A proof of the Anderson localization induced by the
2-dimensional white noise
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ABSTRACT. —

Spectral properties of a self-adjoint operator corresponding to a limit of —A + &, + ¢. as ¢ — 0 are
invetigated, where A is the Laplacian on R2, £, is a smooth approximation of the white noise ¢ defined by
exp(e2A)¢, and c. is a positive function of e diveging as e — 0. For sufficiently low energies, it is proven
that phenomena of the Anderson localization occur: the spectrum is pure point and the corresponding
eigenfunctions decay exponentially at infinity. For the proof, the Wegner estimate and the multi scale

analysis are modified appropriately.

1. INTRODUCTION

Our object is a self-adjoint operator corresponding to a limit of —A+&. + ¢, as € — 0, which is defined

in [21] as follows: for any element u in

Dom+0(Hf) _{u € ﬂ HITE(R?) hmsup—log”xauHHl c®2) <0

>0 la]—oc0 | |

for any € > 0,

De(u) € HX(R >hmsup‘ 10 |Xa e ey < 0,

|a]—o0



we set
Héu
= — A®(u) + Pe®e(u) + (@ (u), &) + P (P u)(P{"€))
+ eAPE 4 eP Pe(AT1%) + 2P, Ye
(1.1) +C(u,€,6) + S(u,€,€)
+ Pyou+ T(u, Ye) + P ((P{u) (P Ye))
+ Pe(AT1, Pe(AT1%€)) + TI(A™7°, P (A™10%) )

+ Pe(AT1°PYe) + II(ATI° P Y, €),
where

<I>§(u) =y — A—locPué- _ A—locuPS(A—loc€) _ A_ZOCPU}/&.

Then the operator HE with the domain Dom+0(1?f ) is essentially self-adjoint on L?(R?). We denote the
corresponding self-adjoint extension by the same symbol.
For this definition, we should introduce several notations: we take a [0, 1]-valued smooth function xq

on R? such that

ZxaElonR2

a€Z?
and the support of Yo is included in A, where xq(2) = xo(z — a) for any a € Z? and z € R?, and

A, = (=r/2,r/2)? for any r > 0. We take this function so that yo > 0 on Ay and xo = 0 on R? \ Ay. For
each a € Z2, let A,(a) = a + A,. Referring the paracontrolled calculus in Mouzard [14], we fix a large
even natural number b and consider operators

c—

(=tA)°
(c—1)!

for ¢ € [1,b] NN, where A is the Laplacian on R?, and I is the identity operator. For k € [0, 2b] N Z, let

t )
c d —tA)
et and Pt( ) =] — ;SQ(C) — (%)em
o S s ]l

QL =

1
=0

StGC* be the set of families of operators of the form
(Vidr)™ (Vida)** ()i 0,1

with ¢ € [1,0) NN and a1, ay € Z satisfying oy, as > 0 and a1 + ag = k. These families of operators are

colled as the standard families of Gaussian operators with cancellation of order k. We also set

stge' = | ) stae*

kelNZ

2



for any interval I in [0, 00). Referring [2] and [14], we decompose the product as follows:

fg=Prg +11(f,9) + Py f + PO (PP 1)(PPg)),

for appropriate distributions f, g on R2, where

Yat .,

(1.2) Pro =3 e | TQUUPINQM9)

v

with a finite subset {(c,,Q%",Q%*", P")},
of R x StGC/2:26] » stGCb/2:2 x StGC10-b/2),

and

(1.3) W(f9) =Y e [ FREQID@9)

p ot
with a finite subset {(c,, Q**, Q*", P*)},
of R x StGCW/2:2 » StGClb/2:28 « StGCl0b/2), P;g is called as a paraproduct and II(f, g) is called as

a resonating term. We use also
! dt 1,v v 2,v
nPrg = ZCV o 7w (PLN(Qy"g)h),
14
where h is another appropriate distribution. We use
1
(1.4) Alee .= —/ dtet®,
0
which is an approximation of the inverse of the Laplacian satisfying
AflocA — AAfloc S eA

and the integral kernel has a Gaussian bound:

log |A~1°¢(x, )|

|z—y|>1 |z —yl? <0
We use the commutators:
(1.5) C(f,9,h) = T(A™"°Pyg, h) — fII(A™"g, h)
and
(1.6) S(f.g,h) == Pu(AT'°Prg) — pPu(A7"g).



We use the Besov space Bqu(RQ) with parameters p,q € [1, 00|, € (—2b,2b), defined by the completion

of C§°(R?) with respect to the norm
1B, (2
(1.7 ::HeAfHLP(R?:da:)

+ SUP{Hfa/QHQtfHLP(R%dx)||L4([0,1]:rldt) 1 Q € StGeel2),
for any f € C§°(R?), where C§°(R?) is the smooth functions with compact supports. C%(R?) :=
B, . (R?) is called as the Besov a-Holder space, and H*(R?) = B$,(R?) is the Sobolev space with
the index . It is known that y,& is C~17¢(R?)-valued for any € > 0 and a € Z2. As in Theorem 2.1 in

[14], there exists a random field Y such that
; _ P _
lim Ef[[xa(Ye. = Ye)ll¢-ege)) = 0
for any p € [1,00), € > 0 and a € Z2, where £, := eEzAf is a smooth approximation of £ and
Y o= M(AT° &) — E[II(AT°, &)].

The main theorem in this paper is the following:

Theorem 1. There exists Ey € (—00,0) such that for almost all £, (—oo, Ey| is included in the pure

point spectrum specpp(f?f) ofl‘,f[v5 and any corresponding eigenfunction ¢¢ satisfies
lim |a|~!log I Xa®elL2(r2) < O.
la]—o0

The most well developped method to prove the results on the localization is the method based on the
multiscale analysis initiated by Frohlich and Spencer [6] and developped by many works [3], [7], [17],
[19]. To extend the methods to our case, we should modify the geometric resolvent inequality, since the
nonlocality of our operator break the classical for of this inequality. Then we should give a Wegner type
inequality applicable for the multiscale analysis based on the extended geometric resolvent inequality.
On the other hand, to deduce the spectral property from the multiscale analysis, we should prepare
generalized eigenfunction expansions.

Another definition of a self-adjoint operator corresponding to a limit of —A + &, + ¢ as € — 0 is given
by Hsu and Labbé [10]. They obtain such an operator from the works by Hairer and Labbé [8], [9] on

the corresponding parabolic Anderson models. Their idea is simple and they obtain the same result also



on R3. One vantage point of our definition is that the traditional proof of the Anderson localization can
be extended as in this paper.

The organization of this paper is as follows. In Section 2 we generalize the geometric resolvent in-
equality for our operator. In Section 3 we give an estimate of negative eigenvalues. In Section 4 we give a
Wegner type estimate. In Section 5 we apply a multiscale analysis to our operator. In Section 6 we give

generalized eigenfunctin expansions.for our operator. In Section 7 we complete our proof of Theorem 1.

2. A GEOMETRIC RESOLVENT INEQUALITY

To obtain a Wegner type estimate in Section 4 below, we introduce a system & = (£,)4ez2 of indepen-
dently and identically distributed bounded real random variables with a smooth density independent of

the white noise £, when we restrict the noise £ to bounded squares: for the system of random variable

€= (£,6),any L € 2N, a € Z? and € > 0, we consider the random field
gL,a = ZL,a + €L—2,a = Z Xig + Z X2§
a€Z?N(Ar(a)\AL—2(a)) a€Z?NAp_2(a)
so that the random field is bounded on a neighborhood of the boundary of the square Ap(a). As a

corresponding operator, we consider

_~  _—_

(21) Hi,a = H§72,a + gL,a’

where H§_2 o Is the operator treated in Section 4 in [21]: on

Dom(I;E—:a) = {u € ﬂ HIT(R?) : Be f_9.a(u) € HQ(RQ)}

>0

we define

—_~—

H§72,au
== Ad¢ 1 2a(u) + Pe,_y o (D¢ 1-2.a(w) + (D¢ 1—2.a(u),é-2a) + P (P u)(PV€L—2.a))
+ 6APu§L—2,a + 6AngL_2,a (A% 5 0) + eAPuyg,L—z,a
+C(w,€1-2.a:81-2.0) + S(¥,€1-2.0:E0-2,a)
+ Pyt 1w, Ye pa) + PO (P u) (PP Ye 1-2.a))
+ Pey Ly (AT P, (ATY% 5 0)) + T(ATC Py, (AT 5 0), €1 0.0)

+ Pey 5 (AP Yeno26) + THAT°PY; |, 40 €0-2.4),



where Y 12 4 is a random field such that

. _ p _
gg%E[HXa(YEs,L*Za YE,LfZ,a)”c—e(Rz)] =0

for any p € [1,00) and a € Z?, and

Ye.n-2.a'= (A=t Z Xaée, Z Xa&e)

aEZZOAL,g(a) CLEZ2QAL72(G)
—E@AT Y 3L, Y X)),
aEZ2F‘|AL_2(a,) QEZQOAL_Q(G)

fe = 662A§7
e rna(u)i=u— AP 50— AT P, (AT 5 0) — AP Y 0g

In [21], the operator H}%,o =: Hf{ is treated. For this operator, we have the following:

—_~—

Lemma 2.1. (i) The operator Hé,a is self-adjoint on L*(R?).

—

(i) HE o 15 the norm resolvent limit of H%_Q a +EL,G as e — 0.

—~

iii) The negative spectra of the operator H:  are discrete.
g 14 /4 L.,a

Proof.

(i) is proven by Lemma 4.10 in [21]. (ii) is proven as in Lemma 4.9 and Proposition 4.1 in [21]. (iii) is

proven by the fact that Hii 2.0t EL@ is a relatively compact perturbation of —A. O
In this section, we give the following geometric resolvent inequality, which is also called as Simon-Lieb

inequality:

Proposition 2.1. For any € > 0, there exist finite positive constants cs,ci,...,cs such that, for any

a, a € 7% and (, ' € 2N satisfying A¢y(a) C Ap(a’), and for any a € Ay_g(a), a. & Ay(a), and



—_— —_—

zeC\ spec(HfZa,) \ spec(HS

7 a) we have

IXa. (G, o = 2) " Xalle(r2@2))
< ) o (Hf qr = ) Xar ey e exp(—eular - al)
a1 €220 ((Ar—s(a)\A¢—s(a))

+ Z ||Xa2(H§,a — 2) Xallz(z2re))
a1 €Z2N((Av—a(a)\Ae—6(a)),ax€Z?

x caexp(—ci(|ar — ax| + a1 — a2[*))E(a, £ — 2,€)"/?

P

+ Z ”X‘l* (Hg’,a’ - Z)_lxal ”»C(L2(R2))
(2:2) a1 €220 ((he_a(@)\Ae_o(a)), a2 €72
X Xaz (H o — 2) " Xall£(r2(r2))c3 exp(—cslar — azl)
x {|z] + (1 +E(a, £ - 2,6)}/*(1 + E(a, £ - 2,€)))*/*
+ > IXa. (Hf: 0 = 2)™Xas l 222 @2))
a1EZQQ((A5_4(0,)\A[_6(a)),az,a3€ZQ
X [[Xas (HS o — 2) " Xall (22 2 5 exp(—cs(Ja1 — az| + |ar — a3]?))
x {lz] + (L+ E(a’, 0 = 2,)“}/2(1 + Z(a, £~ 2,)))"?,
where || - || z(L2(r2)) is the operator norm of the continuous operators on L?(R?),
E((J,?f - 276) ‘= sup E’(a7 a7£ - 276)7
acz?
and

Saa.-20=3( X Il ep(-eli-a)

J=1  Gr€Z2NA¢_2(a)

+ > IXGYer2allo-e @2 exp(—c.fa — aif?).
a;€Z?

for any @,a € Z* and ¢ > 2.



Proof. We take a [0, 1]-valued smooth function ¢ on R? so that ¢ = 1 on Ay g(a) and ¢ = 0 on

R?\ A¢—4(a). Then we have

—~— —_—

(HS o —2) o — o(HE, —2)7!
—(HE, o — 2) HO(HE — 2) — (HE o — 2)oH(HE , — 2)7
=(H§,a/ —2)"H2(V) - V + (Ad) + E[II(AT(Epr 200 — Er-2.0) E0r—2.07)]

+ E[TIA™ .0, €0, — Er-2.0)])}(HE o — )7

and
/;/ »
IXa. (Hpr o = 2)™ Xall£(z2(m2))
<2[|xa. (Hf/,a/ - Z)fl(V(?) : V(Hf,a - 2)71Xa||£(L2(R2))

(2.3) + X (Hfs g = 2) " (AG)(Hf o — 2) " Xall 222 r2))

+ HXa* (Hzgf,g/ - z>_1(]E[¢H(A_ZOC(§f’72,a’ - 5572,0,)7 56’72,0.’)}

+E[PI(AT) 9 0, Er—0,ar — Ez—z,a)])}(Hﬁa — 2) " Xallo(z2®e))-
Since

IE[pII(A™(Ep 9.0 — E0-2.a)E0r—2.ar)]|
V |E[@II(AT%) 5 0,0 9.0 — Er—2.a)]

<czexp(—crd(-,R? \ A(a))?),

the second, third and fourth terms of the right hand side of (2.3) are less than or equal to

—~—

<es Y e (Hp g = 2) X lleee)

a1€Z2NAg(a)

X Xar (5 0 = 2) " Xalle(r2(2)) exp(—cid(ar, Ae(a)*)?).

Since

Xa. (Hf: o — 2)"1 (V) - V(H; , — 2) " Xall c(z2(r2))

P —_—

=sup{| (¢, Xa. (H o = 2) 71 (V9) - V(H; 4 = 2) ' Xa) 12(82)]

0,0 € C5°(R?), lloll 2rey = ¥l L2rey = 1},
we should estimate
I, = (¢2,V, $1,,0,P) 12(m2)

8



for « € {1,2}, where

and @;,, ¢, ¥ € C§°(R?) such that

supp ¢1,.,supp ¢z, C Ar—s(a) \ Ar_¢(a)

and ||l¢llz2r2) = ¥l L2m2) = 1.
We devide as I, = Z?zl I, j, where
Iy =(¢2,V, 01,00 Pe 1—2,a(P)) 12(r2)
I, 0 =(¢2,7, ¢1,La;cLAilOCPtPEE—Za)LQ(R?)
I3 =(¢2,9, 61,00 A" P, , AT 5 0) 12 (m2)
and

I, = (42,9, ¢1,LaxLAilOCPQY'E,E—Z,a))LQ(R%~

1,1 is dominated by

> X1 O D -2,0(®) | 222 1 X, Wl 222
a1€Z2N(Ar—s(a)\A¢—¢(a))

For a; € Z2 N (Ay_4(a) \ Ar—¢(a)), ||Xa1Vfbg,g_g,a(@)HQLQ(Rz) is dominated by Z?zl I;(a1), where
I(a1) =(Xa; Pe,t—2.a(P), Xa, (2 + €.0)P) L2(R2)
Ir(a1) =(Xa, Pe,—2,a(P)s Xay (Pey s o Peo—2,a(P) + 1L(Er—2,a; Pee—2,a(P))) L2(r2)
I3(a1) =(xar Pe.t-2a(®), Xar (P (P @) (P{60-2.0)) + € Pobe-2a
e Py AT g0+ €2 PoYepo0a))12(r2)
Ii(a1) =(Xay Pee-2,a(P), Xay (C(P,80-2,a:E0-2,a) + (P, E0-2,a,80-2,a))) L2(r2)
I5(a1) =(xar P 1.0 (), Xar (Br o n® + TV p—20. @) + PO (PO Ve 1m20) (P 9)))) 12(a)
I6(a1) =(Xay Pet—2,a(P), Xay (P, 0.0 5" Pey 5 s A% 2.0
+T(Er—2,0, AP, 5 JA T 2.0))) 12(r2)
I7(a1) =(Xay Pe0—2.a(P), Xay (Pe, 5 s AP Ye o 24

+11(&—2,a, Aqilocpgg_z,,aA_locpéﬁ,efz,a)))m(RZ)

9



and

Is(a1) = [[(VXay) Pe.t-2.0(®) |72 (g2)-
By Lemma 3.2 (i) (iii) in [21], I2(a1) is dominated by

> [Xa1 Pe,e-2,a(P) [ 22R2)[[Xaz€llc-1-2/2(R2) [ Xas Pe o—2,a () 71+ (r2)
a2€Z2ﬂAg,2(a),a3622

x exp(—cy(|ar — az]? + a1 — asl?)).

As in the proof of Theorem 1 in [21], we have
[Xas Pe,e—2.a(P) 21+ (r2)

1
<s(mmm 2 INa®eraa(@lne)

a4€Z2ﬁW
PR Y, A a(®) )
MeWﬂW
for any ¢ € (0,00). Since

(Hf o — 2)® = Xagp,
we have

[Xas A®Pe 2,0 (P)| L2 (r2)
<IXasXa®llL2@2) + (12| + max [Eg )] Xa, Bl 2 (r2)

+ > INE, P o-2.a(®) |31+ r2) exp(—cglas — as]?)
as €72

X Z crlX2,€Ello-1-< me) exp(—ce|as — ag|?)
as€Z?NAs_s(a)

+ Z HX35¢HH25(R2) exp(—cglas — a5|2)

a5 €Z?

2 21\ 2
X cs{l + ( Z IXae&llc—1-<(m2) exp(—co|as — ag| ))

a6€Z2NA¢_2(a)

3/2

+ 3 I Yerzallo-seey exp(—cslas — ag) } .
ag€Z?

By the definition of ®¢ y_3 o(P), we have

[Xas (Pe,e—2,a(P) — @)||pg2e(re2)

(2.4)
<ci0=(as, a,l —2,§) Z X2, @[ 2(r2) exp(—colas — ag|?).
GGGZQ

10



Thus we have
[ Xa5Pee—2,a (D) |11+ (m2)

<t " e Pe 2.0 (®) | pe rey exp(—cn |y — a1[*)(1 + E(d, @, £ — 2,£))*/
a1€Z?

+ ¢13t(179/2 > (IXaaXaPll L2 @2) + (12| + max [Eg]) | Xa, Pll L2 (=2))
@TEZ2NA2 (amax)

et 892 3 BB sy exp(—entl@ — ) (1 + (b, a, € — 2,6)%/2
a1 €72

C15
t(1+e t(+e)/2 Z Ixa: Pe,e-2,a(P)l L2(r2)

a1 €72

for any ay € Z2. By the iteration, we have

HX&E¢E,@—2,@(©) ||7-[1+5(R2)

n

<(art"2)" N Xan Per—2.a(®)|pr+e(re) exp ( —c16 Y ld; 1 — aAj|2) H +E(ay,a,€ - 2,6))*?
Y., @n L2 =1 j=0
n k —
+ 2(01%(1_6)/2)]C Z €xp ( — C16 Z laj—1 — aAj|2) H E(aj,a,t -2 f))3/2
k=0 ax,...,aneL? j=1 =0

X {61815(176)/2 > (Ixas Xall L2 @e) + (2] + max [€o]) I Xas @l 22 R2))
art1€Z2NA2(ar)

+ et V2N T X @l ey exp(—ers[ar — are1l*)(1+ E(@r, a, £ — 2,€)°/?

