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Abstract. –

For the white noise ξ on R2, an operator corresponding to a limit of −∆+ ξε + cε as ε→ 0 is realized

as a self-adjoint operator, where, for each ε > 0, cε is a constant, ξε is a smooth approximation of ξ

defined by exp(ε2∆)ξ, and ∆ is the Laplacian. This result is a variant of result’s obtained by Allez and

Chouk, Mouzard, and Ugurcan. The proof in this paper is based on the heat semigroup approach of the

paracontrolled calculus, referring the proof by Mouzard. For the obtained operator, the spectral set is

shown to be R.

1. Introduction

Our motivation is to study the spectral properties of the Schrödinger operator

−∆+ V (x)

on the configuration space R2, in the case that the potential V is the white noise ξ: ξ = (ξ(x))x∈R2 is

a Gaussian random field on R2 such that E[ξ(x)] = 0 and E[ξ(x)ξ(y)] = δ(x − y) for any x, y ∈ R2,

where δ is the Dirac delta distribution. However the irregularity of the white noise ξ brings difficulty

to define the operator as a self-adjoint operator. If the configuratio space R2 is replaced by R, then the

irregularity is mild so that the Schrödinger operator is realized as a self-adjoint operator and we have

many related results. For this aspect, refer the works by Fukushima and Nakao [8] and Minami [17]. For

the multidimensional cases, we know that some renormalization techniques are needed by related works

which are well developed recently as follows: Hairer developed the theory of regularity structures [11],

Gubinelli, Imkeller and Perkowski developed the paracontrolled calculus in [9], and Kupiainen developed

the theory of renormalization group [15]. They studied many stochastic partial differential equations as

the stochastic quantization equation for ϕ43 Euclidean quantum field theory, the generalized continuous
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parabolic Anderson models, the Kardar-Parisi-Zhang type equation, the Navier-Stokes equation with

very singular forcings and so on. In particular the continuous parabolic Anderson models correspond to

consider the heat semigroups generated by the Schrödinger operators. In the equations, the white noise

ξ is replaced by ξε + cε and the existence of the limit as ϵ→ 0 of the solution uε(t, x) of

∂tuε(t, x) = (∆− ξε(x)− cε)uε(t, x) for t > 0, and uε(0, x) = u0(x),

is proven, where ξε is a smooth approximation of ξ and cε is a constant satisfying cε → ∞ as ϵ → 0.

These works started in the case that the configuration space is replaced by a compact space as R2/Z2.

For the extension to noncompact spaces, Hairer and Labbé studied the generalized continuous parabolic

Anderson models on R2 and R3 and the stochastic heat equation on R [12], [13], and Dahlqvist, Diehl

and Driver extended to 2 dimensional closed manifold [6]. On the other hand, Bailleul, Bernicot and

Frey developed the paracontrolled calculus using the heat semigroup so that the calculus can be applied

widely, and applied the calculus to the generalized continuous parabolic Anderson models on 2 or 3

dimensional manifolds and the multiplicative Burgers equation on 3 dimensional manifolds [2], [3]. In

their theory, the approximation ξε of ξ is defined by the heat semigroup as exp(ε2∆)ξ. The constant cε is

replaced by a function. As for the Schrödinger operator, Allez and Chouk proved the self-adjointness of

the operator corresponding to the limit of −∆+ ξε+ cε as ϵ→ 0 in the case that the configuration space

is replaced by the 2-dimensional torus R2/Z2 [1]. They used the paracontrolled calculus by Gubinelli,

Imkeller and Perkowski, and they showed also the discreteness of the spectrum and some results on

the asymptotic distributions of the eigenvalues. Gubinelli, Ugurcan and Zachhuber extended the results

to the 3-dimensional torus R3/Z3 and apply to study some nonlinear Schrödinger and wave equations

[10]. Ugurcan extended the results to R2 where cε is replaced by a function [21]. Labbé extended the

results to the corresponding operators on (−1, 1)2 and (−1, 1)3 with the periodic and Dirichlet boundary

conditions by applying the theory on regularity structures [16]. Mouzard extended the results to the case

that the configuration space is a compact 2-dimensional manifold by the heat semigroup approach to

the paracontrolled calculus by Bailleul, Bernicot and Frey [18]. On the other hand, main topics on the

Schrödinger operator with random potentials have been the Anderson localization. In that topics, the

spectral structure is discussed for the Schrödinger operators with stationary random potentials defined

on the Euclidean space Rd (cf. [4], [19]).

In this paper we prove the self-adjointness of the operator corresponding to the limit of −∆+ ξε + cε

as ϵ → 0 in the case that the configuration space is R2 and cε is a constant by referring the methods in
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Mouzard [18]. One vantage point of the heat semigroup approach is that the effects to a paraproduct from

the two functions decay exponentially as the distance between the supports of the two functions becomes

larger. To use this point, we introduce a partition of unity. The convergence to the operator holds in the

strong resolvent sense as is discussed in Proposition 4.1 below, which is weak to obtain spectral results.

Then to show that the spectral set is R, we construct Weyl sequence on domains where the white noise is

close to constants by referring the usual methods to identify the spectral set of the Schrödinger operator

with ergodic random potentials (cf. Pastur and Figotin [19] Section 5d).

The organization of this paper is as follows. In Section 2 we give the definition of our operator and

state the theorem. In Section 3 we prepare basic estimates to apply the paracontrolled calculus. In

Section 4 we prove the theorem on the self-adjointness. In Section 5 we show that the spectral set of our

operator is R.

