loc := −
∫ 1

0

dtet∆,

which is an approximation of the inverse of the Laplacian satisfying

∆−loc∆ = ∆∆−loc = I − e∆

and the integral kernel has a Gaussian bound:

sup
|x−y|≥1

log |∆−loc(x, y)|
|x− y|2

< 0.

We use the commutators:

(1.5) C(f, g, h) := Π(∆−locPfg, h)− fΠ(∆−locg, h)

and

(1.6) S(f, g, h) := Ph(∆
−locPfg)− fPh(∆

−locg).
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We use the Besov space Bα
p,q(R2) with parameters p, q ∈ [1,∞], α ∈ (−2b, 2b), defined by the completion

of C∞
0 (R2) with respect to the norm

∥f∥Bα
p,q(R2)

:=∥e∆f∥Lp(R2:dx)

+ sup{∥t−α/2∥Qtf∥Lp(R2:dx)∥Lq([0,1]:t−1dt) : Q ∈ StGC(|α|,2b]}.

(1.7)

for any f ∈ C∞
0 (R2), where C∞

0 (R2) is the smooth functions with compact supports. Cα(R2) :=

Bα
∞,∞(R2) is called as the Besov α-Hölder space, and Hα(R2) = Bα

2,2(R2) is the Sobolev space with

the index α. It is known that χaξ is C−1−ϵ(R2)-valued for any ϵ > 0 and a ∈ Z2. As in Theorem 2.1 in

[14], there exists a random field Yξ such that

lim
ε→0

E[∥χa(Yξε − Yξ)∥pC−ϵ(R2)] = 0

for any p ∈ [1,∞), ϵ > 0 and a ∈ Z2, where ξε := eε
2∆ξ is a smooth approximation of ξ and

Yξε := Π(∆−locξε, ξε)− E[Π(∆−locξε, ξε)].

The main theorem in this paper is the following:

Theorem 1. There exists E0 ∈ (−∞, 0) such that for almost all ξ, (−∞, E0] is included in the pure

point spectrum specpp(H̃
ξ) of H̃ξ and any corresponding eigenfunction ϕξ satisfies

lim
|a|→∞

|a|−1 log ∥χaϕξ∥L2(R2) < 0.

The most well developped method to prove the results on the localization is the method based on the

multiscale analysis initiated by Fröhlich and Spencer [6] and developped by many works [3], [7], [17],

[19]. To extend the methods to our case, we should modify the geometric resolvent inequality, since the

nonlocality of our operator break the classical for of this inequality. Then we should give a Wegner type

inequality applicable for the multiscale analysis based on the extended geometric resolvent inequality.

On the other hand, to deduce the spectral property from the multiscale analysis, we should prepare

generalized eigenfunction expansions.

Another definition of a self-adjoint operator corresponding to a limit of −∆+ ξε + cε as ε→ 0 is given

by Hsu and Labbé [10]. They obtain such an operator from the works by Hairer and Labbé [8], [9] on

the corresponding parabolic Anderson models. Their idea is simple and they obtain the same result also
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on R3. One vantage point of our definition is that the traditional proof of the Anderson localization can

be extended as in this paper.

The organization of this paper is as follows. In Section 2 we generalize the geometric resolvent in-

equality for our operator. In Section 3 we give an estimate of negative eigenvalues. In Section 4 we give a

Wegner type estimate. In Section 5 we apply a multiscale analysis to our operator. In Section 6 we give

generalized eigenfunctin expansions.for our operator. In Section 7 we complete our proof of Theorem 1.

2. A Geometric resolvent inequality

To obtain a Wegner type estimate in Section 4 below, we introduce a system ξ = (ξa)a∈Z2 of indepen-

dently and identically distributed bounded real random variables with a smooth density independent of

the white noise ξ, when we restrict the noise ξ to bounded squares: for the system of random variable

ξ̃ = (ξ, ξ), any L ∈ 2N, a ∈ Z2 and ε > 0, we consider the random field

ξ̃L,a := ξL,a + ξL−2,a :=
∑

a∈Z2∩(ΛL(a)\ΛL−2(a))

χ2
aξa +

∑
a∈Z2∩ΛL−2(a)

χ2
aξ

so that the random field is bounded on a neighborhood of the boundary of the square ΛL(a). As a

corresponding operator, we consider

(2.1)
˜
H ξ̃

L,a := H̃ξ
L−2,a + ξL,a,

where H̃ξ
L−2,a is the operator treated in Section 4 in [21]: on

Dom(H̃ξ
L−2,a) :=

{
u ∈

⋂
ϵ>0

H1−ϵ(R2) : Φξ,L−2,a(u) ∈ H2(R2)
}

we define

H̃ξ
L−2,au

:=−∆Φξ,L−2,a(u) + PξL−2,a
(Φξ,L−2,a(u)) + Π(Φξ,L−2,a(u), ξL−2,a) + P

(b)
1 ((P

(b)
1 u)(P

(b)
1 ξL−2,a))

+ e∆PuξL−2,a + e∆uPξL−2,a
(∆−locξL−2,a) + e∆PuYξ,L−2,a

+ C(u, ξL−2,a, ξL−2,a) + S(u, ξL−2,a, ξL−2,a)

+ PYξ,L−2,a
u+Π(u, Yξ,L,a) + P

(b)
1 ((P

(b)
1 u)(P

(b)
1 Yξ,L−2,a))

+ PξL−2,a
(∆−loc

uPξL−2,a
(∆−locξL−2,a)) + Π(∆−loc

uPξL−2,a
(∆−locξL−2,a), ξL−2,a)

+ PξL−2,a
(∆−locPuYξ,L−2,a) + Π(∆−locPuYξ̃,L−2,a, ξL−2,a),
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where Yξ,L−2,a is a random field such that

lim
ε→0

E[∥χa(Yξε,L−2,a − Yξ,L−2,a)∥pC−ϵ(R2)] = 0

for any p ∈ [1,∞) and a ∈ Z2, and

Yξε,L−2,a := Π(∆−loc
∑

a∈Z2∩ΛL−2(a)

χ2
aξε,

∑
a∈Z2∩ΛL−2(a)

χ2
aξε)

− E[Π(∆−loc
∑

a∈Z2∩ΛL−2(a)

χ2
aξε,

∑
a∈Z2∩ΛL−2(a)

χ2
aξε)],

ξε := eε
2∆ξ,

Φξ,L−2,a(u) := u−∆−locPuξL−2,a −∆−loc
uPξL−2,a

(∆−locξL−2,a)−∆−locPuYξ,L−2,a

In [21], the operator H̃ξ
R,0 =: H̃ξ

R is treated. For this operator, we have the following:

Lemma 2.1. (i) The operator
˜
H ξ̃

L,a is self-adjoint on L2(R2).

(ii)
˜
H ξ̃

L,a is the norm resolvent limit of H̃ξε
L−2,a + ξL,a as ε→ 0.

(iii) The negative spectra of the operator
˜
H ξ̃

L,a are discrete.

Proof.

(i) is proven by Lemma 4.10 in [21]. (ii) is proven as in Lemma 4.9 and Proposition 4.1 in [21]. (iii) is

proven by the fact that H̃ξε
L−2,a + ξL,a is a relatively compact perturbation of −∆. 2

In this section, we give the following geometric resolvent inequality, which is also called as Simon-Lieb

inequality:

Proposition 2.1. For any ϵ > 0, there exist finite positive constants c∗, c1, . . . , c6 such that, for any

a, a′ ∈ Z2 and ℓ, ℓ′ ∈ 2N satisfying Λℓ(a) ⊂ Λℓ′(a
′), and for any a ∈ Λℓ−8(a), a∗ ̸∈ Λℓ(a), and
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z ∈ C \ spec(
˜
H ξ̃

ℓ′,a′) \ spec(H̃ ξ̃
ℓ,a), we have

∥χa∗(
˜
H ξ̃

ℓ′,a′ − z)−1χa∥L(L2(R2))

≤
∑

a1∈Z2∩((Λℓ−4(a)\Λℓ−6(a))

∥χa∗(
˜
H ξ̃

ℓ′,a′ − z)−1χa1∥L(L2(R2))c1 exp(−c∗|a1 − a|)

+
∑

a1∈Z2∩((Λℓ−4(a)\Λℓ−6(a)),a2∈Z2

∥χa2
(H̃ ξ̃

ℓ,a − z)−1χa∥L(L2(R2))

× c2 exp(−c∗(|a1 − a∗|+ |a1 − a2|2))Ξ(a, ℓ− 2, ξ)1/2

+
∑

a1∈Z2∩((Λℓ−4(a)\Λℓ−6(a)),a2∈Z2

∥χa∗(
˜
H ξ̃

ℓ′,a′ − z)−1χa1
∥L(L2(R2))

× ∥χa2(H̃
ξ̃
ℓ,a − z)−1χa∥L(L2(R2))c3 exp(−c∗|a1 − a2|)

× {|z|+ (1 + Ξ(a, ℓ− 2, ξ))c4}1/2(1 + Ξ(a, ℓ− 2, ξ)))3/4

+
∑

a1∈Z2∩((Λℓ−4(a)\Λℓ−6(a)),a2,a3∈Z2

∥χa∗(
˜
H ξ̃

ℓ′,a′ − z)−1χa2
∥L(L2(R2))

× ∥χa3
(H̃ ξ̃

ℓ,a − z)−1χa∥L(L2(R2))c5 exp(−c∗(|a1 − a2|+ |a1 − a3|2))

× {|z|+ (1 + Ξ(a′, ℓ′ − 2, ξ))c6}1/2(1 + Ξ(a, ℓ− 2, ξ)))1/2,

(2.2)

where ∥ · ∥L(L2(R2)) is the operator norm of the continuous operators on L2(R2),

Ξ(a, ℓ− 2, ξ) := sup
â∈Z2

Ξ(â,a, ℓ− 2, ξ),

and

Ξ(â,a, ℓ− 2, ξ) :=

2∑
j=1

( ∑
â1∈Z2∩Λℓ−2(a)

∥χ2
â1
ξ∥C−1−ε(R2) exp(−c∗|â− â1|2)

)j

+
∑

â1∈Z2

∥χ2
â1
Yξ,ℓ−2,a∥C−ε(R2) exp(−c∗|â− â1|2).

for any â,a ∈ Z2 and ℓ > 2.

7



Proof. We take a [0, 1]-valued smooth function ϕ on R2 so that ϕ ≡ 1 on Λℓ−6(a) and ϕ ≡ 0 on

R2 \ Λℓ−4(a). Then we have

(
˜
H ξ̃

ℓ′,a′ − z)−1ϕ− ϕ(H̃ ξ̃
ℓ,a − z)−1

=(
˜
H ξ̃

ℓ′,a′ − z)−1{ϕ(H̃ ξ̃
ℓ,a − z)− (

˜
H ξ̃

ℓ′,a′ − z)ϕ}(H̃ ξ̃
ℓ,a − z)−1

=(
˜
H ξ̃

ℓ′,a′ − z)−1{2(∇ϕ) · ∇+ (∆ϕ) + E[ϕΠ(∆−loc(ξℓ′−2,a′ − ξℓ−2,a), ξℓ′−2,a′)]

+ E[ϕΠ(∆−locξℓ−2,a, ξℓ′−2,a′ − ξℓ−2,a)])}(H̃ ξ̃
ℓ,a − z)−1.

and

∥χa∗(
˜
H ξ̃

ℓ′,a′ − z)−1χa∥L(L2(R2))

≤2∥χa∗(
˜
H ξ̃

ℓ′,a′ − z)−1(∇ϕ) · ∇(H̃ ξ̃
ℓ,a − z)−1χa∥L(L2(R2))

+ ∥χa∗(
˜
H ξ̃

ℓ′,a′ − z)−1(∆ϕ)(H̃ ξ̃
ℓ,a − z)−1χa∥L(L2(R2))

+ ∥χa∗(
˜
H ξ̃

ℓ′,a′ − z)−1(E[ϕΠ(∆−loc(ξℓ′−2,a′ − ξℓ−2,a), ξℓ′−2,a′)]

+ E[ϕΠ(∆−locξℓ−2,a, ξℓ′−2,a′ − ξℓ−2,a)])}(H̃ ξ̃
ℓ,a − z)−1χa∥L(L2(R2)).

(2.3)

Since

|E[ϕΠ(∆−loc(ξℓ′−2,a′ − ξℓ−2,a), ξℓ′−2,a′)]|

∨ |E[ϕΠ(∆−locξℓ−2,a, ξℓ′−2,a′ − ξℓ−2,a)]

≤c2 exp(−c1d(·,R2 \ Λℓ(a))
2),

the second, third and fourth terms of the right hand side of (2.3) are less than or equal to

≤c3
∑

a1∈Z2∩Λℓ(a)

∥χa∗(
˜
H ξ̃

ℓ′,a′ − z)−1χa1∥L(L2(R2))

× ∥χa1(H̃
ξ̃
ℓ,a − z)−1χa∥L(L2(R2)) exp(−c1d(a1,Λℓ(a)

c)2).

Since

∥χa∗(
˜
H ξ̃

ℓ′,a′ − z)−1(∇ϕ) · ∇(H̃ ξ̃
ℓ,a − z)−1χa∥L(L2(R2))

=sup{|(ψ, χa∗(
˜
H ξ̃

ℓ′,a′ − z)−1(∇ϕ) · ∇(H̃ ξ̃
ℓ,a − z)−1χaφ)L2(R2)|

: φ,ψ ∈ C∞
0 (R2), ∥φ∥L2(R2) = ∥ψ∥L2(R2) = 1},

we should estimate

Iι = (ϕ2,ιΨ, ϕ1,ι∂xιΦ)L2(R2)
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for ι ∈ {1, 2}, where

Φ = (H̃ ξ̃
ℓ,a − z)−1χaφ,

Ψ = (
˜
H ξ̃

ℓ′,a′ − z)−1χa∗ψ,

and ϕj,ι, φ, ψ ∈ C∞
0 (R2) such that

suppϕ1,ι, suppϕ2,ι ⊂ Λℓ−4(a) \ Λℓ−6(a)

and ∥φ∥L2(R2) = ∥ψ∥L2(R2) = 1.

We devide as Iι =
∑4

j=1 Iι,j , where

Iι,1 =(ϕ2,ιΨ, ϕ1,ι∂xιΦξ,ℓ−2,a(Φ))L2(R2)

Iι,2 =(ϕ2,ιΨ, ϕ1,ι∂xι∆−locPΦξℓ−2,a)L2(R2)

Iι,3 =(ϕ2,ιΨ, ϕ1,ι∂xι∆−loc
ΦPξℓ−2,a

∆−locξℓ−2,a)L2(R2)

and

Iι,4 = (ϕ2,ιΨ, ϕ1,ι∂xι∆−locPΦYξ,ℓ−2,a))L2(R2).

Iι,1 is dominated by

∑
a1∈Z2∩(Λℓ−4(a)\Λℓ−6(a))

∥χa1
∂xιΦξ,ℓ−2,a(Φ)∥L2(R2)∥χa1

Ψ∥L2(R2).

For a1 ∈ Z2 ∩ (Λℓ−4(a) \ Λℓ−6(a)), ∥χa1∇Φξ,ℓ−2,a(Φ)∥2L2(R2) is dominated by
∑8

j=1 Ij(a1), where

I1(a1) =(χa1
Φξ,ℓ−2,a(Φ), χa1

(z + ξℓ,a)Φ)L2(R2)

I2(a1) =(χa1
Φξ,ℓ−2,a(Φ), χa1

(Pξℓ−2,a
Φξ,ℓ−2,a(Φ) + Π(ξℓ−2,a,Φξ,ℓ−2,a(Φ)))L2(R2)

I3(a1) =(χa1Φξ,ℓ−2,a(Φ), χa1(P
(b)
1 ((P

(b)
1 Φ)(P

(b)
1 ξℓ−2,a)) + e∆PΦξℓ−2,a

+ e∆ΦPξℓ−2,a
∆−locξℓ−2,a + e∆PΦYξ,ℓ−2,a))L2(R2)

I4(a1) =(χa1
Φξ,ℓ−2,a(Φ), χa1

(C(Φ, ξℓ−2,a, ξℓ−2,a) + S(Φ, ξℓ−2,a, ξℓ−2,a)))L2(R2)

I5(a1) =(χa1
Φξ̃,ℓ,a(Φ), χa1

(ΦYξ,ℓ−2,a
Φ+Π(Yξ,ℓ−2,a,Φ) + P

(b)
1 ((P

(b)
1 Yξ,ℓ−2,a)(P

(b)
1 Φ))))L2(R2)

I6(a1) =(χa1
Φξ,ℓ−2,a(Φ), χa1

(Pξℓ−2,a
∆−loc

Φ Pξℓ−2,a
∆−locξℓ−2,a

+Π(ξℓ−2,a,∆
−loc
Φ Pξℓ−2,a

∆−locξℓ−2,a)))L2(R2)

I7(a1) =(χa1Φξ,ℓ−2,a(Φ), χa1(Pξℓ−2,a
∆−locPΦYξ,ℓ−2,a

+Π(ξℓ−2,a,∆
−loc
Φ Pξℓ−2,a

∆−locPΦYξ,ℓ−2,a)))L2(R2)
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and

I8(a1) = ∥(∇χa1)Φξ,ℓ−2,a(Φ)∥2L2(R2).

By Lemma 3.2 (ii) (iii) in [21], I2(a1) is dominated by∑
a2∈Z2∩Λℓ−2(a),a3∈Z2

∥χa1Φξ,ℓ−2,a(Φ)∥L2(R2)∥χa2ξ∥C−1−ε/2(R2)∥χa3Φξ,ℓ−2,a(Φ)∥H1+ϵ(R2)

× exp(−c4(|a1 − a2|2 + |a1 − a3|2)).

As in the proof of Theorem 1 in [21], we have

∥χa3
Φξ,ℓ−2,a(Φ)∥H1+ϵ(R2)

≤c5
( 1

t(1+ϵ)/2

∑
a4∈Z2∩Λ2(a3)

∥χa4Φξ,ℓ−2,a(Φ)∥L2(R2)

+ t(1−ϵ)/2
∑

a4∈Z2∩Λ2(a3)

∥χa4
∆Φξ,ℓ−2,a(Φ)∥L2(R2)

)
for any t ∈ (0,∞). Since

(H̃ ξ̃
ℓ,a − z)Φ = χaφ,

we have

∥χa4∆Φξ,ℓ−2,a(Φ)∥L2(R2)

≤∥χa4χaφ∥L2(R2) + (|z|+max |ξ0|)∥χa4Φ∥L2(R2)

+
∑

a5∈Z2

∥χ2
a5
Φξ,ℓ−2,a(Φ)∥H1+ϵ(R2) exp(−c6|a4 − a5|2)

×
∑

a6∈Z2∩Λℓ−2(a)

c7∥χ2
a6
ξ∥C−1−ε(R2) exp(−c6|a4 − a6|2)

+
∑

a5∈Z2

∥χ2
a5
Φ∥H2ϵ(R2) exp(−c6|a4 − a5|2)

× c8

{
1 +

( ∑
a6∈Z2∩Λℓ−2(a)

∥χ2
a6
ξ∥C−1−ε(R2) exp(−c6|a4 − a6|2)

)2

+
∑

a6∈Z2

∥χ2
a6
Yξ,ℓ−2,a∥C−ε(R2) exp(−c6|a4 − a6|2)

}3/2

.

By the definition of Φξ,ℓ−2,a(Φ), we have

∥χa5(Φξ,ℓ−2,a(Φ)− Φ)∥H2ϵ(R2)

≤c10Ξ(a5,a, ℓ− 2, ξ)
∑

a6∈Z2

∥χ2
a6
Φ∥L2(R2) exp(−c9|a5 − a6|2).

(2.4)
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Thus we have

∥χâ0
Φξ,ℓ−2,a(Φ)∥H1+ϵ(R2)

≤c12t(1−ϵ)/2
∑

â1∈Z2

∥χâ1
Φξ,ℓ−2,a(Φ)∥H1+ϵ(R2) exp(−c11|â0 − â1|2)(1 + Ξ(â0,a, ℓ− 2, ξ))3/2

+ c13t
(1−ϵ)/2

∑
â1∈Z2∩Λ2(amax)

(∥χa4χaφ∥L2(R2) + (|z|+max |ξ0|)∥χa4Φ∥L2(R2))

+ c14t
(1−ϵ)/2

∑
â1∈Z2

∥χ2
â1
Φ∥L2(R2) exp(−c11|â0 − â1|2)(1 + Ξ(â0,a, ℓ− 2, ξ))5/2

+
c15

t(1+ϵ)/2

∑
â1∈Z2

∥χâ1
Φξ,ℓ−2,a(Φ)∥L2(R2)

for any â0 ∈ Z2. By the iteration, we have

∥χâ0
Φξ,ℓ−2,a(Φ)∥H1+ϵ(R2)

≤(c17t
(1−ϵ)/2)n

∑
â1,...,ân∈Z2

∥χân
Φξ,ℓ−2,a(Φ)∥H1+ϵ(R2) exp

(
− c16

n∑
j=1

|âj−1 − âj |2
) n−1∏

j=0

(1 + Ξ(âj ,a, ℓ− 2, ξ))3/2

+

n∑
k=0

(c17t
(1−ϵ)/2)k

∑
â1,...,âk∈Z2

exp
(
− c16

k∑
j=1

|âj−1 − âj |2
) k−1∏

j=0

(1 + Ξ(âj ,a, ℓ− 2, ξ))3/2

×
{
c18t

(1−ϵ)/2
∑

âk+1∈Z2∩Λ2(âk)

(∥χâk+1
χaφ∥L2(R2) + (|z|+max |ξ0|)∥χâk+1

Φ∥L2(R2))

+ c19t
(1−ϵ)/2

∑
âk+1∈Z2

∥χâk+1
Φ∥L2(R2) exp(−c16|âk − âk+1|2)(1 + Ξ(âk,a, ℓ− 2, ξ))5/2

+
c20

t(1+ϵ)/2

∑
âk+1∈Z2∩Λ2(âk)

∥χâk+1
Φξ,ℓ−2,a(Φ)∥L2(R2)

}
for any n ∈ N. Then we have

(c17t
(1−ϵ)/2)k−1

∑
â1,...,âk−1∈Z2

exp
(
− c16

k∑
j=1

|âj−1 − âj |2
) k−1∏

j=0

(1 + Ξ(âj ,a, ℓ− 2, ξ))3/2

≤{c22(1 + Ξ(a, ℓ− 2, ξ))3/2t(1−ϵ)/2}k−1 exp
(
− c21

k
|â0 − âk|2

)
and

(c17t
(1−ϵ)/2)n

∑
â1,...,ân∈Z2

exp
(
− c16

n∑
j=1

|âj−1 − âj |2
) n∏

j=0

(1 + Ξ(âj ,a, ℓ− 2, ξ))3/2

≤{c22(1 + Ξ(a, ℓ− 2, ξ))3/2t(1−ϵ)/2}nc23n.
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For any δ ∈ (0, 1), we take t as (δ/(1 ∨ (c22(1 + Ξ(a, ℓ− 2, ξ))3/2)))2/(1−ϵ). Then, by taking the limit as

n→ ∞, we have

∥χâ0
Φξ,ℓ−2,a(Φ)∥H1+ϵ(R2)

≤
∞∑
k=0

∑
â1∈Z2

δk exp
(
− c21

k
|â0 − â1|2

)
×
{
c24δ

∑
â2∈Z2∩Λ2(â1)

(∥χâ2
χaφ∥L2(R2) + (|z|+max |ξ0|)∥χâ2

Φ∥L2(R2))

+ c25δ
∑

â2∈Z2

∥χâ2
Φ∥L2(R2) exp(−c|â1 − â2|2)(1 + Ξ(â1,a, ℓ− 2, ξ))5/2

+ c26

( (1 + Ξ(a, ℓ− 2, ξ))3/2

δ

)(1+ϵ)/(1−ϵ) ∑
â2∈Z2∩Λ2(â1)

∥χâ2
Φξ,ℓ−2,a(Φ)∥L2(R2)

}
.

By (2.4) and

∞∑
k=0

δk exp
(
− c21

k
|â0 − â1|2

)

≤
∞∑
k=0

δk/2 exp
(
− inf

k

(k
2
log

1

δ
+
c21
k

|â0 − â1|2
))

=
1

1− δ1/2
exp

(
−
√
2c21 log

1

δ
|â0 − â1|

)
.

we have

∥χâ0
Φξ,ℓ−2,a(Φ)∥H1+ϵ(R2)

≤
∑

â1∈Z2

1

1− δ1/2
exp

(
−
√
2c21 log

1

δ
|â0 − â1|

)
× c27

{
δ

∑
â2∈Z2∩Λ2(â1)

(∥χâ2
χaφ∥L2(R2) + (|z|+max |ξ0|)∥χâ2

Φ∥L2(R2))

+ (1 + Ξ(a, ℓ− 2, ξ))1+3(1+ϵ)/(2(1−ϵ))δ−(1+ϵ)/(1−ϵ)

×
∑

â2∈Z2

∥χâ2
Φ∥L2(R2) exp(−c28|â1 − â2|2)

}
.

Thus there exist c29, . . . , c32 such that

∥χâ0
Φξ,ℓ−2,a(Φ)∥H1+ϵ(R2)

≤c30 exp(−c29|â0 − a|)

+
∑

â1∈Z2

∥χâ1
Φ∥L2(R2) exp(−c29|â0 − â1|)

× c31{|z|+ (1 + Ξ(a, ℓ− 2, ξ))c32}
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and

I2(a1)

≤c34 exp(−c33|a1 − a|)(1 + Ξ(a, ℓ− 2, ξ))3/2

×
∑

a2∈Z2

∥χa2Φ∥L2(R2) exp(−c33|a1 − a2|)

+ c35{|z|+ (1 + Ξ(a, ℓ− 2, ξ))c36}(1 + Ξ(a, ℓ− 2, ξ))3/2

×
( ∑

a2∈Z2

∥χa2
Φ∥L2(R2) exp(−c33|a1 − a2|)

)2

.