Arnt1€Z2
€20
+ {ra/2 Z Xarr q’&:#la@)”ﬂ(n&}
TnTi€Z2N Ao (ay)

for any n € N. Then we have

k

(a7t /2Rt Z exp ( — C16 Z a1 — d\j|2) 1:[ 2@, a, - 2,6))*

at,....ap_1€Z? J=1

<{ (1 4+ E(a,l — 2,€))3/2(1-9/2 k= 1exp( Czl|a ak|)

and

(cart1=9/2)m Z exp ( —c16 Z la;—1 — aAj|2) H E(ay, a,f —2,8))*?

Glve@n €2 j=1 j=0

S{CQQ(l + E(a,f — 2, 5))3/275(176)/2}"023%

11



For any § € (0,1), we take t as (§/(1V (caa(1 + Z(a, £ — 2,£))%/2)))2/(1=9). Then, by taking the limit as

n — oo, we have

”XEBéﬁ,ZfQ,a((I)) HHIJre(R2)

<Yt (- 2ia-ap)

k=0arez?

X {0245 Yo (xasxaplrz@e) + (|2 + max €l xaz @ 2 g2)

@3€220 A, @r)
+eas8 Y Ixa®llre(ee) exp(—clai — @)1 + E(dr, a, £ — 2,€))°/
as€Z?

(14 Z(a,l —2,8))%/2\1+e)/(1-¢)
) )3

+ C%( ||X6§‘1)£,€—2,a(‘1’)|\L2(R2)}~

a>€Z2NAz(ay)

By (2.4) and
> C
> ot exp (Gl — )
k=0

Sé(skﬂexp(— ir];f (g log% + %kﬂ) _ @‘2))

1 1, R
:mexp(— 202110g5|ao—a1\).

HXTLE(I)§,1372,11(@) ||H1+€(R2)

1 1.
é Z mexp(— 202110g3|a0—a1\>
ai€z?

”27{5 Yo Uhxa@xelliz ) + (2] +max &) xa ® 12 e2))
@>€22NAs(ar)

we have

+ (1 + E(a, /— 2’ 5))1+3(1+€)/(2(176))57(1+6)/(176)

3 Ixw®llnees) exp(—casldi — @)}

a3 €72

Thus there exist ¢, ..., c32 such that
IXa5Pe.0—2.a(P) |21+ (@)
<c30 exp(—ca9ldo — al)

+ 37 g @l 2 (re) exp(—caoldo — i)
a1 €72

x esi{]z| + (1 + Z(a, £ — 2,€))*}

12



and

Ig(al)
<csa exp(—csslar — al)(1+ E(a, £ — 2,€))%/?

x Z 1Xa> @l L2 (r2) exp(—csslar — azl)
ag €72

+ essf{|z| + (14 E(a, £ — 2,8))}(1 4+ E(a, £ — 2,£))%/?

2
(22 IXan®leges) exp(—caslar - aal))

ag €72

Ii(a1), j € {1,3,4,...,8}, are simirarly estimated and we have
1Xa: Ve 0-2,a(P)| 12 ®2)
<css exp(—csrlar — al)
+ezo{|z + (1 + E(a, £ = 2,6))°} 2 (1 + E(a, € - 2,6))*/*

X Z 1 Xar®|lL2(r2) exp(—car|ar — azl)
a€Z?

and

I, < Z ||Xa1\I/||L2(R2){C38 exp(—cs7|a; — al)
a1€Z2NA¢—4(a)\Ae—s(a)

+ cao |z + (1 + E(a, £ — 2,6))*}/2(1 + E(a, £ — 2,€))3/*

X Z X2 ® |l 22 (r2) exp(—c37|ay —a2|)}

ay €72

The estimate of I, o we obtain from Lemma 3.2 in [21] is
IL,2

< > 12, @ |3g2e 2y |2, Ell -1 m2) X2, @ 22 (r2)

a1€Z2NAg_4(a)\Ai_g(a),a2€Z?>NA¢(a),a3EZ>

X cq2 exp(—cq1 (Jag — ag|2 +la; — a3|2)).

13



As in the estimate of || xaz;Pe r—2,a(P)||21+<(r2), We have
@ () e
<cagexp(—caslao — axl)

+ > Ixa Ve ee) exp(—casldp — axl)
A

x cas{lz] + (1 + E(a’, ' = 2,8))™}
By using also (2.4), we have
x5 ¥ 3z m2)

<cag exp(—car|ao — ay|)

+ ) IIxar llze (re) exp(—carldy — @)
ay€Z?

x caoflz] + (1 +E(a’, 0/ = 2,8))}

and
L,,2 S Z {051 eXp(—C47|(ﬁ) — a*|)
a1€Z2NAs_4(a)\Ae—6(a)
+ Z I Xaz ¥ 22 (R2) exp(—caz]ar — asl)
as €72
x csa{|2| + (1L + E(a’, 0 — 2,€))°°}E(a, £ — 2,¢))"/?
x Z ||Xa3‘1’||L2(R2)eXP(—C53|a1 —a3\2)}-
a3€Z?
I, 3 and I, 4 are simirarly estimated and we obtain (2.2). O

3. AN ESTIMATE OF NUMBERS OF NEGATIVE EIGENVALUES

—~— —_~

Let HE = HE72 + &, be the operator Hga = H§72,a + &1, in (2.1) with @ = 0: we omit to write @

when a = 0. In this section, we denote ¢ := L — 2.

In this section, we prove the following:
Proposition 3.1. For any A > 0 and p > 1, there exist finite positive constants cx p1,Cxp2 such that
(3.) E(Te[1 oo, (H}, — (R0)P)P < enpa(1+ )10

forany L € 2N and t > 0, where X1, = 3 ,cz2nn, X2, and 1(:;,/—A] is a [0, 1]-valued continuous function
on R such that 1(:;:)\] =1 on (—oo,—A] and 1(:;:)\] =0 on [—A/2,00).

14



Proof
We first consider the case of ¢ = 0. Since HE is bounded below, by Lemma 2.1 and the Fatou lemma,

we can show that the left hand side of (3.1) is less than or equal to

lim E[Te[1 oy (HE + E,)]7).

e—0

For each € and € > 0, Tr[l(:,::)\] (HEE + &;)] is finite since HZEE + &, is relatively compact perturbation
of —A.
As in Section 4 in [21], we use the following products obtained by replacing the upper end 1 of the

integral interval by s € (0,1) in (1.2) and (1.3):

(32 Pio=Ye [ Qb UPL@ )
and
(33) I(f.9) = e [ FRI@ Q9

Then we have
fg=Pig+10(f.9) + P f + PO((PY £)(PPg)).
We define a random field Y, by
lin B xa (V2 ¢ = YE0) [fome ) = 0
for any p € [1,00), € > 0 and a € Z?, where { = L — 2,
(3.4) VP =T (AT% 4, & 0) — B[P (AT 4,2 0)),
and & ¢ := 3 cp2nn, Xo&e- We use also

5d
WPio =Y [ QI (RN@ o)

v

(3.5) C*(f,g,h) = HS(A—IOCP;g, h) — fII¥(A~"¢g, h),
(3.6) S*(f.g,h) == PY(ATI°Pig) — s PR (AT'g),.
and

CI)Z,Z(U) =y — A_locp{jfz _ A—locupgsf (A—loc€e> _ A—IOCPSYZZ.
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We set

Dom(f};’s) = {u € ﬂ HIT(R?) : B y(u) € ’HQ(]RQ)}

e>0
and
Hf’su
= — A (u) + P5,(PF o (u)) + II°(DE 4(u), &)
+ esAP{zge + GSA’nge (Aflocge) + eSAPiYg@
(37) +Cs(u7§€7£€)+ss(u7gea§€)

 Ph u T (u,YE) + PO(PO0) (POYE)
+ Pg (AT, PE (AT1°))) + TIS(AT1°, P (AT1°¢), &)
+ P (ATPIYE ) + 11 (AT Py Ye 0, &)
for u € Dom(}?eag). By Lemma 3.1 below, we see that
(I~ T0°) (A1, &) o= T (T(ATE 1, £00) — TIF (A7, 600}
is smooth as a function on R? such that
[Xa (IT = TE*) (A", &) || om r2)
is dominated by exp(—cd(a,Ar)?) for any a € Z? and 3 € R.
Y7 = E[(II - II°) (A%, &)

and
Yeo—Yeu
have the same property. Then we have

Dom(Hf’s) = Dom(HE).

and

HE*u+ PO (POu)(POg,)) — Yeu = Hiu
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for u € Dom(Hf). Since Psb)((P(b )( 54)) is a bounded symmetric operator, Hf’s is a self-adjoint
operator on L?(R?). By using Lemma 3.2, Lemma 3.3 and Lemma 3.4 below as in the proof of Lemma

4.9 in [21], we see the existence of positive constants ¢, o, c3 such that
(u, Hg’s’u,)Lz(Rz)

1, ; :
> IV® ()72 m2) — €15 (L + [1€ellE-1-e (g2) + sup IYe elle-e @) lull7z ey
se(0,
for any u € Dom(H5"®). Thus if we set

s(E A 0) = A\ (der(T+ [[€0lIE -1 gey + 21(11) Ve llo-erey) ™)),
then we have
HE A >\,
We take € > 0 so small that
HESEN0 5y

By the Birman-Schwinger principle. we have

Tr[1( oo, x (H;" +E1)] < Tr[l[1 00)(TE9))] < Te[(TE9)?) = [1E2 3,

where F(E,e) _ _]_'\(575) 4 ]_'\(515) _ 1'\(57@7

F(()&E) (HEE,‘?(i)\@)_’_)\) 1/2(P() (( s(§AZ£E‘€)(P(b) )))(Hﬁs,‘?(&)\,f)_’_)\) 1/2

(&A.6) s(E,0,0)
1'*5575) _ (Hefsas(fv)\l) 4 )\)—I/QY';(EJHE)(erys(@)\yz) 4 )\)—1/27
and

Féfvs) _ (H§E7S(£7>\7Z) 4 )\)—1/2EL(H§E75(57>\7£) + )\)—1/2.

Since

(P callée ello-1-<(r2) (—c5d(:c,AL)2>

et @) < o e)(1+36>/2 (W)
)

the integral kernel of the operator P(@ N a((P(bg Ao ée, g)( 9(5 D) -)) is estimated as

06||§s,z\|c—1—6(]1§2) ( _ CGd(SC,AL)2 C7|9E - 9\2)

(®) (%) ()
|(Ps(§,>\,£)((Ps(g,k,é)ffv[)(Ps(é,A,é)ay)))(z)| - S(g) /\’g)(3+3e)/2 3(57 )\73) - S(f, /\7g)

Thus we have

(P’ eslléello-r-een) (L + V/5(€ A, 0)

O] (v
(P, s(fAé)gE (P, 5(£,M,0) Nz < s(&,\, £)(3+3e)/2

s(&2.0)
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By using also Lemma 3.5 below, we have
BTG, < evnpLoe

for any p > 1.

For F(f’e), we use
;€] < cgexp(—eapd(e, Ar)*/5(6 A, 0)) log(1/5(6, 1, 0)).
To estimate Hfgg’s) lz,, it is enough to estimate the Zo-norm of

s s(E N0 AJE _
T = vy M 4 k(|€llo-r- oe@n)

where k([[€ellc—1-<m2), [|Ye,ellc-<®2)) is a positive polynomial of [[€|c—1-cr2y and ||Ye ¢|lc—<®2) such
that

32 gy < (u, (HE* + k(|€ ]|l o-1-<z2),

C*f(]RQ)))U)LQ(]R"’)

for any € € 0,1) (cf. Lemma 4.9 in [21]). For this, since

(HE* + k(l€ello-1-e2y, Yeelo-e@2)) "

T —
dt t e t
_/0 5 exp ( 5t ) exXp ( - §k(||§€HC*1*‘(R2)’

)

T < t -y
+exp (= FHE ) exp (= Sk(lgllo- oew) ) (HE + k(lgello--<2),|

ofe(RZ)))_l,

it is enough to estimate the Zy-norms of

SEND) dt
I =y / S e (= 5HE ) e (= Shllllo--<aoy, Verllo—eo)))

and
N s(ENL T/\: T
0% = VM exp (= SH ) exp (= Fh(lgellore), [Yelloe@))
for some T' € (0, 00).

For any € > 0 and p € N, we have

E¢[ITS12)

L
S (Lo 707 [ (55 55)

Pty
x E&w [exp ( - Z/O %(55,4 - Eg[H(A_locga,Za 56,4)])($j +wj (t)))
j=1

B(llEcllc- @)

P
w;(t; +t;) = 0 for any j} exp ( Z
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where w = (w;)1<;<p is an independent system of 2-dimensional Brownian motion starting at 0. Since &

is a Gaussian random field, we have

E¢[|T8)12)
P dtjdﬁ)
)

g/(R2)2p (dej c11 exp(—ciad(z;,AL) ))/ (H

[0,7]2p i 87T(tj +t

x Ev [exp (%Eg [(i /Otj+tj %ga,é(l'j + wj(t)))Q}

Pttty
+ Z/O C;tﬂzﬁ[n(A—loc&,b §e,0)]) (w5 + wj(t))>

j=1

"I,Uj(tj +1;) = 0 for any j}.

Since
P thrQ dt 2
E[(L [ Feeas +uy0) ]
Jj=1
p t; +tj dt t; +& dt/ 2 A 5
Z/ 5 (€ AXe” ) (@) + w;(t), x5 + w;(t))
j=1
Gt gy (et gy .. e
+) / D) 5 (€ AXie B (ws +wy(t), x4+ wi (),
i#5'70 0
we have
BT |122)
P p dtjdtj
dx; c11 exp( cud(x-,AL)2))/ ( )
/Rz)zp <31:[1 J ! [0,T]2P E 8m(t; + ;)
P Lt ge (Yt gy o . o
(H “’[eXP(/ 2/, -5 (e AX7e )@y + wi(t), x5+ w;(t'))

+ / o AtES[II(AT°6 0, & 0)]) (25 + w; (t))) ‘“’j (t 1) = OD

“

J#’

o

tj+tl dt t /+t v dtl N
E {exp (P(P - 1)/ 5 5 (€ AR A (@ + wi(t), xy +U’j'(t'))
0 0

1/(2p(p—1))
/) -

w;i(t; + 1) = wj(ty +t5) =0
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Since

tj+ﬁ dt tj—i-tl dt/ .
/ 2 7<682AX?€52A)(%‘ +w;(t), z; +w;(t'))
0 0

(t548)/2 gy plt5+t5)/2 gy
:/0 2 /o 2

bGttiqp it gy 2A~2 g2
+/ 5 5 ( AXZea A)(
(tj+tj)/2 (tJ +t1)/2

(€5 AR2e= ) () + wy(t), aj + w;(t))

(t +t /2 dt t‘+t' dt/ 5 5
+ / (A5 ) (ay + wy (8), 35 + w; ()
0

(ti+)/2 2
titts  gp Gt /2 gy

* / 2 (e ARZE A (g + wy(t), a + wy (1)),
(t+t)/2 2 Jo 2

we use Lemma 3.1 in Nakao [15] to have
BT 1)
dt;dt; )

</(R2)2p (gdxj ci1 exp(—ciad(z;, Ar) )) /[OT] (H 87 (t; —|—t)

(ti+t5)/2 (ti+t5)/2
x (H 2B | exp ( dt dt' (e ARG ) g + (1), 7 + wy (1)
j=1 0 0

1/4

+4 /Otmj AES LA™ 1, &c.0)]) (2 + wi(t)))})

p (tj+t,)/2 ti+t;
X ( H EY [exp ( dt dt' (e A2 ™) (2 + w;(t), z; + wj(t')))
j=1 0 (

tj+t5)/2
1/4
sty +1) = 0))

tj+tl dt t /+t v dtl ~
( I & {exp( 1)/ > 5 (AR () 4wy (t), +U/j’(t/))
J#J’ 0 0

1/(2p(p—1))
/) -

wj(ty +t5) = wj(ty +ty) =0
Thus we have

T s 2
i BS(|[T57|22] < e1s L T7
if p>T < cy14 for some positive constant ¢4 by Proposition 3.2 below. Similarly we have
T ES[||T87|127) < eas L2P/T7
e—0

if p?T < c16. The estimate of ]Eg[Hl"(zg’E) ||%Z] is simpler than that of E§[||Fg£’s)||§§].

For the extension to the case of t > 0, we use
Tr[1( oo, a (HE + € — tX2)] < Te[L o0y (DD 4 4T5)] < 2ITED |2 + 2620512,
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where

o — o —

F:(?F’E) — (H?Eﬁs(‘g:)‘vz) + A)_l/QiL(Hfi’S(E’)\’Z) + )\)—1/2.
: s&e) 12y ; : Enm&e) 2p
The estimate of ES[||T's>"[|Z0] is same with that of ES[||T'y[|Z]. O
In the proof of Proposition 3.1, we used also the following:
Lemma 3.1. For any s € (0,1) and 8,7v1,72 € R, there exist C,k(s, B,71 + 72) € (0,00) such that
||XCL1 (H(Xazf? Xagg) - HS(X&Qf? Xa3g)||C5(R2)
<k(s, B, + Y2) I Xao fllom ®2) IXas 91l vz (m2)

x exp(=C(|ar — azf” + a1 — as[*))

for any ay,az,a3 € Z2, f € C(R?) and g € C*2(R?).

This lemma is proven as in the proof of Lemma 3.6 in [21]. The following are also modifications of

Lemma 3.2, Lemma 3.4 and Lemma 4.3 (i) in [21]:

Lemma 3.2. (i) For any o € R and ¢ € (0,1), there exist Cy, Co e € (0,00) such that
1P5 fllsga-e ey < Ca,es? || fllaa+ere) gl oo m2)
for any s € (0,1], f € H¥(R?) and g € L>(R?), and
1P; Fllagee @2y < Caes”?|| fllew @) 9]l L2 e2)

for any f € C*(R?) and g € L*(R?).

(i) For any a € (—00,0), 8 € R and € € (0,1), there exists Cy g, € (0,00) such that
1P gllsgots-cmey < Capes [ flleo @) llgllas ra)
for any s € (0,1], f € C*(R?) and g € HP(R?), and
| P7gllpets—emey < Ca,5,636/2||f||7-t°‘(R2)Hg”Cﬁ(R?)

for any f € H*(R?) and g € CP(R?).