2. The framework and the results

We use a partition of unity to extend the results on compact spaces to a noncompact space: we take

a [0, 1]-valued smooth function χ0 on R2 such that

∑
a∈Z2

χ2
a ≡ 1 on R2

and the support of χ0 is included in Λ2, where χa(x) = χ0(x − a) for any a ∈ Z2 and x ∈ R2, and

Λr = (−r/2, r/2)2 for any r > 0. For each a ∈ Z2, let Λr(a) = a + Λr. Referring the paracontrolled

calculus in Mouzard [18], we fix a large even natural number b and consider operators

Q
(c)
t :=

(−t∆)c

(c− 1)!
et∆ and P

(c)
t := I −

∫ t

0

ds

s
Q(c)
s =

c−1∑
j=0

(−t∆)j

j!
et∆

for c ∈ [1, b] ∩ N, where ∆ is the Laplacian on R2, and I is the identity operator. For k ∈ [0, 2b] ∩ Z, let

StGCk be the set of families of operators of the form

((
√
t∂1)

α1(
√
t∂2)

α2P
(c)
t )t∈(0,1]

with c ∈ [1, b] ∩ N and α1, α2 ∈ Z satisfying α1, α2 ≥ 0 and α1 + α2 = k. These families of operators

are colled as the standard families of Gaussian operators with cancellation of order k. For this family,

general operators as (−t∆)α/2et∆ may be included. However we consider only differential operators times

a heat semigroup since it is enough for our purpose and the commutator of a differnetial operator with
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a multiplication of a smooth function is simple. We also set

StGCI =
⋃

k∈I∩Z

StGCk

for any interval I in [0,∞).

Referring [3] and [18], we decompose the product as follows:

fg = Pfg +Π(f, g) + Pgf + P
(b)
1 ((P

(b)
1 f)(P

(b)
1 g)),

for appropriate distributions f, g on R2, where

(2.1) Pfg :=
∑
ν

cν

∫ 1

0

dt

t
Q1,ν
t ((P νt f)(Q

2,ν
t g))

with a finite subset {(cν , Q1,ν , Q2,ν , P ν)}ν

of R× StGC [b/2,2b] × StGC [b/2,2b] × StGC [0,b/2),

and

(2.2) Π(f, g) :=
∑
µ

cµ

∫ 1

0

dt

t
Pµt ((Q

1,µ
t f)(Q2,µ

t g))

with a finite subset {(cµ, Q1,µ, Q2,µ, Pµ)}µ

of R× StGC [b/2,2b] × StGC [b/2,2b] × StGC [0,b/2). Pfg is called as a paraproduct and is well-defined as a

distribution for any distributions f and g. Π(f, g) is called as a resonating term and we need sufficient

regularity properties of f or g to give a meaning for Π(f, g). We use also

hPfg :=
∑
ν

cν

∫ 1

0

dt

t
Q1,ν
t ((P νt f)(Q

2,ν
t g)h),

where h is another appropriate distribution. We use

(2.3) ∆−loc := −
∫ 1

0

dtet∆,

which is an approximation of the inverse of the Laplacian satisfying

∆−loc∆ = ∆∆−loc = I − e∆

and the integral kernel has a Gaussian bound:

sup
|x−y|≥1

log |∆−loc(x, y)|
|x− y|2

< 0.

We use the commutators:

(2.4) C(f, g, h) := Π(∆−locPfg, h)− fΠ(∆−locg, h)
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and

(2.5) S(f, g, h) := Ph(∆
−locPfg)− fPh(∆

−locg)

for any appropriate distributions f, g and h on R2.

We use the Besov space Bαp,q(R2) with parameters p, q ∈ [1,∞], α ∈ (−2b, 2b), defined by the completion

of C∞
0 (R2) with respect to the norm

∥f∥Bα
p,q(R2)

:=∥e∆f∥Lp(R2:dx)

+ sup{∥t−α/2∥Qtf∥Lp(R2:dx)∥Lq([0,1]:t−1dt) : Q ∈ StGC(|α|,2b]}.

(2.6)

for any f ∈ C∞
0 (R2), where C∞

0 (R2) is the smooth functions with compact supports. Cα(R2) :=

Bα∞,∞(R2) is called as the Besov α-Hölder space, and Hα(R2) = Bα2,2(R2) is the Sobolev space with

the index α.

It is known that χaξ is C−1−ϵ(R2)-valued for any ϵ > 0 and a ∈ Z2. As in Theorem 2.1 in [18], there

exists a random field Yξ such that

lim
ε→0

E[∥χa(Yξε − Yξ)∥pC−ϵ(R2)] = 0

for any p ∈ [1,∞), ϵ > 0 and a ∈ Z2, where ξε := eε
2∆ξ is a smooth approximation of ξ and

Yξε := Π(∆−locξε, ξε)− E[Π(∆−locξε, ξε)].