Ij(a1), j ∈ {1, 3, 4, . . . , 8}, are simirarly estimated and we have

∥χa1∇Φξ,ℓ−2,a(Φ)∥L2(R2)

≤c38 exp(−c37|a1 − a|)

+ c39{|z|+ (1 + Ξ(a, ℓ− 2, ξ))c40}1/2(1 + Ξ(a, ℓ− 2, ξ))3/4

×
∑

a2∈Z2

∥χa2
Φ∥L2(R2) exp(−c37|a1 − a2|)

and

Iι,1 ≤
∑

a1∈Z2∩Λℓ−4(a)\Λℓ−6(a)

∥χa1
Ψ∥L2(R2)

{
c38 exp(−c37|a1 − a|)

+ c39{|z|+ (1 + Ξ(a, ℓ− 2, ξ))c40}1/2(1 + Ξ(a, ℓ− 2, ξ))3/4

×
∑

a2∈Z2

∥χa2
Φ∥L2(R2) exp(−c37|a1 − a2|)

}
The estimate of Iι,2 we obtain from Lemma 3.2 in [21] is

Iι,2

≤
∑

a1∈Z2∩Λℓ−4(a)\Λℓ−6(a),a2∈Z2∩Λℓ(a),a3∈Z2

∥χ2
a1
Ψ∥H2ϵ(R2)∥χ2

a1
ξ∥C−1−ϵ(R2)∥χ2

a3
Φ∥L2(R2)

× c42 exp(−c41(|a1 − a2|2 + |a1 − a3|2)).
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As in the estimate of ∥χâ0
Φξ,ℓ−2,a(Φ)∥H1+ϵ(R2), we have

∥χâ0
Φξ̃,ℓ′,a′(Ψ)∥H2ϵ(R2)

≤c44 exp(−c43|â0 − a∗|)

+
∑

â1∈Z2

∥χâ1
Ψ∥L2(R2) exp(−c43|â0 − â1|)

× c45{|z|+ (1 + Ξ(a′, ℓ′ − 2, ξ))c46}

By using also (2.4), we have

∥χâ0
Ψ∥H2ϵ(R2)

≤c48 exp(−c47|â0 − a∗|)

+
∑

â1∈Z2

∥χâ1
Ψ∥L2(R2) exp(−c47|â0 − â1|)

× c49{|z|+ (1 + Ξ(a′, ℓ′ − 2, ξ))c50}

and

Iι,2 ≤
∑

a1∈Z2∩Λℓ−4(a)\Λℓ−6(a)

{
c51 exp(−c47|â0 − a∗|)

+
∑

a2∈Z2

∥χa2
Ψ∥L2(R2) exp(−c47|a1 − a2|)

× c52{|z|+ (1 + Ξ(a′, ℓ′ − 2, ξ))c50}Ξ(a, ℓ− 2, ξ))1/2

×
∑

a3∈Z2

∥χa3Φ∥L2(R2) exp(−c53|a1 − a3|2)
}
.

Iι,3 and Iι,4 are simirarly estimated and we obtain (2.2). 2

3. An estimate of numbers of negative eigenvalues

Let H̃ ξ̃
L = H̃ξ

L−2 + ξL be the operator
˜
H ξ̃

L,a = H̃ξ
L−2,a + ξL,a in (2.1) with a = 0: we omit to write a

when a = 0. In this section, we denote ℓ := L− 2.

In this section, we prove the following:

Proposition 3.1. For any λ > 0 and p ≥ 1, there exist finite positive constants cλ,p,1, cλ,p,2 such that

(3.1) E[Tr[ ˜1(−∞,−λ](H̃
ξ̃
L − tχ̃L)]

p]1/p ≤ cλ,p,1(1 + t2)Lcλ,p,2

for any L ∈ 2N and t ≥ 0, where χ̃L =
∑

a∈Z2∩ΛL
χ2
a, and ˜1(−∞,−λ] is a [0, 1]-valued continuous function

on R such that ˜1(−∞,−λ] = 1 on (−∞,−λ] and ˜1(−∞,−λ] = 0 on [−λ/2,∞).
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Proof

We first consider the case of t = 0. Since H̃ξ
L is bounded below, by Lemma 2.1 and the Fatou lemma,

we can show that the left hand side of (3.1) is less than or equal to

lim
ε→0

E[Tr[ ˜1(−∞,−λ](H̃
ξε
ℓ + ξL)]

p].

For each ξ and ε > 0, Tr[ ˜1(−∞,−λ](H̃
ξε
ℓ + ξL)] is finite since H̃ξε

ℓ + ξL is relatively compact perturbation

of −∆.

As in Section 4 in [21], we use the following products obtained by replacing the upper end 1 of the

integral interval by s ∈ (0, 1) in (1.2) and (1.3):

(3.2) P s
f g :=

∑
ν

cν

∫ s

0

dt

t
Q1,ν

t ((P ν
t f)(Q

2,ν
t g))

and

(3.3) Πs(f, g) :=
∑
µ

cµ

∫ s

0

dt

t
Pµ
t ((Q

1,µ
t f)(Q2,µ

t g)).

Then we have

fg = P s
f g +Πs(f, g) + P s

g f + P (b)
s ((P (b)

s f)(P (b)
s g)).

We define a random field Y s
ξ,ℓ by

lim
ε→0

E[∥χa(Y
s
ξε,ℓ − Y s

ξ,ℓ)∥
p
C−ϵ(R2)] = 0

for any p ∈ [1,∞), ϵ > 0 and a ∈ Z2, where ℓ = L− 2,

(3.4) Y s
ξε,ℓ := Πs(∆−locξε,ℓ, ξε,ℓ)− E[Πs(∆−locξε,ℓ, ξε,ℓ)],

and ξε,ℓ :=
∑

a∈Z2∩Λℓ
χ2
aξε. We use also

hP
s
f g :=

∑
ν

cν

∫ s

0

dt

t
Q1,ν

t ((P ν
t f)(Q

2,ν
t g)h),

(3.5) Cs(f, g, h) := Πs(∆−locP s
f g, h)− fΠs(∆−locg, h),

(3.6) Ss(f, g, h) := P s
h(∆

−locP s
f g)− fP

s
h(∆

−locg), .

and

Φs
ξ,ℓ(u) := u−∆−locP s

uξℓ −∆−loc
uP

s
ξℓ
(∆−locξℓ)−∆−locP s

uY
s
ξ,ℓ.
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We set

Dom(Ĥξ,s
ℓ ) :=

{
u ∈

⋂
ϵ>0

H1−ϵ(R2) : Φs
ξ,ℓ(u) ∈ H2(R2)

}
and

Ĥξ,s
ℓ u

=−∆Φs
ξ,ℓ(u) + P s

ξℓ
(Φs

ξ,ℓ(u)) + Πs(Φs
ξ,ℓ(u), ξℓ)

+ es∆P s
uξℓ + es∆uP

s
ξℓ
(∆−locξℓ) + es∆P s

uY
s
ξ,ℓ

+ Cs(u, ξℓ, ξℓ) + Ss(u, ξℓ, ξℓ)

+ P s
Y s
ξ,ℓ
u+Πs(u, Y s

ξ,ℓ) + P (b)
s ((P (b)

s u)(P (b)
s Y s

ξ,ℓ))

+ P s
ξℓ
(∆−loc

uP
s
ξℓ
(∆−locξℓ)) + Πs(∆−loc

uP
s
ξℓ
(∆−locξℓ), ξℓ)

+ P s
ξℓ
(∆−locP s

uY
s
ξ,ℓ) + Πs(∆−locP s

uYξ,ℓ, ξℓ)

(3.7)

for u ∈ Dom(Ĥξ,s
ℓ ). By Lemma 3.1 below, we see that

(Π−Πs)(∆−locξℓ, ξℓ) := lim
ε→0

{Π(∆−locξε,ℓ, ξε,ℓ)−Πs(∆−locξε,ℓ, ξε,ℓ)}

is smooth as a function on R2 such that

∥χa(Π−Πs)(∆−locξℓ, ξℓ)∥Cβ(R2)

is dominated by exp(−cd(a,ΛL)
2) for any a ∈ Z2 and β ∈ R.

Y s
ℓ := E[(Π−Πs)(∆−locξℓ, ξℓ)]

and

Yξ,ℓ − Y s
ξ,ℓ

have the same property. Then we have

Dom(Ĥξ,s
ℓ ) = Dom(H̃ξ

ℓ ).

and

Ĥξ,s
ℓ u+ P (b)

s ((P (b)
s u)(P (b)

s ξℓ))− Y s
ℓ u = H̃ξ

ℓ u
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for u ∈ Dom(Ĥξ
ℓ ). Since P

(b)
s ((P

(b)
s ·)(P (b)

s ξℓ)) is a bounded symmetric operator, Ĥξ,s
ℓ is a self-adjoint

operator on L2(R2). By using Lemma 3.2, Lemma 3.3 and Lemma 3.4 below as in the proof of Lemma

4.9 in [21], we see the existence of positive constants c1, c2, c3 such that

(u, Ĥξ,s
ℓ u)L2(R2)

≥1

2
∥∇Φs

ξ,ℓ(u)∥2L2(R2) − c1s
c2(1 + ∥ξℓ∥2C−1−ϵ(R2) + sup

s∈(0,1]

∥Y s
ξ,ℓ∥C−ϵ(R2))

c3∥u∥2L2(R2)

for any u ∈ Dom(Ĥξ,s
ℓ ). Thus if we set

s(ξ, λ, ℓ) = (λ/(4c1(1 + ∥ξℓ∥2C−1−ϵ(R2) + sup
s∈(0,1]

∥Y s
ξ,ℓ∥C−ϵ(R2))

c3))1/c2 ,

then we have

̂
H

ξ,s(ξ,λ,ℓ)
ℓ ≥ −λ/4.

We take ε > 0 so small that

̂
H

ξε,s(ξ,λ,ℓ)
ℓ ≥ −λ/2.

By the Birman-Schwinger principle. we have

Tr[1(−∞,−λ](H̃
ξε
ℓ + ξL)] ≤ Tr[1[1,∞)(Γ

(ξ̃,ε))] ≤ Tr[(Γ(ξ̃,ε))2] = ∥Γ(ξ̃,ε)∥2I2
,

where Γ(ξ̃,ε) = −Γ
(ξ,ε)
0 + Γ

(ξ,ε)
1 − Γ

(ξ̃,ε)
2 ,

Γ
(ξ,ε)
0 = (

̂
H

ξε,s(ξ,λ,ℓ)
ℓ + λ)−1/2(P

(b)
s(ξ,λ,ℓ)((P

(b)
s(ξ,λ,ℓ)ξε,ℓ)(P

(b)
s(ξ,λ,ℓ)·)))(

̂
H

ξε,s(ξ,λ,ℓ)
ℓ + λ)−1/2,

Γ
(ξ,ε)
1 = (

̂
H

ξε,s(ξ,λ,ℓ)
ℓ + λ)−1/2Y

s(ξ,λ,ℓ)
ℓ (

̂
H

ξε,s(ξ,λ,ℓ)
ℓ + λ)−1/2,

and

Γ
(ξ̃,ε)
2 = (

̂
H

ξε,s(ξ,λ,ℓ)
ℓ + λ)−1/2ξL(

̂
H

ξε,s(ξ,λ,ℓ)
ℓ + λ)−1/2.

Since

|(P (b)
s(ξ,λ,ℓ)ξε,ℓ)(x)| ≤

c4∥ξε,ℓ∥C−1−ϵ(R2)

s(ξ, λ, ℓ)(1+3ϵ)/2
exp

(−c5d(x,ΛL)
2

s(ξ, λ, ℓ)

)
,

the integral kernel of the operator P
(b)
s(ξ,λ,ℓ)((P

(b)
s(ξ,λ,ℓ)ξε,ℓ)(P

(b)
s(ξ,λ,ℓ)·)) is estimated as

|(P (b)
s(ξ,λ,ℓ)((P

(b)
s(ξ,λ,ℓ)ξε,ℓ)(P

(b)
s(ξ,λ,ℓ)δy)))(x)| ≤

c6∥ξε,ℓ∥C−1−ϵ(R2)

s(ξ, λ, ℓ)(3+3ϵ)/2
exp

(
− c6d(x,ΛL)

2

s(ξ, λ, ℓ)
− c7|x− y|2

s(ξ, λ, ℓ)

)
.

Thus we have

∥(P (b)
s(ξ,λ,ℓ)((P

(b)
s(ξ,λ,ℓ)ξε,ℓ)(P

(b)
s(ξ,λ,ℓ)·))∥I2

≤
c8∥ξε,ℓ∥C−1−ϵ(R2)(L+

√
s(ξ, λ, ℓ))

s(ξ, λ, ℓ)(3+3ϵ)/2
.
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By using also Lemma 3.5 below, we have

E[∥Γ(ξ,ε)
0 ∥pI2

] ≤ c1,λ,pL
c2,λ,p

for any p ≥ 1.

For Γ
(ξ,ε)
1 , we use

|Y s(ξ,λ,ℓ)
ℓ | ≤ c9 exp(−c10d(x,ΛL)

2/s(ξ, λ, ℓ)) log(1/s(ξ, λ, ℓ)).

To estimate ∥Γ(ξ,ε)
1 ∥I2

, it is enough to estimate the I2-norm of

Γ
(ξ,ε)
1,0 = Y

s(ξ,λ,ℓ)
L (H̃ξε

ℓ + k(∥ξℓ∥C−1−ϵ(R2), ∥Yξ,ℓ∥C−ϵ(R2)))
−1,

where k(∥ξℓ∥C−1−ϵ(R2), ∥Yξ,ℓ∥C−ϵ(R2)) is a positive polynomial of ∥ξℓ∥C−1−ϵ(R2) and ∥Yξ,ℓ∥C−ϵ(R2) such

that

∥u∥2L2(R2) ≤ (u, (H̃ξε
ℓ + k(∥ξℓ∥C−1−ϵ(R2), ∥Yξ,ℓ∥C−ϵ(R2)))u)L2(R2)

for any ε ∈ 0, 1) (cf. Lemma 4.9 in [21]). For this, since

(H̃ξε
ℓ + k(∥ξℓ∥C−1−ϵ(R2), ∥Yξ,ℓ∥C−ϵ(R2)))

−1

=

∫ T

0

dt

2
exp

(
− t

2
H̃ξε

ℓ

)
exp

(
− t

2
k(∥ξℓ∥C−1−ϵ(R2), ∥Yξ,ℓ∥C−ϵ(R2)))

)
+ exp

(
− T

2
H̃ξε

ℓ

)
exp

(
− t

2
k(∥ξℓ∥C−1−ϵ(R2), ∥Yξ,ℓ∥C−ϵ(R2))

)
(H̃ξε

ℓ + k(∥ξℓ∥C−1−ϵ(R2), ∥Yξ,ℓ∥C−ϵ(R2)))
−1,

it is enough to estimate the I2-norms of

Γ
(ξ,ε)
1,1 = Y

s(ξ,λ,ℓ)
ℓ

∫ T

0

dt

2
exp

(
− t

2
H̃ξε

ℓ

)
exp

(
− t

2
k(∥ξℓ∥C−1−ϵ(R2), ∥Yξ,ℓ∥C−ϵ(R2))

)
and

Γ
(ξ,ε)
1,2 = Y

s(ξ,λ,ℓ)
ℓ exp

(
− T

2
H̃ξε

ℓ

)
exp

(
− T

2
k(∥ξℓ∥C−1−ϵ(R2), ∥Yξ,ℓ∥C−ϵ(R2))

)
for some T ∈ (0,∞).

For any ε > 0 and p ∈ N, we have

Eξ[∥Γ(ξ,ε)
1,1 ∥2pI2

]

=

∫
(R2)2p

( p∏
j=1

dxj Y
s(ξ,λ,ℓ)
ℓ (xj)

2
)∫

[0,T ]2p

( p∏
j=1

dtjdtj

8π(tj + tj)

)

× Eξ,w
[
exp

(
−

p∑
j=1

∫ tj+tj

0

dt

2
(ξε,ℓ − Eξ[Π(∆−locξε,ℓ, ξε,ℓ)])(xj + wj(t))

)
∣∣∣wj(tj + tj) = 0 for any j

]
exp

(
−

p∑
j=1

tj + tj

2
k(∥ξℓ∥C−1−ϵ(R2), ∥Yξ,ℓ∥C−ϵ(R2))

)
,
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where w = (wj)1≤j≤p is an independent system of 2-dimensional Brownian motion starting at 0. Since ξ

is a Gaussian random field, we have

Eξ[∥Γ(ξ,ε)
1,1 ∥2pI2

]

≤
∫
(R2)2p

( p∏
j=1

dxj c11 exp(−c12d(xj ,ΛL)
2)
)∫

[0,T ]2p

( p∏
j=1

dtjdtj

8π(tj + tj)

)

× Ew
[
exp

(1
2
Eξ

[( p∑
j=1

∫ tj+tj

0

dt

2
ξε,ℓ(xj + wj(t))

)2]

+

p∑
j=1

∫ tj+tj

0

dt

2
Eξ[Π(∆−locξε,ℓ, ξε,ℓ)])(xj + wj(t))

)
∣∣∣wj(tj + tj) = 0 for any j

]
.

Since

Eξ
[( p∑

j=1

∫ tj+tj

0

dt

2
ξε,ℓ(xj + wj(t))

)2]

=

p∑
j=1

∫ tj+tj

0

dt

2

∫ tj+tj

0

dt′

2
(eε

2∆χ̃2
ℓe

ε2∆)(xj + wj(t), xj + wj(t
′))

+
∑
j ̸=j′

∫ tj+tj

0

dt

2

∫ tj′+tj′

0

dt′

2
(eε

2∆χ̃2
ℓe

ε2∆)(xj + wj(t), xj′ + wj′(t
′)),

we have

Eξ[∥Γ(ξ,ε)
1,1 ∥2pI2

]

≤
∫
(R2)2p

( p∏
j=1

dxj c11 exp(−c12d(xj ,ΛL)
2)
)∫

[0,T ]2p

( p∏
j=1

dtjdtj

8π(tj + tj)

)

×
( p∏

j=1

Ew
[
exp

(∫ tj+tj

0

dt

2

∫ tj+tj

0

dt′

2
(eε

2∆χ̃2
ℓe

ε2∆)(xj + wj(t), xj + wj(t
′))

+

∫ tj+tj

0

dtEξ[Π(∆−locξε,ℓ, ξε,ℓ)])(xj + wj(t))
)∣∣∣wj(tj + tj) = 0

])1/2

×
( ∏

j ̸=j′

Ew
[
exp

(
p(p− 1)

∫ tj+tj

0

dt

2

∫ tj′+tj′

0

dt′

2
(eε

2∆χ̃2
ℓe

ε2∆)(xj + wj(t), xj′ + wj′(t
′)
)

∣∣∣wj(tj + tj) = wj′(tj′ + tj′) = 0
])1/(2p(p−1))

.
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Since ∫ tj+tj

0

dt

2

∫ tj+tj

0

dt′

2
(eε

2∆χ̃2
ℓe

ε2∆)(xj + wj(t), xj + wj(t
′))

=

∫ (tj+tj)/2

0

dt

2

∫ (tj+tj)/2

0

dt′

2
(eε

2∆χ̃2
ℓe

ε2∆)(xj + wj(t), xj + wj(t
′))

+

∫ tj+tj

(tj+tj)/2

dt

2

∫ tj+tj

(tj+tj)/2

dt′

2
(eε

2∆χ̃2
ℓe

ε2∆)(xj + wj(t), xj + wj(t
′))

+

∫ (tj+tj)/2

0

dt

2

∫ tj+tj

(tj+tj)/2

dt′

2
(eε

2∆χ̃2
ℓe

ε2∆)(xj + wj(t), xj + wj(t
′))

+

∫ tj+tj

(tj+tj)/2

dt

2

∫ (tj+tj)/2

0

dt′

2
(eε

2∆χ̃2
ℓe

ε2∆)(xj + wj(t), xj + wj(t
′)),

we use Lemma 3.1 in Nakao [15] to have

Eξ[∥Γ(ξ,ε)
1,1 ∥2pI2

]

≤
∫
(R2)2p

( p∏
j=1

dxj c11 exp(−c12d(xj ,ΛL)
2)
)∫

[0,T ]2p

( p∏
j=1

dtjdtj

8π(tj + tj)

)

×
( p∏

j=1

2Ew
[
exp

(∫ (tj+tj)/2

0

dt

∫ (tj+tj)/2

0

dt′(eε
2∆χ̃2

ℓe
ε2∆)(xj + wj(t), xj + wj(t

′))

+ 4

∫ tj+tj

0

dtEξ[Π(∆−locξε,ℓ, ξε,ℓ)])(xj + wj(t))
)])1/4

×
( p∏

j=1

Ew
[
exp

(∫ (tj+tj)/2

0

dt

∫ tj+tj

(tj+tj)/2

dt′(eε
2∆χ̃2

ℓe
ε2∆)(xj + wj(t), xj + wj(t

′))
)

∣∣∣wj(tj + tj) = 0
])1/4

×
( ∏

j ̸=j′

Ew
[
exp

(
p(p− 1)

∫ tj+tj

0

dt

2

∫ tj′+tj′

0

dt′

2
(eε

2∆χ̃2
ℓe

ε2∆)(xj + wj(t), xj′ + wj′(t
′)
)

∣∣∣wj(tj + tj) = wj′(tj′ + tj′) = 0
])1/(2p(p−1))

.

Thus we have

lim
ε→0

Eξ[∥Γ(ξ,ε)
1,1 ∥2pI2

] ≤ c13L
2pT p

if p2T ≤ c14 for some positive constant c14 by Proposition 3.2 below. Similarly we have

lim
ε→0

Eξ[∥Γ(ξ,ε)
1,2 ∥2pI2

] ≤ c15L
2p/T p

if p2T ≤ c16. The estimate of Eξ̃[∥Γ(ξ̃,ε)
2 ∥2pI2

] is simpler than that of Eξ[∥Γ(ξ,ε)
1 ∥2pI2

].

For the extension to the case of t > 0, we use

Tr[1(−∞,−λ](H̃
ξε
ℓ + ξL − tχ̃L)] ≤ Tr[1[1,∞)(Γ

(ξ̃,ε) + tΓξε
3 )] ≤ 2∥Γ(ξ̃,ε)∥2I2

+ 2t2∥Γ(ξ,ε)
3 ∥2I2

,
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where

Γ
(ξ,ε)
3 = (

̂
H

ξε,s(ξ,λ,ℓ)
ℓ + λ)−1/2χ̃L(

̂
H

ξε,s(ξ,λ,ℓ)
ℓ + λ)−1/2.

The estimate of Eξ[∥Γ(ξ,ε)
3 ∥2pI2

] is same with that of Eξ̃[∥Γ(ξ̃,ε)
2 ∥2pI2

]. 2

In the proof of Proposition 3.1, we used also the following:

Lemma 3.1. For any s ∈ (0, 1) and β, γ1, γ2 ∈ R, there exist C, k(s, β, γ1 + γ2) ∈ (0,∞) such that

∥χa1
(Π(χa2

f, χa3
g)−Πs(χa2

f, χa3
g)∥Cβ(R2)

≤k(s, β, γ1 + γ2)∥χa2
f∥Cγ1 (R2)∥χa3

g∥Cγ2 (R2)

× exp(−C(|a1 − a2|2 + |a1 − a3|2))

for any a1, a2, a3 ∈ Z2, f ∈ Cγ1(R2) and g ∈ Cγ2(R2).

This lemma is proven as in the proof of Lemma 3.6 in [21]. The following are also modifications of

Lemma 3.2, Lemma 3.4 and Lemma 4.3 (i) in [21]:

Lemma 3.2. (i) For any α ∈ R and ϵ ∈ (0, 1), there exist Cα, Cα,ϵ ∈ (0,∞) such that

∥P s
g f∥Hα−ϵ(R2) ≤ Cα,ϵs

ϵ/2∥f∥Hα+ϵ(R2)∥g∥L∞(R2)

for any s ∈ (0, 1], f ∈ Hα(R2) and g ∈ L∞(R2), and

∥P s
g f∥Hα−ϵ(R2) ≤ Cα,ϵs

ϵ/2∥f∥Cα(R2)∥g∥L2(R2)

for any f ∈ Cα(R2) and g ∈ L2(R2).

(ii) For any α ∈ (−∞, 0), β ∈ R and ϵ ∈ (0, 1), there exists Cα,β,ϵ ∈ (0,∞) such that

∥P s
f g∥Hα+β−ϵ(R2) ≤ Cα,β,ϵs

ϵ/2∥f∥Cα(R2)∥g∥Hβ(R2)

for any s ∈ (0, 1], f ∈ Cα(R2) and g ∈ Hβ(R2), and

∥P s
f g∥Hα+β−ϵ(R2) ≤ Cα,β,ϵs

ϵ/2∥f∥Hα(R2)∥g∥Cβ(R2)

for any f ∈ Hα(R2) and g ∈ Cβ(R2).

(iii) For any α, β ∈ R such that α+ β > 0, and any ϵ ∈ (0, 1) there exists Cα,β,ϵ ∈ (0,∞) such that

∥Πs(f, g)∥Hα+β−ϵ(R2) ≤ Cα,β,ϵs
ϵ/2∥f∥Hα(R2)∥g∥Cβ(R2)

for any s ∈ (0, 1], f ∈ Hα(R2) and g ∈ Cβ(R2).
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(iv) For any α ∈ (−∞, 0), β ∈ R and ϵ ∈ (0, 1), there exists Cα,β,ϵ ∈ (0,∞) such that

∥hP s
f g∥Hα+β−ϵ(R2) ≤ Cα,β,ϵs

ϵ/2∥f∥Cα(R2)∥g∥Cβ(R2)∥h∥L2(R2)

for any s ∈ (0, 1], f ∈ Cα(R2), g ∈ Cβ(R2) and h ∈ L2(R2).

Lemma 3.3. (i) For any ϵ, α ∈ (0, 1), β ∈ R, γ ∈ (−∞, 0) such that β + γ < 0 and α+ β + γ > 0, there

exist Cϵ,α,β,γ ∈ (0,∞) such that

∥Cs(f, g, h)∥Hα+β+γ−ϵ(R2)

≤Cϵ,α,β,γs
ϵ/2∥f∥Hα(R2)∥g∥Cβ−2(R2)∥h∥Cγ(R2),

for any s ∈ (0, 1], f ∈ Hα(R2), g ∈ Cβ−2(R2) and h ∈ Cγ(R2).

(ii) For any ϵ, α ∈ (0, 1), β ∈ R, γ ∈ (−∞, 0) such that β + γ < 0 and α + β + γ > 0, there exist

Cϵ,α,β,γ ∈ (0,∞) such that

∥Ss(f, g, h)∥Hα+β+γ−ϵ(R2)

≤Cϵ,α,β,γs
ϵ/2∥f∥Hα(R2)∥g∥Cβ−2(R2)∥h∥Cγ(R2),

for any s ∈ (0, 1], f ∈ Hα(R2), g ∈ Cβ−2(R2) and h ∈ Cγ(R2).