(iii) For any o, B € R such that a4+ 8 > 0, and any € € (0,1) there exists Cy .. € (0,00) such that
T2 (£, 9)ll2g+s—c®2) < Caupres™ I f a2y ll9lles g2

for any s € (0,1], f € H*(R?) and g € C°(R?).
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(iv) For any o € (—00,0), 5 € R and € € (0,1), there exists Cy p,c € (0,00) such that

P} gllpets-e ey < Capes [ fllea@2)llglles reyllbl L2 @2)
for any s € (0,1], f € C*(R?), g € C°(R?) and h € L?*(R?).
Lemma 3.3. (i) For any e, € (0,1),8 € R,y € (—00,0) such that 8+~ <0 and o+ B+~ > 0, there
exist Ce a8~ € (0,00) such that

||Cs(fv g9, h)”H"‘*ﬂ*V*E(H@)

<Ce08.45"2 I fllree @) 9l cs—2(r2) | llev 2y,
for any s € (0,1], f € H*(R?), g € C°~2(R?) and h € C7(R?).
(ii) For any e¢,a € (0,1),8 € R, v € (—00,0) such that 8+~ < 0 and a+ 8+~ > 0, there exist
Ceapr € (0,00) such that

||Ss(f7 g, h)”HO‘*B*V*G(H@)
<Cera,85"2(| £ 130 ®2) lgllci—2 Ry | Bllco m2),
for any s € (0,1], f € H*(R?), g € C°~2(R?) and h € C7(R?).
Lemma 3.4. For any € € (0,1) and almost all £, there exist Ce ¢, C’é’g, Ce,C! € (0,00) such that
el e(ay <Cres log(2 + lal) exp(—Cod(Aa(a), Arsa)?/5)
<C!¢5"10g(2 + £) exp(—Ced(Aa(a), Art2)?/5)
for any s € (0,1], a € Z? and ¢ € N.

Lemma 3.5. (i) For any € € (0,1) and v € (2,3), there exist c; € (0,00) and ro € [1,00) satisfying the

following: for any r > rq, there exists co € (0,00) such that

E Xa Y32 —YS||T .
// Wal¥er ~YeDlle-wwl o, o eyr(a,an)
0<51<52<1 |s2 — s1[7

for any a € Z? and { € N.

(ii) In the situation of (i), we have

8 T
B[ sup xa(¥e3 = YeDloeen | <8(z=5) coexp(—ecird(a,Ar)
0<s1<s2<1 7=

In particular, we have

8 r
IE[ sup ||X(LY§LJ||TC_F(R2)} §8<7’y ) co exp(—cird(a, Ay)).
0<s<1 v—2
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Proof (i) Let {Q:}e0,1) € StGC(2. As in the proof of Theorem 2.1 in [14], Lemma 3.3 and Lemma

4.3 (i) in [21], we have

E[[(Qexa(YF = YD) ()]

<cl/ ds/ ds/ dv/ do(t+s+v+s+v) Hs+s)

. (s+v§ig)b/4exp< ea|z = af* + d(a, Ar)?))

We estimate the right hand side as

Szd 82d

/ s/ S/ dv/ do(t+s+v+s+v) Hs+s) !
s \b/4

X<s+v§+y)

S2 1 . 2
§03(/ ds/ dv(t+s+v)’1/2(s+v)’3/2)
S1 0

S2 1 )
§C4(/ ds/ d’U(t + \/m)—l/2(82 + UQ)_3/4) .
S1 0

By introducing the polar coordinate, we have

S2 1
/ ds/ dv(t+\/m)_l/2(52+y2)—3/4
S1 0

tan™1(1/s2) s2/ cos @ dR
-/ a6
0

s1/cos 1/ (t + R)R

tan~1(1/s1) 1+cos2 6 dR
T
tan—1(1/s2) s1/ cos (t+R)R

By t+ R > t, R, we have two estimates:

S2 1
/ ds/ dv(t+\/m)—1/2(82+v2)_3/4
S1 0

cs(v/s2 = v/31)/VE,

Cg 10g(52/(51(1 — 82))).
By these, we have

1 1 E ts/2 Q Ya ys2 _ys 2
/ d51/ dso L (@ (5’4 5’4))( )L (RQX[O,I],dzdt/t)}

|52 — s1]7

dsidss /1 dt s2( /52— /51 2y So r—2y
< —_ —t&r - log ———MM— .
—// (Vo2 — a2 Jo ¢ ( Vi ) gslufsQ))

This is finite if 7 > 27/e. The rest of the proof is same with that of Theorem 2.1 in [14], Lemma 3.3 and

exp(card(a, Ay))

Lemma 4.3 (i) in [21].
(ii) is proven by Theorem 2.1.3 in [20].
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We refer Chapter 2 in [4] to prove the following:

Proposition 3.2. (i) For any e € (0,1), £ > 1, t1,t2 > 0 and 21,72 € R?, we set
“ 2 2A~2 2N
ae(t1, 1, ta, 22, L) ::/ dsl/ dsa(e® 2xze ©)(x1 +wi(s1), x2 + wa(se)),
0 0

where wy and we are 2 independent 2-dimensional Brownian motions starting at 0 and x¢ := Zan%Az 2.

Then we have

sup Elexp(Aac(t1, 21, t2, 22, £)) w1 (t1) = wa(te) = 0] < 0o
€€(0,1),21,22€R?,£>1

for any A t1,to > 0 such that A\\/t1ts < 1.
(ii) For any e € (0,1), £ >1, t1,t2 > 0 and x € R?, we set
t t2 2 2
Be(t1,t2,x, £) := / dsl/ dsa(ef AX2e5 2 (x +w(s1), z + w(ty + s2)),
0 0
where w s a 2-dimensional Brownian motion starting at 0. Then we have
sup Elexp(ABe(t1,ta, x, £))|w(ts + t2) = 0] < 00
€€(0,1),z€R2,£>1
for any A\ t1,to > 0 such that \\/t1ts < 1.
(iii) For any e € (0,1), £ >1,t>0 and x € R?, we set
t t
Xe(t, 7, 0) :z/ dsl/ d82(652A§%652A)(x+w(31),$+w(52))
0 0
t
+ 4/ dsEE[II(AT%, 4, & 0)](x + w(s)).
0
Then there exists a finite positive constant ¢ such that
sup ElexpOxe(t 2, ))] < o0

€€(0,1),z€R?,£>1

for any A\t > 0 such that M\t < c.

Proof
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(i) For any m € N, we have

Elae (t1, w1, t2, 22, 0)™ w1 (t1) = wa(t2) = 0]

=m/! Z /d8171 e dSLm /d3271 . dSQ,m / dy1 ce dym%%(yl) T %%(ym)

(R2)m
TEGm (0<sy, 1< <s1,m <t1 052 (1) < <52 o (m) <ty
2 2
e A e A s114/2
X / dz11...dzime” (211 — Y1) - - € T (21,m — Ym)e™! / (1 —211)
(Rz)m

X 6(81’2781’1)A/2( .e(sl,mfsl,mfl)A/Q(

21— 21,2) Z1m—1 — Zl,m)e(tﬁsl’mm/z(zl,m —x1)27ty

2

2
X / d2’271 - d2’27m6’5 A(ZQJ — yl) oot A(sz - ym)es"‘~"<1>A/2(m1 - 32,0(1))
(R2)7n

% e(52.0(2) _52,0(1))A/2( . e(SZ,U(m)_SZ,U(mfl))A/Q(

22.0(1) — 22,0(2)) " 22,.0(m—1) = 22,0(m))
% e(t2—32,o(m))A/Q(Zzg(m) — 2)27ty,

where

for any ¢t > 0 and = € R2. This is less than or equal to

m/! Z /dsl,l---dsl,m /d8271...d827m

oEGm 0<s1,1 < <51,m <t1 0<82 5(1) < <82 o (m) <ty

A dn @) R )
(R2)m
2 2
X (/ dzi1...dz1me’ A(zl,l —y1)---e€° A(2’1,m - ym)esl’lA/2($1 —Zz11)
(R2)m
(s1,2—81,1)A/2 (s1,m—s VA/2 (t1—s1,m)A/2 ke
x els1.2751,1 (21,1 — 21,2) -+ - e FLmTS1m—t (21,m—1 — 21,m )€\t o0 (21,m — 951)27Tt1) }

x{/ dys - dym (1) - 2 ()
(RZ)m

2

2
X (/ dzoy ... dzome” ®(22,1 — 1)+ € S(z2m — Ym)e 27O 2 (2 — 22,0(1))
(Rz)m

X 6(52,U(2)*S2,a(1))A/2( . 6(52,0‘(7n)752,0‘(7n71))A/2(

22,0(1) — 22,0(2)) " Z2,0(m—1) — Zz,a(m))

241/2
% 6(t2752,a(m,))A/2(2270_(m) — x2)271't2> } .
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One part of this is estimated as

[ oy T3 ) R )
(RQ)'m,
2 2
X (/ dzig .. dzme’ D(zin — 1) e Dz — Ym)eS 1A 2 (z) — Z1,1)
(]R2)7n
2
% 6(81,2—51,1)A/2(zl71 _ 21,2) . e(sl,m—31,m_1)A/2(sz_1 _ ZLm)e(tl_sl’m)Aﬂ(sz — a:1)27rt1)

:/ d21,1 e d217m65
(R2)m™

8 / dys - dym Xg (1) -+ X ()™ 2 (@1 — 210 — y1)e2 A2 (2 ) dyy — 210 — o)
(RZ)m

2 2 2 2
B(z11)- € A(Zl,m)/(m dzi1 - dzime” 2 (210) € 2 (21,m)

coex e(sl.m—81,m—1)A/2(ZLm71 + Y1 — Z1m — ym)e(tl—sl,m)A/2(sz + Ym — 11)27t
X GSI’IA/2($1 — 21,1 — y1)€(81'2751’1)A/2(21,1 +y1— 21,2 — Y2)

RN 6(51,nrs1,m71)A/2(Zlymil + Yme1 — 21 — ym)e(t1fs1,m)A/2(ZLm + Y — 21)27H

2 2 2
S/ dZLl...dZLmeE A(zl,1)~~ee A(ZLm)/ le,l ...le’meg A(zlyl)~~e
(R2)m (R2)m

x (/ dyy - dym Xt (1) -+ Xe (Ym)e* 222 (w1 — 21,1 — yn) 22T A2 (2 by — 25 —g0)?
(RZ)m

1/2
el T DR 2 () ) b Y1 = 21m — Ym) 2T T 2 (o, — 561)2(27Tt1)2)

x (/ dy1 - dymXe (1) - X (Ym)
(R2)m

26(51'2_51’1)A/2

x e B2 (1 — 20 — ) (211 +y1 — 212 — ¥2)°

1/2
cx elrm T m AR (2 g 1 — 20m — Ym) 2T TR (2 -y, — 331)2(27Tt1)2) '
One part of this is estimated as

/ dyr -« dymXe (1) -+ - X (Ym )5 22 (21 — 211 — y1) 21270250 4 by — 21 5 — )2
(R2)™

. % 6(81"’”731’7”71)A/2(217m,1 Y1 — Zm — ym)2e(t1fs1,m)A/2(ZLm + Y — $1)2(27Tt1)2

</ dyy ... dy e 18 () — 211 —yn) 2T IR oy — 210 — 4o)
< 1.
(R2)™ m TS1,1 71'(8172 — 8171)

2

e(sl'm751"7”71)A(21,m71 + Ym—1 — Z1,m — ym) e(tlisl’m) Z1,m + Ym — 1’1)

27t1)?
7(S1,m — S1,m—1) (t1 — S1,m) (2rt1)

+ X

=t171'1_m{81,1(81,2 —s1,1) - (S1,m — Stm—1)(t1 — Sl,m)}_l
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Thus we obtain
Elae (t1, x1,t2, 22, €)™ |wi(t1) = wa(t2) = 0]
Vit _
S(m!)2 Wmlj /dsl,l coedsym{s1a(s12 = s1,1) - (S1m = S1m—1)(t1 — S1,m) } 1/2

0<s1,1<-<51,m <t

X /d82,1 codsam{s2.1(52.2 — 59.1) - (S2.m — S2.m—1)(ta — s2.m)} /2

0<s2,1<-<82,m <t2

P ol B3 ) (5 )
:(m!)QWQ(t1t2)m/2

F(m—i—l) ’
2

from which we obtain the result.

(i) For any m € N, we have
E[ﬁs(t]_7t2’x,€)m|w(t1 + t2) = 0]

=m! Z /dsm o dS1m /dsm o dsam / dyy ... dymXa(y1) - - )Z?(ym)/ dx’
2\m 2
7€Sm 0<s1,1 < <51,m <t1 0<82 5(1) <2 <82, 0 (m) <t 5 N

€2A SlylA/Q(

2
X / dz11...dz1me’ A(2171 —y1)--- € “(z1,m — Ym)e T—211)
(RZ)'m

6(81,2—81,1)A/2( (Sl,m—sl,m—l)A/Q( )e(tl—sl,m)A/Q(

!
210 —21,2) € Z1,m—1 — Z1,m Zm — &)

2

2
X / dzoy .. dzome” 2 (22,0 — Y1) -+ € 2 (22,m — Ym)e 27022 (2! — 22.0(1))
(R2)m

« e(52.02) —82,0(1))A/2(22 e(52.0(m) _8270(mf1))A/2(

(1) — 22,0(2)) " 22,0(m—1) ~ 22,0(m))
x el =820 )A2(5y oy — )21 (b + t).
The rest of the proof is same with that of (i).
(iii) By
// d31d82(652A)?§e€2A)($+w(sl),x+w(52))
0<s1<s2<t

_iQ _1/t/2 dsy //2 d;; A2 A)(az+w(th;81>,x+w(m;82>)

k=0 h=0

oo 2F—1

—Z /t/2d81 // dsz/dy erw( h;;Sl)er)

k=0 h=0

ef“<y+w<th;*>—w<th;;52>>
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and

0o 2F—1

/2
Z /t dsl// dsz/dye X $+w(th;81>+y)

k=0 h=0

B[S (y (T~ (5]
) / s / o dr(eT AR e ) (@ + w(s), @ + w(s)),
0 0

we rewrite as X (t,2,£) = 2x2(¢, 2, £) + 4xL(t, z,0) + 4x2(t, x, (), where

=1 .t/2
X2t 2, 0) : Z/ o //2 d;;f/dye x—l—w( h;,;Sl)-i-y)

{ o (th;“)*w(th;&))*E”[ef“(ww(th;“)*w(th;”))}}v

t (t—s)/2 1 ) ,
X;(t,$7f) ::/ dg(/ dr _/ d’l“) /dyeE A(y)j‘('%(m_i_w(s) +y)e(r+a )A(y)
0 0 0

and
t
X2(t, @, 0) := / dsEE[TI(AT6 4, 6c0) — (AT1°6 )& ) (@ + w(s)).
0
Since
sup IES[(II(AT' 0, &c.0)) ()] — ES[((AT°6 0)Ec0) ()]
z€R?,€(0,1],6>1
< sup B [(Pa-toce, ,Ec.0))(@)]] + sup [ES[(Pe, ,A7" 0)) ()]
z€R?,e€(0,1],£>1 z€R?,€(0,1],6>1
+  sup  ES(P(PV AT ) (P ) (@)
z€R?,e€(0,1],6>1
<00,
we have

sup  3(tx,0)] < oo
z€R?,e€(0,1],4>1

It is also easy to see

sup  |xd(t,x,0)] < oo
z€R?,€(0,1],>1

Forany 0 < k € Z and h € {0,1,...,2F — 1}, the moments of

2 gs ds th+ s
h(t,x,0) ::/ 1/ 2/dye m+w ! +y
T, (F5)+)

xeﬂw(m;ﬁ)—w<th;f?>>

are estimated by the same method for (i) as

B[y, 1)) < (m)? ()

28



Thus E¥[exp(A2Fx%"(¢,2,€))] is an analytic function of A < 1/t. By using the Taylor expansion as in

the proof of Theorem 2.4.2 in [4], there exists a positive finite constant ¢; such that
E"[exp(A2°XE" (£, ,0))] < exp(c1A?)
for A < 1/(2t), where
2 d d th
h . asy 52 + 51
(t,x,ﬁ).—/ /22k /dy m—i—w( o )—i—y)
th + $81 th + So
A e (G )*w( )
o[ 22A th + s1 th + so
B (e (Fo) e (5))]

By using the Hélder inequality as in the proof of Theorem 2.4.2 in [4], we have

N 2F-1
[exp(ZZX txé)}
k=0 h=0
2N -1 N
( 1 E¥lexp(r2°Vx Gtz )2 )
h=0
2N—171 _ _ _
w )\204(N—1) ﬁh 2 (N=1)(j_g—aN)
(L E[ew (T ™00
h=0
2N 21 " /\Qa(N72)
x( || E {eXp((1_2—aN)(1_2—a(N—1>)
h=0
— 2—04(1\]—2)(172—&(1\]—1))(172—(}]\])

N~ “(t,x,z))}

T A20
: (hl:[oE {eXp <(1 —2-aN)(1 —2—a(N=1))... (1 —2-02)

72—0&)(172—@3)___(172—0<N))

X ;g’(t,x,é))ria(l

A
(1 —2-aN)(1 —2-a(N-1))...(] — 2-a2)

X ]E“’[exp(

1-27%)(1-272%)(1—-273)...(1—27N)

. @L(t,x,e))}(

for any o > 0 and N € N. Since

-1
e 9—aNy (] _g—a(N=1)y . (] _ 9—a) > —_—
l}gi}?of(l 2 )(1 2 ) (1 2 ) = exp (2a(1 _ 2—a)2>’
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we have

N 2F_1

EY [exp (/\Z Z X’;’h(t,m,ﬁ))}

k=0 h=0

< exp {01)\2 (2—(1—a)N + 2—(1—@)(N—1)(1 _ Q—QN)—1

=+ 2—(1—04)(N—2)(1 _ 2—04N)—1(1 _ 2—a(N—1))—1
+ - + 2—(1—@)(1 _ 2—aN)—1(1 _ 2—(1(N—1))—1 - (1 _ 2—(12)—1

F(1— 20Ny —gmeN=Iy=1 (g 2_a)_1>}

N
< exp {clv > (e lim inf (1 — 27eN)(1 — 272y (1 — 2*“)}.
=0

for any a > 0 and N € N if A < exp(—27%(1 —27%)72)/(2t). By taking o < 1, we have

2

% exp(27°(1-27%)79)}.

EY {exp ()\xg(t,x,ﬁ))] < exp {cl 9

if A <exp(—27%(1—272)72)/(2¢). 0

Remark 3.1. (i) As in Theorem 2.2.3 in [4] treating the intersection local time, we can show the existence
of a functional «(ty,21,t2, z2,£) of (w1, ws) such that ac(t1,21,t2,22,£) converges to a(ty,x1,ta, x2,£)
in LP(P(-|lw1(t1) = wa(tz) = 0)) as € — 0, for any p € [1,00), where P(-|w;(t1) = wa(t2) = 0) is the
conditional probability of the Brownian motion. Formally a(t1,x1,t2,z2,¥) is regarded as a restriction

of the intersection local time to the square Ay:

t1 to
a(ty,z1,te, 2, 0) = / dSl/ dsaXi (w1 + wi(s1))0(z1 + wi(s1) — 32 — wa(s2)).
0 0

The convergence also holds in LP(P) for any p € [1, 00).
(ii) Simirarly there exists of a functional §(t1,t2,2,€) of w such that B.(t1,te,x,£) converges to

B(ti,ta,x,€) in LP(P(-|w(t; +t2) =0)) as € — 0, for any p € [1,00). Formally this is regarded as

Bltnta ) = [ sy [ dsaii@ o w(sn)dw(sn) = wlts + ).