Now we define a Schrödinger type operator as follows: we define a domain by

Dom0(›Hξ) :=
{
u ∈

⋂
ϵ>0

H1−ϵ(R2) : lim sup
|a|→∞

1

|a|
log ∥χau∥H1−ϵ(R2) < 0

for any ϵ > 0,

Φξ(u) ∈ H2(R2), lim sup
|a|→∞

1

|a|
log ∥χaΦξ(u)∥H2(R2) < 0

}
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and, for u ∈ Dom0(›Hξ), we define›Hξu

=−∆Φξ(u) + PξΦξ(u) + Π(Φξ(u), ξ) + P
(b)
1 ((P

(b)
1 u)(P

(b)
1 ξ))

+ e∆Puξ + e∆uPξ(∆
−locξ) + e∆PuYξ

+ C(u, ξ, ξ) + S(u, ξ, ξ)

+ PYξ
u+Π(u, Yξ) + P

(b)
1 ((P

(b)
1 u)(P

(b)
1 Yξ))

+ Pξ(∆
−loc

uPξ(∆
−locξ)) + Π(∆−loc

uPξ(∆
−locξ), ξ)

+ Pξ(∆
−locPuYξ) + Π(∆−locPuYξ, ξ),

(2.7)

where

Φξ(u) := u−∆−locPuξ −∆−loc
uPξ(∆

−locξ)−∆−locPuYξ.

Now our main results in this paper are stated as follows:

Theorem 1. The operator ›Hξ with the domain Dom0(›Hξ) in (2.7) is essentially self-adjoint on L2(R2).

Theorem 2. The spectral set of the closure ›Hξ of the operator in (2.7) is R.

In the rest of this section, we will discuss the motivation of the definition in (2.7)

The first formal object was the operator

Hξ = −∆+ ξ.

To erase the singularity of ξ ∈ C−1−ϵ
loc (R2) in Hξu, we assume u ∈ H1−ϵ

loc (R2) so that ∆u ∈ H−1−ϵ
loc (R2),

where (Bαp,q)loc(R2) := {f : a distribution on R2 s.t. χaf ∈ Bαp,q(R2) for any a ∈ Z2} for each Besov

space Bαp,q(R2). In the decomposition

ξu = Puξ + Pξu+Π(u, ξ) + P
(b)
1 ((P

(b)
1 u)(P

(b)
1 ξ)),

Π(u, ξ) is not defined, and Puξ and Pξu may not belong to L2
loc(R2). To erase the singularity of Puξ, we

assume

u = ∆−locPuξ + u(#)
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with u(#) ∈ H2(1−ϵ)(R2). Then we have

Hξu = −∆u(#) + e∆Puξ + Pξu+Π(u, ξ) + P
(b)
1 ((P

(b)
1 u)(P

(b)
1 ξ))

= −∆u(#) + Pξ(∆
−locPuξ) + Π(∆−locPuξ, ξ)

+ e∆Puξ + Pξu
(#) +Π(u(#), ξ) + P

(b)
1 ((P

(b)
1 u)(P

(b)
1 ξ))

We use the commutators to rewrite the second and third terms as

uPξ(∆
−locξ) + uΠ(∆−locξ, ξ)

+ S(u, ξ, ξ) + C(u, ξ, ξ)

to move the function u to outer parts of the products. Now, as the ill defined term Π(∆−locξ, ξ) is

separated from the function u, we replace this by Yξ. Then the operator Hξ is replaced by ›Hξ. To erase

the singularity of uPξ(∆
−locξ) and Yξ, we assume

u(#) = ∆−loc
uPξ(∆

−locξ) + ∆−locPuYξ) + u#

with u# ∈ H2(R2). Then u# = Φξ(u) and we obtain the definition of (2.7).

3. Estimates for products and commutators

We first prove the following estimates of the inverse operator of the Laplacian. Our basic methods are

included in the proof.

Lemma 3.1. There exists C ∈ (0,∞) satisfying the following: for any α ∈ R and ϵ ∈ (0, 1), there exist

Cα,ϵ ∈ (0,∞) such that

(3.1) ∥χa1∆−locχa2f∥Hα(R2) ≤ Cα,ϵ∥χa2f∥Hα+ϵ−2(R2) exp(−C|a1 − a2|2)

for any a1, a2 ∈ Z2 and f ∈ Hα+ϵ−2(R2).

Proof. Since

I =

∫ ∞

0

dt

t
(−t∆)net∆/Γ(n) =

∫ 2

0

dt

t
(−t∆)net∆/Γ(n) + p(∆)e2∆,

with a polynomial p(·) of the degree n− 1, we have only to estimate

(3.2) ∥e∆χa1∆−locχa2f∥L2(R2)

and

(3.3) ∥t−α/2(
√
t∂x1)

n1(
√
t∂x2)

n2et∆χa1∆
−locχa2f∥L2(R2×[0,2]:dxdt/t)
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with a large n1 + n2. For (3.3), we have only to estimate

(3.4)
∥∥∥t−α/2(√t∂x1

)n1(
√
t∂x2

)n2et∆χa1

∫ 1

0

ds∆me(s+1)∆χa2f
∥∥∥
L2(R2×[0,2]:dxdt/t)

with m ∈ {0, 1, . . . n− 1} and∥∥∥t−α/2(√t∂x1
)n1(

√
t∂x2

)n2et∆χa1

×
∫ 1

0

ds

∫ 1

0

dr

r
(r∆)ne(s+r)∆χa2f

∥∥∥
L2(R2×[0,2]:dxdt/t)

(3.5)

with a large n. We consider (3.5). By the integration by parts, we have∥∥∥t−α/2(√t∂x1)
n1(

√
t∂x2)

n2et∆χa1

×
∫ 1

0

ds

∫ 1

0

dr

r
(r∆)ne(s+r)∆χa2f

∥∥∥
L∞(R2×[0,1])