Lemma 3.4. For any ϵ ∈ (0, 1) and almost all ξ, there exist Cϵ,ξ, C
′
ϵ,ξ, Cϵ, C

′
ϵ ∈ (0,∞) such that

∥χaY
s
ξ,ℓ∥C−ϵ(R2) ≤Cϵ,ξs

ϵ/4 log(2 + |a|) exp(−Cϵd(Λ2(a),Λℓ+2)
2/s)

≤C ′
ϵ,ξs

ϵ/4 log(2 + ℓ) exp(−Cϵd(Λ2(a),Λℓ+2)
2/s)

for any s ∈ (0, 1], a ∈ Z2 and ℓ ∈ N.

Lemma 3.5. (i) For any ϵ ∈ (0, 1) and γ ∈ (2, 3), there exist c1 ∈ (0,∞) and r0 ∈ [1,∞) satisfying the

following: for any r ≥ r0, there exists c2 ∈ (0,∞) such that∫∫
0≤s1≤s2≤1

E[∥χa(Y
s2
ξ,ℓ − Y s1

ξ,ℓ)∥rC−ϵ(R2)]

|s2 − s1|γ
≤ c2 exp(−c1rd(a,Λℓ))

for any a ∈ Z2 and ℓ ∈ N.

(ii) In the situation of (i), we have

E
[

sup
0≤s1≤s2≤1

∥χa(Y
s2
ξ,ℓ − Y s1

ξ,ℓ)∥
r
C−ϵ(R2)

]
≤ 8

( 8γ

γ − 2

)r

c2 exp(−c1rd(a,Λℓ))

In particular, we have

E
[

sup
0≤s≤1

∥χaY
s
ξ,ℓ∥rC−ϵ(R2)

]
≤ 8

( 8γ

γ − 2

)r

c2 exp(−c1rd(a,Λℓ)).
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Proof (i) Let {Qt}t∈[0,1] ∈ StGC(0,2b]. As in the proof of Theorem 2.1 in [14], Lemma 3.3 and Lemma

4.3 (i) in [21], we have

E[|(Qtχa(Y
s2
ξ,ℓ − Y s1

ξ,ℓ))(x)|
2]

≤c1
∫ s2

s1

ds

s

∫ s2

s1

ds

s

∫ 1

0

dv

∫ 1

0

dv(t+ s+ v + s+ v)−1(s+ s)−1

×
( s

s+ v

s

s+ v

)b/4

exp(−c2(|x− a|2 + d(a,Λℓ)
2))

We estimate the right hand side as∫ s2

s1

ds

s

∫ s2

s1

ds

s

∫ 1

0

dv

∫ 1

0

dv(t+ s+ v + s+ v)−1(s+ s)−1

×
( s

s+ v

s

s+ v

)b/4

≤c3
(∫ s2

s1

ds

∫ 1

0

dv(t+ s+ v)−1/2(s+ v)−3/2
)2

≤c4
(∫ s2

s1

ds

∫ 1

0

dv(t+
√
s2 + v2)−1/2(s2 + v2)−3/4

)2

.

By introducing the polar coordinate, we have∫ s2

s1

ds

∫ 1

0

dv(t+
√
s2 + v2)−1/2(s2 + v2)−3/4

=

∫ tan−1(1/s2)

0

dθ

∫ s2/ cos θ

s1/ cos θ

dR√
(t+R)R

+

∫ tan−1(1/s1)

tan−1(1/s2)

dθ

∫ √
1+cos2 θ

s1/ cos θ

dR√
(t+R)R

.

By t+R ≥ t, R, we have two estimates:∫ s2

s1

ds

∫ 1

0

dv(t+
√
s2 + v2)−1/2(s2 + v2)−3/4

≤


c5(

√
s2 −

√
s1)/

√
t,

c6 log(s2/(s1(1− s2))).

By these, we have∫ 1

0

ds1

∫ 1

0

ds2
E[∥tε/2(Qtχa(Y

s2
ξ,ℓ − Y s1

ξ,ℓ))(x)∥rLr(R2×[0,1],dxdt/t)]

|s2 − s1|γ
exp(c2rd(a,Λℓ))

≤c7
∫∫

0≤s1≤s2≤1

ds1ds2
(
√
s2 −

√
s1)2γ

∫ 1

0

dt

t
tεr/2

(√s2 −√
s1√

t

)2γ(
log

s2
s1(1− s2)

)r−2γ

.

This is finite if r > 2γ/ε. The rest of the proof is same with that of Theorem 2.1 in [14], Lemma 3.3 and

Lemma 4.3 (i) in [21].

(ii) is proven by Theorem 2.1.3 in [20].

23



2

We refer Chapter 2 in [4] to prove the following:

Proposition 3.2. (i) For any ε ∈ (0, 1), ℓ ≥ 1, t1, t2 ≥ 0 and x1, x2 ∈ R2, we set

αε(t1, x1, t2, x2, ℓ) :=

∫ t1

0

ds1

∫ t2

0

ds2(e
ε2∆χ̃2

ℓe
ε2∆)(x1 + w1(s1), x2 + w2(s2)),

where w1 and w2 are 2 independent 2-dimensional Brownian motions starting at 0 and χ̃ℓ :=
∑

a∈Z2∩Λℓ
χ2
a.

Then we have

sup
ε∈(0,1),x1,x2∈R2,ℓ≥1

E[exp(λαε(t1, x1, t2, x2, ℓ))|w1(t1) = w2(t2) = 0] <∞

for any λ, t1, t2 ≥ 0 such that λ
√
t1t2 ≤ 1.

(ii) For any ε ∈ (0, 1), ℓ ≥ 1, t1, t2 ≥ 0 and x ∈ R2, we set

βε(t1, t2, x, ℓ) :=

∫ t1

0

ds1

∫ t2

0

ds2(e
ε2∆χ̃2

ℓe
ε2∆)(x+ w(s1), x+ w(t1 + s2)),

where w is a 2-dimensional Brownian motion starting at 0. Then we have

sup
ε∈(0,1),x∈R2,ℓ≥1

E[exp(λβε(t1, t2, x, ℓ))|w(t1 + t2) = 0] <∞

for any λ, t1, t2 ≥ 0 such that λ
√
t1t2 ≤ 1.

(iii) For any ε ∈ (0, 1), ℓ > 1, t ≥ 0 and x ∈ R2, we set

χε(t, x, ℓ) :=

∫ t

0

ds1

∫ t

0

ds2(e
ε2∆χ̃2

ℓe
ε2∆)(x+ w(s1), x+ w(s2))

+ 4

∫ t

0

dsEξ[Π(∆−locξε,ℓ, ξε,ℓ)](x+ w(s)).

Then there exists a finite positive constant c such that

sup
ε∈(0,1),x∈R2,ℓ≥1

E[exp(λχε(t, x, ℓ))] <∞

for any λ, t ≥ 0 such that λt ≤ c.

Proof
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(i) For any m ∈ N, we have

E[αε(t1, x1, t2, x2, ℓ)
m|w1(t1) = w2(t2) = 0]

=m!
∑

σ∈Sm

∫
ds1,1 . . . ds1,m

0≤s1,1≤···≤s1,m≤t1

∫
ds2,1 . . . ds2,m

0≤s2,σ(1)≤···≤s2,σ(m)≤t2

∫
(R2)m

dy1 . . . dymχ̃
2
ℓ(y1) · · · χ̃2

ℓ(ym)

×
∫
(R2)m

dz1,1 . . . dz1,me
ε2∆(z1,1 − y1) · · · eε

2∆(z1,m − ym)es1,1∆/2(x1 − z1,1)

× e(s1,2−s1,1)∆/2(z1,1 − z1,2) · · · e(s1,m−s1,m−1)∆/2(z1,m−1 − z1,m)e(t1−s1,m)∆/2(z1,m − x1)2πt1

×
∫
(R2)m

dz2,1 . . . dz2,me
ε2∆(z2,1 − y1) · · · eε

2∆(z2,m − ym)es2,σ(1)∆/2(x1 − z2,σ(1))

× e(s2,σ(2)−s2,σ(1))∆/2(z2,σ(1) − z2,σ(2)) · · · e(s2,σ(m)−s2,σ(m−1))∆/2(z2,σ(m−1) − z2,σ(m))

× e(t2−s2,σ(m))∆/2(z2,σ(m) − x2)2πt2,

where

et∆(x) =
1

4πt
exp

(−|x|2

4t

)
for any t > 0 and x ∈ R2. This is less than or equal to

m!
∑

σ∈Sm

∫
ds1,1 . . . ds1,m

0≤s1,1≤···≤s1,m≤t1

∫
ds2,1 . . . ds2,m

0≤s2,σ(1)≤···≤s2,σ(m)≤t2

×
{∫

(R2)m
dy1 . . . dymχ̃

2
ℓ(y1) · · · χ̃2

ℓ(ym)

×
(∫

(R2)m
dz1,1 . . . dz1,me

ε2∆(z1,1 − y1) · · · eε
2∆(z1,m − ym)es1,1∆/2(x1 − z1,1)

× e(s1,2−s1,1)∆/2(z1,1 − z1,2) · · · e(s1,m−s1,m−1)∆/2(z1,m−1 − z1,m)e(t1−s1,m)∆/2(z1,m − x1)2πt1

)2}1/2

×
{∫

(R2)m
dy1 . . . dymχ̃

2
ℓ(y1) · · · χ̃2

ℓ(ym)

×
(∫

(R2)m
dz2,1 . . . dz2,me

ε2∆(z2,1 − y1) · · · eε
2∆(z2,m − ym)es2,σ(1)∆/2(x1 − z2,σ(1))

× e(s2,σ(2)−s2,σ(1))∆/2(z2,σ(1) − z2,σ(2)) · · · e(s2,σ(m)−s2,σ(m−1))∆/2(z2,σ(m−1) − z2,σ(m))

× e(t2−s2,σ(m))∆/2(z2,σ(m) − x2)2πt2

)2}1/2

.
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One part of this is estimated as∫
(R2)m

dy1 . . . dymχ̃
2
ℓ(y1) · · · χ̃2

ℓ(ym)

×
(∫

(R2)m
dz1,1 . . . dz1,me

ε2∆(z1,1 − y1) · · · eε
2∆(z1,m − ym)es1,1∆/2(x1 − z1,1)

× e(s1,2−s1,1)∆/2(z1,1 − z1,2) · · · e(s1,m−s1,m−1)∆/2(z1,m−1 − z1,m)e(t1−s1,m)∆/2(z1,m − x1)2πt1

)2

=

∫
(R2)m

dz1,1 . . . dz1,me
ε2∆(z1,1) · · · eε

2∆(z1,m)

∫
(R2)m

dz1,1 . . . dz1,me
ε2∆(z1,1) · · · eε

2∆(z1,m)

×
∫
(R2)m

dy1 . . . dymχ̃
2
ℓ(y1) · · · χ̃2

ℓ(ym)es1,1∆/2(x1 − z1,1 − y1)e
(s1,2−s1,1)∆/2(z1,1 + y1 − z1,2 − y2)

· · · × e(s1,m−s1,m−1)∆/2(z1,m−1 + ym−1 − z1,m − ym)e(t1−s1,m)∆/2(z1,m + ym − x1)2πt1

× es1,1∆/2(x1 − z1,1 − y1)e
(s1,2−s1,1)∆/2(z1,1 + y1 − z1,2 − y2)

· · · × e(s1,m−s1,m−1)∆/2(z1,m−1 + ym−1 − z1,m − ym)e(t1−s1,m)∆/2(z1,m + ym − x1)2πt1

≤
∫
(R2)m

dz1,1 . . . dz1,me
ε2∆(z1,1) · · · eε

2∆(z1,m)

∫
(R2)m

dz1,1 . . . dz1,me
ε2∆(z1,1) · · · eε

2∆(z1,m)

×
(∫

(R2)m
dy1 . . . dymχ̃

4
ℓ(y1) · · · χ̃4

ℓ(ym)es1,1∆/2(x1 − z1,1 − y1)
2e(s1,2−s1,1)∆/2(z1,1 + y1 − z1,2 − y2)

2

· · · × e(s1,m−s1,m−1)∆/2(z1,m−1 + ym−1 − z1,m − ym)2e(t1−s1,m)∆/2(z1,m + ym − x1)
2(2πt1)

2
)1/2

×
(∫

(R2)m
dy1 . . . dymχ̃

4
ℓ(y1) · · · χ̃4

ℓ(ym)

× es1,1∆/2(x1 − z1,1 − y1)
2e(s1,2−s1,1)∆/2(z1,1 + y1 − z1,2 − y2)

2

· · · × e(s1,m−s1,m−1)∆/2(z1,m−1 + ym−1 − z1,m − ym)2e(t1−s1,m)∆/2(z1,m + ym − x1)
2(2πt1)

2
)1/2

.

One part of this is estimated as∫
(R2)m

dy1 . . . dymχ̃
4
ℓ(y1) · · · χ̃4

ℓ(ym)es1,1∆/2(x1 − z1,1 − y1)
2e(s1,2−s1,1)∆/2(z1,1 + y1 − z1,2 − y2)

2

· · · × e(s1,m−s1,m−1)∆/2(z1,m−1 + ym−1 − z1,m − ym)2e(t1−s1,m)∆/2(z1,m + ym − x1)
2(2πt1)

2

≤
∫
(R2)m

dy1 . . . dym
es1,1∆(x1 − z1,1 − y1)

πs1,1

e(s1,2−s1,1)∆(z1,1 + y1 − z1,2 − y2)

π(s1,2 − s1,1)

· · · × e(s1,m−s1,m−1)∆(z1,m−1 + ym−1 − z1,m − ym)

π(s1,m − s1,m−1)

e(t1−s1,m)∆(z1,m + ym − x1)

π(t1 − s1,m)
(2πt1)

2

=t1π
1−m{s1,1(s1,2 − s1,1) · · · (s1,m − s1,m−1)(t1 − s1,m)}−1.
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Thus we obtain

E[αε(t1, x1, t2, x2, ℓ)
m|w1(t1) = w2(t2) = 0]

≤(m!)2
√
t1t2

πm−1

∫
ds1,1 . . . ds1,m

0≤s1,1≤···≤s1,m≤t1

{s1,1(s1,2 − s1,1) · · · (s1,m − s1,m−1)(t1 − s1,m)}−1/2

×
∫
ds2,1 . . . ds2,m

0≤s2,1≤···≤s2,m≤t2

{s2,1(s2,2 − s2,1) · · · (s2,m − s2,m−1)(t2 − s2,m)}−1/2

=(m!)2
(t1t2)

m/2

πm−1

{
B
(1
2
,
1

2

)
B
(2
2
,
1

2

)
· · ·B

(m
2
,
1

2

)}2

=
(m!)2π2(t1t2)

m/2

Γ
(m+ 1

2

) ,

from which we obtain the result.

(ii) For any m ∈ N, we have

E[βε(t1, t2, x, ℓ)m|w(t1 + t2) = 0]

=m!
∑

σ∈Sm

∫
ds1,1 . . . ds1,m

0≤s1,1≤···≤s1,m≤t1

∫
ds2,1 . . . ds2,m

0≤s2,σ(1)≤···≤s2,σ(m)≤t2

∫
(R2)m

dy1 . . . dymχ̃
2
ℓ(y1) · · · χ̃2

ℓ(ym)

∫
R2

dx′

×
∫
(R2)m

dz1,1 . . . dz1,me
ε2∆(z1,1 − y1) · · · eε

2∆(z1,m − ym)es1,1∆/2(x− z1,1)

× e(s1,2−s1,1)∆/2(z1,1 − z1,2) · · · e(s1,m−s1,m−1)∆/2(z1,m−1 − z1,m)e(t1−s1,m)∆/2(z1,m − x′)

×
∫
(R2)m

dz2,1 . . . dz2,me
ε2∆(z2,1 − y1) · · · eε

2∆(z2,m − ym)es2,σ(1)∆/2(x′ − z2,σ(1))

× e(s2,σ(2)−s2,σ(1))∆/2(z2,σ(1) − z2,σ(2)) · · · e(s2,σ(m)−s2,σ(m−1))∆/2(z2,σ(m−1) − z2,σ(m))

× e(t2−s2,σ(m))∆/2(z2,σ(m) − x)2π(t1 + t2).

The rest of the proof is same with that of (i).

(iii) By ∫∫
0≤s1≤s2≤t

ds1ds2(e
ε2∆χ̃2

ℓe
ε2∆)(x+ w(s1), x+ w(s2))

=

∞∑
k=0

2k−1∑
h=0

∫ t/2

0

ds1
2k

∫ t

t/2

ds2
2k

(eε
2∆χ̃2

ℓe
ε2∆)

(
x+ w

( th+ s1
2k

)
, x+ w

( th+ s2
2k

))

=

∞∑
k=0

2k−1∑
h=0

∫ t/2

0

ds1
2k

∫ t

t/2

ds2
2k

∫
dyeε

2∆(y)χ̃2
ℓ

(
x+ w

( th+ s1
2k

)
+ y

)
× eε

2∆
(
y + w

( th+ s1
2k

)
− w

( th+ s2
2k

))
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and

∞∑
k=0

2k−1∑
h=0

∫ t/2

0

ds1
2k

∫ t

t/2

ds2
2k

∫
dyeε

2∆(y)χ̃2
ℓ

(
x+ w

( th+ s1
2k

)
+ y

)
× Ew

[
eε

2∆
(
y + w

( th+ s1
2k

)
− w

( th+ s2
2k

))]
=2

∫ t

0

ds

∫ (t−s)/2

0

dr(e(r+ε2)∆χ̃2
Le

ε2∆)(x+ w(s), x+ w(s)),

we rewrite as χε(t, x, ℓ) = 2χ0
ε(t, x, ℓ) + 4χ1

ε(t, x, ℓ) + 4χ2
ε(t, x, ℓ), where

χ0
ε(t, x, ℓ) :=

∞∑
k=0

2k−1∑
h=0

∫ t/2

0

ds1
2k

∫ t

t/2

ds2
2k

∫
dyeε

2∆(y)χ̃2
ℓ

(
x+ w

( th+ s1
2k

)
+ y

)
×
{
eε

2∆
(
y + w

( th+ s1
2k

)
− w

( th+ s2
2k

))
− Ew

[
eε

2∆
(
y + w

( th+ s1
2k

)
− w

( th+ s2
2k

))]}
,

χ1
ε(t, x, ℓ) :=

∫ t

0

ds
(∫ (t−s)/2

0

dr −
∫ 1

0

dr
)∫

dyeε
2∆(y)χ̃2

ℓ(x+ w(s) + y)e(r+ε2)∆(y)

and

χ2
ε(t, x, ℓ) :=

∫ t

0

dsEξ[Π(∆−locξε,ℓ, ξε,ℓ)− (∆−locξε,ℓ)ξε,ℓ](x+ w(s)).

Since

sup
x∈R2,ε∈(0,1],ℓ≥1

|Eξ[(Π(∆−locξε,ℓ, ξε,ℓ))(x)]− Eξ[((∆−locξε,ℓ)ξε,ℓ)(x)]|

≤ sup
x∈R2,ε∈(0,1],ℓ≥1

|Eξ[(P∆−locξε,ℓξε,ℓ))(x)]|+ sup
x∈R2,ε∈(0,1],ℓ≥1

|Eξ[(Pξε,ℓ∆
−locξε,ℓ))(x)]|

+ sup
x∈R2,ε∈(0,1],ℓ≥1

Eξ[(P
(b)
1 ((P

(b)
1 ∆−locξε,ℓ)(P

(b)
1 ξε,ℓ)))(x)]|

<∞,

we have

sup
x∈R2,ε∈(0,1],ℓ≥1

|χ2
ε(t, x, ℓ)| <∞.

It is also easy to see

sup
x∈R2,ε∈(0,1],ℓ≥1

|χ1
ε(t, x, ℓ)| <∞.

For any 0 ≤ k ∈ Z and h ∈ {0, 1, . . . , 2k − 1}, the moments of

χk,h
ε (t, x, ℓ) :=

∫ t/2

0

ds1
2k

∫ t

t/2

ds2
2k

∫
dyeε

2∆(y)χ̃2
ℓ

(
x+ w

( th+ s1
2k

)
+ y

)
× eε

2∆
(
y + w

( th+ s1
2k

)
− w

( th+ s2
2k

))
are estimated by the same method for (i) as

Ew[χk,h
ε (t, x, ℓ)m] ≤ (m!)2

( t

2k+1

)m
√
π

Γ
(m+ 1

2

)
Γ
(m+ 2

2

) .
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Thus Ew[exp(λ2kχk,h
ε (t, x, ℓ))] is an analytic function of λ < 1/t. By using the Taylor expansion as in

the proof of Theorem 2.4.2 in [4], there exists a positive finite constant c1 such that

Ew[exp(λ2kχ̃k,h
ε (t, x, ℓ))] ≤ exp(c1λ

2)

for λ ≤ 1/(2t), where

χ̃k,h
ε (t, x, ℓ) :=

∫ t/2

0

ds1
2k

∫ t

t/2

ds2
2k

∫
dyeε

2∆(y)χ̃2
ℓ

(
x+ w

( th+ s1
2k

)
+ y

)
×
{
eε

2∆
(
y + w

( th+ s1
2k

)
− w

( th+ s2
2k

))
− Ew

[
eε

2∆
(
y + w

( th+ s1
2k

)
− w

( th+ s2
2k

))]}
.

By using the Hölder inequality as in the proof of Theorem 2.4.2 in [4], we have

Ew
[
exp

(
λ

N∑
k=0

2k−1∑
h=0

χ̃k,h
ε (t, x, ℓ)

)]

≤
( 2N−1∏

h=0

Ew[exp(λ2αN χ̃N,h
ε (t, x, ℓ))]2

−αN
)

×
( 2N−1−1∏

h=0

Ew
[
exp

( λ2α(N−1)

1− 2−αN
χ̃N−1,h
ε (t, x, ℓ)

)]2−α(N−1)(1−2−αN ))

×
( 2N−2−1∏

h=0

Ew
[
exp

( λ2α(N−2)

(1− 2−αN )(1− 2−α(N−1))

× χ̃N−2,h
ε (t, x, ℓ)

)]2−α(N−2)(1−2−α(N−1))(1−2−αN ))
· · ·

×
( 2−1∏

h=0

Ew
[
exp

( λ2α

(1− 2−αN )(1− 2−α(N−1)) · · · (1− 2−α2)

× χ̃1,h
ε (t, x, ℓ)

)]2−α(1−2−α2)(1−2−α3)···(1−2−αN ))
× Ew

[
exp

( λ

(1− 2−αN )(1− 2−α(N−1)) · · · (1− 2−α2)

× χ̃1,h
ε (t, x, ℓ)

)](1−2−α)(1−2−α2)(1−2−α3)···(1−2−αN )

for any α > 0 and N ∈ N. Since

lim inf
N→∞

(1− 2−αN )(1− 2−α(N−1)) · · · (1− 2−α) ≥ exp
( −1

2α(1− 2−α)2

)
,
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we have

Ew
[
exp

(
λ

N∑
k=0

2k−1∑
h=0

χ̃k,h
ε (t, x, ℓ)

)]
≤ exp

{
c1λ

2
(
2−(1−α)N + 2−(1−α)(N−1)(1− 2−αN )−1

+ 2−(1−α)(N−2)(1− 2−αN )−1(1− 2−α(N−1))−1

+ · · ·+ 2−(1−α)(1− 2−αN )−1(1− 2−α(N−1))−1 · · · (1− 2−α2)−1

+ (1− 2−αN )−1(1− 2−α(N−1))−1 · · · (1− 2−α)−1
)}

≤ exp
{
c1λ

2
N∑
j=0

2−(1−α)j
/
lim inf
N→∞

(1− 2−αN )(1− 2−α(N−1)) · · · (1− 2−α)
}
.

for any α > 0 and N ∈ N if λ ≤ exp(−2−α(1− 2−α)−2)/(2t). By taking α < 1, we have

Ew
[
exp

(
λχ0

ε(t, x, ℓ)
)]

≤ exp
{
c1

λ2

1− 2−(1−α)
exp(2−α(1− 2−α)−2)

}
.

if λ ≤ exp(−2−α(1− 2−α)−2)/(2t). 2

Remark 3.1. (i) As in Theorem 2.2.3 in [4] treating the intersection local time, we can show the existence

of a functional α(t1, x1, t2, x2, ℓ) of (w1, w2) such that αε(t1, x1, t2, x2, ℓ) converges to α(t1, x1, t2, x2, ℓ)

in Lp(P(·|w1(t1) = w2(t2) = 0)) as ε → 0, for any p ∈ [1,∞), where P(·|w1(t1) = w2(t2) = 0) is the

conditional probability of the Brownian motion. Formally α(t1, x1, t2, x2, ℓ) is regarded as a restriction

of the intersection local time to the square Λℓ:

α(t1, x1, t2, x2, ℓ) =

∫ t1

0

ds1

∫ t2

0

ds2χ̃
2
ℓ(x1 + w1(s1))δ(x1 + w1(s1)− x2 − w2(s2)).

The convergence also holds in Lp(P) for any p ∈ [1,∞).

(ii) Simirarly there exists of a functional β(t1, t2, x, ℓ) of w such that βε(t1, t2, x, ℓ) converges to

β(t1, t2, x, ℓ) in L
p(P(·|w(t1 + t2) = 0)) as ε→ 0, for any p ∈ [1,∞). Formally this is regarded as

β(t1, t2, x, ℓ) =

∫ t1

0

ds1

∫ t2

0

ds2χ̃
2
ℓ(x+ w(s1))δ(w(s1)− w(t1 + s2)).

The convergence also holds in Lp(P) for any p ∈ [1,∞).

(iii) Simirarly there exists a functional χ0(t, x, ℓ) of w such that χ0
ε(t, x, ℓ) converges to χ0(t, x, ℓ) in

Lp(P) as ε→ 0, for any p ∈ [1,∞). Since χ0
ε(t, x, ℓ) is written as∫∫

0≤s1≤s2≤t

ds1ds2

∫
dyeε

2∆(y)χ̃2
ℓ(x+ w(s1) + y)

× {eε
2∆(y + w(s1)− w(s2))− Ew[eε

2∆(y + w(s1)− w(s2))]},
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χ0(t, x, ℓ) is formally regarded as a restriction of the renormalized intersection local time to the square

Λℓ: ∫∫
0≤s1≤s2≤t

ds1ds2χ̃
2
ℓ(x+ w(s1)){δ(w(s1)− w(s2))− Ew[δ(w(s1)− w(s2))]}.