The convergence also holds in LP(P) for any p € [1, 00).
(iii) Simirarly there exists a functional x°(¢,z,¢) of w such that x°(¢,z,¢) converges to x°(t,z,¢) in

LP(P) as € — 0, for any p € [1,00). Since x2(t,x, ) is written as

// ds1dss / dyeEZA(y)X?(x +w(s1) +y)
0<s1<s2<t

X e Ay +w(s1) — wlsa)) = E¥[e” A (y + wst) — w(sz))]},
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X'(t,x,) is formally regarded as a restriction of the renormalized intersection local time to the square
A(:
J[ dsidsafie+ wlon)(dsn) - wise)) - EVI6w(s1) ~ w(sa))):
0<s1<s2<t

The convergence also holds in LP(P(-|w(t) = 0)) for any p € [1, 00), since
X2(t @, ¢)
t t N —rt N t t =/t 1
:Xg(ia ‘T,£) + Xg(iaxagv U)) - X(s](iaxag; U)) + /36(53 5; CE,@) - Xg<§7 §axa€>7
where x?(-, -, -; @) is the function defined by replacing the path w by the path @ defined by @(s) := w(t—s)

for s € [0,t] in the definition of the function x2(-,-,),

— /st =R

B // dsidss / dye" & (y)e & H 2= DA () (R (2 + B(s1) +y) — X (z + B(s2) + ),

0<s1<52<t/2

and
=(tt 2 ! 2A 2 2)A ~2 ~
(5o gemt) = [ s [ dso [dge 2 D8 0) R 4 (s1) +9),

0 t/2
By Lemma 3.1 in Nakao [15], x%(¢/2, z, ¢) and x°(¢/2, z, ¢; W) converges to x°(t/2, z,¢) and x°(t/2, z, {; W
g g

in LP(P(-|lw(¢) = 0)), respecively, for any p € [1,00), By Ito formula,

—t o1/t =53/t
Xg<§a$7€) = _Xg7l<§7xa€) - §X2)2(§7m7£)>

where
t
o1t
Xe (27x7£>
s2
-/ dsadsy [ dyes"()el o023 y) [ O+ w(s) +3) - duls),
0<s51<52<t/2 s1
and
5/t
02t
Xe (2,$,€>

S2
_ / / ds1dss / dye=" 8 ()& Hs2mm) /D8 () / (ARR)(@ + w(s) + y)ds.
0<51<52<t/2

S1
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By Lemma 3.1 in Nakao [15] and the moment inequalities for martingales, Theorem I1I-3.1 in [11], we

have

p

R () Gon) o =0]
(e[ )

' <£71‘7£> 7W<£71'7£)
<Jl dsvdoa( " \/ ([ v el 1-022) () o + w(s) + )
0<s1<s2<t/2

N

/dyeEZA(21)6(52+(”_51)/2)A(y)(Vﬁ)(aj +w(s) +y)

— 27 IA2(0) (V2 (2 + w(s))) - dw(s)

S2
<c, // dS]dSQ( IE“’{ (/
0§$1§82St/2 S1

— (52 50A/2(0) (V2 (2 + w(s)) ‘2d8> p/Q} ) 1/p,

where

st s2
xO1 (E,x,é) = // d51d826(82_81)A/2(0)/ (VX?)(z 4+ w(s)) - dw(s).
<s1<82<t/2

S1

The right hand side of the above inequality converges to 0 as ¢ — 0 by the Lebesgue convergence theorem.
22 (t/2, 2, ¢) and X:g(t/Q,t/Q,x,K) converge to
——=/t 52
X0,2(,7x’g> = // dsldSQe(sz_sl)A/g(O)/ (AX?)(x + w(s))ds
2 <s1<s2<t/2 51

and

—t ¢ t/2 t B R
(50 500.) = / dsi | dsye TSR0 (@ + D(s1),
272 0 t/2

respectively, uniformly in w.

Since
dt . oc~
Eh_{r(l)Ef[(PA tocg_ ,&c0)( Z/ /]1{2 Az QFY (z, 21) (PYAT2Q%Y ) (w1, 1),
: oc dt v v —toc v
i B[P A7) )] = / [ A1 (o (YA Q) o, 1)
and

e—0

lim ]Ef[( ( ((P(b)A locg )(Pl(b)fs,é)))(x)] _ \/R?’ dzlpl(b)(x’xl)(Pl(b)AflocPl(b))(l,l,‘Tl),

exist and are dominated by exp(—cid(z, Ay)?) with some positive constant cy,
lim x2(t, z, ¢
Lim Xz (2, 0)
exists and are bounded in w. It is also easy to see the existence and the boundedness of

. t (t—s)/2 1 A
;g%xsu,x,z).:/ods(/o dr—/odr)< )@+ w(s)).
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Therefore Proposition 3.2 (iii) holds in the pinned case:
sup  Blexp(hwe (t,z, £)w(t) = 0] < o0
€€(0,1),z€R?,£>1
for any A,t > 0 such that At < ¢y with some positive constant co. Therefore we can give another proof

of Proposition 3.1 by proving and applying this estimate.

4. A WEGNER TYPE ESTIMATE

As in the last section, we consider the operator HS = Hg + &, where £ = L — 2. In this section we

will show the following Wegner type estimate:

Proposition 4.1. There exist finite positive constants cg, c1, c2,c3 such that

E[TY(L{g—y, p4q) (HE)]] < c1nL®

forany E < —c3, 0 <n < 1A (—E/2) and L € 2N.

Proof

Let g be a normalized eigenfunction of HE with a negative eigenvalue Ag. Then by the IMS localiza-

tion, we have

Ao = (3007H§,§00)L2(]R2)

=(Xout 0 Hi Xout0) 2(z2) + (Xin0, Hi Xin00) 12 (r2)

— (20, (IVXout|* + [Vxin|*)0) L2(R2),
where You¢ and Xy, are [0, 1]-valued smooh functions on R? so that X,y = 1 and y;, = 0 on R?\ Ar_1/2,

Xout = 0 and X, = 1 on Ap_; and x?2,; + X3, = 1. By Lemma 4.4 below, we have

(Xout<P07H§Xout<p0)L2(R2) - (@07 (‘VXout|2 + |inn|2)<p0)L2(]R2) Z —C1.

By Lemma 4.9 in [21], we have

(Xin0, H} Xin0) 12 r2)

c3

> = callXin@oll Lo @) (1 + [€ellc-1-cr2) + N€ellé-1-c(ge) + 1 ¥eellc—(r2))

As in Propositon A.1 in [1], we replace the norms by those defined by integrations:

(Xin®0, HE Xin0) 12 (r2)

c3

> ool 1 . 2. Ye,olll g«
> — caXinoll T2 gz ( +|||§z|||52/1ﬁ2/3(R2)+\|\§e|l| 2/1,2/3<R2>+”| £,e|||32/€{g/€(Rz)) ;
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where we use the following Besov norm defined by the summation:
17 llss. )
::”eAf”LP(RZ:dx)

+ Z ||t7a/2||Qtf||Lp(R2;dw)||LQ([0,1]:t71dt)-
QEeStGC(lal,2b]

Thus we have
IXin@ollF2ra) = (=0 — c1)/B(€),
where
I 2 c3
B(f) = 04(1 + |||£€|||B;/1;25//52(R2) + ‘H&H' 27/1;26//62(]11{2) + |||Y§,f|||3;/i/;/€(ﬂg2)) :

If FE<—c¢y—2and \g < E+1, then

IXin®ollZ2 gy = 1/B(E).

We next vary the random variables by the constant ¢ € R: for any functional F(§) of the sample path

§= ((g(x))m€R27 (Ea)a622)7
(T F)(€) = F(E+1),

where

€+t = ((6(@) + t)were, (€4 + t)aez2)-

Then we have

7—15}15 = HE + t;{[n
where Xz = > ,cz2ma, X2 as in the last section.

Since there exists ¢; € (0,1] such that

(0, XLPo)r2(R2) = C5||Xin800||%2(]1£2)7

if \g € [E—n,E+n] and t > 2nB(€)/cs5, then we have

(o, (Hs +tX1)90)r2r2) = E +1)

and

(po, (H; — tX1)%0) r2(r2) < E — 1.
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We take a [0, 1]-valued smooth function 1 so that 1 = 1 on (—oco,—1] and T = 0 on [1,00). For any

1 > 0, we modify this function by 1,,(-) = 1(-/5). Then we have

E[Te[15y, psn (HE)]]

E[Tr[l[E—n,E—Hﬂ (HE)} : B(é) € [n - 17””

M

3
Il
-

[M]8

< E[ﬁ[ (Hf—ﬂx E)—Q(EE+?%L—E)}XW](B(E))]

n=1

where X[/n:l/,n] is a [0, 1]-valued smooth function on R such that X[/n:l/,n] =1on [n—1,n], X[/r:l/,n] =0
on R\ [n —2,n+ 1] and the derivatives of Xm] are dominated by a constant independent of n. By
the Cameron-Martin theorem and the permutation integral, the right hand side is rewritten as

fjﬂ*:[ I1 /dgagg +?))Tr[17,(;§—E)}

a€Z2n(AL\Ay)

xexp /f Ydx — 2 77075)2>X[/n‘:1/,n]< (£+2?75n)>
(L, ool ) e

anZm (AL\A¢)

<o (0 [ ewe—2(2) (B (e 7))

where g is the probability density of the random variable £ (cf. Lemma 2.1.3 in [16], Theorem 1.3 in

[18]). This is devided as I + I + I3, where

2nn/cs
X [l ) 10 - ) eto

2nn/cs aEZzﬁ (AL\Ar)

X exp ( —t f(x)da: - 2(%)2)X[n—1,n] (B(§+ t))}
2nn/cs

I = Z/ tIE > /dfag &, +t) 11 /dg /g fa/—kt

2nn/cs aEZ?ﬂ(AL\A ) aa/€L2N(AL\As)

X Tr[fn(}}v% — E)]exp ( - t/A &(x)dr — 2(%) )X[n,l,n] (B(€+ t))},

and

2nn/cs
j Z / e[ [ [ )Tl T (HS — B)

2nn/es an2ﬁ(AL\AZ)

<o (<t [ stee—2(") )N (BlE + 0)aBLE )]
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By the Cameron-Martin theorem and the permutation integral, we have

B3 [ e (B2 )

2nn/c
X BT, (H — o — B (0 ~ | &)z )\ 1 (BE)
£
By Proposition 3.1, we have

t\1/3
I < gL / dt(1 + |t|3)IE”<B(§) +2> CL") .
R 2n

As in the proof of Lemma 3.3 (ii) in [21], there exists ¢g € (0, 00) such that
su ]E[e (c 2 626)} < 00
ng Xp S‘HSZ'||B2/le,2//62(]R2)/

and
ilgE[exp (08|||YZ,é|||B;/e€<§/G(R2)/€ )] < 0.

Thus we have

}P’(B(f) +2> C;';')

C5|t| 1/ecs
<P+ el ) e 2 () )+ tazeaturs

deqm
1 cs|t| 1/(2¢3)
<P(|||ft’\|\3*1 6/2(R2) Z W<4C4n> )

1 05‘t| 1/es
2 () 2 5(4c4n> ) T2 X Inzcope

1/ eslt]y L/es
= ( (el = 5 (20) )]
— €xp ZQE ‘H€€||| 2/16 1//52(]R2) 8 4047]

c8 1/ es[t]\1/es
“I‘E{GXP (E(MY&ZH'B*E@/&(HV) - 5(4647]) ))} +2 X Lyt

c t|\1/cs
<cig €xp ( E; (' |) ) +2x 1n209|t\

+P(

and

I <c1oL /Rdt(l v |t|3)(exp ( - ;221 (':;)1/%) + 17,209“\)

<cignLH.
Similarly we have
27m/¢:5 _ ~ = . e~
Iy <ers Z / > B[] dE TG - - BN (B©)
2’7”/65 an2ﬂ(AL\A4) supp g

<cienL"
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and

o0 2nn/cs = o,
I3 < Z/ AE[Tr([L,(H — XL — E)|[Xin-1.0) (B(E + )]0 B(& +1))eol]

n=1 —2nn/cs
<cignLe®,
since

E[[(9:B(§ +1))i=0[’] < cao L.

We next show the lemma used in the above proof.
Lemma 4.1. There exists C' € (0,00) satisfying the following:
(i) For any a, 8,7 € R, there exist Co g~ € (0,00) satisfying the following: if a1, as, a3 € Z* satisfy
4.1 i — Qiloo >3,
(1) W) a: = ajloe 2
[Xa1 Pxay £ (Xas9)llco r2)
<Co,p~Xas flles @2) [ Xas gller @2y exp(=C(lar — as|* + a1 — as|*))
for any f € CP(R?) and g € C7(R?),
1Xar Pxay f (Xas @) 7o (r2)

Scaﬁfy

Xas f 15 ®2) |1 Xas 9l (v2) exp(—C(Jar — az|? + a1 — as]?))

for any f € HB(R?) and g € C7(R?), and
||Xa1PXa2f(Xa3g)||HO‘(R2)

SC(LBKY

Xz fll25 @2) | Xas 9l e (v2) exp(=C(lar — az]® + |ar — az|?))
for any f € CP(R?) and g € HY(R?). In (4.1), |- |so is the mazimum norm defined by || = max; |z;| for
r = (71,22) € R%.

(ii) For any o, B,y € R, there exist Co .~ € (0,00) satisfying the following: if a1,a2,a3 € Z* satisfy

(4.1), then
HXGIH(XU«Q.f? Xagg) HC"(RQ)

<Ca.p 1 Xas fllcs ®2)l|Xas 9llcr r2) exp(—C(lar — az]?® + |a1 — as|?))
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for any f € CP(R?) and g € C?(R?), and
||XG1H(XII2f7 Xasg)”'Ho‘(]R2)

<Ca,g,

®)|1Xas9llcr 2y exp(—C(lar — as|® + |a1 — as|?))
for any f € HP(R?) and g € C7(R?).

(iii) For any B, € R, there exist Co 5~ € (0,00) satisfying the following: if ai,as,as,as € Z*
satisfy

max |a; — Gjleo > 3,
i,j€{1,2,3,4}

then

HX<11 X<L2hPXa3f(Xa4g)||Ha(R2)
Sca,ﬁ,w”Xaschﬁ(W)||Xa49||m(JR2)HthzhHm(RZ)

x exp(—C(|ay — ag|?* + |ag — a3|* + |ag — a4|?))

for any f € CP(R?), g € C7'(R?) and h € L?(R?).

Proof. We will prove only the first inequality, since the other inequalities are similarly proven., (i) Since

(AATIY = (1= e®)" = " (—1)F,Cret®

k=0

for any n € N, we have

2
V™ X Preag s (Xas @)l L2y < € D 1, jsv)

v oij=1

where
1
d . .
I(1,1;v) :ZH/O 7t<V’“ Xar Q) (PYXma AT ) (A 1oy 2y, )

(@A) )]

n2

12.1:0) =| / " X QU (P S (1) s Cre* s )

k=1

QAN AT )|,

1
d 14 v n —toc\n
120) = [T QP A™ A 0 )

< (QF N Y (1) s O xas9))|

)
L (R?
P (R?)
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and

1 n2
dt . ) L
r.20) = [T QP Y1 G, )
k=1
X (@K 2D s O x|
k=1

for any ni,ne,n3 € N. In these equations, X, is a smooth function such that X,x. = X and supp X, C

Aoy 5(a) with a small positive § for each a. I(1,1;v) is dominated by

/1 dt/ dx o (—|x—1:1\2>
sup — Xp
z€A2(a1) JO 3 R2 t1+n1/2 ct

(4.2) . /A2+6(a2) tilf; xp (_|$1c; m2|2)KA?lOC)ana?f)(wQ”
e (R R )
Since
d(As(a1), As(az)) = 8 < |o — wa| < V/2(|x — 212 + |21 — 22[?),
d(As(a1), Ag(az)) = 8 < |z — w3 < /2(|x — 212 + |21 — x3[?),
and

d(Ag(az), Az(az)) — 26 < |zg — 23] < /2(|21 — 22| + |21 — 73]2),

the quantity in (4.2) is dominated by

(43) exp(—c(lar —az|* + a1 —as?))  sup  [(AT)"xg, f)(z2)]  sup  [(AT) " xq,9)(25)]

r2E€A2y5(az) z3€A245(as)

under the condition (4.1). By the proof of Lemma 3.1 in [21], the quantity in (4.3) is dominated by

exp(—c(lar — az]? + a1 — as|?)) [ Xa, f ce—2n2 (R2) || Xaa 9llce—2ns (r2)-

1(i, j;v) with other ¢ and j are also dominated by the simirar quantities by the simirar methods. O

Lemma 4.2. There exist C € (0,00) and Cy p € (0,00) for each o, 5 € R satisfying the following: if

ai,as € Z2 satsfy lay — asleo > 3, then

[Xar A7 Yas fllea22) < Ca.pllXas fllcr @2y exp(—Clar — as]?)
for any f € CP(R?), and

Xar A7 Yas fllaev2) < CapllXas fll3 re2y exp(—Clar — az|?)

for any f € HP(R?).
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Proof. As in the proof of the last lemma, ||V X4, A7"xq, f|| Loo(r2) is dominated by I; + I>, where

1
I 1:/ dt|[V™ Xay " Xan A" (A7) " X, f || Loo (2)
0

and
na

1
I :Z/ dt[| V" Xay " Xaz (= 1)* 00 O™ Xz f | oo (r2)-
0 k=1

I, is dominated by
! ! —lz = 21*\ |\ Ztocyn
xef\gl()al)/o dt/{\2+é(a2)dt1+(n1/2)+n2 exp( pm )|(A )" Xao )(21)]-
Under the condition |a; — ag2|s > 3, this qunatity is dominated by
exp(—clar —azf*)  sup (A7), F)(a1)].
z1E€A24s(az)

By the proof of Lemma 3.1 in [21], this qunatity is dominated by

exp(—clar — az|?)||Xay f Ce—2n2 (R?)-

I, is also dominated by the simirar quantities by the simirar methods. [[V™ xq, A7'“x, f|l L2r2) is also
dominated by the simirar quantities by the simirar method. O

For any m € N, let {Xq,1/m }acz?/m be the smooth functions defined by x4,1/m (%) := Xma(mz). Thus
these satisfy supp Xo,1/m C Az/m(a) and 3, cz2/,, X2 =1 on R%2. We modify Lemmas 3.1, and 3.2 in
[21] and Lemmas 4.1 and 4.2 in this section so that the functions {x,}.cz2 are replaced by the functions

{Xa,1/m}aez2/m- Then we have the following:

Lemma 4.3. There exist C,, € (0,00) for each m € N and Cy, o € (0,00) for each m € N and oo € R

such that
||Xa1,1/mH(A_loc>a\j2£u>a\1/2§ Cx(R2?)
(4.4)
<Cpm,al s;g)/ 1Xas,1/mXL—2€]lc-2(r2) + 1) exp(—Crnd(a1, Ap—2)?)
az € m
and
[Xar,1/mEIH(AT X226, X1—28)]|lco (r2)
(4.5)

SC’rma eXp<_Cmd(a1’ AL*2)2)'

for any ay € Z2/m \ Ar_246/m- For any a; € 72 /m\ Ar_246/m, we have

(4.6) lim Xy, 1/m (AT XL T060, Xp—2€e) — TH(A X026, X2—26)) llca(rz) = 0
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and
(4.7) lim Xy, 1/m (EIL(A X226, Xo—26e)] — E[(ATX 226, X2 —26)]) leo r2) = 0.