≤ sup
0<t≤2

∫∫
t≤s+r

ds
dr

r
t−α/2

( t

s+ r

)(n1+n2)/2( r

s+ r

)n
× ∥et∆(

√
s+ r∂x1)

n1(
√
s+ r∂x2)

n2

× χa1((s+ r)∆)ne(s+r)∆χa2f∥L∞(R2)

+ sup
0<t≤2

∫∫
t≥s+r

ds
dr

r
t−α/2

(r
t

)m( r

s+ r

)n−m
×
∥∥∥ ∫ dy{(

√
t∂x1

)n1(
√
t∂x2

)n2(t∆y)
met∆(x, y)χa1(y)}

× {((s+ r)∆)n−me(s+r)∆χa2f}(y)
∥∥∥
L∞(R2)

≤c1
( n1∑
m1=0

n2∑
m2=0

sup
x∈R2,v∈(0,2)

|v(2−α)/2

× ((
√
v∂x1)

m1(
√
v∂x2)

m2(v∆)nev∆χa2f)(x)|

+ sup
x∈R2,v∈(0,2)

|v(2−α)/2((v∆)n−mev∆χa2f)(x)|
)
,
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where m ∈ N ∩ (0 ∨ (−α/2), n ∧ (n− α/2)]. Moreover by changing the order of the integrations, we have∥∥∥t−α/2(√t∂x1
)n1(

√
t∂x2

)n2et∆χa1

×
∫ 1

0

ds

∫ 1

0

dr

r
(r∆)ne(s+r)∆χa2f

∥∥∥
L1(R2×[0,2]:dxdt/t)

≤
∫ 2

0

dt

t

∫∫
t≤s+r

ds
dr

r
t−α/2

( t

s+ r

)(n1+n2)/2( r

s+ r

)n
× |et∆(

√
s+ r∂x1)

n1(
√
s+ r∂x2)

n2χa1((s+ r)∆)ne(s+r)∆χa2f |

+

∫ 2

0

dt

t

∫∫
t≥s+r

ds
dr

r
t−α/2

(r
t

)m( r

s+ r

)n−m
×
∣∣∣ ∫ dy{(

√
t∂x1

)n1(
√
t∂x2

)n2(t∆y)
net∆(x, y)χa1(y)}{e(s+r)∆χa2f}(y)

∣∣∣
≤c2

( n1∑
m1=0

n2∑
m2=0

∥v(2−α)/2((
√
v∂x1

)m1(
√
v∂x2

)m2

× (v∆)nev∆χa2f)(x)∥L1(R2×[0,2]:dxdv/v)

+ ∥v(2−α)/2((v∆)n−mev∆χa2f)(x)∥L1(R2×[0,2]:dxdv/v)

)
.

Thus by the interpolation, we have∥∥∥t−α/2(√t∂x1
)n1(

√
t∂x2

)n2et∆χa1

×
∫ 1

0

ds

∫ 1

0

dr

r
(r∆)ne(s+r)∆χa2f

∥∥∥
L2(R2×[0,1]:dxdt/t)

≤c3∥χa2f∥Hα(R2).

By a similar and simpler method, we have∥∥∥t−α/2(√t∂x1
)n1(

√
t∂x2

)n2et∆χa1

∫ 1

0

ds∆me(s+1)∆χa2f
∥∥∥
L2(R2×[0,2]:dxdt/t)

≤c4∥χa2f∥Hα(R2).

Thus the quantity in (3.3) is dominated by ∥χa2f∥Hα(R2). The quantity in (3.2) is also dominated by the

same quantity. Thus we obtain (3.1) without the exponential term.

When |a1 − a2|∞ ≥ 3, we have

∥t−α/2(
√
t∂x1

)n1(
√
t∂x2

)n2et∆χa1∆
−locχa2f∥L2(R2×[0,2]:dxdt/t)

≤c5∥t(n1+n2−α)/2∥L2(×[0,2]:dt/t)

n1∑
m1=0

n2∑
m2=0

∫ 1

0

ds∥∂m1
x1
∂m2
x2
es∆χa2f∥L2(Λ2(a1):dx).
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For any k ∈ N, we have

∥∂m1
x1
∂m2
x2
es∆χa2f∥L2(Λ2(a1):dx)

≤ck,1
(∫

Λ2(a1)

dx

k∑
ℓ=0

∫
Λ2(a2)

dy
∣∣∣∇⊗ℓ

y ∂m1
x1
∂m2
x2
es∆(x, y)

∣∣∣2∥χa2f∥2H−k(R2)

)1/2

≤ck,2 exp(−c6d(Λ2(a1),Λ2(a2))
2/s)∥χa2f∥H−k(R2)

and

∥t−α/2(
√
t∂x1

)n1(
√
t∂x2

)n2et∆χa1∆
−locχa2f∥L2(R2×[0,2]:dxdt/t)

≤ck,3 exp(−c6|a1 − a2|2)∥χa2f∥H−k(R2).

We also have

∥e∆χa1∆−locχa2f∥L2(R2:dx)

≤ck,4 exp(−c6|a1 − a2|2)∥χa2f∥H−k(R2).