The convergence also holds in Lp(P(·|w(t) = 0)) for any p ∈ [1,∞), since

χ0
ε(t, x, ℓ)

=χ0
ε

( t
2
, x, ℓ

)
+ χ0

ε

( t
2
, x, ℓ; ŵ

)
− χ0

ε

( t
2
, x, ℓ; ŵ

)
+ βε

( t
2
,
t

2
, x, ℓ

)
− χ0

ε

( t
2
,
t

2
, x, ℓ

)
,

where χ0
ε(·, ·, ·; ŵ) is the function defined by replacing the path w by the path ŵ defined by ŵ(s) := w(t−s)

for s ∈ [0, t] in the definition of the function χ0
ε(·, ·, ·),

χ0
ε

( t
2
, x, ℓ; ŵ

)
=

∫∫
0≤s1≤s2≤t/2

ds1ds2

∫
dyeε

2∆(y)e(ε
2+(s2−s1)/2)∆(y)(χ̃2

ℓ(x+ ŵ(s1) + y)− χ̃2
L(x+ ŵ(s2) + y)),

and

χ0
ε

( t
2
,
t

2
, x, ℓ

)
=

∫ t/2

0

ds1

∫ t

t/2

ds2

∫
dyeε

2∆(y)e(ε
2+(s2−s1)/2)∆(y)(χ̃2

ℓ(x+ ŵ(s1) + y).

By Lemma 3.1 in Nakao [15], χ0
ε(t/2, x, ℓ) and χ

0
ε(t/2, x, ℓ; ŵ) converges to χ

0(t/2, x, ℓ) and χ0(t/2, x, ℓ; ŵ)

in Lp(P(·|w(t) = 0)), respecively, for any p ∈ [1,∞), By Ito formula,

χ0
ε

( t
2
, x, ℓ

)
= −χ0,1

ε

( t
2
, x, ℓ

)
− 1

2
χ0,2
ε

( t
2
, x, ℓ

)
,

where

χ0,1
ε

( t
2
, x, ℓ

)
=

∫∫
0≤s1≤s2≤t/2

ds1ds2

∫
dyeε

2∆(y)e(ε
2+(s2−s1)/2)∆(y)

∫ s2

s1

(∇χ̃2
ℓ)(x+ w(s) + y) · dw(s),

and

χ0,2
ε

( t
2
, x, ℓ

)
=

∫∫
0≤s1≤s2≤t/2

ds1ds2

∫
dyeε

2∆(y)e(ε
2+(s2−s1)/2)∆(y)

∫ s2

s1

(∆χ̃2
ℓ)(x+ w(s) + y)ds.
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By Lemma 3.1 in Nakao [15] and the moment inequalities for martingales, Theorem III-3.1 in [11], we

have

Ew
[∣∣∣χ0,1

ε

( t
2
, x, ℓ

)
− χ0,1

( t
2
, x, ℓ

)∣∣∣p∣∣∣w(t) = 0
]1/p

≤
( 1

πt
Ew

[∣∣∣χ0,1
ε

( t
2
, x, ℓ

)
− χ0,1

( t
2
, x, ℓ

)∣∣∣p])1/p

≤
∫∫

0≤s1≤s2≤t/2

ds1ds2

( 1

πt
Ew

[∣∣∣ ∫ s2

s1

(∫
dyeε

2∆(y)e(ε
2+(s2−s1)/2)∆(y)(∇χ̃2

ℓ)(x+ w(s) + y)

− e(s2−s1)∆/2(0)(∇χ̃2
ℓ)(x+ w(s))

)
· dw(s)

∣∣∣p])1/p

≤cp
∫∫

0≤s1≤s2≤t/2

ds1ds2

( 1

πt
Ew

[∣∣∣( ∫ s2

s1

∣∣∣ ∫ dyeε
2∆(y)e(ε

2+(s2−s1)/2)∆(y)(∇χ̃2
ℓ)(x+ w(s) + y)

− e(s2−s1)∆/2(0)(∇χ̃2
ℓ)(x+ w(s))

∣∣∣2ds)p/2])1/p

,

where

χ0,1
( t
2
, x, ℓ

)
=

∫∫
0≤s1≤s2≤t/2

ds1ds2e
(s2−s1)∆/2(0)

∫ s2

s1

(∇χ̃2
ℓ)(x+ w(s)) · dw(s).

The right hand side of the above inequality converges to 0 as ε→ 0 by the Lebesgue convergence theorem.

χ0,2
ε (t/2, x, ℓ) and χ0

ε(t/2, t/2, x, ℓ) converge to

χ0,2
( t
2
, x, ℓ

)
=

∫∫
0≤s1≤s2≤t/2

ds1ds2e
(s2−s1)∆/2(0)

∫ s2

s1

(∆χ̃2
ℓ)(x+ w(s))ds

and

χ0
( t
2
,
t

2
, x, ℓ

)
=

∫ t/2

0

ds1

∫ t

t/2

ds2e
(s2−s1)∆/2(0)χ̃2

ℓ(x+ ŵ(s1)),

respectively, uniformly in w.

Since

lim
ε→0

Eξ[(P∆−locξε,ℓξε,ℓ)(x)] =
∑
ν

∫ 1

0

dt

t

∫
R2

dx1Q
1,ν
t (x, x1)(P

ν
t ∆

−locχ̃2
ℓQ

2,ν
t )(x1, x1),

lim
ε→0

Eξ[(Pξε,ℓ∆
−locξε,ℓ))(x)] =

∑
ν

∫ 1

0

dt

t

∫
R2

dx1Q
1,ν
t (x, x1)(P

ν
t χ̃

2
ℓ∆

−locQ2,ν
t )(x1, x1)

and

lim
ε→0

Eξ[(P
(b)
1 ((P

(b)
1 ∆−locξε,ℓ)(P

(b)
1 ξε,ℓ)))(x)] =

∫
R2

dx1P
(b)
1 (x, x1)(P

(b)
1 ∆−locP

(b)
1 )(x1, x1),

exist and are dominated by exp(−c1d(x,Λℓ)
2) with some positive constant c1,

lim
ε→0

χ2
ε(t, x, ℓ)

exists and are bounded in w. It is also easy to see the existence and the boundedness of

lim
ε→0

χ1
ε(t, x, ℓ). =

∫ t

0

ds
(∫ (t−s)/2

0

dr −
∫ 1

0

dr
)
(er∆χ̃2

ℓ)(x+ w(s)).
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Therefore Proposition 3.2 (iii) holds in the pinned case:

sup
ε∈(0,1),x∈R2,ℓ≥1

E[exp(λχε(t, x, ℓ))|w(t) = 0] <∞

for any λ, t ≥ 0 such that λt ≤ c2 with some positive constant c2. Therefore we can give another proof

of Proposition 3.1 by proving and applying this estimate.

4. A Wegner type estimate

As in the last section, we consider the operator H̃ ξ̃
L = H̃ξ

ℓ + ξL, where ℓ = L − 2. In this section we

will show the following Wegner type estimate:

Proposition 4.1. There exist finite positive constants c0, c1, c2, c3 such that

E[Tr[1[E−η,E+η](H̃
ξ̃
L)]] ≤ c1ηL

c2

for any E ≤ −c3, 0 < η ≤ 1 ∧ (−E/2) and L ∈ 2N.

Proof

Let φ0 be a normalized eigenfunction of H̃ ξ̃
L with a negative eigenvalue λ0. Then by the IMS localiza-

tion, we have

λ0 = (φ0, H̃
ξ̃
Lφ0)L2(R2)

=(χoutφ0, H̃
ξ̃
Lχoutφ0)L2(R2) + (χinφ0, H̃

ξ̃
Lχinφ0)L2(R2)

− (φ0, (|∇χout|2 + |∇χin|2)φ0)L2(R2),

where χout and χin are [0, 1]-valued smooh functions on R2 so that χout = 1 and χin = 0 on R2 \ΛL−1/2,

χout = 0 and χin = 1 on ΛL−1 and χ2
out + χ2

in ≡ 1. By Lemma 4.4 below, we have

(χoutφ0, H̃
ξ̃
Lχoutφ0)L2(R2) − (φ0, (|∇χout|2 + |∇χin|2)φ0)L2(R2) ≥ −c1.

By Lemma 4.9 in [21], we have

(χinφ0, H̃
ξ̃
Lχinφ0)L2(R2)

≥− c2∥χinφ0∥2L2(R2)(1 + ∥ξℓ∥C−1−ϵ(R2) + ∥ξℓ∥2C−1−ϵ(R2) + ∥Yξ,ℓ∥C−ϵ(R2))
c3 .

As in Propositon A.1 in [1], we replace the norms by those defined by integrations:

(χinφ0, H̃
ξ̃
Lχinφ0)L2(R2)

≥− c4∥χinφ0∥2L2(R2)(1 + |||ξℓ|||B−1−ϵ/2

2/ϵ,2/ϵ
(R2)

+ |||ξℓ|||2B−1−ϵ/2

2/ϵ,2/ϵ
(R2)

+ |||Yξ,ℓ|||B−ϵ/2

2/ϵ,2/ϵ
(R2)

)c3 ,
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where we use the following Besov norm defined by the summation:

|||f |||Bα
p,q(R2)

:=∥e∆f∥Lp(R2:dx)

+
∑

Q∈StGC(|α|,2b]

∥t−α/2∥Qtf∥Lp(R2:dx)∥Lq([0,1]:t−1dt).

Thus we have

∥χinφ0∥2L2(R2) ≥ (−λ0 − c1)/B(ξ),

where

B(ξ) := c4(1 + |||ξℓ|||B−1−ϵ/2

2/ϵ,2/ϵ
(R2)

+ |||ξℓ|||2B−1−ϵ/2

2/ϵ,2/ϵ
(R2)

+ |||Yξ,ℓ|||B−ϵ/2

2/ϵ,2/ϵ
(R2)

)c3 .

If E ≤ −c1 − 2 and λ0 ≤ E + 1, then

∥χinφ0∥2L2(R2) ≥ 1/B(ξ).

We next vary the random variables by the constant t ∈ R: for any functional F (ξ̃) of the sample path

ξ̃ = ((ξ(x))x∈R2 , (ξa)a∈Z2),

(τtF )(ξ̃) := F (ξ̃ + t),

where

ξ̃ + t = ((ξ(x) + t)x∈R2 , (ξa + t)a∈Z2).

Then we have

τtH̃
ξ̃
L = H̃ ξ̃

L + tχ̃L,

where χ̃L =
∑

a∈Z2∩ΛL
χ2
a as in the last section.

Since there exists c5 ∈ (0, 1] such that

(φ0, χ̃Lφ0)L2(R2) ≥ c5∥χinφ0∥2L2(R2),

if λ0 ∈ [E − η,E + η] and t ≥ 2ηB(ξ)/c5, then we have

(φ0, (H̃
ξ̃
L + tχ̃L)φ0)L2(R2) ≥ E + η

and

(φ0, (H̃
ξ̃
L − tχ̃L)φ0)L2(R2) ≤ E − η.
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We take a [0, 1]-valued smooth function 1̃ so that 1̃ = 1 on (−∞,−1] and 1̃ = 0 on [1,∞). For any

η > 0, we modify this function by 1̃η(·) = 1̃(·/η). Then we have

E[Tr[1[E−η,E+η](H̃
ξ̃
L)]]

=

∞∑
n=1

E[Tr[1[E−η,E+η](H̃
ξ̃
L)] : B(ξ) ∈ [n− 1, n]]

≤
∞∑

n=1

E
[
Tr

[
1̃η

(
H̃ ξ̃

L − 2ηn

c5
χ̃L − E

)
− 1̃η

(
H̃ ξ̃

L +
2ηn

c5
χ̃L − E

)]
χ̃[n−1,n](B(ξ))

]
,

where χ̃[n−1,n] is a [0, 1]-valued smooth function on R such that χ̃[n−1,n] = 1 on [n − 1, n], χ̃[n−1,n] = 0

on R \ [n − 2, n + 1] and the derivatives of χ̃[n−1,n] are dominated by a constant independent of n. By

the Cameron-Martin theorem and the permutation integral, the right hand side is rewritten as

∞∑
n=1

E
[( ∏

a∈Z2∩(ΛL\Λℓ)

∫
R
dξag

(
ξa +

2ηn

c5

))
Tr[1̃η(H̃

ξ̃
L − E)]

× exp
(
− 2ηn

c5

∫
Λℓ

ξ(x)dx− 2
(ηnℓ
c5

)2)
χ̃[n−1,n]

(
B
(
ξ +

2ηn

c5

))
−
( ∏

a∈Z2∩(ΛL\Λℓ)

∫
R
dξag

(
ξa −

2ηn

c5

))
Tr[1̃η(H̃

ξ̃
L − E)]

× exp
(2ηn
c5

∫
Λℓ

ξ(x)dx− 2
(ηnℓ
c5

)2)
χ̃[n−1,n]

(
B
(
ξ − 2ηn

c5

))]
,

where g is the probability density of the random variable ξ (cf. Lemma 2.1.3 in [16], Theorem 1.3 in

[18]). This is devided as I1 + I2 + I3, where

I1 =−
∞∑

n=1

∫ 2ηn/c5

−2ηn/c5

dtE
[( ∏

a∈Z2∩(ΛL\Λℓ)

∫
R
dξag(ξa + t)

)
Tr[1̃η(H̃

ξ̃
L − E)]

∫
Λℓ

ξ(x)dx

× exp
(
− t

∫
Λℓ

ξ(x)dx− 2
(ηnℓ
c5

)2)
χ̃[n−1,n](B(ξ + t))

]
I2 =

∞∑
n=1

∫ 2ηn/c5

−2ηn/c5

dtE
[ ∑
a∈Z2∩(ΛL\Λℓ)

∫
R
dξag

′(ξa + t)
( ∏

a ̸=a′∈Z2∩(ΛL\Λℓ)

∫
R
dξa′g(ξa′ + t)

)

× Tr[1̃η(H̃
ξ̃
L − E)] exp

(
− t

∫
Λℓ

ξ(x)dx− 2
(ηnℓ
c5

)2)
χ̃[n−1,n](B(ξ + t))

]
,

and

I3 =

∞∑
n=1

∫ 2ηn/c5

−2ηn/c5

dtE
[( ∏

a∈Z2∩(ΛL\Λℓ)

∫
R
dξag(ξa + t)

)
Tr[1̃η(H̃

ξ̃
L − E)]

× exp
(
− t

∫
Λℓ

ξ(x)dx− 2
(ηnℓ
c5

)2)
χ̃[n−1,n]

′
(B(ξ + t))∂tB(ξ + t)

]
.
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By the Cameron-Martin theorem and the permutation integral, we have

I1 =

∞∑
n=1

∫ 2ηn/c5

−2ηn/c5

dt exp
(
− L2

2

((2ηn
c5

)2

− t2
))

× E[Tr[1̃η(H̃ ξ̃
L − tχ̃L − E)]

(
tℓ2 −

∫
Λℓ

ξ(x)dx
)
χ̃[n−1,n](B(ξ))].

By Proposition 3.1, we have

I1 ≤ c6L
c7

∫
R
dt(1 + |t|3)P

(
B(ξ) + 2 ≥ c5|t|

2η

)1/3

.

As in the proof of Lemma 3.3 (ii) in [21], there exists c8 ∈ (0,∞) such that

sup
L≥2

E
[
exp

(
c8|||ξℓ|||2B−1−ϵ/2

2/ϵ,2/ϵ
(R2)

/ℓ2ϵ
)]

<∞

and

sup
L≥2

E
[
exp

(
c8|||Yξ,ℓ|||B−ϵ/2

2/ϵ,2/ϵ
(R2)

/ℓϵ
)]

<∞.

Thus we have

P
(
B(ξ) + 2 ≥ c5|t|

2η

)
≤P

(
(1 + |||ξℓ|||B−1−ϵ/2

2/ϵ,1/ϵ
(R2)

)2 + |||Yξ,ℓ|||B−ϵ/2

2/ϵ,2/ϵ
(R2)

≥
( c5|t|
4c4η

)1/c3)
+ 1η≥c5|t|/8

≤P
(
|||ξℓ|||B−1−ϵ/2

2/ϵ,1/ϵ
(R2)

≥ 1

23/2

( c5|t|
4c4η

)1/(2c3))
+ P

(
|||Yξ,ℓ|||B−ϵ/2

2/ϵ,2/ϵ
(R2)

≥ 1

2

( c5|t|
4c4η

)1/c3)
+ 2× 1η≥c9|t|

≤E
[
exp

( c8
ℓ2ϵ

(
|||ξℓ|||2B−1−ϵ/2

2/ϵ,1/ϵ
(R2)

− 1

8

( c5|t|
4c4η

)1/c3))]
+ E

[
exp

(c8
ℓϵ

(
|||Yξ,ℓ|||B−ϵ/2

2/ϵ,2/ϵ
(R2)

− 1

2

( c5|t|
4c4η

)1/c3))]
+ 2× 1η≥c9|t|

≤c10 exp
(
− c11
ℓ2ϵ

( |t|
η

)1/c3)
+ 2× 1η≥c9|t|

and

I1 ≤c12Lc7

∫
R
dt(1 + |t|3)

(
exp

(
− c11

3ℓ2ϵ

( |t|
η

)1/c3)
+ 1η≥c9|t|

)
≤c13ηLc14 .

Similarly we have

I2 ≤c15
∞∑

n=1

∫ 2ηn/c5

−2ηn/c5

dt
∑

a∈Z2∩(ΛL\Λℓ)

E
[ ∫

supp g

dξa Tr[1̃η(H̃
ξ̃
L − tχ̃L − E)]χ̃[n−1,n](B(ξ))

]
≤c16ηLc17
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and

I3 ≤
∞∑

n=1

∫ 2ηn/c5

−2ηn/c5

dtE[Tr[1̃η(H̃ ξ̃
L − tχ̃L − E)]|χ̃[n−1,n]

′
(B(ξ + t))||(∂tB(ξ + t))t=0|]

≤c18ηLc19 ,

since

E[|(∂tB(ξ + t))t=0|3] ≤ c20L
c21 .

2

We next show the lemma used in the above proof.

Lemma 4.1. There exists C ∈ (0,∞) satisfying the following:

(i) For any α, β, γ ∈ R, there exist Cα,β,γ ∈ (0,∞) satisfying the following: if a1, a2, a3 ∈ Z2 satisfy

(4.1) max
i,j∈{1,2,3}

|ai − aj |∞ ≥ 3,

then

∥χa1
Pχa2f

(χa3
g)∥Cα(R2)

≤Cα,β,γ∥χa2
f∥Cβ(R2)∥χa3

g∥Cγ(R2) exp(−C(|a1 − a2|2 + |a1 − a3|2))

for any f ∈ Cβ(R2) and g ∈ Cγ(R2),

∥χa1
Pχa2f

(χa3
g)∥Hα(R2)

≤Cα,β,γ∥χa2
f∥Hβ(R2)∥χa3

g∥Cγ(R2) exp(−C(|a1 − a2|2 + |a1 − a3|2))

for any f ∈ Hβ(R2) and g ∈ Cγ(R2), and

∥χa1
Pχa2f

(χa3
g)∥Hα(R2)

≤Cα,β,γ∥χa2f∥Hβ(R2)∥χa3g∥Cγ(R2) exp(−C(|a1 − a2|2 + |a1 − a3|2))

for any f ∈ Cβ(R2) and g ∈ Hγ(R2). In (4.1), | · |∞ is the maximum norm defined by |x| = maxi |xi| for

x = (x1, x2) ∈ R2.

(ii) For any α, β, γ ∈ R, there exist Cα,β,γ ∈ (0,∞) satisfying the following: if a1, a2, a3 ∈ Z2 satisfy

(4.1), then

∥χa1Π(χa2f, χa3g)∥Cα(R2)

≤Cα,β,γ∥χa2f∥Cβ(R2)∥χa3g∥Cγ(R2) exp(−C(|a1 − a2|2 + |a1 − a3|2))
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for any f ∈ Cβ(R2) and g ∈ Cγ(R2), and

∥χa1
Π(χa2

f, χa3
g)∥Hα(R2)

≤Cα,β,γ∥χa2
f∥Hβ(R2)∥χa3

g∥Cγ(R2) exp(−C(|a1 − a2|2 + |a1 − a3|2))

for any f ∈ Hβ(R2) and g ∈ Cγ(R2).

(iii) For any α, β, γ ∈ R, there exist Cα,β,γ ∈ (0,∞) satisfying the following: if a1, a2, a3, a4 ∈ Z2

satisfy

max
i,j∈{1,2,3,4}

|ai − aj |∞ ≥ 3,

then

∥χa1χa2
hPχa3

f (χa4g)∥Hα(R2)

≤Cα,β,γ∥χa3
f∥Cβ(R2)∥χa4

g∥Cγ(R2)∥χa2
h∥L2(R2)

× exp(−C(|a1 − a2|2 + |a2 − a3|2 + |a2 − a4|2))

for any f ∈ Cβ(R2), g ∈ Cγ(R2) and h ∈ L2(R2).

Proof. We will prove only the first inequality, since the other inequalities are similarly proven., (i) Since

(∆∆−loc)n = (1− e∆)n =

n∑
k=0

(−1)knCke
k∆

for any n ∈ N, we have

∥∇n1χa1Pχa2
f (χa3g)∥L∞(R2) ≤ c

∑
ν

2∑
i,j=1

I(i, j; ν)

where

I(1, 1; ν) :=
∥∥∥ ∫ 1

0

dt

t
(∇n1χa1Q

ν,1
t )(((P ν

t χ̃a2∆
n2)(∆−loc)n2χa2f)

× ((Qν,2
t χ̃a3

∆n3)(∆−loc)n3χa3
g))

∥∥∥
L∞(R2)

,

I(2, 1; ν) :=
∥∥∥ ∫ 1

0

dt

t
(∇n1χa1

Qν,1
t )((P ν

t χ̃a2

n2∑
k=1

(−1)kn2
Cke

k∆χa2
f)

× ((Qν,2
t χ̃a3∆

n3)(∆−loc)n3χa3g))
∥∥∥
L∞(R2)

,

I(1, 2; ν) :=
∥∥∥ ∫ 1

0

dt

t
(∇n1χa1Q

ν,1
t )(((P ν

t χ̃a2∆
n2)(∆−loc)n2χa2f)

× (Qν,2
t χ̃a3

n3∑
k=1

(−1)kn3
Cke

k∆χa3
g))

∥∥∥
L∞(R2)

,
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and

I(2, 2; ν) :=
∥∥∥ ∫ 1

0

dt

t
(∇n1χa1

Qν,1
t )((P ν

t χ̃a2

n2∑
k=1

(−1)kn2
Cke

k∆χa2
f)

× (Qν,2
t χ̃a3

n3∑
k=1

(−1)kn3
Cke

k∆χa3
g))

∥∥∥
L∞(R2)

for any n1, n2, n3 ∈ N. In these equations, χ̃a is a smooth function such that χ̃aχa = χa and supp χ̃a ⊂

Λ2+δ(a) with a small positive δ for each a. I(1, 1; ν) is dominated by

sup
x∈Λ2(a1)

∫ 1

0

dt

t

∫
R2

dx1
t1+n1/2

exp
(−|x− x1|2

ct

)
×
∫
Λ2+δ(a2)

dx2
t1+n2

exp
(−|x1 − x2|2

ct

)
|(∆−loc)n2χa2

f)(x2)|

×
∫
Λ2+δ(a3)

dx2
t1+n3

exp
(−|x1 − x3|2

ct

)
|(∆−loc)n3χa3g)(x3)|.

(4.2)

Since

d(Λ2(a1),Λ2(a2))− δ ≤ |x− x2| ≤
√

2(|x− x1|2 + |x1 − x2|2),

d(Λ2(a1),Λ2(a3))− δ ≤ |x− x3| ≤
√
2(|x− x1|2 + |x1 − x3|2),

and

d(Λ2(a2),Λ2(a3))− 2δ ≤ |x2 − x3| ≤
√
2(|x1 − x2|2 + |x1 − x3|2),

the quantity in (4.2) is dominated by

(4.3) exp(−c(|a1 − a2|2 + |a1 − a3|2)) sup
x2∈Λ2+δ(a2)

|(∆−loc)n2χa2
f)(x2)| sup

x3∈Λ2+δ(a3)

|(∆−loc)n3χa3
g)(x3)|

under the condition (4.1). By the proof of Lemma 3.1 in [21], the quantity in (4.3) is dominated by

exp(−c(|a1 − a2|2 + |a1 − a3|2))∥χa2
f∥Cϵ−2n2 (R2)∥χa3

g∥Cϵ−2n3 (R2).

I(i, j; ν) with other i and j are also dominated by the simirar quantities by the simirar methods. 2

Lemma 4.2. There exist C ∈ (0,∞) and Cα,β ∈ (0,∞) for each α, β ∈ R satisfying the following: if

a1, a2 ∈ Z2 satsfy |a1 − a2|∞ ≥ 3, then

∥χa1∆
−locχa2f∥Cα(R2) ≤ Cα,β∥χa2f∥Cβ(R2) exp(−C|a1 − a2|2)

for any f ∈ Cβ(R2), and

∥χa1
∆−locχa2

f∥Hα(R2) ≤ Cα,β∥χa2
f∥Hβ(R2) exp(−C|a1 − a2|2)

for any f ∈ Hβ(R2).
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Proof. As in the proof of the last lemma, ∥∇n1χa1
∆−locχa2

f∥L∞(R2) is dominated by I1 + I2, where

I1 :=

∫ 1

0

dt∥∇n1χa1
tt∆χ̃a2

∆n2(∆−loc)n2χa2
f∥L∞(R2)

and

I2 :=

∫ 1

0

dt∥∇n1χa1t
t∆χ̃a2

n2∑
k=1

(−1)kn2Cke
k∆χa2f∥L∞(R2).

I1 is dominated by

sup
x∈Λ2(a1)

∫ 1

0

dt

∫
Λ2+δ(a2)

d
x1

t1+(n1/2)+n2
exp

(−|x− x1|2

ct

)
|(∆−loc)n2χa2

f)(x1)|.

Under the condition |a1 − a2|∞ ≥ 3, this qunatity is dominated by

exp(−c|a1 − a2|2) sup
x1∈Λ2+δ(a2)

|(∆−loc)n2χa2
f)(x1)|.

By the proof of Lemma 3.1 in [21], this qunatity is dominated by

exp(−c|a1 − a2|2)∥χa2
f∥Cϵ−2n2 (R2).