Proof. (4.4) and (4.6) are easily proven by Lemmas 3.1, and 3.2 in [21] and Lemmas 4.1 and 4.2 in this
section. Since
—_loc —— — 1dt m 1,1 7loc/_\/2 2,1
(A" X6 Xp28)] = Y | P (w00 (Qi" AT X2 Q7 ") (w2,
0
o

we have

sup V" Xa,1/m EI(AT X506, X226
TrEe

- /1 dt/ dz, (—|x—x1|2)/ dzs <—\x1—x2\2)
<c sup — exp [ ———— —Zexp | ————-
T€A ) (a1) JO t R2 t1+”/2 ct R2 t ct

/1 / dl’g ( |:L‘2 —.%'3|2 |{,C3 —{L‘1|2>
X ds —exp| — —
0 A, St ct ct

gcexp(—cd(al,AL)2),

for any n € {0,1,2,...}.

Simirarly we can show that
B sup [V, 1 (EI(A 07560 X7 060)] — EINA 0556 X 60)])| = 0

for any n € {0,1,2,...}. O

Lemma 4.4. For any ¢ € Dom(Hg), we have Xoutp € Dom(H%) NH2(R?) and

(48) HEXoutSD = ( - A + Z nga - ]E[H(A_locgl/f% £L72)])Xoutso~
a€Z2N(AL\AL-1)

Proof.

Since ¢ € Dom(H}), we have Yourp € Neso H(R?) and xoutPe,—2(p) € H?(R?). By Lemma 4.1
and Lemma 4.3, we have Xouwt A °Polr_o, Xowr AT P, ,AT o) Xout ATI°P,Ye 1o € H™(R?)
for any n € N. Thus we have Xouip € H2(R?). By Lemmas 3.1, 3.2, and 4.3 in [21] and Lemmas 4.1,
4.2 and 4.3 in this section, we have A=¢P, & o ATloc P, JATI¢ o ATCP Ve o €

H"(R?) for any n € N. Thus we have ®¢ ,_o(Xourp) € HA(R?) and Xoutp € Dom(HE). Then many

terms are canceled in the equation where the definition (2.1) of the operator is applied for H E Xoutp, and

we obtain (4.8). a

41



5. MULTISCALE ANALYSIS

Multiscale analysis has been applied to prove the Anderson localization since the pioneer work by
Frohlich and Spencer [6], This method has been extended, improved and simplified by many works.
For this aspect, see [19] and the references therein. In particular Germinet and Klein give an effective
multiscale analysis to deduce the strong dynamical localization from a weak initial estimate for a wide
class of operators with short correlated potentials [7]. However our geometric resolvent inequality obtained
in Section 2 is too weak. In this section, we modify multiscale analysis for our case. We use the following

definition:

Definition 5.1. (i) Let m > 0, E < 0, K > 0, a € Z* and L € 6N. A square Ar(a) is called

(m, E, K)-regular for E: (6,8 ifE¢ spec(]/{—i) and

—_~—

IXa(H, o = B) " xollere ey < K exp(=m(la = blos A doo(b,0AL(a)) + d(a, AL(a))))

for any a € Z? and b € Z*N Ay 3(a), where [z]o = |z1|V |22, || = /27 + 23 for any @ = (v1,72) € R?,
doo(x, A) = infyca |2 —y|oo, d(x, A) = infyea |z —y]| for any A C R?, mazimal || - || z(L2(r2)) is the operator
norm as a bounded operator on L?(R?), and I;i is the operator defined in (2.1). If a square Ap(a) is
not (m, E, K)-regular, then this is called (m, E, K)-singular.

(ii) For any m >0, E <0, K > 0, a,a’ € Z*, L € 6N and any interval I in (—o0,0), we set the
following event:

R(m,K,I,L,a,a’)
::{E: for every E € I, either Ar(a) or Ap(a’) is (m, E, K)-regular for E}

Then we willl prove the following;:

Proposition 5.1 (Multiscale Analysis). For any 1 < p < oo and 1 < a < 1+ p/4, there exists
mo € (0,¢4), c1,c2,c35 € (0,00) satisfying the following: for any 0 < mg < Tg, F1 < Ey < 0, and
Ly € 6N satisfying

C1

(5.1) Lo > —— V (log | E1])?,
m/ (@1
0
if
(52) P(R(mmKOa[ElaEO},L()vaval)) >1 _Lap’
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for any a,a’ € Z? satisfying |a — a'|s > Lo + 2, then we have
]P(R(mo/2, Ky, [El, Eo], L, a, a')) >1-— L;p

for any k € N and any a,a’ € Z? satisfying |a — a’|oc > Li + 2, where c, is the constant appeared
in Proposition 2.1, {Ly}ren is a sequence defined by Lii1 = [L¢]en = max{(—oo, LY] N (6N)}, and
Ky =co exp(03L,1€/a).
Proof. Let my = (14 27%)mg/2 for 0 < k € Z. Suppose
(53) ]P’(R(mk, Kk, [El, Eo], Lk, a, a’)) >1-— L];p,
for any a,a’ € (Lg_1/6)Z? satisfying |a — a’|oc > Ly + 2, where L_1/6 is regarded as 1. Let
’ ;L 2 ’
C(Lps1, Ly, a) == {ALk (a'):a' € 2% Ap,(a') € ALHl,g(a)}.

For E € [Eq, Eol, ni > 0, M, > 1 and S € 2Z + 1 specified later, we consider the following events:

Ri(E,Lit1,0a) ::{E; d(spec(HEHl’a)?E) > g}

Ro(E, Lit1,a) ::{5: d(spec(H(%jH)Lk/&a,),E) >y for any j € {1,2,...,S5}
/ Ly 2 /
and a' € Ap, . (a)n (EZ ) such that Agzj41)r, /3(a’) C ALM_g(a)}.
Rs(E, Liy1,a) :={& : Ap,(a),...,AL,(a;) € C(Liy1, Ly, a) are (my, B, Ky )-singular
and deo(Ar, (ag), AL, (ap)) > 2 for a # b, then j < S}.
R4(L/€+17 a) ::{g: ||Xa+a§||C*1*5(]R2) < Mk(log(2 + |a|))1/2 for any a € 7N ALk+1}7
R5(Lk+1, @) 12{51 IXa+aYe,Li—2.a+arlo-<re) < My(log(2 + |al)) exp(—éid(a, Ar, (a'))?)
Ly,

for any a € Z*> and @’ € Ap,,, N (?Z2>},

where ¢ is the constant C, appeared in Lemma 4.3 (i) in [21].
Re(Lk+1, @) ::{E: IXa+aYe,((7j4+1) L4 /3)-2.a+arlo—c @2y < My(log(2 + |a])) exp(—éud(a, Arj11)1,/3(a")?)
L
for any a € Z%,5 € {1,2,...,5} and a’ € %Zz

such that A7j41)r,/3(a’) C ALHl,g}.

R7(Lys1,a) :={& : [XataYe,Lisr—2,allc-c@z) < Mi(log(2 + |al)) exp(—cid(a, Ap,,,)?) for any a € Zz}.
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Under the event R3(F, Liy1,a), the following occurs:
Ly,

There exist » € {1,2,..., 5}, y1,...,yr € Ar, ., (@) N ( 3

ZQ))jl) oo dr €41,2,..., S} satsfying the
following:

doo(A7j. 1, /3(Wa)s A7jy e /3(e)) > Ly /3 for a # b,

it +gr <8,

L T
a' e (?k22> \ U Az}, 1,/3(yn) implies that Az, (a’) is (my, E, Ky )-regular.
h=1

Under the event ﬂle R;(E,Lit1,0a) ﬂﬂZ:4 Ri(Li+1,a), we estimate ||Xa(H§ E) 'Xollzizm2y)

k+1,Q

for any @ € Z? and b € Z?> N Ap,,./3(a). Tfb = b € S(r), then by applying Proposition 2.1 with

Ap(a') = A, (a), Ag(a) = Ap, (b1) and (a.,a) = (a,b), we have

—_~— —_~—

(5.4) ||Xa(H§k+1,a — E) o ooy < er(bra) + Y we(by, bz)||Xa(H§k+1,a — E) X, o2y
by €72
where
S(r) :={b; € Z* : A, (b;) is (my, E, Ki)-regular and a & Ap, (b;) C Ap, ., 3(a),
where b; € (Ly/3)Z” such that b; € Ay, /3(b1)|},
Ap,/3(b1)| :=(b1y — Li/6,b11 + Ly /6] x (by,2 — Li/6,b12 + Ly /6],
L
er(b1,a) :==c1 My+/log Li. K}, exp ( — mk?k —cd(a, A, —a(b1) \ ALk,g(bl))>,

and

L
wy (b, ba) = co/|E|(Mj\/log L)% K L2 exp ( - mk?k — e.d(ba, Ay, _4(by) \ALk_G(bl))).

Ifb = b1 € S(s), then by applying Proposition 2.1 with Ay (a') = AL, ,, (@), Ae(a) = Azj, +1)L,./3(Yn,),

(ax,a) = (a,b) and the condition in Ro(F, Li+1,a), we have

IXa(HEy 0 = B) ' X0ll 22y

M;.+/log L » ] 1
Swexp ( _ %\a — b+ C*\@M%Lk)
Nk

Ci
1 TTZ |E|(My+/log L)%

X Z HX@(HEIC+1,G, — E) 'xu lee @)
bl €z?

Cs
X exp ( = 5 AL Ay, 11)(Les3)-aWn) \ Awjn, 11)(Le/3)-6(Un);
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where
S(s) :={b; € 72 Ap, (b;) is (my, E, Ki)-singular and a ¢ (A7jhi+3)Lk/3(yhi) C ALHl/g(a),
where h; € {1,2,..., 7} such that b; € Azj, 1, /3(yn,)}-

For by € (A7), +2)(zi/3)-a(Wni) \ Arjy, Liyz—6(yny)) N 2%, Ap, (BY) is (mu, B, K)-regular where b €
(Li/3)Z?* such that by € Ap, 3(b)) if Ly > 9. a & Ar, (b)) since a & (A7), +3)L4/3(Yn, ). Thus by apply

Proposition 2.1 with Ay (a’) = A, ., (a), A¢(a) = A, (b)) and (a.,a) = (a, b)), we have

IXa(HF 0 = ) Xyl ez 2y
<crMi+/log(Ly) Ky exp(—myg|a — b|)

+Csx/|E \/IOng gKk

— 3 Lk:
5 Bl B el o - me
szZ2

— cud(ba, Ary-a(B5) \ Az, (b)) ).
Thus under the condition

cy > 6my,

we obtain

(55) lIXa(H}, . 0~ E) "Xolleo@e) < eslbr,a) + D walby,b)lxa(Hi, 0 = B) Xoollo(zo@e)),

by €72
where
es(by,a) = cnm |E|(My\/log L) K, LS
k
Ly
X exp ( = M = Cxd(@, Ajy, +5) L1 /3-8 (Yhs) \A(mlfs)Lk/sfe(yhl)))
and

L
wy(by, by) = CE|E\( \/long)°13KkL4Sexp< 3]“

- g*d(bm Aezjy, +1) (L /3)-4(Yny) \A(7jh1+1><Lk/3>—6(yh1))>-

If b=0by € S(f) :==2Z%*\ S(r)\ S(s), then we use the condition Ry (F, Lyt1,a) and Lemma 5.1 below:

IXa(H} Leina = B) ooz ey < ef(br,a),
where
c
ef(by,a) = i exp(—c(la — bi| Ad(a, Ap,, (@) Nd(b1, AL, (a)))

and ¢, is the constant appeared in Lemma 5.1 below.
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By the iteration, we have

||XG(H§k+17a — E) 'xo ey

Sepl (bl ’ a)

N

+ 1{r,s}(p1) Z Z Z Wp, (b17b2)

n=2py,....pn_16{r,s},pn€{r,s,f} b2€S(p2),....06n€S(Pn)

X Wp, (b2,b3) - - Wp,, 4 (b1, bn)epn (bn,a)

+ l{r,s}(pl) Z Z Wp, (blabQ)

P2,.., DN E{r,5} b2€S(p2),....,6N ES(PN),bN1+1EZ?
1
X Wp, (bQ’ b3) CWpy (bN> bN+1)777
N

for any N € N, when b; € S(py).

We rewrite the each factor as
wr (bi, biy1) = Wy (bi, bit1)wr (bi, biy1),
wWs(bi, bit1) = Ws(bs, bi1)Ws(bi, big1),

er(bi,a) < wywr(bs, a),

and
es(biu a) S E@(bz7 a)u
where
_ L
@ (bi, bir1) :=c2/|E|(My+/Tog Li ) K L2 exp ( — (o — mkﬂ)?’“
Ca
- gd(bz’+17ALk—4(bz‘) \ ALk—G(bz‘))),
— Ly  cs
Wy (b, bip1) ==exp ( — M1 Ed(bi+17ALk—4(bi) \ALk—G(bi)))y
— c L
Wy (i, bit1) ::i|E|(Mk Vlog Ly,)** K. Lj, S exp ( — (my, — mk+1)§k
Ca
- Zd(bi—i-l, Aj, +1)(La/3)-4(Yn,) \A(?j;Li+1)(Lk/3)—6(yhi))),
—~ Lk Cx
ws(bi, bit1) :=exp ( — M1~ Zd(bi+1v Aj, +1)(@as3)-a(¥n:) \ A(?j;L,i+1)(Lk/3)—6(yh7‘,)))7
L
Wy ::Cle\/IOngKk exp ( — (mk — mk—&-l)?k),
and

L
Wy 1= %f |E|(Mj\/log L)' K, Ly S exp ( — (Mg — M4 ?k)
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We now introduce the condition

cisR c mo Ly
(5.6) B (Mylog L) KR LLS? < exp (e 2):

where c15 and cj6 are sufficiently large positive finite constants, and R is a positive integer specified later.

Then we have

Z Wy (b, bip1) <

bi11€22

x| =

and

N 1
> wa(bibit1) < B

bi41€Z2
Thus, if by € S(p1) for p; € {r, s}, then we have

Z Z Wp, (bl ’ b2)

D2, sPn €{7,5} b2€S(p2),...,bn €S (Pn)

X Wp, (b2’ b3) T Wp,_y (bn—la bn)epn (bTH CL)

2

n—1
<(5) o sup{iy, (b1, bo)wy (b, bo) -, (b 0)

iDLy ey € {ry st b1 € S(p1),--.,bn € S(pn)}

2 n—li Cx
<(%) W exp (= miri(la = bloo A doo(b-0A 1., (@) = S d(a, AL, (@) + 1 SLe ),

and

> > wp, (b1, b2)

P27~~-7Pn—1€{7‘,5} b2es(p2)a<~-7bn71eS(pnfl)vbnES(f)

X Wy, (b2,b3) -~ wp, _, (bn—1,bp)ef(bn,a)

2\n-1 __ __ —
<(5)  sup{@h (b1, bo)ipa ba.ba) -+ oy (bums, br)ey (brsa)

P1y---5Pn € {Tas}abl € S(pl)w"?bn*l € S(pn*1)7bn € S(f)}

2\n—1 c1s

S(E> n—kexp (—mk+1(|a—b|oo Ndoo(b.OAL, . (a)) —

for any n > 2. We also have

Cx

Sd(a, ALy, (@) + 105y

Cx
€9, (b1.a) < Ty, exp (= misa(la = bloo A doo(b-0A1,.,, (@) = T d(a, AL, (@) + e20SLe )
for p; € {r,s}, and

C Cx
ef(by,a) < % exp ( — Mt (a = bloo A doc(b-0A1,.,, (@) = Tdla, ALy, (@) + CQQSLk).
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By these, we have

P

“XQ(H§k+17a — E) 'xo, leee @y

Cx
<K exp (= mesi(la = bloo A doo (00M1,,., (@) = Fd(a. A, (a)))
for R > 2, where
(3, 2
Kk+1 = (’l’]k + 1— 2/R) exp(024SLk.).

In this setting, we have

R(my+1, Li+1, [Er, Eol,a,a’)

3 7 3 7
> N (N BBl () Rilbe@) U ( () Rig (B Lisia) 0 (] Ry (Liira)))
E€[E1,By]  Ja=1 Ja=4 Jar=1 o =4
for a,a’ € Z2.
We next consider the probability:
P(R(my+1, L1, [Er, Eo), a,a’))
2 2
(5 7) 21_P< U (( U R‘Q(E7Lk?+1aa)c) N ( U Rja/(E7Lk+l7al)c))
’ E€[Ey,Eo) Ja=1 Jar=1
7
- Y IP’( U  Rs(E, Lkﬂ,a”)C) -3 % P(Rj(LkH,a”)C)
a’€{a,a’} E€[E,,Ey] j=4a"€{a,a’}
We assume |@ — /|0 > Li41 + 2. The second term of (5.7) is estimated as
2 2
]P)( U (( U R'G(EaLk-i-ha)c) n ( U Rja/(Eva-i-lva’/)c))
E€[E,,Eo] Ja=1 Jar=1
< 3 3 E[P({3E € [E1, Eo] st. : d(spec HES, | E) < i

(€1,01)€S(Liy1,a) (£2,02)€S(Lyy1,07)
and d(specI;;ig;,E) < | F(Aey41(ar)))],
where F(Ay, +1(a1) is the o-field generated by (£.€) on Ay, 4 1(aq), and
S(Li+1,a) :={(Lr+1,a)}
U{((7j+1)L/3,a") : j € {1,2,...,S}a"” € Ap,,,(a) N ((Ly/6)Z?),

"

Ajrayn,s(@”) CAp,,, —3(a)}.
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By Proposition 4.1, we have

—~—

P({3E € [E1, Eo] st :d(spec HSS, [ E) <,

and d(spec HZ?@’ E) < il F(Ag+1(a1)))]
< Z P(d(spec Hgf, E) < 2ny)

—_—

pwEspec Hfful s.t. d(p,[Er,Eo])<np

—_~—

<cosnil5* Tr[E([Er — ni, Bo + me] : H, -

By using also Proposition 3.1, we have

P( U (( O R‘a(E,Lkﬂ,a)C) n ( O Rjy(E,LkH,y)c))

E€[E1,Ey]  Jja=1 Jy=1
<co7S*(Lit1 /L) me L§2,
The third term of (5.7) is estimated as

P( U Rs(E Ly, O)C)

E€[Ey,Eo]

§]P’<There exist E € [E1, Eo]l and A, (a1),...,AL, (ast+1) € C(Li+1, Li, 0) such that
Ar,(a1),...,Ar, (asy1) are (my, E, Kj)-singular
and doo (AL, (@a), AL, (ap)) > 2 for a # b)

S]P’(There exist F € [Ey, Ep] and Ap, (a1),Ar, (a2) € C(Lgt1, Lk, 0) such that
_ (5+1)/2
Ap,(a1),Ar, (az2) are (my, E, Ki)-singular and doo(Ar, (a1), AL, (a2)) > 2)

<(3Lk+1 )2<s+1> 1
=\, LZ(S+1)/2'

The fourth term of (5.7) is estimated as follows:

P(R4(Lk+1, 0)6)

< Y P(IxaElloeqme) = Mllog(2+al))/2)
anQrwALkJrl

- ]E[exp (ngllzca'flé—l—%ﬂ@))}
exp(cz9 Mj; log(2 + |al))

2
a€Z ﬂALk+1

SO
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and
P(R5(Lk+1» 0)6)

<> > (Yo = Mi(log2 + lal)) exp(~d(a, A, (a')))

E[ exp (csollxaV o lo-«e2) exp(@d(a, Az, (a)) )|

exp(cgo My log(2 + \a|)>

<2 X

a€Z? L
k
a’€Ar, ;N (TZQ

< 31 (Lk+1)2.
— oM, Ly

Simirarly we have

P(Rg(Lk+1,0>c) = 5261?41, (Lzzl)z

and

P(R7(Lk+1,0)c> < SQCJ?;;C (Lzzl)Q'

Thus, a sufficient condition for

P(R(mgy1, Kiy1, [E1, Eol, L1, a,a') > 1= LY,

is

corS%(Liy1/Ly) i L, <

STV
(3Lk+1>2(s+1) 1 < 1
Li LPSED/2 Z6LE

and

c31 (Lk+1)2< 1
oM \ "Ly ) = 6LT,,

These conditions and the condition in (5.6) are satisfied if

2
Tk -8
s

My, =(p+ 2)alog Ly,
and Lo is sufficiently large so that (5.1) is satisfied.