By combining these estimates, we can complete the proof. 2

For the paraproduct and resonating terms, we have the following estimate as in Propositions 1.4 and

1.7 in Mouzard [18]:

Lemma 3.2. There exists C ∈ (0,∞) satisfying the following:

(i) For any α ∈ R and ϵ ∈ (0, 1), there exist Cα, Cα,ϵ ∈ (0,∞) such that

∥χa1Pχa2
g(χa3f)∥Hα(R2)

≤Cα∥χa3f∥Hα(R2)∥χa2g∥L∞(R2) exp(−C(|a1 − a2|2 + |a1 − a3|2))

for any a1, a2, a3 ∈ Z2, f ∈ Hα(R2) and g ∈ L∞(R2), and

∥χa1Pχa2
g(χa3f)∥Hα−ϵ(R2)

≤Cα,ϵ∥χa3f∥Cα(R2)∥χa2g∥L2(R2) exp(−C(|a1 − a2|2 + |a1 − a3|2))

for any f ∈ Cα(R2) and g ∈ L2(R2).

(ii) For any α ∈ (−∞, 0) and β ∈ R, there exists Cα,β ∈ (0,∞) such that

∥χa1Pχa2
f (χa3g)∥Hα+β(R2)

≤Cα,β∥χa2f∥Cα(R2)∥χa3g∥Hβ(R2) exp(−C(|a1 − a2|2 + |a1 − a3|2))
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for any a1, a2, a3 ∈ Z2, f ∈ Cα(R2) and g ∈ Hβ(R2), and

∥χa1Pχa2
f (χa3g)∥Hα+β(R2)

≤Cα,β∥χa2f∥Hα(R2)∥χa3g∥Cβ(R2) exp(−C(|a1 − a2|2 + |a1 − a3|2))

for any f ∈ Hα(R2) and g ∈ Cβ(R2).

(iii) For any α, β ∈ R such that α+ β > 0, there exists Cα,β ∈ (0,∞) such that

∥χa1Π(χa2f, χa3g)∥Hα+β(R2)

≤Cα,β∥χa2f∥Hα(R2)∥χa3g∥Cβ(R2) exp(−C(|a1 − a2|2 + |a1 − a3|2))

for any a1, a2, a3 ∈ Z2, f ∈ Hα(R2) and g ∈ Cβ(R2).

(iv) For any α ∈ (−∞, 0), β ∈ R and ϵ ∈ (0, 1), there exists Cα,β,ϵ ∈ (0,∞) such that

∥χa1χa2h
Pχa3f

(χa4g)∥Hα+β−ϵ(R2)

≤Cα,β,ϵ∥χa3f∥Cα(R2)∥χa4g∥Cβ(R2)∥χa2h∥L2(R2)

× exp(−C(|a1 − a2|2 + |a2 − a3|2 + |a2 − a4|2))

for any a1, a2, a3, a4 ∈ Z2, f ∈ Cα(R2), g ∈ Cβ(R2) and h ∈ L2(R2).

To treat white noise, we prepare the following (cf. Theorem 2.1 and Proposition 2.2 in Mouzard [18]):

Lemma 3.3. (i) For any ε ∈ (0, 1), we take an approximation of the white noise by smooth random fields

as ξε := eε
2∆ξ, which satisfies

lim
ε→0

E[∥χa(ξε − ξ)∥pC−1−ϵ(R2)] = 0

for any a ∈ Z2 and p ∈ [1,∞). Then, there exists a random field Yξ such that

lim
ε→0

E[∥χa(Yξε − Yξ)∥pC−ϵ(R2)] = 0

for any p ∈ [1,∞) and a ∈ Z2, where

Yξε := Π(∆−locξε, ξε)− E[Π(∆−locξε, ξε)].

(ii) For any ϵ ∈ (0, 1) and almost all ξ, there exist Cϵ,ξ ∈ (0,∞) such that

∥χaξ∥C−1−ϵ(R2) ≤ Cϵ,ξ(log(2 + |a|))2

and

∥χaYξ∥C−ϵ(R2) ≤ Cϵ,ξ log(2 + |a|)

11



for any a ∈ Z2.

Proof. (i) The proof is same with that of Theorem 2.1 in [18].

(ii) For any ϵ ∈ (0, 1), there exists h, k, pϵ,M ∈ (0,∞) such that

E
[
exp

{
h
(
∥χaYξ∥pϵC−ϵ(R2)

)1/pϵ}]
≤M

for any a ∈ Z2, as in Proposition 2.2 in Mouzard [18] (cf. Fernique [7]). Now, for the event

Ξa :=
{
ξ : exp

{
h
(
∥χaYξ∥pϵC−ϵ(R2)

)1/pϵ}
≥ (2 + |a|)3

}
,

we have ∑
a∈Z2

P(Ξa) ≤
∑
a∈Z2

M

(2 + |a|)3
<∞.

Thus by the Borel-Cantelli lemma, we can complete the proof for Yξ. By the same method, we can prove

the inequality for ξ. 2

Remark 3.1. The normalizing constant cε := −E[Π(∆−locξε, ξε)] to define Yξ and ›Hξ is writen as

cε = −E[(∆−locξε)ξε] + E[P (b)
1 ((P

(b)
1 ∆−locξε)(P

(b)
1 ξε))]

=
1

4π
log

(
1 +

1

2ε2

)
−

b−1∑
j,k=0

( (−∆)j+k

j!k!
∆−loce2(1+ε

2)∆
)
(0, 0),

(3.6)

since

E[P∆−locξεξε] = E[Pξε(∆−locξε)] = 0.

The second term in the right hand side of (3.6) converges as ε→ 0.