I2 is also dominated by the simirar quantities by the simirar methods. ∥∇n1χa1
∆−locχa2

f∥L2(R2) is also

dominated by the simirar quantities by the simirar method. 2

For any m ∈ N, let {χa,1/m}a∈Z2/m be the smooth functions defined by χa,1/m(x) := χma(mx). Thus

these satisfy suppχa,1/m ⊂ Λ2/m(a) and
∑

a∈Z2/m χ2
a ≡ 1 on R2. We modify Lemmas 3.1, and 3.2 in

[21] and Lemmas 4.1 and 4.2 in this section so that the functions {χa}a∈Z2 are replaced by the functions

{χa,1/m}a∈Z2/m.. Then we have the following:

Lemma 4.3. There exist Cm ∈ (0,∞) for each m ∈ N and Cm,α ∈ (0,∞) for each m ∈ N and α ∈ R

such that

∥χa1,1/mΠ(∆−locχ̃L−2ξ, χ̃L−2ξ∥Cα(R2)

≤Cm,α( sup
a2∈Z2/m

∥χa2,1/mχ̃L−2ξ∥C−2(R2) + 1)2 exp(−Cmd(a1,ΛL−2)
2)

(4.4)

and

∥χa1,1/mE[Π(∆−locχ̃L−2ξ, χ̃L−2ξ)]∥Cα(R2)

≤Cm,α exp(−Cmd(a1,ΛL−2)
2).

(4.5)

for any a1 ∈ Z2/m \ ΛL−2+6/m. For any a1 ∈ Z2/m \ ΛL−2+6/m, we have

(4.6) lim
ε→0

∥χa1,1/m(Π(∆−locχ̃L−2ξε, χ̃L−2ξε)−Π(∆−locχ̃L−2ξ, χ̃L−2ξ))∥Cα(R2) = 0

40



and

(4.7) lim
ε→0

∥χa1,1/m(E[Π(∆−locχ̃L−2ξε, χ̃L−2ξε)]− E[Π(∆−locχ̃L−2ξ, χ̃L−2ξ)])∥Cα(R2) = 0.

Proof. (4.4) and (4.6) are easily proven by Lemmas 3.1, and 3.2 in [21] and Lemmas 4.1 and 4.2 in this

section. Since

E[Π(∆−locχ̃L−2ξ, χ̃L−2ξ)] =
∑
µ

∫ 1

0

dt

t
Pµ
t (x, x1)(Q

1,µ
t ∆−locχ̃L−2

2
Q2,µ

t )(x1, x1),

we have

sup
x∈R2

|∇nχa1,1/mE[Π(∆−locχ̃L−2ξ, χ̃L−2ξ)]|

≤c sup
x∈Λ2/m(a1)

∫ 1

0

dt

t

∫
R2

dx1
t1+n/2

exp
(−|x− x1|2

ct

)∫
R2

dx2
t

exp
(−|x1 − x2|2

ct

)
×
∫ 1

0

ds

∫
ΛL

dx3
st

exp
(
− |x2 − x3|2

ct
− |x3 − x1|2

ct

)
≤c exp(−cd(a1,ΛL)

2),

for any n ∈ {0, 1, 2, . . .}.

Simirarly we can show that

lim
ε→0

sup
R2

|∇nχa1,1/m(E[Π(∆−locχ̃L−2ξε, χ̃L−2ξε)]− E[Π(∆−locχ̃L−2ξ, χ̃L−2ξε)])| = 0

for any n ∈ {0, 1, 2, . . .}. 2

Lemma 4.4. For any φ ∈ Dom(H̃ ξ̃
L), we have χoutφ ∈ Dom(H̃ ξ̃

L) ∩H2(R2) and

(4.8) H̃ ξ̃
Lχoutφ =

(
−∆+

∑
a∈Z2∩(ΛL\ΛL−1)

χ2
aξa − E[Π(∆−locξL−2, ξL−2)]

)
χoutφ.

Proof.

Since φ ∈ Dom(H̃ ξ̃
L), we have χoutφ ∈

⋂
ϵ>0 H1−ϵ(R2) and χoutΦξ,L−2(φ) ∈ H2(R2). By Lemma 4.1

and Lemma 4.3, we have χout∆
−locPφξL−2, χout∆

−loc
φPξL−2

∆−locξL−2, χout∆
−locPφYξ,L−2 ∈ Hn(R2)

for any n ∈ N. Thus we have χoutφ ∈ H2(R2). By Lemmas 3.1, 3.2, and 4.3 in [21] and Lemmas 4.1,

4.2 and 4.3 in this section, we have ∆−locPχoutφξL−2, ∆
−loc

χoutφPξL−2
∆−locξL−2, ∆

−locPχoutφYξ,L−2 ∈

Hn(R2) for any n ∈ N. Thus we have Φξ,L−2(χoutφ) ∈ H2(R2) and χoutφ ∈ Dom(H̃ ξ̃
L). Then many

terms are canceled in the equation where the definition (2.1) of the operator is applied for H̃ ξ̃
Lχoutφ, and

we obtain (4.8). 2
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5. Multiscale analysis

Multiscale analysis has been applied to prove the Anderson localization since the pioneer work by

Fröhlich and Spencer [6], This method has been extended, improved and simplified by many works.

For this aspect, see [19] and the references therein. In particular Germinet and Klein give an effective

multiscale analysis to deduce the strong dynamical localization from a weak initial estimate for a wide

class of operators with short correlated potentials [7]. However our geometric resolvent inequality obtained

in Section 2 is too weak. In this section, we modify multiscale analysis for our case. We use the following

definition:

Definition 5.1. (i) Let m > 0, E < 0, K > 0, a ∈ Z2 and L ∈ 6N. A square ΛL(a) is called

(m,E,K)-regular for ξ̃ = (ξ, ξ) if E ̸∈ spec(
˜
H ξ̃

L,a) and

∥χa(
˜
H ξ̃

L,a − E)−1χb∥L(L2(R2)) ≤ K exp(−m(|a− b|∞ ∧ d∞(b, ∂ΛL(a)) + d(a,ΛL(a))))

for any a ∈ Z2 and b ∈ Z2∩ΛL/3(a), where |x|∞ = |x1|∨ |x2|, |x| =
√
x21 + x22 for any x = (x1, x2) ∈ R2,

d∞(x,A) = infy∈A |x−y|∞, d(x,A) = infy∈A |x−y| for any A ⊂ R2, maximal ∥·∥L(L2(R2)) is the operator

norm as a bounded operator on L2(R2), and
˜
H ξ̃

L,a is the operator defined in (2.1). If a square ΛL(a) is

not (m,E,K)-regular, then this is called (m,E,K)-singular.

(ii) For any m > 0, E < 0, K > 0, a,a′ ∈ Z2, L ∈ 6N and any interval I in (−∞, 0), we set the

following event:

R(m,K, I, L,a,a′)

:={ξ̃ : for every E ∈ I, either ΛL(a) or ΛL(a
′) is (m,E,K)-regular for ξ̃}.

Then we willl prove the following:

Proposition 5.1 (Multiscale Analysis). For any 1 ≤ p < ∞ and 1 < α < 1 + p/4, there exists

m0 ∈ (0, c∗), c1, c2, c3 ∈ (0,∞) satisfying the following: for any 0 < m0 < m0, E1 < E0 < 0, and

L0 ∈ 6N satisfying

(5.1) L0 ≥ c1

m
α/(α−1)
0

∨ (log |E1|)2,

if

(5.2) P(R(m0,K0, [E1, E0], L0,a,a
′)) > 1− L−p

0 ,
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for any a,a′ ∈ Z2 satisfying |a− a′|∞ > L0 + 2, then we have

P(R(m0/2,Kk, [E1, E0], Lk,a,a
′)) > 1− L−p

k

for any k ∈ N and any a,a′ ∈ Z2 satisfying |a − a′|∞ > Lk + 2, where c∗ is the constant appeared

in Proposition 2.1, {Lk}k∈N is a sequence defined by Lk+1 = [Lα
k ]6N := max{(−∞, Lα

k ] ∩ (6N)}, and

Kk = c2 exp(c3L
1/α
k ).

Proof. Let mk = (1 + 2−k)m0/2 for 0 ≤ k ∈ Z. Suppose

(5.3) P(R(mk,Kk, [E1, E0], Lk,a,a
′)) > 1− L−p

k ,

for any a,a′ ∈ (Lk−1/6)Z2 satisfying |a− a′|∞ > Lk + 2, where L−1/6 is regarded as 1. Let

C(Lk+1, Lk,a) :=
{
ΛLk

(a′) : a′ ∈ Lk

3
Z2,ΛLk

(a′) ⊂ ΛLk+1−3(a)
}
.

For E ∈ [E1, E0], ηk > 0,Mk ≥ 1 and S ∈ 2Z+ + 1 specified later, we consider the following events:

R1(E,Lk+1,a) :={ξ̃ : d(spec(
˜
H ξ̃

Lk+1,a
), E) > ηk}.

R2(E,Lk+1,a) :=
{
ξ̃ : d(spec(

˜
H ξ̃

(7j+1)Lk/3,a′), E) > ηk for any j ∈ {1, 2, . . . , S}

and a′ ∈ ΛLk+1
(a) ∩

(Lk

6
Z2

)
such that Λ(7j+1)Lk/3(a

′) ⊂ ΛLk+1−3(a)
}
.

R3(E,Lk+1,a) :={ξ̃ : ΛLk
(a1), . . . ,ΛLk

(aj) ∈ C(Lk+1, Lk,a) are (mk, E,Kk)-singular

and d∞(ΛLk
(aa),ΛLk

(ab)) > 2 for a ̸= b, then j ≤ S}.

R4(Lk+1,a) :={ξ̃ : ∥χa+aξ∥C−1−ϵ(R2) ≤Mk(log(2 + |a|))1/2 for any a ∈ Z2 ∩ ΛLk+1
},

R5(Lk+1,a) :=
{
ξ̃ : ∥χa+aYξ,Lk−2,a+a′∥C−ϵ(R2) ≤Mk(log(2 + |a|)) exp(−c̃∗d(a,ΛLk

(a′))2)

for any a ∈ Z2 and a′ ∈ ΛLk+1
∩
(Lk

3
Z2

)}
,

where c̃∗ is the constant Cϵ appeared in Lemma 4.3 (i) in [21].

R6(Lk+1,a) :=
{
ξ̃ : ∥χa+aYξ,((7j+1)Lk/3)−2,a+a′∥C−ϵ(R2) ≤Mk(log(2 + |a|)) exp(−c̃∗d(a,Λ(7j+1)Lk/3(a

′))2)

for any a ∈ Z2, j ∈ {1, 2, . . . , S} and a′ ∈ Lk

6
Z2

such that Λ(7j+1)Lk/3(a
′) ⊂ ΛLk+1−3

}
.

R7(Lk+1,a) :={ξ̃ : ∥χa+aYξ,Lk+1−2,a∥C−ϵ(R2) ≤Mk(log(2 + |a|)) exp(−c̃∗d(a,ΛLk+1
)2) for any a ∈ Z2

}
.
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Under the event R3(E,Lk+1,a), the following occurs:

There exist r ∈ {1, 2, . . . , S}, y1, . . . , yr ∈ ΛLk+1
(a) ∩

(Lk

3
Z2

)
, j1, . . . , jr ∈ {1, 2, . . . , S} satsfying the

following:

d∞(Λ7jaLk/3(ya),Λ7jbLk/3(yb)) > Lk/3 for a ̸= b,

j1 + · · ·+ jr ≤ S,

a′ ∈
(Lk

3
Z2

)
\

r⋃
h=1

Λ7jhLk/3(yh) implies that ΛLk
(a′) is (mk, E,Kk)-regular.

Under the event
⋂3

i=1Ri(E,Lk+1,a)∩
⋂7

i=4Ri(Lk+1,a), we estimate ∥χa(
˜
H ξ̃

Lk+1,a
−E)−1χb∥L(L2(R2))

for any a ∈ Z2 and b ∈ Z2 ∩ ΛLk+1/3(a). If b = b1 ∈ S(r), then by applying Proposition 2.1 with

Λℓ′(a
′) = ΛLk+1

(a), Λℓ(a) = ΛLk
(b1) and (a∗, a) = (a, b), we have

(5.4) ∥χa(
˜
H ξ̃

Lk+1,a
− E)−1χb1∥L(L2(R2)) ≤ er(b1, a) +

∑
b2∈Z2

wr(b1, b2)∥χa(
˜
H ξ̃

Lk+1,a
− E)−1χb2∥L(L2(R2)),

where

S(r) :={bi ∈ Z2 : ΛLk
(bi) is (mk, E,Kk)-regular and a ̸∈ ΛLk

(bi) ⊂ ΛLk+1/3(a),

where bi ∈ (Lk/3)Z2 such that bi ∈ ΛLk/3(b1)|},

ΛLk/3(b1)| :=(b1,1 − Lk/6, b1,1 + Lk/6]× (b1,2 − Lk/6, b1,2 + Lk/6],

er(b1, a) :=c1Mk

√
logLkKk exp

(
−mk

Lk

3
− c∗d(a,ΛLk−4(b1) \ ΛLk−6(b1))

)
,

and

wr(b1, b2) := c2
√

|E|(Mk

√
logLk)

c3KkL
2
k exp

(
−mk

Lk

3
− c∗d(b2,ΛLk−4(b1) \ ΛLk−6(b1))

)
.

If b = b1 ∈ S(s), then by applying Proposition 2.1 with Λℓ′(a
′) = ΛLk+1

(a), Λℓ(a) = Λ(7jh1
+1)Lk/3(yh1),

(a∗, a) = (a, b) and the condition in R2(E,Lk+1,a), we have

∥χa(
˜
H ξ̃

Lk+1,a
− E)−1χb∥L(L2(R2))

≤c4Mk

√
logLk

ηk
exp

(
− c∗

2
|a− b|+ c∗

√
2
7jh1

+ 1

6
Lk

)
+
c5
ηk

√
|E|(Mk

√
logLk)

c6

×
∑
b′1∈Z2

∥χa(
˜
H ξ̃

Lk+1,a
− E)−1χb′1

∥L(L2(R2))

× exp
(
− c∗

2
d(b′1,Λ(7jh1

+1)(Lk/3)−4(yh1) \ Λ(7jh1
+1)(Lk/3)−6(yh1))),
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where

S(s) :={bi ∈ Z2 : ΛLk
(bi) is (mk, E,Kk)-singular and a ̸∈ (Λ7jhi

+3)Lk/3(yhi
) ⊂ ΛLk+1/3(a),

where hi ∈ {1, 2, . . . , r} such that bi ∈ Λ7jhi
Lk/3(yhi)}.

For b′1 ∈ (Λ(7jh1
+2)(Lk/3)−4(yh1

) \ Λ7jh1
Lk/3−6(yh1

)) ∩ Z2, ΛLk
(b′1) is (mk, E,Kk)-regular where b′1 ∈

(Lk/3)Z2 such that b′1 ∈ ΛLk/3(b
′
1) if Lk ≥ 9. a ̸∈ ΛLk

(b′1) since a ̸∈ (Λ7jh1
+3)Lk/3(yh1

). Thus by apply

Proposition 2.1 with Λℓ′(a
′) = ΛLk+1

(a), Λℓ(a) = ΛLk
(b′1) and (a∗, a) = (a, b′1), we have

∥χa(
˜
H ξ̃

Lk+1,a
− E)−1χb′1

∥L(L2(R2))

≤c7Mk

√
log(Lk)Kk exp(−mk|a− b|)

+ c8
√
|E|(Mk

√
logLk)

c9Kk

×
∑
b2∈Z2

∥χa(
˜
H ξ̃

Lk+1,a
− E)−1χb2∥L(L2(R2)) exp

(
−mk

Lk

3

− c∗d(b2,ΛLk−4(b
′
1) \ ΛLk−6(b

′
1))

)
.

Thus under the condition

c∗ ≥ 6m0,

we obtain

(5.5) ∥χa(
˜
H ξ̃

Lk+1,a
− E)−1χb1∥L(L2(R2)) ≤ es(b1, a) +

∑
b2∈Z2

ws(b1, b2)∥χa(
˜
H ξ̃

Lk+1,a
− E)−1χb2∥L(L2(R2)),

where

es(b1, a) :=
c10
ηk

√
|E|(Mk

√
logLk)

c11KkL
4
kS

× exp
(
−mk

Lk

3
− c∗d(a,Λ(7jh1

+5)Lk/3−8(yh1
) \ Λ(7jh1

−3)Lk/3−6(yh1
))
)

and

ws(b1, b2) :=
c12
ηk

|E|(Mk

√
logLk)

c13KkL
4
kS exp

(
−mk

Lk

3

− c∗
2
d(b2,Λ(7jh1

+1)(Lk/3)−4(yh1
) \ Λ(7jh1

+1)(Lk/3)−6(yh1
))
)
.

If b = b1 ∈ S(f) := Z2 \ S(r) \ S(s), then we use the condition R1(E,Lk+1,a) and Lemma 5.1 below:

∥χa(
˜
H ξ̃

Lk+1,a
− E)−1χb1∥L(L2(R2)) ≤ ef (b1, a),

where

ef (b1, a) :=
c14
ηk

exp(−c∗(|a− b1| ∧ d(a,ΛLk+1
(a) ∧ d(b1,ΛLk+1

(a)))

and c∗ is the constant appeared in Lemma 5.1 below.
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By the iteration, we have

∥χa(
˜
H ξ̃

Lk+1,a
− E)−1χb1∥L(L2(R2))

≤ep1
(b1, a)

+ 1{r,s}(p1)

N∑
n=2

∑
p2,...,pn−1∈{r,s},pn∈{r,s,f}

∑
b2∈S(p2),...,bn∈S(pn)

wp1
(b1, b2)

× wp2(b2, b3) · · ·wpn−1(bn−1, bn)epn(bn, a)

+ 1{r,s}(p1)
∑

p2,...,pN∈{r,s}

∑
b2∈S(p2),...,bN∈S(pN ),bN+1∈Z2

wp1(b1, b2)

× wp2(b2, b3) · · ·wpN
(bN , bN+1)

1

ηN

for any N ∈ N, when b1 ∈ S(p1).

We rewrite the each factor as

wr(bi, bi+1) = w̃r(bi, bi+1)ŵr(bi, bi+1),

ws(bi, bi+1) = w̃s(bi, bi+1)ŵs(bi, bi+1),

er(bi, a) ≤ wrŵr(bi, a),

and

es(bi, a) ≤ wsŵs(bi, a),

where

w̃r(bi, bi+1) :=c2
√
|E|(Mk

√
logLk)

c3KkL
2
k exp

(
− (mk −mk+1)

Lk

3

− c∗
2
d(bi+1,ΛLk−4(bi) \ ΛLk−6(bi))

)
,

ŵr(bi, bi+1) := exp
(
−mk+1

Lk

3
− c∗

2
d(bi+1,ΛLk−4(bi) \ ΛLk−6(bi))

)
,

w̃s(bi, bi+1) :=
c12
ηk

|E|(Mk

√
logLk)

c13KkL
4
kS exp

(
− (mk −mk+1)

Lk

3

− c∗
4
d(bi+1,Λ(7jhi

+1)(Lk/3)−4(yhi
) \ Λ(7jhi

+1)(Lk/3)−6(yhi
))
)
,

ŵs(bi, bi+1) := exp
(
−mk+1

Lk

3
− c∗

4
d(bi+1,Λ(7jhi

+1)(Lk/3)−4(yhi
) \ Λ(7jhi

+1)(Lk/3)−6(yhi
))
)
,

wr :=c1Mk

√
logLkKk exp

(
− (mk −mk+1)

Lk

3

)
,

and

ws :=
c10
ηk

√
|E|(Mk

√
logLk)

c11KkL
4
kS exp

(
− (mk −mk+1

Lk

3

)
.
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We now introduce the condition

(5.6)
c15R

ηk
|E|(Mk

√
logLk)

c16KkL
4
kS

2 ≤ exp
( m0

2k+2

Lk

3

)
,

where c15 and c16 are sufficiently large positive finite constants, and R is a positive integer specified later.

Then we have ∑
bi+1∈Z2

w̃r(bi, bi+1) ≤
1

R

and ∑
bi+1∈Z2

w̃s(bi, bi+1) ≤
1

R
.

Thus, if b1 ∈ S(p1) for p1 ∈ {r, s}, then we have∑
p2,...,pn∈{r,s}

∑
b2∈S(p2),...,bn∈S(pn)

wp1(b1, b2)

× wp2
(b2, b3) · · ·wpn−1

(bn−1, bn)epn
(bn, a)

≤
( 2

R

)n−1

wpn
sup{w̃p1

(b1, b2)w̃p2
(b2, b3) · · · w̃pn

(bn, a)

: p1, . . . , pn ∈ {r, s}, b1 ∈ S(p1), . . . , bn ∈ S(pn)}

≤
( 2

R

)n−1

wpn
exp

(
−mk+1(|a− b|∞ ∧ d∞(b.∂ΛLk+1

(a))− c∗
4
d(a,ΛLk+1

(a)) + c17SLk

)
,

and ∑
p2,...,pn−1∈{r,s}

∑
b2∈S(p2),...,bn−1∈S(pn−1),bn∈S(f)

wp1
(b1, b2)

× wp2
(b2, b3) · · ·wpn−1

(bn−1, bn)ef (bn, a)

≤
( 2

R

)n−1

sup{w̃p1
(b1, b2)w̃p2

(b2, b3) · · · w̃pn−1
(bn−1, bn)ef (bn, a)

: p1, . . . , pn ∈ {r, s}, b1 ∈ S(p1), . . . , bn−1 ∈ S(pn−1), bn ∈ S(f)}

≤
( 2

R

)n−1 c18
ηk

exp
(
−mk+1(|a− b|∞ ∧ d∞(b.∂ΛLk+1

(a))− c∗
4
d(a,ΛLk+1

(a)) + c19SLk

)
for any n ≥ 2. We also have

ep1
(b1, a) ≤ wp1

exp
(
−mk+1(|a− b|∞ ∧ d∞(b.∂ΛLk+1

(a))− c∗
4
d(a,ΛLk+1

(a)) + c20SLk

)
for p1 ∈ {r, s}, and

ef (b1, a) ≤
c21
ηk

exp
(
−mk+1(|a− b|∞ ∧ d∞(b.∂ΛLk+1

(a))− c∗
4
d(a,ΛLk+1

(a)) + c22SLk

)
.
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By these, we have

∥χa(
˜
H ξ̃

Lk+1,a
− E)−1χb1∥L(L2(R2))

≤Kk+1 exp
(
−mk+1(|a− b|∞ ∧ d∞(b.∂ΛLk+1

(a))− c∗
4
d(a,ΛLk+1

(a))
)

for R > 2, where

Kk+1 :=
(c23
ηk

+
2

1− 2/R

)
exp(c24SLk).

In this setting, we have

R(mk+1, Lk+1, [E1, E0],a,a
′)

⊃
⋂

E∈[E1,E0]

(( 3⋂
ja=1

Rja(E,Lk+1,a) ∩
7⋂

ja=4

Rja(Lk+1,a)
)
∪
( 3⋂

ja′=1

Rja′ (E,Lk+1,a
′) ∩

7⋂
ja′=4

Rja′ (Lk+1,a
′)
))

for a,a′ ∈ Z2.

We next consider the probability:

P(R(mk+1, Lk+1, [E1, E0],a,a
′))

≥1− P
( ⋃

E∈[E1,E0]

(( 2⋃
ja=1

Rja(E,Lk+1,a)
c
)
∩
( 2⋃

ja′=1

Rja′ (E,Lk+1,a
′)c

))

−
∑

a′′∈{a,a′}

P
( ⋃

E∈[E1,E0]

R3(E,Lk+1,a
′′)c

)
−

7∑
j=4

∑
a′′∈{a,a′}

P
(
Rj(Lk+1,a

′′)c
)

(5.7)

We assume |a− a′|∞ > Lk+1 + 2. The second term of (5.7) is estimated as

P
( ⋃

E∈[E1,E0]

(( 2⋃
ja=1

Rja(E,Lk+1,a)
c
)
∩
( 2⋃

ja′=1

Rja′ (E,Lk+1,a
′)c

))

≤
∑

(ℓ1,a1)∈S(Lk+1,a)

∑
(ℓ2,a2)∈S(Lk+1,a′)

E[P({∃E ∈ [E1, E0] s.t. : d(spec
˜
Hξ.ξ

ℓ1,a1
, E) ≤ ηk

and d(spec
˜
Hξ.ξ

ℓ2,a2
, E) ≤ ηk|F(Λℓ1+1(a1)))],

where F(Λℓ1+1(a1) is the σ-field generated by (ξ.ξ) on Λℓ1+1(a1), and

S(Lk+1,a) :={(Lk+1,a)}

∪ {((7j + 1)Lk/3,a
′′) : j ∈ {1, 2, . . . , S}a′′ ∈ ΛLk+1

(a) ∩ ((Lk/6)Z2),

Λ(7j+4)Lk/3(a
′′) ⊂ ΛLk+1−3(a)}.
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By Proposition 4.1, we have

P({∃E ∈ [E1, E0] s.t. : d(spec
˜
Hξ.ξ

ℓ1,a1
, E) ≤ ηk

and d(spec
˜
Hξ.ξ

ℓ2,a2
, E) ≤ ηk|F(Λℓ1+1(a1)))]

≤
∑

µ∈spec
˜
Hξ.ξ

ℓ1,a1
s.t. d(µ,[E1,E0])≤ηk

P(d(spec H̃ξ.ξ
ℓ2
, E) ≤ 2ηk)

≤c25ηkℓc262 Tr[E([E1 − ηk, E0 + ηk] :
˜
Hξ.ξ

ℓ1,a1
)].

By using also Proposition 3.1, we have

P
( ⋃

E∈[E1,E0]

(( 2⋃
ja=1

Rja(E,Lk+1,a)
c
)
∩
( 2⋃

jy=1

Rjy (E,Lk+1, y)
c
))

≤c27S2(Lk+1/Lk)
4ηkL

c28
k+1,

The third term of (5.7) is estimated as

P
( ⋃

E∈[E1,E0]

R3(E,Lk+1,0)
c
)

≤P
(
There exist E ∈ [E1, E0] and ΛLk

(a1), . . . ,ΛLk
(aS+1) ∈ C(Lk+1, Lk,0) such that

ΛLk
(a1), . . . ,ΛLk

(aS+1) are (mk, E,Kk)-singular

and d∞(ΛLk
(aa),ΛLk

(ab)) > 2 for a ̸= b
)

≤P
(
There exist E ∈ [E1, E0] and ΛLk

(a1),ΛLk
(a2) ∈ C(Lk+1, Lk,0) such that

ΛLk
(a1),ΛLk

(a2) are (mk, E,Kk)-singular and d∞(ΛLk
(a1),ΛLk

(a2)) > 2
)(S+1)/2

≤
(3Lk+1

Lk

)2(S+1) 1

L
p(S+1)/2
k

.