The following lemma used in the above proof is based on Lemma 4.4:
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Lemma 5.1. There exists ¢, c1,co € (0,00) such that

Xa. (H o — B) Xallz2(®2) s 22(R2)
<cy exp(—c:(lax — a|] A d(ax, Ae(a))

for any E < —c3,

Proof. We may assume |a, — a| A d(a., A¢(a) > 3. We take a [0, 1]-valued smooth function ¢ on R? so

that
i’ 1 on B(ax,d(as, Ae(a)) —2),
0 on R?\ B(a.,d(a«, Ae(a)) — 1)
if a € Ag(a), and
1 on B(au,|a. —a| —2),
¢ =

0 onR?\ B(a.,|a. —a| — 1)
if a € Ay(a), where B(a,r) :={z € R?: |z — a| < r} for any a € R? and r > 0. Then , since
(H} =~ B)7'6— 0(~A ~EM(A ™€ 20,620~ B)”

=(HE, ~ E) " {2(V6) - V + (Ad)}(~A — EIA G 50,6 20— )"

we have

IXa(HS ¢ — E) " Xa. le(z2(z2))

¢ —loc —
S—A:( Z [Xas V(=A — E[II(A™¢)_5 0,&-2.0)] = E) "Xa, || c(z2r2)
d(E, spec(Héa)) a1€Z2Nsupp(V¢)
+ Z Xay (—A — E[II(A ™5 0,&-2.0)] — E) ' Xa. [Z(L2(R2)))-
a1 €Z2Nsupp(Ve)
Then the rest of the proof is simirar with that of the Combes-Thomas type estimate below. O

To obtain the initial estimate (5.2), we use the following estimate:

Lemma 5.2 (Combes-Thomas type estimate (cf. [5])). There exists ¢ € (0,00) such that

IXa(H — B) " 'xoll £(r2crey)

(5.8) 3
d(E,spec Hg)

~(Jo — bl = 2v/3) (B, spec 1) )

X exp ( —
2\/d(E, spec HE) + C(]. + SupaeA“mW ”thé-”C—l—‘(R?) + SUp,cz2 ||X¢IY—E,L72”C—‘(]R2))

51



for any a,b € Z%, L € N and E < inf spec Hg,
To prove this lemma, we modify the proof of Lemma 4.11 in [21] by the following

Lemma 5.3. There exists ¢ € (0,00) such that

I(Hs — [v]? + )20 - V(H; — [0]? + )72 22y

L+ supaen, ,nze IXa€llo-1-<®r) + suPaezz [IXaYe L2/l 1)

<clv| ~
d(E,spec HS) — |v]?
forany LeN, E < infspecHE and v € R? such that |v]* < d(E, specHE).
This lemma is proven by modifying the proof of Lemma 4.12 in [21] under the restriction tha F <
inf spec HE

We finally consider the initial estimate:

Lemma 5.4. For any 1 <p < oo, 1 < a < 1+p/4 and my > 0, there exists By € (—o0,0) satisfying
the following: for any Eo < Eo, there exist By € (=00, Eg) and Lo € 6N such that (5.1) and (5.2) are

satisfied.

Proof. As in the proof of Lemma 3.3 (ii) and Lemma 4,3 (i), we have

su% Elexp(h1][Xa€llc-1-<®2))] < o0
ac

and
sup Elexp(hal| Xa Ve, £ 20llc—< ) exp(@d(a, A, ))] < o0
a€Z

for some hy, ha, ¢, € (0,00). From these, we have

P(llxa&llc-1-<®2) = Z14/10g(2 + |a]) for some a € 7?) < 1/(2Lg/2),

|c-e(r2) > E2log(2 + |a) exp(—cid(a, Ar,)) for some a € Z7) < 1/(2Lg/2)

P(l[xaYe,L0—2,0

and
P(|Ixa&llc-1-¢®2) < E1y/10g(2 + |a|) and
IXaYe.2o—2.0llc—<(r2) < E2log(2 + |al) exp(—cd(a, Ar,)) for any a € Z?) > 1 —1/L}/?

for some =1, =y € (0,00). Under the event in this probability, we have

—_~—

inf spec HE[LO > —Z3(log Lo)=*
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for some Z3,E, € (0,00), by the proof of Lemma 4.9 in [21]. We now take Ey as

(5.9) Ey < —Z3(log Ly)=* — 2mZ — mg \/m% + ¢(E1y/log(2 + Lo) + Z210g(2 + Lo)).
and
2(—F
KO > 5 exp f( 1) )
“F,

\e(E17/108(2 F Lo) + Ealog(2 + Lo)) — Er — Es(log Lo)>

where ¢ is the constant appeared in Lemma 5.2. Then, by Lemma 5.2, we see that Ap, is (mo, E, Ko)-
regular for any E € [E1, Fy]. Thus we have (5.2) by the stationarity and the spatially independence of

the white noise. For the function

f0) := £ —log{Z5(£)=* + 2m? + mo\/m% + c¢(E1v/log(2 4+ ¢) + E210g(2 + 1))

of £ > 0, there exists ¢y € (0,00) such that f(¢) > 0 for any ¢ > £y, since f(¢) — oo as £ — co. Now for

any

Ey < — Eg(log (fo vV L)>_4 — 2m%

ma /@D

1/2
) _ 1 /2 c
—moymg+c(E1(log (24 bV ———— +Eslog (240 V ———— } ,
{1 (00 ) s o 0 )
and some E; < Ey, (5.9) and (5.1) are satisfied by

C1
70‘_1) \% (IOg |E1|)2 \ 60.

Lo >
m8&/(

6. GENERALIZED EIGENFUNCTION EXPANSIONS

Let T be the operator of multiplication with the function (1+ |z|?)”, where v is a fixed number greater

than 1/2. Let H4 be the weighted spaces defined by
Ha = LE(R%, (1 4 |z|*)T*Vdx).
1 € H_ is called a generalized eigenfunction of HE with generalized eigenvalue E if
[ vis = £ [ puds

for any ¢ € Dom+0(ﬁ%). This condition is meaningful since Dom+0(l-/ﬁ) C Hy and }ﬁ(Dom+0(fﬁ)) C
‘H,. For the generalized eigenfunctions, we show the following, which is called an eigenfunction decay

inequality in [7):
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Proposition 6.1. There exist finite positive constants cy,ca,c3 such that, for any a € Z%, L € 2N and

any generalized eigenfunction 1) OfI:T2 with generalized eigenvalue E € R, it holds that
Xa®llL2(r2)

<c3 Z ||Xa1¢||L2(R2)(1 N E(G,?f’ f))3/250(a17 a, £7 5)1/2(1 \ Ec(ah a7£7€))1/2 exp(—cl|a1 - a’|)

a1 EZ2

tes Y Ia¥lrzme)(1V Ea, 6,€)) exp(—eilar — az| — erd(ar, Aop p3(@) \ Arya(a)))

a1 €72
tes > Ixalzeey D0 Xae(HE o — B) X2, llo(z2 ey (log L)
ay,a2€EZ? az€Z2NAs(a)

(61) < (1VE(a,l,€))*(1V Eclas, a,(,€)**Ec(az, a,£,6) (1 V Zc(az, €))"/?
x (max |&o| + |E| + E(a, £,£)) exp(—ci]ar — az])

—_—

te D Iadllemy Y. X (Hi e — B) N, ey log L)
al,aQGZQ ageZZOW

x (1V Z(a, £,€))52(1V Zo(as, a, £, €))(max |&| + |E| + Z(a, £, €))

x exp(—cil|ay — az| — c1d(a1, Agps3(a) \ Apss(a))),

—

where £ = L — 2, HE o s the operator defined in (2.1), Z(a,?,§) is the quantity defined in Proposition

2.1,
Ec(ah a,ga g) = Z ||X(212£HC'*1*5(]R2) exp(—cl|a1 - QQD
az€Z?\A¢(a)
3
+ > L1 10G, €l @2) exp(—cilar — ay)
(a2,03) EZ2 X 22\ A (@)? j=2
+ Z X2, (Ye — Ye 0.a0) [ o- r2) exp(—ci|ar — az]),
a2€Z2
and
2 j
Zela,8) ==Y (32 InE,€llor-e2) exp(—cilar — as)))
J=1  agez?

+ ) IIX2, Yello—s(r2) exp(—cilar — az))
as €72

for any a1,a € Z* and ¢ > 0.

—

Proof. We set v := x5, (q)¥ and u := (Hia — E)"'x24. We take a [0, 1]-valued smooth function ¢ on

R? so that ¢ =1 on Ay 3(a) and ¢ = 0 on R? \ Ay 3(a). Since u € Dom(Hga) for ¢ = L — 2, we have
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qb@?ffﬁ’aa) (u) € H?*(R?) and (@2(6’5’5"1))_1¢<I>2(Z’§’5’a)(u) € D0m+0(fflv5) by Lemma 4.1 and Lemma 4.2
in [21], where 5(€,&,6,a) = (s(a;€,€,9,a),s1(a,a’;€,&,0,a),52(a;€,£,0,a))q.q7ez2 is the numbers defined

by modifying the definition of the numbers s(e, £, d) in Lemma 4.1 in [21] as follows:

K} M (e)
s(aie&.6.0) = e+ ) (mmayE)
, B ) M (€)
(ot 8 .0) = n(8t+a) (m e P igE T = a7
and
0 2(€)
82(a;€,§,57a)=82(€,§('+a))(10g(2+|a_a))M :

Then we have

XA 72 e

—(, (HS , — E)u)
=1+ EJ,

where

—_—

£ s €,£,0,a)\ — €,£,0,a
I = (,pHS qu— HE @) 71902 oD (1)) 1o oy

and

€,£,6, _ €,£,0,
T = (0, (@) L0 (4) — $u) p2ze).
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We devide as I = 277:1 I;, where
I =(), —pAB¢ ¢ a(u) + AR (D) 1607 E oY (1)) 222,
I =(v, 6Pe, ,Pe 0.0 (u) — PeBe((®2S7D) 160255 () oo
+ (4, O1(Er,a, e ¢ au) — T(E Pe((DF ) 10T (1)) 1 gy,
Iy =(u, P (P u) (P €.0)) — P (P (5192 D) L2 50 (w))) (PP €)) 2 re)
Iy =(v, ¢ (Putia +u Pep o A7'%1.a + PuYe t.a)
= Plagecsmngngyeomon Hagooom) e w PAT 6 Pagecsm gagygon Ve me,
Is =(, ¢C (1, €0, €r.a) — C((BL") T 9D (1), €, €)) 2r2)
+ (4, 6S(u, Er.ar Er.a) — S(@FEPNTLoRLTE0D (1), €,€)) g2y,
I =(, Py, , ,u — Py (@SN 710000 (1)) 1o gy
+ (4, OM(Ye ., 1) — (Y, (B9 602 CE (1)) 12 2oy

b b b b b €,§,0, — €,§,0,
+ (1, (P (P Ye .0) (P"u) — (P (PPYe) (P (@55 ) 7L p02E 4% () 12 ey,

L.a
and
It =(4, 9Pe, AT (uPe, A€ + PuYe t0)
—loc —ltoc
_ PEA ((Qz(s,g,é,a))71¢q>2,(;,§,6,a)(u)PgA l E+ P(q)z(e,g,é,a))714)@:5;:5,641)(u)}/%))LZ(R2)
+ (¥, ¢11(Er,a, AT Pe, AT 0 + PuYe 0a))
—1 _
LG, AT (ggtec sy 1ot o PoAT - Flgatecinan 1ot cnm Vo) r2(ee).
Since

— $ABe p.a(u) + AD((BF ") T HRETE ()

770’

=([A, ¢|D¢ 1.0 (1) — AdDe g.a(u)) + (Agbq)gsfee,&,&,a) (u) + A(D¢ — (bz(e,ﬁ,é,a))((I)gs(e,ﬁ,é,a))71(25(1);(6,5,6@) (u))

,a “2,a
=[A, $]B¢ p.a(u) — Ad(Pq — DL ) (1) + A(Dg pq — BLESY) (@) L9ae 00 (u))
+A(@ = L B g+ LTI (@) 900 ()

and

(A, 0] =2(V9) -V + (Ag),
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I is divided as

5
2[1,1 + le,ja
=2

where

Iy =, (Vo)VREE S (u)) 2 (re),

Lz =, (A0)DL5 5" (u)) L2 (re),

1173 :(d), 7¢A((I>§,g7a — (I)Z(Zj&a))( ) + A(‘I)g la — (I)s’(e,g o a))(¢u))L2(R2)v

T =(0, M@ 0 — D57 (—ou + (@55 9800 () e,

Is =(1h, A®e g.a — D5 (@F D)1 — (@255 ) ) g@g 550 ) (u)) L2 (gay
and

Lo = (1, A(@¢ — DY — B g o + 57 (@S0 16020 (u)) L2 gay.

7)0‘

I 1 is dominated by

> [Xa1 ¥l L2(r2) [ Xa1 Ve t.a ()| 22 (R2).-
a1 €Z2Nsupp Vo
Now we estimate I(a1) := ||Xa, A®P¢ r,a ()| £2(r2). This is dominated by Z Ii(a1), where

—

I(a1) =|\Xa, (H} o — E)ullr2r2) = [Xay X2¥ | 2(R2),

I2(a1) =|Xa: (1.0 — B)ull2m2) < (max €| + [E])[[Xay ull L2 @),

I3(a1) =[Xa, Pey o Pe 0,0 (W) || L2R2) + [[Xar I1(Ee,as P r,a ()] L2 (R2),
a1) =l Xa: ’ ¢,a)) |l L2(R2)>

Ly(ar) =lxa, P (P w) (P{V¢0.a))|

15(651) :||Xa1 eA(Pugﬁ,a +u Pﬁz,aA_locfé,a + Pu}/:g'.l,a)||L2(R2)a

Is(a1) =[Xa, C(u,&,as§0,a) Iz r2) + IXar S (U, Era:€r,a) |l L2 (R2),

b b b
Ir(a1) = Xa Pre ¢ 0 tull @2y + [ Xar H(Ye .0 )]l L2 @2) + 1Xar P (P2 Ye .0) (PO 0)) | 22 829,
and
Is(a1) =[Xa, Pep.a A7 (uPe, e A0 + PuYe t.0) | 12(R2),
+ Xan (€0 A7 Pey , A7 0+ PuYe.0) |2 (e2)-

By Lemma 3.2 (i), (iii) in [21], I5(a;) is dominated by

E’(ahavev 5)1/2 Z ”ngq)&,f,a(u)HHHZ‘»(R?) exp(—c\al _a2|2)7

a €72
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where =(aq, a, ¢, §) is the quatity appeared in Proposition 2.1. As in the proof of Theorem 1 in [21], we

have
C2
I B )2y < oy (I Peatlzzgee) + 113 AR ol
1

for any t1 € (0,00). By Lemma 3.4 in [21], I(aq) is dominated by

Z(a1,a,6,€) Y |IX2, ullase ) exp(—clar — as|?)
as €72
As in the proof of Theorem 1 in [21], we have
||X32UI|H3E(R2)

< ||X32 e 0,0l 33e (r2) + HXizA_locpu&,aHHSe(Rz)

+ I, AT Pe, W AT e ey F X2, ATPLYe A (a) 200 r2)

C 1/2
Som( X I Beeaulliae + 07 EA cauli)
2 az€Z? ﬂAQ(ag)

+ c=(a1,a,L,€) Z ||Xi3u||Lz(Rz)exp(—c|a2 —az|?)
a3z €Z?

for any t2 € (0,00). The other terms are similarly estimated and we obtain

[ Xar AP ¢,att]| L2 (r2)
<|IXay Xa¥ | L2 w2y + (max €| + [E]) [ Xay ull L2 (R2)

+ E(ay, a,t,€)? Z ||Xi2u||L2(R2) exp(—clay — as]?)

as €72
- ||X32(I)£7£,au||L2(R2) (1=2€) /2|2 2
+ cE(a1,a,l,€) Z ( (17202 +1t ||Xa2A(I)§’g’au||L2(R2)> exp(—cla; — as|”)
as €72
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for any t € (0,1]. By the iteration, we have

1 Xa: APe ¢.at|| L2 ®2)

N

<Y (cE(a, t, &)t =2)/2) Z exp ( — ci lax — ak+1\2)

j=0 az,as,...,a;j+1€%Z2

X {Hxa]‘+1Xiw”L2(R2) + (maX |g(]| + |E‘)||Xaj+1u||L2(R2)

+ cE(a, 4, 5)2 Z ||X§j+2u||L2(R2) exp ( - c|aj+1 — aj+2‘2)

aj42€7Z2%
E(a, t,§)
T I, L @enatlla g exp(—clajii — ajiaf?) |
N+1
+ (CE(CL, €7 g)t(1726)/2)N+1 Z exp ( —C Z ‘ak - ak+1|2) ||X§N+2A@§,g7a(u)HLZ(]RZ)
a2,a3,...,aN 42 E€Z? k=1
<y {f z @ L esp (= Sl - aal’) }
az €72

x {lXaa Xa ¥l L2 (ze) + (max [Eo| + | B])lIxas ull L2r2) }

JFZ cZ(a, L, &)t (1 25)/2) exp( _T_llal 7a2|2)

- X2, Pe.t.0 (W)l 22
% (B b I, ullpaquay + =t )

N+1
We take t < 1/(4cZ(a, £, €))?/ 1729 5o that

- 9 clay —a
+ (cZ(a, ¢, g)t(l 2 )/2)N+1 exp ( _ M) ||X3N+2A(I)£7g7a(u)||L2(R2)}.

- —2e 1
c:(a,é,f)t(l 29)/2 < 5

Then, since
c|a1 —al?