As in Propositions 1.9 and 1.11 in Mouzard [18], we have the following:

Lemma 3.4. There exists C ∈ (0,∞) satisfying the following:

(i) For any ϵ, α ∈ (0, 1), β ∈ R, γ ∈ (−∞, 0) such that β + γ < 0 and α + β + γ > 0, there exist

Cϵ,α,β,γ ∈ (0,∞) such that

∥χa1C(χa2f, χa3g, χa4h)∥Hα+β+γ−ϵ(R2)

≤Cϵ,α,β,γ∥χa2f∥Hα(R2)∥χa3g∥Cβ−2(R2)∥χa4h∥Cγ(R2)

× exp(−C(|a1 − a2|2 + |a1 − a3|2 + |a1 − a4|2)),
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for any a1, a2, a3, a4 ∈ Z2, f ∈ Hα(R2), g ∈ Cβ−2(R2) and h ∈ Cγ(R2), where Ca(·, ·, ·) is the commutator

defined in (2.4).

(ii) For any ϵ, α ∈ (0, 1), β ∈ R, γ ∈ (−∞, 0) such that β + γ < 0 and α + β + γ > 0, there exist

Cϵ,α,β,γ ∈ (0,∞) such that

∥χa1S(χa2f, χa3g, χa4h)∥Hα+β+γ−ϵ(R2)

≤Cϵ,α,β,γ∥χa2f∥Hα(R2)∥χa3g∥Cβ−2(R2)∥χa4h∥Cγ(R2)

× exp(−C(|a1 − a2|2 + |a1 − a3|2 + |a1 − a4|2)),

for any a1, a2, a3, a4 ∈ Z2, f ∈ Hα(R2), g ∈ Cβ−2(R2) and h ∈ Cγ(R2), where Sa(·, ·, ·) is the commutator

defined in (2.5).

The commutators used in [2] and [18] are

CM (f, g, h) := Π(∆−locPf∆g, h)− fΠ(g, h).

and

SM (f, g, h) := Ph(∆
−locPf∆g)− Pf (Phg).

Then our commutators C(f, g, h) and S(f, g, h) are modifications of CM (f,∆−1g, h) and SM (f,∆−1g, h),

respectively. The main difference is the operator ∆−1 acting on g. Thus in the right hand side of the

inequalities in the above lemma, the norm ∥ · ∥Cβ−2 appears instead of ∥ · ∥Cβ . As for the commutator S,

the second term in the right hand side is modificated so that the complicated structure of the paraproduct

appears once. Our second factor fPhg is estimated similarly for Phg as is shown in Lemma 3.2 (iv). The

proof of Lemma 3.4 (ii) is essentially given in [2] since the estimate of SM (f, g, h) in [2] was obtained by

estimating Ph(∆
−locPf∆g)−f Phg and fPhg − Pf (Phg). Similarly

CM (f, g, h) := Π(P̃fg, h)− hΠ(f, g)

is also estimated by dividing to Π(∆−locPf∆g, h)−Πh(f, g) and Πh(f, g)− hΠ(f, g), where

Πh(f, g) =
∑
µ

cµ

∫ 1

0

dt

t
Pµt ((Q

1,µ
t f)(Q2,µ

t g)h).

This is also defined by using the structure of the paraproduct only once. However we do not use Πh(f, g)

and choose the commutator C referring [18], since the key point of this paper is modifying the operator

by introducing Yξ. For this modification, the commutator C is used.
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Proof of Lemma 3.4. (i) The inequality without the exponential term is obtained by modifying the

proof of Propositions B.4 treating the setting of the Hölder norms in Mouzard [18] to our setting of the

Sobolev and Hölder norms. When |a1 − a2| ∨ |a1 − a3| ∨ |a1 − a4| is large, we have

∥χa1Π(∆−locPχa2
fχa3g, χa4h)∥Hα+β+γ−ϵ(R2)

≤c1∥χa2f∥Hα(R2)∥χa3g∥Cβ−2(R2)∥χa4h∥Cγ(R2)

× exp(−c2(|a1 − a2|2 + |a1 − a3|2 + |a1 − a4|2)).

When |a1 − a2| ∨ |a1 − a4| is large, we have

∥χa1χa2fΠ(∆−locχa3g, χa4h)∥Hα+β+γ−ϵ(R2)

≤c3∥χa2f∥Hα(R2)∥χa3g∥Cβ−2(R2)∥χa4h∥Cγ(R2)

× exp(−c4(|a1 − a2|2 + |a1 − a3|2))χ|a1−a4|∞≤2.

By combining these estimates, we can complete the proof.

(ii) The inequality without the exponential term is obtained by modifying the proof of Proposition 38

treating the setting of the Hölder norms in Bailleul and Bernicot [2] to our setting of the Sobolev and

Hölder norms. When |a1 − a2| ∨ |a1 − a5| ∨ |a2 − a3| ∨ |a2 − a4| is large, we have

∥χa1Pχa4h
(∆−locPχa2f

χa3g)∥Hα+β+γ−ϵ(R2)

≤c1∥χa2f∥Hα(R2)∥χa3g∥Cβ−2(R2)∥χa4h∥Cγ(R2)

× exp(−c2(|a1 − a2|2 + |a1 − a3|2 + |a1 − a4|2)).

When |a1 − a2| ∨ |a1 − a3| ∨ |a1 − a4| is large, we have

∥χa1χa2f
Pχa4h

(∆−locχa3g)∥Hα+β+γ−ϵ(R2)

≤c3∥χa2f∥Hα(R2)∥χa3g∥Cβ−2(R2)∥χa4h∥Cγ(R2)

× exp(−c4(|a1 − a2|2 + |a1 − a3|2 + |a1 − a4|2)).