The fourth term of (5.7) is estimated as follows:

P
(
R4(Lk+1,0)

c
)

≤
∑

a∈Z2∩ΛLk+1

P
(
∥χaξ∥C−1−ϵ(R2) ≥Mk(log(2 + |a|))1/2

)

≤
∑

a∈Z2∩ΛLk+1

E
[
exp

(
c29∥χaξ∥2C−1−ϵ(R2)

)]
exp(c29M2

k log(2 + |a|))

≤ c31
2Mk
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and

P
(
R5(Lk+1,0)

c
)

≤
∑
a∈Z2

∑
a′∈ΛLk+1

∩
(

Lk
3 Z2

)P
(
∥χaY

ξ.ξ
Lk,a′∥C−ϵ(R2) ≥Mk(log(2 + |a|)) exp(−c̃∗d(a,ΛLk

(a′))
)

≤
∑
a∈Z2

∑
a′∈ΛLk+1

∩
(

Lk
3 Z2

) E
[
exp

(
c30∥χaY

ξ.ξ
Lk,a′∥C−ϵ(R2) exp(c̃∗d(a,ΛLk

(a′))
)]

exp(c30Mk log(2 + |a|)
)

≤ c31
2Mk

(Lk+1

Lk

)2

.

Simirarly we have

P
(
R6(Lk+1,0)

c
)
≤ S

c31
2Mk

(Lk+1

Lk

)2

and

P
(
R7(Lk+1,0)

c
)
≤ S

c31
2Mk

(Lk+1

Lk

)2

.

Thus, a sufficient condition for

P(R(mk+1,Kk+1, [E1, E0], Lk+1,a,a
′)) ≥ 1− L−p

k+1

is

c27S
2(Lk+1/Lk)

4ηkL
c28
k+1 ≤ 1

3Lp
k+1(3Lk+1

Lk

)2(S+1) 1

L
p(S+1)/2
k

≤ 1

6Lp
k+1

and

S
c31

2c32Mk

(Lk+1

Lk

)2

≤ 1

6Lp
k+1

.

These conditions and the condition in (5.6) are satisfied if

S =min
{[ 2pα

p− 4(α− 1)
,∞

)
∩ (2Z+ + 1)

}
,

ηk =
c33

L
p+c34−1/α
k+1 S4

,

Mk =(p+ 2)α logLk,

and L0 is sufficiently large so that (5.1) is satisfied. 2

The following lemma used in the above proof is based on Lemma 4.4:
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Lemma 5.1. There exists c∗, c1, c2 ∈ (0,∞) such that

∥χa∗(H̃
ξ̃
ℓ,a − E)−1χa∥L2(R2)→L2(R2)

≤c1 exp(−c∗(|a∗ − a| ∧ d(a∗,Λℓ(a))

for any E < −c2,

Proof. We may assume |a∗ − a| ∧ d(a∗,Λℓ(a) ≥ 3. We take a [0, 1]-valued smooth function ϕ on R2 so

that

ϕ =


1 on B(a∗, d(a∗,Λℓ(a))− 2),

0 on R2 \B(a∗, d(a∗,Λℓ(a))− 1)

if a ∈ Λℓ(a), and

ϕ =


1 on B(a∗, |a∗ − a| − 2),

0 on R2 \B(a∗, |a∗ − a| − 1)

if a ̸∈ Λℓ(a), where B(a, r) := {x ∈ R2 : |x− a| < r} for any a ∈ R2 and r > 0. Then , since

(H̃ ξ̃
ℓ,a − E)−1ϕ− ϕ(−∆− E[Π(∆−locξℓ−2,a, ξℓ−2,a − E)−1

=(H̃ ξ̃
ℓ,a − E)−1{2(∇ϕ) · ∇+ (∆ϕ))}(−∆− E[Π(∆−locξℓ−2,a, ξℓ−2,a − E)−1,

we have

∥χa(H̃
ξ̃
ℓ,a − E)−1χa∗∥L(L2(R2))

≤ c

d(E, spec(H̃ ξ̃
ℓ,a))

( ∑
a1∈Z2∩supp(∇ϕ)

∥χa1
∇(−∆− E[Π(∆−locξℓ−2,a, ξℓ−2,a)]− E)−1χa∗∥L(L2(R2))

+
∑

a1∈Z2∩supp(∇ϕ)

∥χa1(−∆− E[Π(∆−locξℓ−2,a, ξℓ−2,a)]− E)−1χa∗∥L(L2(R2))

)
.

Then the rest of the proof is simirar with that of the Combes-Thomas type estimate below. 2

To obtain the initial estimate (5.2), we use the following estimate:

Lemma 5.2 (Combes-Thomas type estimate (cf. [5])). There exists c ∈ (0,∞) such that

∥χa(H̃
ξ̃
L − E)−1χb∥L(L2(R2))

≤ 3

d(E, spec H̃ ξ̃
L)

× exp
( −(|a− b| − 2

√
2)+d(E, spec H̃

ξ̃
L)

2

√
d(E, spec H̃ ξ̃

L) + c(1 + supa∈ΛL−2∩Z2 ∥χaξ∥C−1−ϵ(R2) + supa∈Z2 ∥χaYξ,L−2∥C−ϵ(R2))

)
,

(5.8)
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for any a, b ∈ Z2, L ∈ N and E < inf spec H̃ ξ̃
L,

To prove this lemma, we modify the proof of Lemma 4.11 in [21] by the following

Lemma 5.3. There exists c ∈ (0,∞) such that

∥(H̃ ξ̃
L − |v|2 + i)−1/2v · ∇(H̃ ξ̃

L − |v|2 + i)−1/2∥L(L2(R2))

≤c|v|
1 + supa∈ΛL−2∩Z2 ∥χaξ∥C−1−ϵ(R1) + supa∈Z2 ∥χaYξ,L−2∥C−ϵ(R1)

d(E, spec H̃ ξ̃
L)− |v|2

for any L ∈ N, E < inf spec H̃ ξ̃
L and v ∈ R2 such that |v|2 < d(E, spec H̃ ξ̃

L).

This lemma is proven by modifying the proof of Lemma 4.12 in [21] under the restriction tha E <

inf spec H̃ξ
L.

We finally consider the initial estimate:

Lemma 5.4. For any 1 ≤ p < ∞, 1 < α < 1 + p/4 and m0 > 0, there exists E0 ∈ (−∞, 0) satisfying

the following: for any E0 ≤ E0, there exist E1 ∈ (−∞, E0) and L0 ∈ 6N such that (5.1) and (5.2) are

satisfied.

Proof. As in the proof of Lemma 3.3 (ii) and Lemma 4,3 (i), we have

sup
a∈Z2

E[exp(h1∥χaξ∥C−1−ϵ(R2))] <∞

and

sup
a∈Z2

E[exp(h2∥χaYξ,L0−2,0∥C−ϵ(R2) exp(c̃∗d(a,ΛL0
))] <∞

for some h1, h2, c̃∗ ∈ (0,∞). From these, we have

P(∥χaξ∥C−1−ϵ(R2) ≥ Ξ1

√
log(2 + |a|) for some a ∈ Z2) ≤ 1/(2L

p/2
0 ),

P(∥χaYξ,L0−2,0∥C−ϵ(R2) ≥ Ξ2 log(2 + |a|) exp(−c̃∗d(a,ΛL0
)) for some a ∈ Z2) ≤ 1/(2L

p/2
0 )

and

P(∥χaξ∥C−1−ϵ(R2) ≤ Ξ1

√
log(2 + |a|) and

∥χaYξ,L0−2,0∥C−ϵ(R2) ≤ Ξ2 log(2 + |a|) exp(−c̃∗d(a,ΛL0
)) for any a ∈ Z2) ≥ 1− 1/L

p/2
0

for some Ξ1,Ξ2 ∈ (0,∞). Under the event in this probability, we have

inf spec
˜
H ξ̃

L0,0
≥ −Ξ3(logL0)

Ξ4
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for some Ξ3,Ξ4 ∈ (0,∞), by the proof of Lemma 4.9 in [21]. We now take E0 as

(5.9) E0 < −Ξ3(logL0)
Ξ4 − 2m2

0 −m0

√
m2

0 + c(Ξ1

√
log(2 + L0) + Ξ2 log(2 + L0)).

and

K0 ≥ 3

−E0
exp

( √
2(−E1)√

c(Ξ1

√
log(2 + L0) + Ξ2 log(2 + L0))− E1 − Ξ3(logL0)Ξ4

)
,

where c is the constant appeared in Lemma 5.2. Then, by Lemma 5.2, we see that ΛL0
is (m0, E,K0)-

regular for any E ∈ [E1, E0]. Thus we have (5.2) by the stationarity and the spatially independence of

the white noise. For the function

f(ℓ) := ℓ− log{Ξ3(ℓ)
Ξ4 + 2m2

0 +m0

√
m2

0 + c(Ξ1

√
log(2 + ℓ) + Ξ2 log(2 + ℓ))

of ℓ > 0, there exists ℓ0 ∈ (0,∞) such that f(ℓ) > 0 for any ℓ > ℓ0, since f(ℓ) → ∞ as ℓ → ∞. Now for

any

E0 <− Ξ3

(
log

(
ℓ0 ∨

c1

m
α/(α−1)
0

))Ξ4

− 2m2
0

−m0

{
m2

0 + c
(
Ξ1

(
log

(
2 + ℓ0 ∨

c1

m
α/(α−1)
0

))1/2

+ Ξ2 log
(
2 + ℓ0 ∨

c1

m
α/(α−1)
0

))}1/2

,

and some E1 ≤ E0, (5.9) and (5.1) are satisfied by

L0 ≥ c1

m
α/(α−1)
0

∨ (log |E1|)2 ∨ ℓ0.

2

6. Generalized eigenfunction expansions

Let T be the operator of multiplication with the function (1+ |x|2)ν , where ν is a fixed number greater

than 1/2. Let H± be the weighted spaces defined by

H± := L2(R2, (1 + |x|2)±2νdx).

ψ ∈ H− is called a generalized eigenfunction of H̃ξ with generalized eigenvalue E if∫
(H̃ξφ)ψdx = E

∫
φψdx

for any φ ∈ Dom+0(H̃ξ). This condition is meaningful since Dom+0(H̃ξ) ⊂ H+ and H̃ξ(Dom+0(H̃ξ)) ⊂

H+. For the generalized eigenfunctions, we show the following, which is called an eigenfunction decay

inequality in [7]:
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Proposition 6.1. There exist finite positive constants c1, c2, c3 such that, for any a ∈ Z2, L ∈ 2N and

any generalized eigenfunction ψ of H̃ξ with generalized eigenvalue E ∈ R, it holds that

∥χaψ∥L2(R2)

≤c3
∑

a1∈Z2

∥χa1
ψ∥L2(R2)(1 ∨ Ξ(a, ℓ, ξ))3/2Ξc(a1,a, ℓ, ξ)

1/2(1 ∨ Ξc(a1,a, ℓ, ξ))
1/2 exp(−c1|a1 − a|)

+ c3
∑

a1∈Z2

∥χa1
ψ∥L2(R2)(1 ∨ Ξ(a, ℓ, ξ))2 exp(−c1|a1 − a2| − c1d(a1,Λ2L/3(a) \ ΛL/3(a)))

+ c3
∑

a1,a2∈Z2

∥χa1
ψ∥L2(R2)

∑
a3∈Z2∩Λ2(a)

∥χa2
(
˜
H ξ̃

L,a − E)−1χ2
a3
∥L(L2(R2))(logL)

c2

× (1 ∨ Ξ(a, ℓ, ξ))2(1 ∨ Ξc(a2,a, ℓ, ξ))
3/2Ξc(a2,a, ℓ, ξ)

1/2(1 ∨ Ξc(a2, ξ))
1/2

× (max |ξ0|+ |E|+ Ξ(a, ℓ, ξ)) exp(−c1|a1 − a2|)

+ c3
∑

a1,a2∈Z2

∥χa1ψ∥L2(R2)

∑
a3∈Z2∩Λ2(a)

∥χa2(
˜
H ξ̃

L,a − E)−1χ2
a3
∥L(L2(R2))(logL)

c2

× (1 ∨ Ξ(a, ℓ, ξ))5/2(1 ∨ Ξc(a2,a, ℓ, ξ))(max |ξ0|+ |E|+ Ξ(a, ℓ, ξ))

× exp(−c1|a1 − a2| − c1d(a1,Λ2L/3(a) \ ΛL/3(a))),

(6.1)

where ℓ = L − 2,
˜
H ξ̃

L,a is the operator defined in (2.1), Ξ(a, ℓ, ξ) is the quantity defined in Proposition

2.1,

Ξc(a1,a, ℓ, ξ) :=
∑

a2∈Z2\Λℓ(a)

∥χ2
a2
ξ∥C−1−ε(R2) exp(−c1|a1 − a2|)

+
∑

(a2,a3)∈Z2×Z2\Λℓ(a)2

3∏
j=2

∥χ2
aj
ξ∥C−1−ε(R2) exp(−c1|a1 − aj |)

+
∑

a2∈Z2

∥χ2
a2
(Yξ − Yξ,ℓ,a)∥C−ε(R2) exp(−c1|a1 − a2|),

and

Ξc(a1, ξ) :=

2∑
j=1

( ∑
a2∈Z2

∥χ2
a2
ξ∥C−1−ε(R2) exp(−c1|a1 − a2|)

)j

+
∑

a2∈Z2

∥χ2
a2
Yξ∥C−ε(R2) exp(−c1|a1 − a2|)

for any a1,a ∈ Z2 and ℓ > 0.

Proof. We set v := χΛL(a)ψ and u := (
˜
H ξ̃

L,a − E)−1χ2
aψ. We take a [0, 1]-valued smooth function ϕ on

R2 so that ϕ ≡ 1 on ΛL/3(a) and ϕ ≡ 0 on R2 \ Λ2L/3(a). Since u ∈ Dom(H̃ξ
ℓ,a) for ℓ = L− 2, we have
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ϕΦ
s(ϵ,ξ,δ,a)
ξ,ℓ,a (u) ∈ H2(R2) and (Φ

s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u) ∈ Dom+0(H̃ξ) by Lemma 4.1 and Lemma 4.2

in [21], where s(ϵ, ξ, δ,a) = (s(a; ϵ, ξ, δ,a), s1(a, a
′; ϵ, ξ, δ,a), s2(a; ϵ, ξ, δ,a))a,a′∈Z2 is the numbers defined

by modifying the definition of the numbers s(ϵ, ξ, δ) in Lemma 4.1 in [21] as follows:

s(a; ϵ, ξ, δ,a) = s(ϵ, ξ(·+ a))
( δ

(log(2 + |a− a|))1/2
)M(ϵ)

,

s1(a, a
′; ϵ, ξ, δ,a) = s1(ϵ, ξ(·+ a))

( δ

(log(2 + |a− a|))1/2(log(2 + |a′ − a|))1/2
)M1(ϵ)

and

s2(a; ϵ, ξ, δ,a) = s2(ϵ, ξ(·+ a))
( δ

log(2 + |a− a|)

)M2(ϵ)

.

Then we have

∥χ2
aψ∥2L2(R2)

=(ψ, ϕ(
˜
H ξ̃

L,a − E)u)

=I + EJ,

where

I = (ψ, ϕ
˜
H ξ̃

L,au− H̃ ξ̃(Φ
s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u))L2(R2)

and

J = (ψ, (Φ
s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)− ϕu)L2(R2).
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We devide as I =
∑7

j=1 Ij , where

I1 =(ψ,−ϕ∆Φξ,ℓ,a(u) + ∆Φξ((Φ
s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u))L2(R2),

I2 =(ψ, ϕPξℓ,aΦξ,ℓ,a(u)− PξΦξ((Φ
s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u))L2(R2)

+ (ψ, ϕΠ(ξℓ,a,Φξ,ℓ,au)−Π(ξ,Φξ((Φ
s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)))L2(R2),

I3 =(ψ, ϕP
(b)
1 ((P

(b)
1 u)(P

(b)
1 ξℓ,a))− P

(b)
1 (P

(b)
1 (Φ

s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)))(P

(b)
1 ξ)))L2(R2)

I4 =(ψ, ϕe∆(Puξℓ,a +u Pξℓ,a∆
−locξℓ,a + PuYξ.ℓ,a)

− e∆(P
(Φ

s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

ξ +
(Φ

s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

Pξ∆
−locξ + P

(Φ
s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

Yξ)L2(R2),

I5 =(ψ, ϕC(u, ξℓ,a, ξℓ,a)− C((Φ
s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u), ξ, ξ))L2(R2)

+ (ψ, ϕS(u, ξℓ,a, ξℓ,a)− S((Φ
s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u), ξ, ξ))L2(R2),

I6 =(ψ, ϕPYξ,ℓ,a
u− PYξ

((Φ
s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)))L2(R2)

+ (ψ, ϕΠ(Yξ,ℓ,a, u)−Π(Yξ, (Φ
s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)))L2(R2)

+ (ψ, ϕ(P
(b)
1 ((P

(b)
1 Yξ,ℓ,a)(P

(b)
1 u))− (P

(b)
1 ((P

(b)
1 Yξ)(P

(b)
1 (Φ

s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)))L2(R2),

and

I7 =(ψ, ϕPξℓ,a∆
−loc(uPξℓ,a∆

−locξℓ,a + PuYξ,ℓ,a)

− Pξ∆
−loc(

(Φ
s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

Pξ∆
−locξ + P

(Φ
s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

Yξ))L2(R2)

+ (ψ, ϕΠ(ξℓ,a,∆
−loc(uPξℓ,a∆

−locξℓ,a + PuYξ,ℓ,a))

−Π(ξ,∆−loc(
(Φ

s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

Pξ∆
−locξ + P

(Φ
s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

Yξ)))L2(R2).

Since

− ϕ∆Φξ,ℓ,a(u) + ∆Φξ((Φ
s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

=([∆, ϕ]Φξ,ℓ,a(u)−∆ϕΦξ,ℓ,a(u)) + (∆ϕΦ
s(ϵ,ξ,δ,a)
ξ,ℓ,a (u) + ∆(Φξ − Φ

s(ϵ,ξ,δ,a)
ξ )(Φ

s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u))

=[∆, ϕ]Φξ,ℓ,a(u)−∆ϕ(Φξ,ℓ,a − Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )(u) + ∆(Φξ,ℓ,a − Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )(Φ

s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u))

+ ∆(Φξ − Φ
s(ϵ,ξ,δ,a)
ξ − Φξ,ℓ,a +Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )(Φ

s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

and

[∆, ϕ] = 2(∇ϕ) · ∇+ (∆ϕ),
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I1 is divided as

2I1,1 +

5∑
j=2

I1,j ,

where

I1,1 =(ψ, (∇ϕ)∇Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a (u))L2(R2),

I1,2 =(ψ, (∆ϕ)Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a (u))L2(R2),

I1,3 =(ψ,−ϕ∆(Φξ,ℓ,a − Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )(u) + ∆(Φξ,ℓ,a − Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )(ϕu))L2(R2),

I1,4 =(ψ,∆(Φξ,ℓ,a − Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )(−ϕu+ (Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)))L2(R2),

I1,5 =(ψ,∆(Φξ,ℓ,a − Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )((Φ

s(ϵ,ξ,δ,a)
ξ )−1 − (Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1)ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )(u))L2(R2),

and

I1,6 = (ψ,∆(Φξ − Φ
s(ϵ,ξ,δ,a)
ξ − Φξ,ℓ,a +Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )(Φ

s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u))L2(R2).

I1,1 is dominated by ∑
a1∈Z2∩supp∇ϕ

∥χa1
ψ∥L2(R2)∥χa1

∇Φξ,ℓ,a(u)∥L2(R2).

Now we estimate I(a1) := ∥χa1∆Φξ,ℓ,a(u)∥L2(R2). This is dominated by
∑8

j=1 Ij(a1), where

I1(a1) =∥χa1(
˜
H ξ̃

L,a − E)u∥L2(R2) = ∥χa1χ
2
aψ∥L2(R2),

I2(a1) =∥χa1
(ξL,a − E)u∥L2(R2) ≤ (max |ξ0|+ |E|)∥χa1

u∥L2(R2),

I3(a1) =∥χa1
Pξℓ,aΦξ,ℓ,a(u)∥L2(R2) + ∥χa1

Π(ξℓ,a,Φξ,ℓ,a(u))∥L2(R2),

I4(a1) =∥χa1
P

(b)
1 ((P

(b)
1 u)(P

(b)
1 ξℓ,a))∥L2(R2),

I5(a1) =∥χa1e
∆(Puξℓ,a +u Pξℓ,a∆

−locξℓ,a + PuYξ.ℓ,a)∥L2(R2),

I6(a1) =∥χa1C(u, ξℓ,a, ξℓ,a)∥L2(R2) + ∥χa1S(u, ξℓ,a, ξℓ,a)∥L2(R2),

I7(a1) =∥χa1PYξ,ℓ,a
u∥L2(R2) + ∥χa1Π(Yξ,ℓ.a, u)∥L2(R2) + ∥χa1P

(b)
1 ((P

(b)
1 Yξ,ℓ,a)(P

(b)
1 u))∥L2(R2),

and

I8(a1) =∥χa1
Pξℓ,a∆

−loc(uPξℓ,a∆
−locξℓ,a + PuYξ,ℓ,a)∥L2(R2),

+ ∥χa1Π(ξℓ,a,∆
−loc(uPξℓ,a∆

−locξℓ,a + PuYξ,ℓ,a)∥L2(R2).

By Lemma 3.2 (ii), (iii) in [21], I3(a1) is dominated by

Ξ(a1,a, ℓ, ξ)
1/2

∑
a2∈Z2

∥χ2
a2
Φξ,ℓ,a(u)∥H1+2ϵ(R2) exp(−c|a1 − a2|2),
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where Ξ(a1,a, ℓ, ξ) is the quatity appeared in Proposition 2.1. As in the proof of Theorem 1 in [21], we

have

∥χ2
a2
Φξ,ℓ,a(u)∥H1+2ϵ(R2) ≤

c2

t
(1+2ϵ)/2
1

(
∥χ2

a2
Φξ,ℓ,au∥L2(R2) + t1∥χ2

a2
∆Φξ,ℓ,au∥L2(R2)

)
for any t1 ∈ (0,∞). By Lemma 3.4 in [21], I6(a1) is dominated by

Ξ(a1,a, ℓ, ξ)
∑

a2∈Z2

∥χ2
a2
u∥H3ϵ(R2) exp(−c|a1 − a2|2)

As in the proof of Theorem 1 in [21], we have

∥χ2
a2
u∥H3ϵ(R2)

≤∥χ2
a2
Φξ,ℓ,au∥H3ϵ(R2) + ∥χ2

a2
∆−locPuξℓ,a∥H3ϵ(R2)

+ ∥χ2
a2
∆−loc

uPξℓ,a∆
−locξℓ,a∥H3ϵ(R2) + ∥χ2

a2
∆−locPuYξ,Λℓ(a)∥H3ϵ(R2)

≤ c

t
3ϵ/2
2

( ∑
a3∈Z2∩Λ2(a2)

∥χ2
a3
Φξ,ℓ,au∥L2(R2) + t

1/2
2 ∥χ2

a2
∆Φξ,ℓ,au∥L2(R2)

)

+ cΞ(a1,a, ℓ, ξ)
∑

a3∈Z2

∥χ2
a3
u∥L2(R2) exp(−c|a2 − a3|2)

for any t2 ∈ (0,∞). The other terms are similarly estimated and we obtain

∥χa1
∆Φξ,ℓ,au∥L2(R2)

≤∥χa1
χ2
aψ∥L2(R2) + (max |ξ0|+ |E|)∥χa1

u∥L2(R2)

+ cΞ(a1,a, ℓ, ξ)
2

∑
a2∈Z2

∥χ2
a2
u∥L2(R2) exp(−c|a1 − a2|2)

+ cΞ(a1,a, ℓ, ξ)
∑

a2∈Z2

(∥χ2
a2
Φξ,ℓ,au∥L2(R2)

t(1+2ϵ)/2
+ t(1−2ϵ)/2∥χ2

a2
∆Φξ,ℓ,au∥L2(R2)

)
exp(−c|a1 − a2|2)
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for any t ∈ (0, 1]. By the iteration, we have

∥χa1
∆Φξ,ℓ,au∥L2(R2)

≤
N∑
j=0

(cΞ(a, ℓ, ξ)t(1−2ϵ)/2)j
∑

a2,a3,...,aj+1∈Z2

exp
(
− c

j∑
k=1

|ak − ak+1|2
)

× {∥χaj+1χ
2
aψ∥L2(R2) + (max |ξ0|+ |E|)∥χaj+1u∥L2(R2)

+ cΞ(a, ℓ, ξ)2
∑

aj+2∈Z2

∥χ2
aj+2

u∥L2(R2) exp
(
− c|aj+1 − aj+2|2

)

+
cΞ(a, ℓ, ξ)

t(1+2ϵ)/2
∥χ2

aj+2
Φξ,ℓ,au∥L2(R2) exp(−c|aj+1 − aj+2|2)

}
+ (cΞ(a, ℓ, ξ)t(1−2ϵ)/2)N+1

∑
a2,a3,...,aN+2∈Z2

exp
(
− c

N+1∑
k=1

|ak − ak+1|2
)
∥χ2

aN+2
∆Φξ,ℓ,a(u)∥L2(R2)

≤
∑

a2∈Z2

{{
δa1a2

+

N∑
j=1

(cΞ(a, ℓ, ξ)t(1−2ϵ)/2)j exp
(
− c

j
|a1 − a2|2

)}
× {∥χa2χ

2
aψ∥L2(R2) + (max |ξ0|+ |E|)∥χa2u∥L2(R2)}

+

N∑
j=0

(cΞ(a, ℓ, ξ)t(1−2ϵ)/2)j exp
(
− c

j + 1
|a1 − a2|2

)

×
(
Ξ(a, ℓ, ξ)∥χ2

a2
u∥L2(R2) +

∥χ2
a2
Φξ,ℓ,a(u)∥L2(R2)

t(1+2ϵ)/2

)
+ (cΞ(a, ℓ, ξ)t(1−2ϵ)/2)N+1 exp

(
− c|a1 − a2|

N + 1

)
∥χ2

aN+2
∆Φξ,ℓ,a(u)∥L2(R2)

}
.

We take t ≤ 1/(4cΞ(a, ℓ, ξ))2/(1−2ϵ) so that

cΞ(a, ℓ, ξ)t(1−2ϵ)/2 ≤ 1

22
.