1 1
—i—]log >2 clog§|a1 — asl,

we have

1 Xa APe 0,0t L2 (®2)

< > cexp(—clar — az){ Ixas X2t ey

as €72

+ (max [£o| + | E| + E(a, £,6))l[Xaz ull L2(r2)

+(1VE(a,?, 5)(1“6)/(1726))|\X§2q’£,€,a(u)||L2(R2)}
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by taking the limit N — oco. Since it is easy to obtain

X2, Pe e.att]| L2 (m2)

(6.2)
<c(1VE(a,6,) Y IIx2,ullL22) exp(—claz — asl?),
a3z €Z2

we have

X APe 0,0t L2 (r2)

<cexp(—clay — al) X2l 2 (r2)

(6.3)

+ Y cexp(—clar — az|)|[Xas ull L2(z2)

a2€Z2
x (1V E(a, £,&) 1 T29/0729) (max €| + |E| + E(a, £, £)).

and

1Xar Ve ,eatlr2(r2)

<c(1VE(a,6,6) Y Ixa:Xatllre () exp(—clar — as)

as €72

+e(1VE(a, £,6)" 072 (max €| + | E| + E(a, £, €)'/

XY Xan ]l 22 @2) exp(—clar — az)).
ax€Z?

Thus we have

(1] <c Z [Xa1 ¥l L2 (r2)

a1 €Z2Nsupp V¢
% {1V E(a,6,)2 N2 2 e2) exp(—clar — al)

+(1VE(a, £,€)"029 (max [E| + || + Z(a, £,6)) /2

% 3 Ixastll e exp(—clar — a))}.

as €72
We also have
11 2] <c Z Xar ¥l 2 (r2)
a1 €Z2Nsupp Vo
x (1V E(a,t,§)) Z X2, ul| £2(re) exp(—clar — as|?).

as €72

60



. 3
I 5 is decomposed as ijl I, 3,5, where

Ly =, 0AATI N7 (Pxaé — Piees 09 Gg)

a€Z?NA¢(a)
—loc 16,€,0,
—AATIC N (P — P 26)) gy,
a€Z?NA¢(a)

—loc —loc S ‘1711/;6, ,0, —loc
32 :=(, pAA™ Yo WPueATINE =y PR ATI2 ¢

a,a’ €Z2NAy(a)
_ AN -loc Z (puPr2e A2 — g, P)‘:é(ﬁma’;ef,é,a)A*locxz/é'))Lg(R2),
a,a’€Z2NA4(a)

and

L33 = (¢, pAATI" Z (Pux2Yera — PRS2V 14)
a€Z?

_loc sa(a;e,&,0,a
— AN N (PouX2Yeta — Poi N2 ) ey,
a€Z?

11 3,1 is decomposed as 23:1 I131,5, where
L= (¢, (€A¢ - ¢6A) Z (PuXig - Pi(a;e’g’é’a)ng))Lz(R’é‘)
a€Z?NAy(a)

and

Lisaz =, AAT%9 3" (Px2€ — Pileoto@)y2e)

a€Z?NA(a)
—loc s(ase,€,6,a
—AATI YT (Pauxa€ — P N2 ey,
a€Z2NA¢(a)

13,11 is estimated as
1
Iizaa Z/dxlw(xl)/dxzeA(xl,M)/ dr(va —x1) - (V@) (rag + (1 —r)z1)
0

XY (Puxa€ — PN 2E) (2o)
a€Z?NA(a)

and

Lsal < Y X2, Gl re) exp(—cd(ar, Ao ys(a) \ A ys(a)))

a1 EZ2

XY Ix2,ullLe 2y exp(—clar — azl” — ed(az, Aspys(a) \ Apss(a)))

61



By using Lemma 3.6 in [21], I 3,1 2 is estimated as

1
Iizio :/dxld:@dxgd:cu/}(xl)/ ds(—AeSA)(xl,xQ)

(Lo > [ O m @ ) o e

a€Z’NAr(a) (a;¢,8,6,a)

1
X /0 dr(ze —x4) - (V@) (razs + (1 — r)xy)
and

[Lsazl <e Y X2, ¢llr2 @) exp(—cd(ar, Aapys(a) \ Apys(a)))

al €72

x ¥ Ixg,ull e e exp(—clar — az|* — ed(as, Aspj3(a) \ Arys(a)))

ag €72

x oy slage€,6,a) X Ellomie g2y exp(—clag — ag]?).
as€Z2NAL(a)

Thus we have

Lsal <e ) IIX2, ¢llre e exp(—cd(ar, Aapys(a) \ Ays(a)))

a1€Z2

x Z I3, ull L2 (m2) exp(—clar — az|? — ed(az, Aspy3(a) \ Apss(a)))
ag €72

x Z s(as;€,€,0,a)" 2|X2 Ello-1-em2) exp(—clag — as?).
agEZQI'TAL(a)

Similarly we have

|Il,3,2| <c Z ||Xi1'(/)||L2(R2)eXp<_Cd(a17A2L/3<a) \AL/3<a)))

ay€Z2

XY Ixg,ull a2y exp(—clar — az|® — cd(az, Ao js(@) \ Apss(a)))

as €72

X Z s1(as, as,36,€,6,a) (X2, Ello-1-®e) X2, Ell -1 (r2)

a37a4EZ2ﬂAL(a)
x exp(—c(|ag — as|* + |az — a4|?))
and

[1,3,3] <c Z X2, ¥l 2(r2) exp(—cd(a1, Az yz(a) \ Apss(a)))

a1 €72

XY Ixa,ullLe 2y exp(—clar — asf” — cd(az, Aspys(a) \ Apss(a)))

as €72

X Y sa(asi€,€,0,a) % Ix2, Ye vallo—e(r2) exp(—claz — as|* — cd(as, AL(a))?).

as €72
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For I, 4, we prepare
s(e,£,9,a €,£,0,a
du— (@75 ) RS ()

=(@F5" )@ (ou) — 90715 (w),

17a

We use Lemma 4.1 in [21] to obtain

5(6757541))71

||Xao(q)g,e,a V|| L2 w2

< Z cexp(—clag — a1)|[Xa, vl L2 (r2)-
a1 €72
Moreover we prepare
&9, £,
e (557 (pu) — 025" (w)) | 2 (e

< Z cexp(—c|ay —a2|2)||Xa2“HL2(JR2)'
a2€Z2%:do (araz2,M21 3\ AL /3))<1

Then we have
s(€,£,9,a)\ — s(e,£,0,a
I (91 = (@55 906 S () 2 )

< Y cexp(—clag — a1| — cd(ao, Aar3 \ Arss))l|Xar w)l| 2 (22)-

a1 €72

We apply this to each term of the right hand side of I; 4 = Z?Zl 11,45, where

—1 2
Lo i=(, 0071 % (P¢u—(<1>§(§f§’5’“>)*1¢<1>§<Z’§’6’“)(“)X‘lg)
a€Z2NAg(a) o o

s(ase,&,8,a) 2
du— ( S(6 E 3, a)) 1¢¢z§;:§,6,a)(u)Xag))L2(R2);
—1 —1 2
Tiap =(, AAT Z (¢u_(<1>§<;‘f*5'°))—1¢><1>§(,§*§*5*“>(u)PxZSA "Xar§
a,a’ €Z2NAg(a) v o

Psl(a a’;e€, 6a)A locX2 g)

)

¢u ((bs(s&éa.)) 1¢q>s(eﬁéa)(u)
and
—1 2
117473 ::(1/)7 AA oc ZZ(P(bu_(q);(z,i,&,a))_1¢q>2(2,2,6,a)(u)XaY'&g’a
a€El

s2(ase,&,0,a)
2_(¢s(5§5a)) 1¢q>s(e§5a)( )XaYEZ )
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Then we have

Lanl <e Y X2, ¥llLace) exp(—cd(ar, Aazs(a) \ Arjs(a)))

a1 EZ2

x Y Ixa,ull e exp(—clar — az| — ed(az, Ao 3(a) \ Arss(a)))

as €72

X Z S(a3;€7£76) a)_(1+e)/2||X335||C*1*5(R2)eXp(_cla’Q —CL3|),
a3€Z?NAg(a)

11,42 <c Z ||X311/’HL2(R2)GXP(_Cd(Gl,AzL/S(a)\AL/S(G)))

a1 EZ2

X Z X2, ull p2(re) exp(—clar — az| — cd(az, Aar s3(a) \ Ar3(a)))

as €72

x > s1(az, a1;€,€,0,a) X2 Ellc-1-<@2) X2, Ell o1 @2
as,aq EZQNAz(a)

x exp(—c(|az — az| + |az — a4]))
and

[Lasl <c Y X2, ¥l a2 exp(—cd(ar, Aarys(a) \ Arjs(a)))

a1 €72

x Y Ixd,ullzaee exp(—clar — az| — ed(az, Ao j3(a) \ Arss(a)))

ao €72

X Z 52(a3; €, 57 57 a’)_e/ZHXigY'&f,a”C*S(RQ) exp(—c|a2 - a3|)'
agEZZ

For I 5, we also prepare

s(€,£,9,a)\ — s(e,€,0,a)\ — s(e,€,9,a
(@)™ — (@F ™) eeea ™™ (u)

s(€,£,9,a)\ — s(€,€,9,a s(€,€,9,a s(€,£,9,a)\ — s(€,€,9,a
——(<I>£( ¢ )) 1((1)57(5,5 )—<I>§( ¢ ))(‘1)5’(127§ )) 1¢<P§7(£,5 )(u)
and

s(e,&,0,a s(e,&,0,a
Xay (D550 — @SNy 2

< Z cexp(fc\al *a2|2)Ec(alaaagag)”Xth”Lz(]RQ)-
as €72
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Then we have

s(e,£,0,a)\— s(e,€,0,a)\— s(e,€,9,a
xay (@527 — (@S2 160 80 (u)| 2 s

< Z cexp(—clap — a1])

alezz

X Z cexp(—cla; — az)?)Z.(a1, a, £, §)
as EZ2

X > cexp(—claz — az|)
a3€Z?*NAzr /3(a)

x > cexp(—clag — as|*)|[Xa,ull L2(22)
a4 €72

< Z cexp(—clag — a1| — cd(ag, Aor/3(a)))ZEc(ao, a, £, §) || Xa, ull L2 (r2)
a1 €72

by changing the constant appearing in the exponential terms of =.(-) when we move to the last lin

apply this to each term of the right hand side of I 5 = Z?Zl I 5,5, where
Iisai=(p, AN Y (P((‘I’E‘“"s’“’)—1—(‘I’Efé,’i“s’“))—1)¢‘1>§,(Z'§"5'°)<U>Xi£)
a€Z?NAg(a)

s(ase,€,6,a)
((@5(655?1)) 1 ((I)s(egsa)) 1)¢(bs(e§5&)(u)X{1£))L2(R2)7

L5 :=(3, AATI Z (((cbs(e*ﬁ";*“))fl7(@8(6’5"5"”)*1)¢<1>5(5~5'5"1>(u)PxiﬁA_lOCX?z/f
a,a’ €Z2NAs(a) ¢ ahe ohe

s1(a,a’;e,€,6,a) loc, 2
_((éz(e,ﬁ,é,a))717(@2(27&5,@))71)(;5@2(;»515»0)(11‘) PX 2¢ AT Xa 5)7

and
R —loc 2
11,5’3 '_('(/}7 AA ZZQ(P(@)E(&’&&@))A,(q,gy(;:i@a))71)(;5@;?2215@)(U)Xayﬁ,&a
ac

(a;€,€,6,a)
_P(S(;:(SESLS) 1 ((I)s(eﬁéa)) 1)¢q>s(F§(Sa,)( )Xa}/ﬁﬁa)

Then we have

Lsal<e D0 Y >0 g Yl X2, ull 2oy s(asi €,€,6) "I 2 N2 €l o1 (re)

a1 €22 ax€Z? az€Z2NA¢(a)

x Ec(az, a,t, &) exp(—clay — az| — clay — as|* — cd(az, Ayp3(a)))
11,52 <c Z Z Z Z X2, ¥l 22 X2, ull L2 r2)
a1€7Z2 ax€7Z? a3 EZQQAz(a) a4€Z2ﬁAg(a)

—3e/2

x s1(as,a4;¢€,§,0) X2, &l o1 2)IX2, £l c-1-<(r2)

X Ec(a27 CL,E, g) eXp(_clgrgI'l?1§§4 ‘a] - Clk;‘ - cllélja%il d(aj7 A?L/3(a)))7
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and

Lssl<c > X2 ¢llee) xS, ull Loy s2(as; €,€,8) "2 X2, Ye tallo—r2)

ai,az,a3€Z?
X Ee(ag, @, l,€) exp(—clay — az| — clay — as|* — cd(az, Azp/3(a))).

Moreover we apply

s(e,€,6,a)\ — s(€,£,9,a
a0 (@) 9055 ()] a2

< Z cexp(—clag — a1)

a1€Z2NAz /3(a)

x Y cexp(—clar — asl?)l|xas ull 12 2)
U/QEZQ

< Z cexp(—clag — a1| — cd(ao, A2z /3(a)))|[Xa vl L2 (R2)-
a1 €72
to each term of the right hand side of I 5 = ijl I 6,5, where
11,6,1 Z:(d), AAilOC Z (P(qf("*&*é*“))—1¢¢§f23‘5‘“)(u)ng)
a€Z?\A¢(a)

_ ps(ae€.d,a) 2
(¢2(5,5,5,u)),1¢¢£Sy(;,2,5,a.)(u)XQE))LQ(RQ)7

g =3, AATI ((q>§<6*5’5*">)*1¢<1>§f;’j‘5*“>(u)PXESA_lOCXif

(a,a’)€Z2XZ?\A¢(a)?

s1(a,a’;e,6,6,a) A —loc, 2
_(q>z(ey£y5ya))71¢¢,2(z§15»0)(u) ngf A Xa’€)7

and

11,6,3 ::(wa AA—ZOC Z (P(‘;.z(éy&éya))fl¢q>z(;v€,510-)(U)Xi(}/ﬁ - }/ﬁ,é,a)
a€Z? o

s2(a;€,¢,6,a) 2
- P(q,z(ﬂi,ri,a))_1¢(I)§1(;,2,5,a) (u)Xa(}/f - }/5;‘670'))‘

Then we have

Leal <e D0 > > I Wlla@e X2, ull 2@y s(ass €,6,6,@) "2 N2 €]l cmicre)
a1 €22 az€Z? az€Z*\A¢(a)

x exp(—clai — az| — clay — as|?® — cd(az, Asr/3(a)))
heol<c Y Y > X2, ¥l L2 re) X5, ull 2 (r2)
a1 €72 ax €72 (ag,a4)622 XZQ\AZ(G)Q

x s1(a3, as;€,€,6,a) >/ |x2 €l c-1-c ey X2, Ell 01— (re)

X eXp(—clSr;.njgS4 laj — ag| — ¢ max, d(aj, Aapss(a))),
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and

Lesl<e Y X2 Yllee@e X2, ull 2oy s2(ass €,€,6,a) ™2 |x2, (Ye — Yera)llo— o)

ai,az,a3€Z?
x exp(—cla; — as| — cla; — a3|* — cd(as, Aor/3(a))).
I, is decomposed as Z?:1 I, j, where
I =, ¢P@,a‘1’§,(2§’5’a) (u) = Pe, ,0Pe 0.a(u)) L2 (m2)
+ (0 0(Era, BETT" (1) ~ (€, 0P t.a(w)) 12 (z2):

s(e,£,9,a)\ — s(€,£,9,a)\ — s(e,€,9,a
Ly =, Pe, o (00600 (BE 50 ") ! = Bera(@F s ™) O™ ()2

s(e,&,0,a)\ — s(e,£,0,a)\ — s(e,&,0,a
+ (. 11(Era, (6P a(@E ™)™ — Pera(@Ers™™) OB L (W) 12(we),
s(e,€,0,a)\ — s(e,€,9,a) s(e,€,0,a
I = (1), Pey o (Pe 1,0 (@5 15" V) 7H = @e(@F )00 G0 () L2

s(e,£,0,a)\— s(e,€,0,a)\— s(e,€,9,a
+ (%, (€ (Pea(@5 5 V)T = Be(@F PN 00080 (1)) L2 (o),

and
In g =1, Pe, ,—e®e (@) 1608000 (1)) 2 ey
,£,0, €,£,0,
+ (0, 11(Epq — & De(@F S0 1900 0D (1)) 2 ey,
In

=Yoo 3 [ o / (O, ) (@)@ (w1, 22) (P €0.a) (w2)

ay, as €72

X Q)" (w2, 23) (X, (Pe..a(w)) (23)(d(21) — 9(22))

DD [ da / (2, 0) (@) P (@1, 22) (Q1"€r.) (x2)

X QF " (w2, 03) (X2, (Be.t.a (1)) (23) (B(21) — Bla3)),

a neccesary condition for

o(1) — d(s) = (a1 — x3) / dr(V6)(rey + (1 — r)ag) # 0

doo (@102, A2 /3(a) \ Arss(a)) < 1.
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By Lemma 3.2 (ii) (iii) in [21] and (6.3)-(6.2), we have

Lal<e >, D, 2.

a1 €72 a2€Z2ﬂAg(G) a3€72,doo (alaz,AQL/g,(a)\AL/g,(a))Sl

,€,0,
% e ¥l 2 ) D Elle- 1y X2, D5 () g ze ey

x exp(—c(|a; — az]? + a1 — as|?))

<e Y Ixa el e el o ee

a1 €72
x exp(—cla; — a\2 —c(d(a1, Ao /3 \ Ars3) vV L))

te Y I Ylleee X2, ull L ee)Ela, £,€) (1 V E(a, £, €)) 129/ (1729

ay,az€Z?

x (max |&| + | E| + Z(a, 4, €))

x exp(—cla; — as| — ng%fi);} d(%‘: A2L/3 \ AL/S)))'

By the decomposition

s(e,£,0,a)\— s(e,&,0,a)\ —
d’q)&l,a(@g,(e,g )) l_q’ﬁ,é,a(@gfe,i )) 1¢

€,£,6, €,£,0, €,€,0, €,£,6, —
=6(Dera — Vo @GSN T = (Resea — Bf e " N@ETST) g

:{(Zs(q)g,e,a _ (1)2(66757570')) ((I)E ta— (1)8(675 d, a))¢}( s(e,€,9, a))

77a' 7)0’

€,£,0, €,£,0, €,£,0,
+(Pepa — LS No(@E )T — (22557 e},

&ta &ta

we have

o2l <cogL)* D Ixa, ¥llaeelIxa, ull 2 ze)

al,a2€Z2
x Z(a,l,€)*? exp(—cla; — az| — ¢ max d(aj, Nors3 \ Arys))-
Jj€e{1,2}

By the decomposition

s €,£,0,a s(e,€,0,a)\ —
®£Za< ( 5 )) _ ¢€(®E( 3 )) 1
s(e,€,0,a s(e,&,0,a)\ — s(e,€,0,a s(e,&,0,a)\ —
=(Pera— VeI @ELS"Y) T = (@ — RF M) (@)
s(€,£,9,a s(€,£,9,a s(€,£,9,a)\ —
={(Pera — L5 — (B — @)@ )

s(e,£,9,a s(e,€,9,a)\ — s(e,£,0,a)\ —
+ (@ - ) (@) T - (@),
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we have

I3 <c(log L)® D Ixa, llre) Ixg, ull 2z

a1,az€Z?

x Eo(ag, a,0,8)(1V Ec(az, a, l,€)E(a, 0,61V E(a, L, €))

x {exp(—clai — az| — cd(az, Ao 3\ Arss(a))).