By combining these estimates, we can complete the proof. 2

We use also the following products:

P sf g :=
∑
ν

cν

∫ s

0

dt

t
Q1,ν
t ((P νt f)(Q

2,ν
t g))

and

hP
s
f g :=

∑
ν

cν

∫ s

0

dt

t
Q1,ν
t ((P νt f)(Q

2,ν
t g)h).
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for appropriate distributions f , g and h on R2. As in Proposition 2.3 in [18], we have the following:

Lemma 3.5. There exists C ∈ (0,∞) satisfying the following:

(i) For any β < γ, there exists Cβ,γ ∈ (0,∞) such that

∥χa1P sχa2
f (χa3g)∥Hβ(R2)

≤Cβ,γs(γ−β)/2∥χa2f∥L2(R2)∥χa3g∥Cγ(R2)

× exp(−C(d(Λ2(a1),Λ2(a2))
2 + d(Λ2(a1),Λ2(a3))

2)/s))

for any s ∈ [0, 1], a1, a2, a3 ∈ Z2, f ∈ L2(R2) and g ∈ Cγ(R2).

(ii) For any β, γ1, γ2 ∈ R satisfying γ1 ≤ 0 and β < γ1 + γ2, there exists Cβ,γ1,γ2 ∈ (0,∞) such that

∥χa1χa2
hP

s
χa3f

(χa4g)∥Hβ(R2)

≤Cβ,γ1,γ2s(γ1+γ2−β)/2∥χa3f∥Cγ1 (R2)∥χa4g∥Cγ2 (R2)∥χa2h∥L2(R2)

× exp(−C(d(Λ2(a1),Λ2(a2))
2 + d(Λ2(a2),Λ2(a3))

2

+ d(Λ2(a2),Λ2(a4))
2)/s)

for any s ∈ [0, 1], a1, a2, a3, a4 ∈ Z2, f ∈ Cγ1(R2), g ∈ Cγ2(R2) and h ∈ L2(R2).

Lemma 3.6. There exists C ∈ (0,∞) satisfying the following:

(i) For any β, γ ∈ R, there exists Cβ,γ ∈ (0,∞) such that

∥χa1(Pχa2
f (χa3g)− P sχa2f

(χa3g))∥Hβ(R2)

≤



Cβ,γ
s(β−γ)/2

∥χa2f∥L2(R2)∥χa3g∥Cγ(R2)

× exp(−C(|a1 − a2|2 + |a1 − a3|2)) if β > γ,

Cβ,γ

(
log

1

s

)
∥χa2f∥L2(R2)∥χa3g∥Cγ(R2)

× exp(−C(|a1 − a2|2 + |a1 − a3|2)) if β = γ,

Cβ,γ∥χa2f∥L2(R2)∥χa3g∥Cγ(R2)

× exp(−C(|a1 − a2|2 + |a1 − a3|2)) if β < γ,

for any s ∈ [0, 1], a1, a2, a3 ∈ Z2, f ∈ L2(R2) and g ∈ Cγ(R2).
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(ii) For any γ1 ≤ 0, γ2, β ∈ R, there exists Cβ,γ1,γ2 ∈ (0,∞) such that

∥χa1(χa2
hPχa3

f (χa4g)−χa2
h P

s
χa3f

(χa4g))∥Hβ(R2)

≤



Cβ,γ1,γ2
s(β−γ1−γ2)/2

∥χa3f∥Cγ1 (R2)∥χa4g∥Cγ2 (R2)∥χa2h∥L2(R2)

× exp(−C(|a1 − a2|2 + |a2 − a3|2 + |a2 − a4|2))

if β > γ1 + γ2,

Cβ,γ1,γ2

(
log

1

s

)
∥χa3f∥Cγ1 (R2)∥χa4g∥Cγ2 (R2)∥χa2h∥L2(R2)

× exp(−C(|a1 − a2|2 + |a2 − a3|2 + |a2 − a4|2))

if β = γ1 + γ2,

Cβ,γ1,γ2∥χa3f∥Cγ1 (R2)∥χa4g∥Cγ2 (R2)∥χa2h∥L2(R2)

× exp(−C(|a1 − a2|2 + |a2 − a3|2 + |a2 − a4|2))

if β < γ1 + γ2,

for any s ∈ [0, 1], a1, a2, a3, a4 ∈ Z2, f ∈ Cγ1(R2), g ∈ Cγ2(R2) and h ∈ L2(R2).

We prepare also the following:

Lemma 3.7. For any α ≥ 0, there exists cα ∈ (0,∞) such that∥∥∥ ∑
a∈Z2

fa

∥∥∥2
Hα(R2)

≤ cα
∑
a∈Z2

∥fa∥2Hα(R2)

for any fa ∈ Hα(R2) such that supp fa ⊂ Λ2(a), a ∈ Z2.

Proof. For any Q ∈ StGCk with k ∈ (|α|, 2b] ∩ Z, we should estimate

I0 :=
∥∥∥t−α/2Qt ∑

a∈Z2

fa

∥∥∥2
L2(R2×[0,1],dxdt/t)

≤ 2(I1 + I2),

where

I1 :=
∥∥∥t−α/2 ∑

a∈Z2

1Λ3(a)Qtfa

∥∥∥2
L2(R2×[0,1],dxdt/t)

and

I2 :=
∥∥∥t−α/2 ∑

a∈Z2

1Λ3(a)cQtfa

∥∥∥2
L2(R2×[0,1],dxdt/t)

.
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Since Λ3(a) ∩ Λ3(a′) ̸= ∅ implies |a− a′|∞ ≤ 3, the first term is estimated as

I1 ≤
∑

a,a′∈Z2:|a−a′|∞≤3

∥∥∥t−α/21Λ3(a)Qtfa

∥∥∥
L2(R2×[0,1],dxdt/t)

×
∥∥∥t−α/21Λ3(a′)Qtfa′

∥∥∥
L2(R2×[0,1],dxdt/t)

≤49
∑
a∈Z2

∥fa∥2Hα(R2).