Then, since

c|a1 − a|2

j
+ j log

1

2
≥ 2

√
c log

1

2
|a1 − a2|,

we have

∥χa1∆Φξ,ℓ,au∥L2(R2)

≤
∑

a2∈Z2

c exp(−c|a1 − a2|)
{
∥χa2

χ2
aψ∥L2(R2)

+ (max |ξ0|+ |E|+ Ξ(a, ℓ, ξ))∥χa2
u∥L2(R2)

+ (1 ∨ Ξ(a, ℓ, ξ)(1+2ϵ)/(1−2ϵ))∥χ2
a2
Φξ,ℓ,a(u)∥L2(R2)

}
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by taking the limit N → ∞. Since it is easy to obtain

∥χ2
a2
Φξ,ℓ,au∥L2(R2)

≤c(1 ∨ Ξ(a, ℓ, ξ))
∑

a3∈Z2

∥χ2
a3
u∥L2(R2) exp(−c|a2 − a3|2),

(6.2)

we have

∥χa1
∆Φξ,ℓ,au∥L2(R2)

≤c exp(−c|a1 − a|)∥χ2
aψ∥L2(R2)

+
∑

a2∈Z2

c exp(−c|a1 − a2|)∥χa2u∥L2(R2)

× (1 ∨ Ξ(a, ℓ, ξ)(1+2ϵ)/(1−2ϵ))(max |ξ0|+ |E|+ Ξ(a, ℓ, ξ)).

(6.3)

and

∥χa1∇Φξ,ℓ,au∥L2(R2)

≤c(1 ∨ Ξ(a, ℓ, ξ))
∑

a2∈Z2

∥χa2χ
2
aψ∥L2(R2) exp(−c|a1 − a2|)

+ c(1 ∨ Ξ(a, ℓ, ξ))1/(1−2ϵ)(max |ξ0|+ |E|+ Ξ(a, ℓ, ξ))1/2

×
∑

a2∈Z2

∥χa2
u∥L2(R2) exp(−c|a1 − a2|).

Thus we have

|I1,1| ≤c
∑

a1∈Z2∩supp∇ϕ

∥χa1
ψ∥L2(R2)

×
{
(1 ∨ Ξ(a, ℓ, ξ))2∥χ2

aψ∥L2(R2) exp(−c|a1 − a|)

+ (1 ∨ Ξ(a, ℓ, ξ))1+1/(1−2ϵ)(max |ξ0|+ |E|+ Ξ(a, ℓ, ξ))1/2

×
∑

a2∈Z2

∥χa2
u∥L2(R2) exp(−c|a1 − a2|)

}
.

We also have

|I1,2| ≤c
∑

a1∈Z2∩supp∇ϕ

∥χa1
ψ∥L2(R2)

× (1 ∨ Ξ(a, ℓ, ξ))
∑

a2∈Z2

∥χ2
a2
u∥L2(R2) exp(−c|a1 − a2|2).
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I1,3 is decomposed as
∑3

j=1 I1,3,j , where

I1,3,1 :=(ψ, ϕ∆∆−loc
∑

a∈Z2∩Λℓ(a)

(Puχ
2
aξ − P s(a;ϵ,ξ,δ,a)

u χ2
aξ)

−∆∆−loc
∑

a∈Z2∩Λℓ(a)

(Pϕuχ
2
aξ − P

s(a;ϵ,ξ,δ,a)
ϕu χ2

aξ))L2(R2),

I1,3,2 :=(ψ, ϕ∆∆−loc
∑

a,a′∈Z2∩Λℓ(a)

(uPχ2
aξ
∆−locχ2

a′ξ −u P
s1(a,a

′;ϵ,ξ,δ,a)
χ2
aξ

∆−locχ2
a′ξ)

−∆∆−loc
∑

a,a′∈Z2∩Λℓ(a)

(ϕuPχ2
aξ
∆−locχ2

a′ξ −ϕu P
s1(a,a

′;ϵ,ξ,δ,a)
χ2
aξ

∆−locχ2
a′ξ))L2(R2),

and

I1,3,3 := (ψ, ϕ∆∆−loc
∑
a∈Z2

(Puχ
2
aYξ,ℓ,a − P s2(a;ϵ,ξ,δ,a)

u χ2
aYξ,ℓ,a)

−∆∆−loc
∑
a∈Z2

(Pϕuχ
2
aYξ,ℓ,a − P

s2(a;ϵ,ξ,δ,a)
ϕu χ2

aYξ,ℓ,a))L2(R2).

I1,3,1 is decomposed as
∑2

j=1 I1,3,1,j , where

I1,3,1,1 := (ψ, (e∆ϕ− ϕe∆)
∑

a∈Z2∩Λℓ(a)

(Puχ
2
aξ − P s(a;ϵ,ξ,δ,a)

u χ2
aξ))L2(R2)

and

I1,3,1,2 :=(ψ,∆∆−locϕ
∑

a∈Z2∩Λℓ(a)

(Puχ
2
aξ − P s(a;ϵ,ξ,δ,a)

u χ2
aξ)

−∆∆−loc
∑

a∈Z2∩Λℓ(a)

(Pϕuχ
2
aξ − P

s(a;ϵ,ξ,δ,a)
ϕu χ2

aξ))L2(R2),

I1,3,1,1 is estimated as

I1,3,1,1 =

∫
dx1ψ(x1)

∫
dx2e

∆(x1, x2)

∫ 1

0

dr(x2 − x1) · (∇ϕ)(rx2 + (1− r)x1)

×
∑

a∈Z2∩Λℓ(a)

(Puχ
2
aξ − P s(a;ϵ,ξ,δ,a)

u χ2
aξ)(x2)

and

|I1,3,1,1| ≤c
∑

a1∈Z2

∥χ2
a1
ψ∥L2(R2) exp(−cd(a1,Λ2L/3(a) \ ΛL/3(a)))

×
∑

a2∈Z2

∥χ2
a2
u∥L2(R2) exp(−c|a1 − a2|2 − cd(a2,Λ2L/3(a) \ ΛL/3(a)))

× Ξ(a, ℓ, ξ)1/2.
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By using Lemma 3.6 in [21], I1,3,1,2 is estimated as

I1,3,1,2 =

∫
dx1dx2dx3dx4ψ(x1)

∫ 1

0

ds(−∆es∆)(x1, x2)

×
(∑

ν

cν
∑

a∈Z2∩ΛL(a)

∫ 1

s(a;ϵ,ξ,δ,a)

dt

t
Q1,ν

t (x2, x3)(Q
2,ν
t χ2

aξ)(x3)P
ν
t (x3, x4)u(x4)

×
∫ 1

0

dr(x2 − x4) · (∇ϕ)(rx2 + (1− r)x4)

and

|I1,3,1,2| ≤c
∑

a1∈Z2

∥χ2
a1
ψ∥L2(R2) exp(−cd(a1,Λ2L/3(a) \ ΛL/3(a)))

×
∑

a2∈Z2

∥χ2
a2
u∥L2(R2) exp(−c|a1 − a2|2 − cd(a2,Λ2L/3(a) \ ΛL/3(a)))

×
∑

a3∈Z2∩ΛL(a)

s(a3; ϵ, ξ, δ,a)
−ϵ−1/2∥χ2

a3
ξ∥C−1−ϵ(R2) exp(−c|a2 − a3|2).

Thus we have

|I1,3,1| ≤c
∑

a1∈Z2

∥χ2
a1
ψ∥L2(R2) exp(−cd(a1,Λ2L/3(a) \ ΛL/3(a)))

×
∑

a2∈Z2

∥χ2
a2
u∥L2(R2) exp(−c|a1 − a2|2 − cd(a2,Λ2L/3(a) \ ΛL/3(a)))

×
∑

a3∈Z2∩ΛL(a)

s(a3; ϵ, ξ, δ,a)
−ϵ−1/2∥χ2

a3
ξ∥C−1−ϵ(R2) exp(−c|a2 − a3|2).

Similarly we have

|I1,3,2| ≤c
∑

a1∈Z2

∥χ2
a1
ψ∥L2(R2) exp(−cd(a1,Λ2L/3(a) \ ΛL/3(a)))

×
∑

a2∈Z2

∥χ2
a2
u∥L2(R2) exp(−c|a1 − a2|2 − cd(a2,Λ2L/3(a) \ ΛL/3(a)))

×
∑

a3,a4∈Z2∩ΛL(a)

s1(a3, a4, ; ϵ, ξ, δ,a)
−ϵ∥χ2

a3
ξ∥C−1−ϵ(R2)∥χ2

a4
ξ∥C−1−ϵ(R2)

× exp(−c(|a2 − a3|2 + |a3 − a4|2))

and

|I1,3,3| ≤c
∑

a1∈Z2

∥χ2
a1
ψ∥L2(R2) exp(−cd(a1,Λ2L/3(a) \ ΛL/3(a)))

×
∑

a2∈Z2

∥χ2
a2
u∥L2(R2) exp(−c|a1 − a2|2 − cd(a2,Λ2L/3(a) \ ΛL/3(a)))

×
∑

a3∈Z2

s2(a3; ϵ, ξ, δ,a)
−ϵ/2∥χ2

a3
Yξ,ℓ,a∥C−ϵ(R2) exp(−c|a2 − a3|2 − cd(a3,ΛL(a))

2).
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For I1,4, we prepare

ϕu− (Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u))

=(Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (ϕu)− ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)).

We use Lemma 4.1 in [21] to obtain

∥χa0(Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1v∥L2(R2)

≤
∑

a1∈Z2

c exp(−c|a0 − a1|)∥χa1v∥L2(R2).

Moreover we prepare

∥χa1
(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (ϕu)− ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u))∥L2(R2)

≤
∑

a2∈Z2:d∞(a1a2,Λ2L/3\ΛL/3))≤1

c exp(−c|a1 − a2|2)∥χa2
u∥L2(R2).

Then we have

∥χa0
(ϕu− (Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u))∥L2(R2)

≤
∑

a1∈Z2

c exp(−c|a0 − a1| − cd(a0,Λ2L/3 \ ΛL/3))∥χa1u)∥L2(R2).

We apply this to each term of the right hand side of I1,4 =
∑3

j=1 I1,4,j , where

I1,4,1 :=(ψ,∆∆−loc
∑

a∈Z2∩Λℓ(a)

(P
ϕu−(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

χ2
aξ)

− P
s(a;ϵ,ξ,δ,a)

ϕu−(Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

χ2
aξ))L2(R2),

I1,4,2 :=(ψ,∆∆−loc
∑

a,a′∈Z2∩Λℓ(a)

(
ϕu−(Φ

s(ϵϵ,ξ,δ,a)
ξ,ℓ,a )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

Pχ2
aξ
∆−locχ2

a′ξ

−
ϕu−(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

P
s1(a,a

′;ϵ,ξ,δ,a)
χ2
aξ

∆−locχ2
a′ξ),

and

I1,4,3 :=(ψ,∆∆−loc
∑
a∈Z2

(P
ϕu−(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

χ2
aYξ,ℓ,a

− P
s2(a;ϵ,ξ,δ,a)

ϕu−(Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

χ2
aYξ,ℓ,a).

63



Then we have

|I1,4,1| ≤c
∑

a1∈Z2

∥χ2
a1
ψ∥L2(R2) exp(−cd(a1,Λ2L/3(a) \ ΛL/3(a)))

×
∑

a2∈Z2

∥χ2
a2
u∥L2(R2) exp(−c|a1 − a2| − cd(a2,Λ2L/3(a) \ ΛL/3(a)))

×
∑

a3∈Z2∩Λℓ(a)

s(a3; ϵ, ξ, δ,a)
−(1+ϵ)/2∥χ2

a3
ξ∥C−1−ϵ(R2) exp(−c|a2 − a3|),

|I1,4,2| ≤c
∑

a1∈Z2

∥χ2
a1
ψ∥L2(R2) exp(−cd(a1,Λ2L/3(a) \ ΛL/3(a)))

×
∑

a2∈Z2

∥χ2
a2
u∥L2(R2) exp(−c|a1 − a2| − cd(a2,Λ2L/3(a) \ ΛL/3(a)))

×
∑

a3,a4∈Z2∩Λℓ(a)

s1(a3, a4; ϵ, ξ, δ,a)
−ϵ∥χ2

a3
ξ∥C−1−ϵ(R2)∥χ2

a4
ξ∥C−1−ϵ(R2)

× exp(−c(|a2 − a3|+ |a3 − a4|))

and

|I1,4,3| ≤c
∑

a1∈Z2

∥χ2
a1
ψ∥L2(R2) exp(−cd(a1,Λ2L/3(a) \ ΛL/3(a)))

×
∑

a2∈Z2

∥χ2
a2
u∥L2(R2) exp(−c|a1 − a2| − cd(a2,Λ2L/3(a) \ ΛL/3(a)))

×
∑

a3∈Z2

s2(a3; ϵ, ξ, δ,a)
−ϵ/2∥χ2

a3
Yξ,ℓ,a∥C−ϵ(R2) exp(−c|a2 − a3|).

For I1,5, we also prepare

((Φ
s(ϵ,ξ,δ,a)
ξ )−1 − (Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1)ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

=(Φ
s(ϵ,ξ,δ,a)
ξ )−1(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a − Φ

s(ϵ,ξ,δ,a)
ξ )(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

and

∥χa1
(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a − Φ

s(ϵ,ξ,δ,a)
ξ )v∥L2(R2)

≤
∑

a2∈Z2

c exp(−c|a1 − a2|2)Ξc(a1,a, ℓ, ξ)∥χa2
v∥L2(R2).
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Then we have

∥χa0
((Φ

s(ϵ,ξ,δ,a)
ξ )−1 − (Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1)ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)∥L2(R2)

≤
∑

a1∈Z2

c exp(−c|a0 − a1|)

×
∑

a2∈Z2

c exp(−c|a1 − a2|2)Ξc(a1,a, ℓ, ξ)

×
∑

a3∈Z2∩Λ2L/3(a)

c exp(−c|a2 − a3|)

×
∑

a4∈Z2

c exp(−c|a3 − a4|2)∥χa4
u∥L2(R2)

≤
∑

a1∈Z2

c exp(−c|a0 − a1| − cd(a0,Λ2L/3(a)))Ξc(a0,a, ℓ, ξ)∥χa1
u∥L2(R2)

by changing the constant appearing in the exponential terms of Ξc(·) when we move to the last line. We

apply this to each term of the right hand side of I1,5 =
∑3

j=1 I1,5,j , where

I1,5,1 :=(ψ,∆∆−loc
∑

a∈Z2∩Λℓ(a)

(P
((Φ

s(ϵ,ξ,δ,a)
ξ )−1−(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1)ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

χ2
aξ)

− P
s(a;ϵ,ξ,δ,a)

((Φ
s(ϵ,ξ,δ,a)
ξ )−1−(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1)ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

χ2
aξ))L2(R2),

I1,5,2 :=(ψ,∆∆−loc
∑

a,a′∈Z2∩Λℓ(a)

(
((Φ

s(ϵ,ξ,δ,a)
ξ )−1−(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1)ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

Pχ2
aξ
∆−locχ2

a′ξ

−
((Φ

s(ϵ,ξ,δ,a)
ξ )−1−(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1)ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

P
s1(a,a

′;ϵ,ξ,δ,a)
χ2
aξ

∆−locχ2
a′ξ),

and

I1,5,3 :=(ψ,∆∆−loc
∑
a∈Z2

(P
((Φ

s(ϵ,ξ,δ,a)
ξ )−1−(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1)ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

χ2
aYξ,ℓ,a

− P
s2(a;ϵ,ξ,δ,a)

((Φ
s(ϵ,ξ,δ,a)
ξ )−1−(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1)ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

χ2
aYξ,ℓ,a).

Then we have

|I1,5,1| ≤c
∑

a1∈Z2

∑
a2∈Z2

∑
a3∈Z2∩Λℓ(a)

∥χ2
a1
ψ∥L2(R2)∥χ2

a2
u∥L2(R2)s(a3; ϵ, ξ, δ)

−(1+ϵ)/2∥χ2
a3
ξ∥C−1−ϵ(R2)

× Ξc(a2,a, ℓ, ξ) exp(−c|a1 − a2| − c|a1 − a3|2 − cd(a2,Λ2L/3(a)))

|I1,5,2| ≤c
∑

a1∈Z2

∑
a2∈Z2

∑
a3∈Z2∩Λℓ(a)

∑
a4∈Z2∩Λℓ(a)

∥χ2
a1
ψ∥L2(R2)∥χ2

a2
u∥L2(R2)

× s1(a3, a4; ϵ, ξ, δ)
−3ϵ/2∥χ2

a3
ξ∥C−1−ϵ(R2)∥χ2

a4
ξ∥C−1−ϵ(R2)

× Ξc(a2,a, ℓ, ξ) exp(−c max
1≤j<k≤4

|aj − ak| − c max
1≤j≤4

d(aj ,Λ2L/3(a))),
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and

|I1,5,3| ≤c
∑

a1,a2,a3∈Z2

∥χ2
a1
ψ∥L2(R2)∥χ2

a2
u∥L2(R2)s2(a3; ϵ, ξ, δ)

−ϵ/2∥χ2
a3
Yξ,ℓ,a∥C−ϵ(R2)

× Ξc(a2,a, ℓ, ξ) exp(−c|a1 − a2| − c|a1 − a3|2 − cd(a2,Λ2L/3(a))).

Moreover we apply

∥χa0
(Φ

s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)∥L2(R2)

≤
∑

a1∈Z2∩Λ2L/3(a)

c exp(−c|a0 − a1|)

×
∑

a2∈Z2

c exp(−c|a1 − a2|2)∥χa2
u∥L2(R2)

≤
∑

a1∈Z2

c exp(−c|a0 − a1| − cd(a0,Λ2L/3(a)))∥χa1u∥L2(R2).

to each term of the right hand side of I1,6 =
∑3

j=1 I1,6,j , where

I1,6,1 :=(ψ,∆∆−loc
∑

a∈Z2\Λℓ(a)

(P
(Φ

s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

χ2
aξ)

− P
s(a;ϵ,ξ,δ,a)

(Φ
s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

χ2
aξ))L2(R2),

I1,6,2 :=(ψ,∆∆−loc
∑

(a,a′)∈Z2×Z2\Λℓ(a)2

(
(Φ

s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

Pχ2
aξ
∆−locχ2

a′ξ

−
(Φ

s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

P
s1(a,a

′;ϵ,ξ,δ,a)
χ2
aξ

∆−locχ2
a′ξ),

and

I1,6,3 :=(ψ,∆∆−loc
∑
a∈Z2

(P
(Φ

s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

χ2
a(Yξ − Yξ,ℓ,a)

− P
s2(a;ϵ,ξ,δ,a)

(Φ
s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)

χ2
a(Yξ − Yξ,ℓ,a)).

Then we have

|I1,6,1| ≤c
∑

a1∈Z2

∑
a2∈Z2

∑
a3∈Z2\Λℓ(a)

∥χ2
a1
ψ∥L2(R2)∥χ2

a2
u∥L2(R2)s(a3; ϵ, ξ, δ,a)

−(1+ϵ)/2∥χ2
a3
ξ∥C−1−ϵ(R2)

× exp(−c|a1 − a2| − c|a1 − a3|2 − cd(a2,Λ2L/3(a)))

|I1,6,2| ≤c
∑

a1∈Z2

∑
a2∈Z2

∑
(a3,a4)∈Z2×Z2\Λℓ(a)2

∥χ2
a1
ψ∥L2(R2)∥χ2

a2
u∥L2(R2)

× s1(a3, a4; ϵ, ξ, δ,a)
−3ϵ/2∥χ2

a3
ξ∥C−1−ϵ(R2)∥χ2

a4
ξ∥C−1−ϵ(R2)

× exp(−c max
1≤j<k≤4

|aj − ak| − c max
1≤j≤4

d(aj ,Λ2L/3(a))),
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and

|I1,6,3| ≤c
∑

a1,a2,a3∈Z2

∥χ2
a1
ψ∥L2(R2)∥χ2

a2
u∥L2(R2)s2(a3; ϵ, ξ, δ,a)

−ϵ/2∥χ2
a3
(Yξ − Yξ,ℓ,a)∥C−ϵ(R2)

× exp(−c|a1 − a2| − c|a1 − a3|2 − cd(a2,Λ2L/3(a))).

I2 is decomposed as
∑4

j=1 I2,j , where

I2,1 :=(ψ, ϕPξℓ,aΦ
s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)− Pξℓ,aϕΦξ,ℓ,a(u))L2(R2)

+ (ψ, ϕΠ(ξℓ,a,Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a (u))−Π(ξℓ,a, ϕΦξ,ℓ,a(u)))L2(R2),

I2,2 :=(ψ, Pξℓ,a(ϕΦξ,ℓ,a(Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1 − Φξ,ℓ,a(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1ϕ)Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u))L2(R2)

+ (ψ,Π(ξℓ,a, (ϕΦξ,ℓ,a(Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1 − Φξ,ℓ,a(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1ϕ)Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)))L2(R2),

I2,3 :=(ψ, Pξℓ,a(Φξ,ℓ,a(Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1 − Φξ(Φ

s(ϵ,ξ,δ,a)
ξ )−1)ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u))L2(R2)

+ (ψ,Π(ξℓ,a, (Φξ,ℓ,a(Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1 − Φξ(Φ

s(ϵ,ξ,δ,a)
ξ )−1)ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)))L2(R2),

and

I2,4 :=(ψ, Pξℓ,a−ξΦξ(Φ
s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u))L2(R2)

+ (ψ,Π(ξℓ,a − ξ,Φξ(Φ
s(ϵ,ξ,δ,a)
ξ )−1ϕΦ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)))L2(R2).

In

I2,1 :=
∑
ν

cν
∑

a1,a2∈Z2

∫
dx1

∫ 1

0

dt

t
(χ2

a1
ψ)(x1)Q

1,ν
t (x1, x2)(P

ν
t ξℓ,a)(x2)

×Q2,ν
t (x2, x3)(χ

2
a2
(Φξ,ℓ,a(u))(x3)(ϕ(x1)− ϕ(x2))

+
∑
µ

cµ
∑
a∈Z2

∫
dx1

∫ 1

0

dt

t
(χ2

a1
ψ)(x1)P

µ
t (x1, x2)(Q

1,µ
t ξℓ,a)(x2)

×Q2,µ
t (x2, x3)(χ

2
a2
(Φξ,ℓ,a(u))(x3)(ϕ(x1)− ϕ(x3)),

a neccesary condition for

ϕ(x1)− ϕ(x3) = (x1 − x3) ·
∫ 1

0

dr(∇ϕ)(rx1 + (1− r)x4) ̸= 0

is

d∞(a1a2,Λ2L/3(a) \ ΛL/3(a)) ≤ 1.
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By Lemma 3.2 (ii) (iii) in [21] and (6.3)-(6.2), we have

|I2,1| ≤c
∑

a1∈Z2

∑
a2∈Z2∩Λℓ(a)

∑
a3∈Z2,d∞(a1a2,Λ2L/3(a)\ΛL/3(a))≤1

× ∥χa1
ψ∥L2(R2)∥χ2

a2
ξ∥C−1−ϵ(R2)∥χ2

a3
Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a (u)∥H1+2ϵ(R2)

× exp(−c(|a1 − a2|2 + |a1 − a3|2))

≤c
∑

a1∈Z2

∥χ2
a1
ψ∥L2(R2)∥χ2

aψ∥L2(R2)

× exp(−c|a1 − a|2 − c(d(a1,Λ2L/3 \ ΛL/3) ∨ L))

+ c
∑

a1,a2∈Z2

∥χ2
a1
ψ∥L2(R2)∥χ2

a2
u∥L2(R2)Ξ(a, ℓ, ξ)(1 ∨ Ξ(a, ℓ, ξ))(1+2ϵ)/(1−2ϵ)

× (max |ξ0|+ |E|+ Ξ(a, ℓ, ξ))

× exp(−c|a1 − a2| − c max
j∈{1,2}

d(aj ,Λ2L/3 \ ΛL/3))).

By the decomposition

ϕΦξ,ℓ,a(Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1 − Φξ,ℓ,a(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1ϕ

=ϕ(Φξ,ℓ,a − Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1 − (Φξ,ℓ,a − Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1ϕ

={ϕ(Φξ,ℓ,a − Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )− (Φξ,ℓ,a − Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )ϕ}(Φs(ϵ,ξ,δ,a)

ξ,ℓ,a )−1

+ (Φξ,ℓ,a − Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a ){ϕ(Φs(ϵ,ξ,δ,a)

ξ,ℓ,a )−1 − (Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1ϕ},

we have

|I2,2| ≤c(logL)c
∑

a1,a2∈Z2

∥χ2
a1
ψ∥L2(R2)∥χ2

a2
u∥L2(R2)

× Ξ(a, ℓ, ξ)3/2 exp(−c|a1 − a2| − c max
j∈{1,2}

d(aj ,Λ2L/3 \ ΛL/3)).

By the decomposition

Φξ,ℓ,a(Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1 − Φξ(Φ

s(ϵ,ξ,δ,a)
ξ )−1

=(Φξ,ℓ,a − Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )(Φ

s(ϵ,ξ,δ,a)
ξ,ℓ,a )−1 − (Φξ − Φ

s(ϵ,ξ,δ,a)
ξ )(Φ

s(ϵ,ξ,δ,a)
ξ )−1)

={(Φξ,ℓ,a − Φ
s(ϵ,ξ,δ,a)
ξ,ℓ,a )− (Φξ − Φ

s(ϵ,ξ,δ,a)
ξ )}(Φs(ϵ,ξ,δ,a)

ξ,ℓ,a )−1

+ (Φξ − Φ
s(ϵ,ξ,δ,a)
ξ ){(Φs(ϵ,ξ,δ,a)

ξ,ℓ,a )−1 − (Φ
s(ϵ,ξ,δ,a)
ξ )−1},
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we have

|I2,3| ≤c(logL)c
∑

a1,a2∈Z2

∥χ2
a1
ψ∥L2(R2)∥χ2

a4
u∥L2(R2)

× Ξc(a2,a, ℓ, ξ)(1 ∨ Ξc(a2,a, ℓ, ξ))Ξ(a, ℓ, ξ)
1/2(1 ∨ Ξ(a, ℓ, ξ))

× {exp(−c|a1 − a2| − cd(a2,Λ2L/3 \ ΛL/3(a))).