By the decomposition
s(e,§,0,a)\— s(e,€,9,a s(e,&,0,a)\ —

we have

[I2,4] < Z X2, P 2oy X0 || L2 (me)cexp(—clar — al)Ec(ay, a, £, €)'/
a1 €72

+ Y cllog(2+ lar — aD) G, ¥l e Ixa, ull 2 ey

al,agelz
x exp(—clay — ag| — cd(az, Aor /3 \ AL/S(a)))Ec(al,aa€7§)1/2

x (1V E(a, 6,629/ 0729) (max & + |E| + E(a, £,€)) + Ec(as, €)).
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The other terms are simirarly estimated and we obtain

IXaPl7emey < Y IXan 2@ IXE Yl 2 @2)
a1 €72

X C(]. \ E((I, éa 6))3/2EC(CL17 a7€, 6)1/2(1 \ EC(G‘D a, 67 5))1/2
x exp(—clas — al)

+ Z Xar ¥z @) X5 Y| L2 (22)

a1 €72

c(1VZE(a,l,€))? exp(—clar — a| — cd(ay, Aaps3(a) \ Ar3(a)))

+ ) I Ylleeee X2, ull 2 rey c(log L)

a1,az€Z?

X (1 \Y E(a,é, f))QEc(a27aa€7§)1/2
x (1V Ec(az, a,0,6)>?(1V Ec(as, )"/
x (max [£o| + |E| + E(a, £, €)) exp(—clai — az])

+ Z HX31¢”L2(R2) ||X32u||L2(R2)C(10g L)¢

ay,az€Z?

X (1VE(a,t, )21V Ec(az, a,l,€))(max |&| + | E| + E(a, £, £))

x exp(—cla; — az| — cd(az, Ayr/3(a) \ Arss(a))).

Since

—

Xtz < > Xae(HE o — B)7'X2 |z IXG Pl 2 2),

a3€Z?NA2(a)
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we have

X2 L2 (rey < Z [ Xar ¥l L2m2yc(1 V E(a,t,))¥*2 (a1, a,0,6)"/?

a1 €72

x (1VEc(a1,a,t,€))"? exp(—cla; — al)

+ ) Ixa¥llz@ee(l v E(a, 4, 6)?

a1 €72

X exp(—c|a1 — a| - Cd(ah A2L/3(a') \ AL/S(G)))

+ > ey D IXaee(Hi o — B) X2 llezeeey

a1,a2€Z2 a3€Z2NAs(a)

x c(log L)°(1V E(a, £,€))*Z (a2, a, £, €)"/?
X (1V Eolaz, a,0,€)32(1V Zy(az, £))V/2

x (max & + || + Z(a, £,€)) exp(—clar — az|)

e

+ Z I3, 9l 22 ) Z ”X@(Hg,a7E)71X23||£(L2(R2))

a1,a2€Z2 as€72NA3(a)
x c(log L)°(1V E(a, £,€)**(1V Ec(az, a, (,€)) (max & + |E| + E(a, £, )
x exp(—cla1 — az| — cd(az, Aapss(a) \ Apys(a))).
O
For the existense of generalized eigenfunctions, we apply Theorem 3.1 and Corollary 3.1 in Klein, Koines
and Seifert [12] to obtain Lemma 6.1 below: let ué be a measure defined by pé(-) = Tr[T1E(- : I;'/f)T_l].
Let vy : Hy — L2(R? dx) and ¢ : L?(R?,dz) — H_ be the natural injections. Let £(L?*(R?,dz)) be the
space of bounded operators on L?(R?, dx), and £(H,,H_) be that of bounded operators from H to H_.
Let 7 be a Banach space isomorphism from £(L?(R?,dx)) to L(H,H_) defined by 7(C) = TCT for any
C € L(L*(R? dx)). Let Z; +(L*(R?,dx)) be the space of non-negative definite operators on L?(R?, dz)

with finite traces. We set Z; 4 (H+,H_) = 771 + (L?*(R?,dz)). Then the results we need are the following:

Lemma 6.1. For almost all &, there exits a pS-locally integrable Ty 1 (H, H_)-valued function P$()\) of
A € R such that

\_E(I: H) iy = /IPS(A)Mﬁ(dA)
in the sense of the Bochner integral for any bounded interval I.

For u-almost every A € R, PS(\)¢ is a generalized eigenfunction oleT5 with a generalized eigenvalue

A for any ¢ € Hy if P(\)¢ # 0.
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In Klein, Koines and Seifert [12], these results are proven under several hypotheses. Among them,
we should show that ué(-) is a locally finite measure. For this, we show the following estimate, which is

called the assumption on the strong generalized eigenfunction expansion in Germinet and Klein [7]:

Proposition 6.2. For any bounded interval I and p > 0, we have
(6.4) E[Te[T1E(I : H )T '] < 0.
Proof. Suppose E[Tt[T—1E(I : H§)T—1]7] = co. Then for any R > 0, there exists N € N such that
N ~ p
(6.5) E[{ S IBT: H)uliage } | 2 R,
n=1

where {T%),,}°, is a complete orthonormal basis of L2(R2). Since H¢ is the limit of H& in the strong

resolvent sense as € — 0, we have

N
DB HOn ey < X6(0) = Iy X2(6),

where

N —~—
X (€)= S IR HE 22

n=1

N
XN(©) =D IXt (HE)pnll72(z2),
n=1

and x7 is a [0, 1]-valued continuous function such that X7 =1 on I and x7(p) = 0if d(u, I) > 1. To show
the contradiction of (6.5), it is enough to show that sup.c (o 1), ven E[XY(£)™] < oo for any m € N.

For any t > 0, we have

E[X (€)™

guz[(i /R dylexp(—tHE /), ). ) sqa) ) | explmb(sup I +1)/2)

n=1

:IE[(/R2 (1_~_(|i§;|2)2,, exp(*tﬁzﬂ)(z,z))m} exp(mt(supI +1)/2).
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We introduce an m-independent system of 2-dimensional Brownian motions (wi(-),...,wn(-)) and use

the Feynman-Kac formula to represent

B( [, e e (- 55) @)
_(H/ el (- Z/ o+ i)
[un(t) =+ = wm(t) = 0] exp (" E[IAT ., £)]) (2mt) ™

1
+ 1 / dsl/ dsse x4 wj(s1), zh +Wk(52)))

1<j<k<m

[ (t) = -+ = wn (1) = 0] exp (S E[IA T, €0)]) (2)

By the Schwarz inequality, this is less than or equal to

(27t) ™" exp (m?tE[H(Aflocfg,Eg)]) [exp / dsl/ dsse?® w1 (s1),w1(s2) ‘wl :O}m/2

X (f[l/R? (1_’_7‘2'2)21/) [exp ; Z / dsy dsgezszA(:ﬁj +w;(s1), Tk +wk(32)))

1<j<k<m
1/2
[wi(t) =+ = w(t) = 0] .

Theorem 3.7 (iii) in Matsuda [13] showes

1 1
sup E[exp (t/ dsl/ dso (e A (wy (s1), w1 (s2))
0 0

e’€(0,00)
— B[ (wn (s1), wi(s2)) w1 (1) = 0]) [ua (1) = 0]

is finite for sufficiently small ¢ > 0 and Lemma 3.4 in Matsuda [13] showes

ts ts eszAw1S1 wi(s2))|wi(t) =
/Odl/odzm (wi (1), wn (s3))Jws (£) = 0]

Il
[
—
o
0
+
)
—~
[u—
~—

as € — 0. On the other hand, Remark 3.1 in [21] showes

BI(A™¢. &)] = - log 55 + o(1)

as € — 0. Thus

sup (2rt) " exp(miB{I(A "6 D e (1 [ [ dsae™un o) (szfus 0 = 0]

e€(0,1]
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is finite for sufficiently small ¢ > 0. By the Holder inequality and the time symmetry of the Brownian

motion, we have

E[exp i Z /dsl/ dsze (xj +w;(s1), v + wi(s2) )‘wl :wm(t):()]

1<j<k<m

< H E{exp Cz/ dsl/ dsge”” Az + wi(s1), 2k + wi(s2) )‘wj ) = wa(t) = O]l/mcz-

1<j<k<m

By Lemma 3.1 in Nakao [15], we have

E[EXP (mC2 /ot/2 ds1 /Ot/2 dsze 2 (a; +w;(s1), w5 + wk(s2))) ’wj(t) = wy(t) = 0}

t/2 t/2 ,
§4E[exp (mC’g/ dsy / dsqe® A(mj +w;(s1), zx + T,Uk;(SQ))>:|.
0 0

As in (4.3.8) in Chen [4] and (3.5) in Matsuda [13], we have
t t n
IE[(/ dsl/ d82€E2A(x]’ +wj(31)7xk+wk(82))) ]
= H/ ds; h/ dss h/ th exp Z?m(h (xj +w;(s1,n) — K — wi(s2,n)) — 4e 7T2‘Ch|):|
h:l
= H / d81 h/ dSQ h/ dCh E}Xp ZZ’/TZC}—L i — l'k) — %E[(ZQ’/TCh . (wj(slyh) — wk(821h))>2:| — 4527T2|Ch|>
h=1 h=1

ﬁ/ 51h/ d52h/de§h Xp *% [(Z27TCF: w3(81h)*wk(52h))>2]>
:EK/O d81/0 dsabo(w;(s1) — wk(52)))n]

| A
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for any n € N, t,e > 0 and z;, ), € R? If we estimate the right hand side as in Chapter 3 in Chen [4],

we have the following bound:

[ ([ [ sy oty o)~ (o0 ]
:E{(/Otd& /OtdSQ /]Rz dy 5y(wj(sl))6y(wk(82)))n]

= Z / dyldyn/ d8171 -~-d81,n
(R2)n 0<51,69 (1)< <81,0q () <t

01,0266,

X8y, 0, (105 (51,001)) By (05 (51,01 0))]

X / d5271 T ds?ﬂlE |:6?/02(1) (wk(82,02(1)>) T 6.1/62(71) (wk(SQ,Uz(n)))]
0<52,55(1) <+ <82 55 (n) <t

<

01,02€6,

N\ 1/2
« (/(W)n dy; - -'dynE{5%1(1)(“&‘(51,@(1))) ) ..5%1(”)(10]-(51’61(”)))] )

/ d51,1 te dSl,n / d52,1 e dSz,n
0<51,01 (1)< <81,04 (n) < 0<52,65(1) < <82, 55 (n) <t

2\ /2
(e BBy (00(520000)) By ({52000
(R2)™

The right hand side is less than or equal to

(3 Gorom)

Thus we see that

t t
sup E{exp ()\/ dsl/ dszeE2A(9cj +w;(s1), zx + U)k(SQ)))j|
0 0

Tj, Tk

SE[eXp ()\ /Ot ds; /Ot ds200(w;(s1) — wk(52))>}

<00
if 0 < At < 2. Thus we can complete the proof.
7. PROOF OF THEOREM 1

In this section we prove Theorem 1 by using the results in the preceding sections.

Forany 1 < p <oo, 1 <a<1+p/4dand 0 < mg < My, there exists Fy € (—00,0) such that
the consequence of Lemma 5.4 holds, where Mg is the number given in Proposition 5.1. Thus for any

Ey < Ey, there exist B, < Ey and Lo € 6N such that

]P)(R(m()/27Kk7 [Elv EO], Lka a, a/)) >1- L]:p
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for any k € N and any a, a’ € Z? satisfying |a —a’|s > Ly +2 by Proposition 5.1 and Lemma 5.4. We set
Api1(a’) == Aoy, 1, (@) \ Aap, 42(a’) and Ex(a’) := {£ : there exists A € [Ey, Eo] and a € Aj41(a’)NZ2
such that Ay, (a’) and Ap,(a) are (my, Kj, A)-singular}, where by is taken from (1 + 2/Lg, 00) so that

Uneo Ak+1(a’) =R?\ Agr,42(a’). Since

Ep(a') = U R(mo/2, Ky, |E1, Eql, Ly, a, a’)®,

€Ay (a')NZ2

we have

> B(Ei(a)) < oo

k=0
by taking p larger than 2a. By the Borel and Cantelli lemma, for almost all £ and any a’ € Z?2, there
exists k(a’, &) € N such that Ay, (a’) or Ar, (a) is (mo/2, K, A)-regular for any k > k(a’,€), A € [E1, Ey)
and @ € Agi1(a’) NZ% Let u be a generalized eigenfunction of HE with a generalized eigenvalue
A € [Ey, Ey]. We take @’ € Z? so that ||xq ul|p2r2) > 0. Then there exists &'(¢£) € N such that Ay, (a') is
(mo/2, Kk, \)-singular for any k > k’(£). Then Ay, (a) is (mo/2, Kk, A)-regular for any a € Ay1(a’)NZ?

and k > k'(a',§) == k(a',&) vV k'(§). By Lemma 3.3 (ii) in [21] for £(- + a’), we have
IXa€llo-1-c(2) < Cea (log(2 + |a — a'])) /2
and
IXaYello—<@2) < Ceg.arlog(2 + |a — a’l).

Moreover, Lemma 4.3 (i) in [21] is generalized as follows

Lemma 7.1. For any ¢ € (0,1) and almost all §, there exist Ceg,Cl ¢, C!', Ce, CL, C! € (0,00) such that

€,§?
IXaYe L.allo<m2) < Ce(log(2 + la| + |al + L)) exp(~Ced(a, Ar(@))?)

< Cl¢(log(2 + |a| + L)) exp(—Cid(a, AL(a))?)
and
Ixa(Ye = Ye.L.a)llc-emey < Clle(log(2 + |al + |a| + L)) exp(=Cld(a, Az (a))?).

for any a,a € Z* and L € N.

By this lemma for £(- + a’), we have
IXaYe L, -2.allo-<(r2) < Cegar(log(2 +|a—a'| +|a — a'| + Ly)) exp(—Ced(a — a’, Ay, (a))?)

< Ciear(l0g(2+|a—a| + Li)) exp(~Cld(a — @', Ap, (a))?)
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and

IXa(Ye = Yer—2a)llc—c(r) < Cl¢ or(l0g(2 + a — a'| + |a — a'| + Ly)) exp(~C{d(a — a’, Ar, (a)°)?).

Then we have

E(a,Lk — 2,5) SC&,I/ log(2 + |(Z — a'\ + Lk),
Ec(a, @, Ly, — 2,§) <C¢ o/(log(2 + |a — a/| + |a — a'| + L)) exp(—Cld(a, A, (a))?)

and
Ec(aa a, Lk - 275) < Cg,a’ 10g(2 + |CL - CL/|).

We fix a’ and £ such that the above estimates hold. By Proposition 6.1, we have
IXatllL2e2) < Kk Y [IXarullz2@2) exp(—cilar — alo — ca L)
a1 €72

for any a € Apy1(a’) NZ? with k > k' (a/,€), where

Kk := Ce,arKi(log Ly,)(log(2 + a — a'|)"®/? (max [ + [A| + 1).

Thus for any a € Ajy1(a’) NZ? with k > k'(a’,€), we have

I Xaull L2 (r2)

< > cllulla_ (1+ |a’| + Lr)* Ki exp(—ci]ar — alos — c2Ly)
a1€ZQOA2Lk+2(a’)

> 1 Xayull L2r2) Kk exp(—ciar — alo — c2Ly)

a1€Z2NAg41(a’)

+3 Y dlull (1 Jash) KK

k'>k a1€22NA;(a') a2€Z?

+

x exp(—ci(lag — a1]oo + |a1 — @|oo) — c2(L + Li)).
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We repeat this estimate for the second term of the right hand side to obtain

[Xaul L2 (r2)
m
<> > cllufla_ (1 +]a'| + Ly)* K},
h=1ay,...,an—1€Z2NAk1(a’),an €Az, +2(a’)

x exp(—ci(lan — an—1]oc + |ah—1 — Gh—2|oc + -+ + a1 — a|oo) — c2hLy)

+ > [Xa, vl L2 ®2) KR

al,ag,...aTrLEZQﬁAk+1(a’)

X exp(fcl(|am - am—1|oo + |am—1 - am—2‘oo +-+ |CL1 - C'J|oo) - CQmLk)

> 3 cllullr (1 + lana )2 KK

h=1k'>k a1,4..,aheZ2ﬁAk+1(a’),aheZZr‘wAk/H(a’),ah+1 €72
x exp(—c1(lapt1 — anloo + |an — ap—1loo + -+ + a1 — @|oo) — ca(hLk + Ly/))

for any m € N. In the first term,
lan — an—1loo +an—1 = an—2|cc + - + a1 — aloo
>la—a|o — Ly — 1.
Thus if we take c1, ¢y so that ¢; < ¢g, then the first term is dominated by a geometric series

clullze_ (1+|a'| + Li)® exp(—erla — @'|oc) Y (#(Z° N Ay (@) KR exp(—ea(h — 1) Li)
h=1

independently of m. The common ratio is less than 1 if Ly > cloglog(2 + |a — a@/|~ ). Then the series is
dominated by
cllull_ (1 +la’| + Li)* exp(—cila — @'l /2).
In the third term,
lap—1 — an—2lec + [an—2 — an—3|oc + -+ +]a1 — @l
>la —a|oo — Liy1-

Thus if we take c1,co so that ¢1b; < co, then the third term is dominated by a geometric series

clulla_ (14 |a'| + Lit1)* (log(2 + |a — a'[o)) 1?2 (max [€] + [A + 1)

x expl—cila — ) S KELZL, exp(—cahL)

h=1

independently of m. Thus if Ly > cloglog(2 + |a — a’|), then the series is dominated by

clullze_ (1 +la’| + Lit1)* (log(2 + |a — a'|oe)) M/ (max [&o| + [A] + 1) exp(—e1]a — @] /2).
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In the second term,
|am - amfl‘oo + |am71 - am72|oo + -+ |a1 — Q|
2|a — a'|oo — blLk+1~

Thus if we take m larger than (2byLi41)/(c2Ly), then the second term is dominated by
(#(Z2 0 Ay (@) cllullg (1 + |a| + Liea)* i exp(—ci]a — @'|os — comLy/2).
Moreover we can assume m < C’OLgf1 with a finite number Cy. Then the second term is dominated by
cllull3_ exp(—cila — a'|o — caL§ + c3L8 loglog(2 + |a — a'|x)).

We can take also Ly so that cloglog(2+ |a — a/|w) < Li < Cloglog(2 + |a — a/|«) with a finite number

C. Then the second term is dominated by
cllullx_ exp(—ci]la — a'|/2).

Therefore we obtain

lim |a—a’|;ol IOgHXaU”LQ(RQ) < 0.
la—a’| oo —00

This implies u € L?(R?). Since Theorem 1 in [21] showes the operator HE with the domain Dom+0(l§/5)
is essentially self-adjoint on L?(R2), u is an eigenfunction of the self-adjoint extension H¢ with the

eigenvalue A. Since the spectrum of Héis R by Theorem 2, we can comlete the proof.
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