By the decomposition

Φξ(Φ
s(ϵ,ξ,δ,a)
ξ )−1 = 1 + (Φξ − Φ

s(ϵ,ξ,δ,a)
ξ )(Φ

s(ϵ,ξ,δ,a)
ξ )−1,

we have

|I2,4| ≤
∑

a1∈Z2

∥χ2
a1
ψ∥L2(R2)∥χ2

aψ∥L2(R2)c exp(−c|a1 − a|)Ξc(a1,a, ℓ, ξ)
1/2

+
∑

a1,a2∈Z2

c(log(2 + |a1 − a|))c∥χ2
a1
ψ∥L2(R2)∥χ2

a2
u∥L2(R2)

× exp(−c|a1 − a2| − cd(a2,Λ2L/3 \ ΛL/3(a)))Ξc(a1,a, ℓ, ξ)
1/2

× ((1 ∨ Ξ(a, ℓ, ξ)(1+2ϵ)/(1−2ϵ))(max |ξ0|+ |E|+ Ξ(a, ℓ, ξ)) + Ξc(a2, ξ)).
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The other terms are simirarly estimated and we obtain

∥χ2
aψ∥2L2(R2) ≤

∑
a1∈Z2

∥χa1ψ∥L2(R2)∥χ2
aψ∥L2(R2)

× c(1 ∨ Ξ(a, ℓ, ξ))3/2Ξc(a1,a, ℓ, ξ)
1/2(1 ∨ Ξc(a1,a, ℓ, ξ))

1/2

× exp(−c|a1 − a|)

+
∑

a1∈Z2

∥χa1
ψ∥L2(R2)∥χ2

aψ∥L2(R2)

× c(1 ∨ Ξ(a, ℓ, ξ))2 exp(−c|a1 − a| − cd(a1,Λ2L/3(a) \ ΛL/3(a)))

+
∑

a1,a2∈Z2

∥χ2
a1
ψ∥L2(R2)∥χ2

a2
u∥L2(R2)c(logL)

c

× (1 ∨ Ξ(a, ℓ, ξ))2Ξc(a2,a, ℓ, ξ)
1/2

× (1 ∨ Ξc(a2,a, ℓ, ξ))
3/2(1 ∨ Ξc(a2, ξ))

1/2

× (max |ξ0|+ |E|+ Ξ(a, ℓ, ξ)) exp(−c|a1 − a2|)

+
∑

a1,a2∈Z2

∥χ2
a1
ψ∥L2(R2)∥χ2

a2
u∥L2(R2)c(logL)

c

× (1 ∨ Ξ(a, ℓ, ξ))5/2(1 ∨ Ξc(a2,a, ℓ, ξ))(max |ξ0|+ |E|+ Ξ(a, ℓ, ξ))

× exp(−c|a1 − a2| − cd(a2,Λ2L/3(a) \ ΛL/3(a))).

Since

∥χa2u∥L2(R2) ≤
∑

a3∈Z2∩Λ2(a)

∥χa2(H̃
ξ
L,a − E)−1χ2

a3
∥L(L2(R2))∥χ2

aψ∥L2(R2),
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we have

∥χ2
aψ∥L2(R2) ≤

∑
a1∈Z2

∥χa1
ψ∥L2(R2)c(1 ∨ Ξ(a, ℓ, ξ))3/2Ξc(a1,a, ℓ, ξ)

1/2

× (1 ∨ Ξc(a1,a, ℓ, ξ))
1/2 exp(−c|a1 − a|)

+
∑

a1∈Z2

∥χa1ψ∥L2(R2)c(1 ∨ Ξ(a, ℓ, ξ))2

× exp(−c|a1 − a| − cd(a1,Λ2L/3(a) \ ΛL/3(a)))

+
∑

a1,a2∈Z2

∥χ2
a1
ψ∥L2(R2)

∑
a3∈Z2∩Λ2(a)

∥χa2
(H̃ξ

L,a − E)−1χ2
a3
∥L(L2(R2))

× c(logL)c(1 ∨ Ξ(a, ℓ, ξ))2Ξc(a2,a, ℓ, ξ)
1/2

× (1 ∨ Ξc(a2,a, ℓ, ξ))
3/2(1 ∨ Ξc(a2, ξ))

1/2

× (max |ξ0|+ |E|+ Ξ(a, ℓ, ξ)) exp(−c|a1 − a2|)

+
∑

a1,a2∈Z2

∥χ2
a1
ψ∥L2(R2)

∑
a3∈Z2∩Λ2(a)

∥χa2(H̃
ξ
L,a − E)−1χ2

a3
∥L(L2(R2))

× c(logL)c(1 ∨ Ξ(a, ℓ, ξ))5/2(1 ∨ Ξc(a2,a, ℓ, ξ))(max |ξ0|+ |E|+ Ξ(a, ℓ, ξ))

× exp(−c|a1 − a2| − cd(a2,Λ2L/3(a) \ ΛL/3(a))).

2

For the existense of generalized eigenfunctions, we apply Theorem 3.1 and Corollary 3.1 in Klein, Koines

and Seifert [12] to obtain Lemma 6.1 below: let µξ be a measure defined by µξ(·) = Tr[T−1E(· : H̃ξ)T−1].

Let ι+ : H+ → L2(R2, dx) and ι− : L2(R2, dx) → H− be the natural injections. Let L(L2(R2, dx)) be the

space of bounded operators on L2(R2, dx), and L(H+,H−) be that of bounded operators from H+ to H−.

Let τ be a Banach space isomorphism from L(L2(R2, dx)) to L(H+,H−) defined by τ(C) = TCT for any

C ∈ L(L2(R2, dx)). Let I1,+(L2(R2, dx)) be the space of non-negative definite operators on L2(R2, dx)

with finite traces. We set I1,+(H+,H−) = τI1,+(L2(R2, dx)). Then the results we need are the following:

Lemma 6.1. For almost all ξ, there exits a µξ-locally integrable I1,+(H+,H−)-valued function P ξ(λ) of

λ ∈ R such that

ι−E(I : H̃ξ)ι+ =

∫
I

P ξ(λ)µξ(dλ)

in the sense of the Bochner integral for any bounded interval I.

For µξ-almost every λ ∈ R, P ξ(λ)ϕ is a generalized eigenfunction of H̃ξ with a generalized eigenvalue

λ for any ϕ ∈ H+ if P ξ(λ)ϕ ̸= 0.
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In Klein, Koines and Seifert [12], these results are proven under several hypotheses. Among them,

we should show that µξ(·) is a locally finite measure. For this, we show the following estimate, which is

called the assumption on the strong generalized eigenfunction expansion in Germinet and Klein [7]:

Proposition 6.2. For any bounded interval I and p > 0, we have

(6.4) E[Tr[T−1E(I : H̃ξ)T−1]p] <∞.

Proof. Suppose E[Tr[T−1E(I : H̃ξ)T−1]p] = ∞. Then for any R > 0, there exists N ∈ N such that

(6.5) E
[{ N∑

n=1

∥E(I : H̃ξ)ψn∥2L2(R2)

}p]
≥ R,

where {Tψn}∞n=1 is a complete orthonormal basis of L2(R2). Since H̃ξ is the limit of H̃ξε in the strong

resolvent sense as ε→ 0, we have

N∑
n=1

∥E(I : H̃ξ)ψn∥2L2(R2) ≤ XN
0 (ξ) = lim

ε→0
XN

ε (ξ),

where

XN
0 (ξ) =

N∑
n=1

∥χ̃I(H̃ξ)ψn∥2L2(R2),

XN
ε (ξ) =

N∑
n=1

∥χ̃I(H̃ξ)ψn∥2L2(R2),

and χ̃I is a [0, 1]-valued continuous function such that χ̃I = 1 on I and χ̃I(µ) = 0 if d(µ, I) ≥ 1. To show

the contradiction of (6.5), it is enough to show that supε∈(0,1],N∈N E[XN
ε (ξ)m] <∞ for any m ∈ N.

For any t > 0, we have

E[XN
ε (ξ)m]

≤E
[( N∑

n=1

∫
R2

dy(exp(−tH̃ξε/4)(y, ·), ψn)
2
L2(R2)

)m]
exp(mt(sup I + 1)/2)

=E
[( ∫

R2

dx

(1 + |x|2)2ν
exp(−tH̃ξε/2)(x, x)

)m]
exp(mt(sup I + 1)/2).
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We introduce an m-independent system of 2-dimensional Brownian motions (w1(·), . . . , wm(·)) and use

the Feynman-Kac formula to represent

E
[( ∫

R2

dx

(1 + |x|2)2ν
exp

(
− t

2
H̃ξε

)
(x, x)

)m]
=
( m∏

j=1

∫
R2

dxj
(1 + |xj |2)2ν

)
E
[
exp

(
−

m∑
j=1

∫ t

0

ds

2
ξε(xj + wj(s))

)
∣∣∣w1(t) = · · · = wm(t) = 0

]
exp

(mt
2
E[Π(∆−locξε, ξε)]

)
(2πt)−m

=
( m∏

j=1

∫
R2

dxj
(1 + |xj |2)2ν

)
E
[
exp

(1
8

m∑
j=1

∫ t

0

ds1

∫ t

0

ds2e
2ε2∆(wj(s1), wj(s2))

+
1

4

∑
1≤j<k≤m

∫ t

0

ds1

∫ t

0

ds2e
2ε2∆(xj + wj(s1), xk + wk(s2))

)
∣∣∣w1(t) = · · · = wm(t) = 0

]
exp

(mt
2
E[Π(∆−locξε, ξε)]

)
(2πt)−m.

By the Schwarz inequality, this is less than or equal to

(2πt)−m exp
(mt

2
E[Π(∆−locξε, ξε)]

)
E
[
exp

(1
4

∫ t

0

ds1

∫ t

0

ds2e
2ε2∆(w1(s1), w1(s2))

∣∣∣w1(t) = 0
]m/2

×
( m∏

j=1

∫
R2

dxj
(1 + |xj |2)2ν

)
E
[
exp

(1
2

∑
1≤j<k≤m

∫ t

0

ds1

∫ t

0

ds2e
2ε2∆(xj + wj(s1), xk + wk(s2))

)
∣∣∣w1(t) = · · · = wm(t) = 0

]1/2
.

Theorem 3.7 (iii) in Matsuda [13] showes

sup
ε′∈(0,∞)

E
[
exp

(
t

∫ 1

0

ds1

∫ 1

0

ds2(e
(ε′)2∆(w1(s1), w1(s2))

− E[e(ε
′)2∆(w1(s1), w1(s2))|w1(1) = 0]

)∣∣∣w1(1) = 0
]

is finite for sufficiently small t > 0 and Lemma 3.4 in Matsuda [13] showes∫ t

0

ds1

∫ t

0

ds2E[eε
2∆(w1(s1), w1(s2))|w1(t) = 0] =

t

π
log

t

2ε2
+ o(1)

as ε→ 0. On the other hand, Remark 3.1 in [21] showes

E[Π(∆−locξε, ξε)] =
−1

4π
log

1

2ε2
+ o(1)

as ε→ 0. Thus

sup
ε∈(0,1]

(2πt)−m exp(mtE[Π(∆−locξε, ξε)])E
[
exp

(1
4

∫ t

0

ds1

∫ t

0

ds2e
ε2∆(w1(s1), w1(s2))

∣∣∣w1(t) = 0
]m/2
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is finite for sufficiently small t > 0. By the Hölder inequality and the time symmetry of the Brownian

motion, we have

E
[
exp

(1
4

∑
1≤j<k≤m

∫ t

0

ds1

∫ t

0

ds2e
ε2∆(xj + wj(s1), xk + wk(s2))

)∣∣∣w1(t) = · · · = wm(t) = 0
]

≤
∏

1≤j<k≤m

E
[
exp

(
mC2

∫ t/2

0

ds1

∫ t/2

0

ds2e
ε2∆(xj + wj(s1), xk + wk(s2))

)∣∣∣wj(t) = wk(t) = 0
]1/mC2

.

By Lemma 3.1 in Nakao [15], we have

E
[
exp

(
mC2

∫ t/2

0

ds1

∫ t/2

0

ds2e
ε2∆(xj + wj(s1), xk + wk(s2))

)∣∣∣wj(t) = wk(t) = 0
]

≤4E
[
exp

(
mC2

∫ t/2

0

ds1

∫ t/2

0

ds2e
ε2∆(xj + wj(s1), xk + wk(s2))

)]
.

As in (4.3.8) in Chen [4] and (3.5) in Matsuda [13], we have

E
[( ∫ t

0

ds1

∫ t

0

ds2e
ε2∆(xj + wj(s1), xk + wk(s2))

)n]
=
( n∏

h=1

∫ t

0

ds1,h

∫ t

0

ds2,h

∫
R2

dζh

)
E
[
exp

( n∑
h=1

2πiζh · (xj + wj(s1,h)− xk − wk(s2,h))− 4ε2π2|ζh|
)]

=
( n∏

h=1

∫ t

0

ds1,h

∫ t

0

ds2,h

∫
R2

dζh

)
exp

( n∑
h=1

2πiζh · (xj − xk)−
1

2
E
[( n∑

h=1

2πζh · (wj(s1,h)− wk(s2,h))
)2]

− 4ε2π2|ζh|
)

≤
( n∏

h=1

∫ t

0

ds1,h

∫ t

0

ds2,h

∫
R2

dζh

)
exp

(
− 1

2
E
[( n∑

h=1

2πζh · (wj(s1,h)− wk(s2,h))
)2])

=E
[( ∫ t

0

ds1

∫ t

0

ds2δ0(wj(s1)− wk(s2))
)n]
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for any n ∈ N, t, ε > 0 and xj , xk ∈ R2. If we estimate the right hand side as in Chapter 3 in Chen [4],

we have the following bound:

E
[( ∫ t

0

ds1

∫ t

0

ds2 δ0(wj(s1)− wk(s2))
)n]

=E
[( ∫ t

0

ds1

∫ t

0

ds2

∫
R2

dy δy(wj(s1))δy(wk(s2))
)n]

=
∑

σ1,σ2∈Sn

∫
(R2)n

dy1 · · · dyn
∫
0≤s1,σ1(1)≤···≤s1,σ1(n)≤t

ds1,1 · · · ds1,n

× E
[
δyσ1(1)

(wj(s1,σ1(1))) · · · δyσ1(n)
(wj(s1,σ1(n)))]

×
∫
0≤s2,σ2(1)≤···≤s2,σ2(n)≤t

ds2,1 · · · ds2,nE
[
δyσ2(1)

(wk(s2,σ2(1))) · · · δyσ2(n)
(wk(s2,σ2(n)))]

≤
∑

σ1,σ2∈Sn

∫
0≤s1,σ1(1)≤···≤s1,σ1(n)≤t

ds1,1 · · · ds1,n
∫
0≤s2,σ2(1)≤···≤s2,σ2(n)≤t

ds2,1 · · · ds2,n

×
(∫

(R2)n
dy1 · · · dynE

[
δyσ1(1)

(wj(s1,σ1(1))) · · · δyσ1(n)
(wj(s1,σ1(n)))]

2
)1/2

×
(∫

(R2)n
dy1 · · · dynE

[
δyσ2(1)

(wk(s2,σ2(1))) · · · δyσ2(n)
(wk(s2,σ2(n)))]

2
)1/2

.

The right hand side is less than or equal to( t
4

)n( n!

Γ((n+ 2)/2)

)2

.

Thus we see that

sup
xj ,xk

E
[
exp

(
λ

∫ t

0

ds1

∫ t

0

ds2e
ε2∆(xj + wj(s1), xk + wk(s2))

)]
≤E

[
exp

(
λ

∫ t

0

ds1

∫ t

0

ds2δ0(wj(s1)− wk(s2))
)]

<∞

if 0 ≤ λt < 2. Thus we can complete the proof. 2

7. Proof of Theorem 1

In this section we prove Theorem 1 by using the results in the preceding sections.

For any 1 ≤ p < ∞, 1 < α < 1 + p/4 and 0 < m0 < m0, there exists E0 ∈ (−∞, 0) such that

the consequence of Lemma 5.4 holds, where m0 is the number given in Proposition 5.1. Thus for any

E0 ≤ E0, there exist E1 < E0 and L0 ∈ 6N such that

P(R(m0/2,Kk, [E1, E0], Lk,a,a
′)) > 1− L−p

k
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for any k ∈ N and any a,a′ ∈ Z2 satisfying |a−a′|∞ > Lk+2 by Proposition 5.1 and Lemma 5.4. We set

Ak+1(a
′) := Λ2b1Lk+1

(a′)\Λ2Lk+2(a
′) and Ek(a

′) := {ξ : there exists λ ∈ [E1, E0] and a ∈ Ak+1(a
′)∩Z2

such that ΛLk
(a′) and ΛLk

(a) are (mk,Kk, λ)-singular}, where b1 is taken from (1 + 2/L0,∞) so that⋃∞
k=0Ak+1(a

′) = R2 \ Λ2L0+2(a
′). Since

Ek(a
′) =

⋃
a∈Ak+1(a′)∩Z2

R(m0/2,Kk, [E1, E0], Lk,a,a
′)c,

we have
∞∑
k=0

P(Ek(a
′)) <∞

by taking p larger than 2α. By the Borel and Cantelli lemma, for almost all ξ and any a′ ∈ Z2, there

exists k(a′, ξ) ∈ N such that ΛLk
(a′) or ΛLk

(a) is (m0/2,Kk, λ)-regular for any k ≥ k(a′, ξ), λ ∈ [E1, E0]

and a ∈ Ak+1(a
′) ∩ Z2. Let u be a generalized eigenfunction of H̃ξ with a generalized eigenvalue

λ ∈ [E1, E0]. We take a′ ∈ Z2 so that ∥χa′u∥L2(R2) > 0. Then there exists k′(ξ) ∈ N such that ΛLk
(a′) is

(m0/2,Kk, λ)-singular for any k ≥ k′(ξ). Then ΛLk
(a) is (m0/2,Kk, λ)-regular for any a ∈ Ak+1(a

′)∩Z2

and k ≥ k′(a′, ξ) := k(a′, ξ) ∨ k′(ξ). By Lemma 3.3 (ii) in [21] for ξ(·+ a′), we have

∥χaξ∥C−1−ϵ(R2) ≤ Cϵ,ξ,a′(log(2 + |a− a′|))1/2

and

∥χaYξ∥C−ϵ(R2) ≤ Cϵ,ξ,a′ log(2 + |a− a′|).

Moreover, Lemma 4.3 (i) in [21] is generalized as follows

Lemma 7.1. For any ϵ ∈ (0, 1) and almost all ξ, there exist Cϵ,ξ, C
′
ϵ,ξ, C

′′
ϵ,ξ, Cϵ, C

′
ϵ, C

′′
ϵ ∈ (0,∞) such that

∥χaYξ,L,a∥C−ϵ(R2) ≤ Cϵ,ξ(log(2 + |a|+ |a|+ L)) exp(−Cϵd(a,ΛL(a))
2)

≤ C ′
ϵ,ξ(log(2 + |a|+ L)) exp(−C ′

ϵd(a,ΛL(a))
2)

and

∥χa(Yξ − Yξ,L,a)∥C−ϵ(R2) ≤ C ′′
ϵ,ξ(log(2 + |a|+ |a|+ L)) exp(−C ′′

ϵ d(a,ΛL(a)
c)2).

for any a,a ∈ Z2 and L ∈ N.

By this lemma for ξ(·+ a′), we have

∥χaYξ,Lk−2,a∥C−ϵ(R2) ≤ Cϵ,ξ,a′(log(2 + |a− a′|+ |a− a′|+ Lk)) exp(−Cϵd(a− a′,ΛLk
(a))2)

≤ C ′
ϵ,ξ,a′(log(2 + |a− a′|+ Lk)) exp(−C ′

ϵd(a− a′,ΛLk
(a))2)
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and

∥χa(Yξ − Yξ,Lk−2,a)∥C−ϵ(R2) ≤ C ′′
ϵ,ξ,a′(log(2 + |a− a′|+ |a− a′|+ Lk)) exp(−C ′′

ϵ d(a− a′,ΛLk
(a)c)2).

Then we have

Ξ(a, Lk − 2, ξ) ≤Cξ,a′ log(2 + |a− a′|+ Lk),

Ξc(a,a, Lk − 2, ξ) ≤C ′
ξ,a′(log(2 + |a− a′|+ |a− a′|+ Lk)) exp(−C ′

ϵd(a,ΛLk
(a))2)

and

Ξc(a,a, Lk − 2, ξ) ≤ C ′
ξ,a′ log(2 + |a− a′|).

We fix a′ and ξ such that the above estimates hold. By Proposition 6.1, we have

∥χau∥L2(R2) ≤ Kk

∑
a1∈Z2

∥χa1u∥L2(R2) exp(−c1|a1 − a|∞ − c2Lk)

for any a ∈ Ak+1(a
′) ∩ Z2 with k ≥ k′(a′, ξ), where

Kk := Cξ,a′Kk(logLk)
c(log(2 + |a− a′|)(15)/2(max |ξ0|+ |λ|+ 1).

Thus for any a ∈ Ak+1(a
′) ∩ Z2 with k ≥ k′(a′, ξ), we have

∥χau∥L2(R2)

≤
∑

a1∈Z2∩Λ2Lk+2(a′)

c∥u∥H−(1 + |a′|+ Lk)
2νKk exp(−c1|a1 − a|∞ − c2Lk)

+
∑

a1∈Z2∩Ak+1(a′)

∥χa1u∥L2(R2)Kk exp(−c1|a1 − a|∞ − c2Lk)

+
∑
k′>k

∑
a1∈Z2∩Ak′+1(a

′)

∑
a2∈Z2

c∥u∥H−(1 + |a2|)2νKkKk′

× exp(−c1(|a2 − a1|∞ + |a1 − a|∞)− c2(Lk + Lk′)).

77



We repeat this estimate for the second term of the right hand side to obtain

∥χau∥L2(R2)

≤
m∑

h=1

∑
a1,...,ah−1∈Z2∩Ak+1(a′),ah∈Λ2Lk+2(a′)

c∥u∥H−(1 + |a′|+ Lk)
2νKh

k

× exp(−c1(|ah − ah−1|∞ + |ah−1 − ah−2|∞ + · · ·+ |a1 − a|∞)− c2hLk)

+
∑

a1,a2,...am∈Z2∩Ak+1(a′)

∥χam
u∥L2(R2)Km

k

× exp(−c1(|am − am−1|∞ + |am−1 − am−2|∞ + · · ·+ |a1 − a|∞)− c2mLk)

+

m∑
h=1

∑
k′>k

∑
a1,...,ah∈Z2∩Ak+1(a′),ah∈Z2∩Ak′+1(a

′),ah+1∈Z2

c∥u∥H−(1 + |ah+1|)2νKh
kKk′

× exp(−c1(|ah+1 − ah|∞ + |ah − ah−1|∞ + · · ·+ |a1 − a|∞)− c2(hLk + Lk′))

for any m ∈ N. In the first term,

|ah − ah−1|∞ + |ah−1 − ah−2|∞ + · · ·+ |a1 − a|∞

≥|a− a′|∞ − Lk − 1.

Thus if we take c1, c2 so that c1 < c2, then the first term is dominated by a geometric series

c∥u∥H−(1 + |a′|+ Lk)
2ν exp(−c1|a− a′|∞)

∞∑
h=1

(#(Z2 ∩Ak+1(a
′))h−1Kh

k exp(−c2(h− 1)Lk)

independently of m. The common ratio is less than 1 if Lk ≥ c log log(2 + |a− a′|∞). Then the series is

dominated by

c∥u∥H−(1 + |a′|+ Lk)
2ν exp(−c1|a− a′|∞/2).

In the third term,

|ah−1 − ah−2|∞ + |ah−2 − ah−3|∞ + · · ·+ |a1 − a|∞

≥|a− a′|∞ − Lk+1.

Thus if we take c1, c2 so that c1b1 < c2, then the third term is dominated by a geometric series

c∥u∥H−(1 + |a′|+ Lk+1)
2ν(log(2 + |a− a′|∞))(15)/2(max |ξ0|+ |λ|+ 1)

× exp(−c1|a− a′|∞)

∞∑
h=1

Kh
kL

2h
k+1 exp(−c2hLk)

independently of m. Thus if Lk ≥ c log log(2 + |a− a′|∞), then the series is dominated by

c∥u∥H−(1 + |a′|+ Lk+1)
2ν(log(2 + |a− a′|∞))(15)/2(max |ξ0|+ |λ|+ 1) exp(−c1|a− a′|∞/2).
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In the second term,

|am − am−1|∞ + |am−1 − am−2|∞ + · · ·+ |a1 − a|∞

≥|a− a′|∞ − b1Lk+1.

Thus if we take m larger than (2b1Lk+1)/(c2Lk), then the second term is dominated by

(#(Z2 ∩Ak+1(a
′))mc∥u∥H−(1 + |a′|+ Lk+1)

2νKm
k exp(−c1|a− a′|∞ − c2mLk/2).

Moreover we can assume m < C0L
α−1
k with a finite number C0. Then the second term is dominated by

c∥u∥H− exp(−c1|a− a′|∞ − c2L
α
k + c3L

α−1
k log log(2 + |a− a′|∞)).

We can take also Lk so that c log log(2+ |a−a′|∞) ≤ Lk ≤ C log log(2+ |a−a′|∞) with a finite number

C. Then the second term is dominated by

c∥u∥H− exp(−c1|a− a′|∞/2).

Therefore we obtain

lim
|a−a′|∞→∞

|a− a′|−1
∞ log ∥χau∥L2(R2) < 0.

This implies u ∈ L2(R2). Since Theorem 1 in [21] showes the operator H̃ξ with the domain Dom+0(H̃ξ)

is essentially self-adjoint on L2(R2), u is an eigenfunction of the self-adjoint extension H̃ξ with the

eigenvalue λ. Since the spectrum of H̃ξ is R by Theorem 2, we can comlete the proof.

References

1. R. Allez and K. Chouk, The continuous Anderson hamiltonian in dimension two, arXiv:1511.02718v2.

2. I. Bailleul, F. Bernicot and D. Frey, Spacetime paraproducts for paracontrolled calculus, 3d-PAM and multiplicative
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10. Y. Hsu and C. Labbé, Construction and spectrum of the Anderson Hamiltonian with white noise potential on R2 and

R3, preprint.

11. N. Ikeda and S. Watanabe, Stochastic differential equations and diffusion processes, North-Holland, Amsterdam, 1989.

12. A. Klein, A. Koines and M. Seifert, Generalized eigenfunctions for waves in inhomogeneous media. J. Funct. Anal., 190

(2002), 255–291.

13. T. Matsuda, Integrated density of states of the Anderson Hamiltonian with two-dimensional white noise, Stochastic

Processes and their Applications 153 (2022), 91-–127

14. A. Mouzard, Weyl law for the Anderson Hamiltonian on a two-dimensional manifold, Ann. Inst. H. Poincaré, Probabilités
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