By

|Qt(x, y)| ≤
c1
t
exp

(
− |x− y|2

c2t

)
,

we have

I2 ≤c3
∫ 1

0

dt

t3+α

∑
a,a′∈Z2

∫
dy|fa(y)|

∫
dy′|fa′(y′)|

×
∫
Λ3(a)c∩Λ3(a′)c

dx exp
(
− |x− y|2

c2t
− |x− y′|2

c2t

)
.

Since

|x− y|2 + |x− y′|2 ≥ |y − y′|2/2

and

|y − y′|∞ ≥ |a− a′|∞ − 2

for any x ∈ Λ3(a)
c ∩ Λ3(a

′)c, y ∈ Λ2(a) and y
′ ∈ Λ2(a

′), we have

I2 ≤c4
∫ 1

0

dt

t2+α
exp

(
− c5

t

) ∑
a,a′∈Z2

∫
dy|fa(y)|

×
∫
dy′|fa′(y′)| exp

(
− c6(|a− a′|∞ − 2)2+

)
≤c7

∑
a∈Z2

∥fa∥2L2(R2,dx)

and

I0 ≤ c8
∑
a∈Z2

∥fa∥2Hα(R2).

By a similar and simpler method, we obtain∥∥∥e∆ ∑
a∈Z2

fa

∥∥∥2
L2(R2,dx)

≤ c9
∑
a∈Z2

∥fa∥2Hα(R2)

and we can complete the proof.

2
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4. Proof of Theorem 1

For s = (s(a), s1(a, a
′), s2(a))a,a′∈Z2 ∈ [0, 1]Z

2 × [0, 1]Z
2×Z2 × [0, 1]Z

2

specified later, we set

Φs
ξ(u) := u− Φs

ξ(u),

where

Φs
ξ(u) :=

∑
a∈Z2

∆−locP s(a)u (χ2
aξ) +

∑
a,a′∈Z2

∆−loc
uP

s1(a,a
′)

χ2
aξ

(∆−locχ2
a′ξ)

+
∑
a∈Z2

∆−locP s2(a)u (χ2
aYξ)

for appropriate distributions u on R2. By Lemma 3.2, Lemma 3.3 (ii) and Lemma 3.5, we have the

following:

Lemma 4.1. For any ϵ ∈ (0, 1) and almost all ξ, there exist s(ϵ, ξ), s1(ϵ, ξ), s2(ϵ, ξ) ∈ (0, 1) and

M,M(ϵ),M1(ϵ),M2(ϵ) ∈ (0,∞) such that

(4.1) ∥χaΦs(ϵ,ξ,δ)
ξ (u)∥H1−ϵ(R2) ≤ δ

∑
a′∈Z2

exp(−M |a− a′|2)∥χ2
a′u∥L2(R2),

for any δ ≥ 0, where s(ϵ, ξ, δ) = (s(a; ϵ, ξ, δ), s1(a, a
′; ϵ, ξ, δ), s2(a; ϵ, ξ, δ))a,a′∈Z2 is

s(a; ϵ, ξ, δ) = s(ϵ, ξ)
( δ

(log(2 + |a|))2
)M(ϵ)

,

s1(a, a
′; ϵ, ξ, δ) = s1(ϵ, ξ)

( δ

(log(2 + |a|))2(log(2 + |a′|))2
)M1(ϵ)

and

s2(a; ϵ, ξ, δ) = s2(ϵ, ξ)
( δ

log(2 + |a|)

)M2(ϵ)

.

By this lemma and Lemma 3.7, we obtain the finite constant Cξ,ϵ, which may depend ξ and ϵ, such

that

(4.2) ∥Φs(ϵ,ξ,δ)
ξ (u)∥H1−ϵ(R2) ≤ Cξ,ϵδ∥u∥H1−ϵ(R2).

Thus for δ ∈ (0, 1/Cξ,ϵ), there exists the inverse

(Φ
s(ϵ,ξ,δ)
ξ )−1 =

∞∑
n=0

(Φ
s(ϵ,ξ,δ)
ξ )n

such that

(4.3) ∥(Φs(ϵ,ξ,δ)
ξ )−1(v)∥H1−ϵ(R2) ≤ ∥v∥H1−ϵ(R2)/(1− Cξ,ϵδ)

for any v ∈ H1−ϵ(R2).
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We use also Lemma 3.6. Then we have the following:

Lemma 4.2. (i) For any ε ∈ (0, 1), we set

Domϵ(›Hξ) :=
{
u ∈ H1−ϵ(R2) : lim sup

|a|→∞

1

|a|
log ∥χau∥H1−ϵ(R2) < 0,

Φξ(u) ∈ H2(R2), lim sup
|a|→∞

1

|a|
log ∥χaΦξ(u)∥H2(R2) < 0

}
.

Then we have Domϵ(›Hξ) = Dom0(›Hξ).

(ii) Dom0(›Hξ) is dense in L2(R2).

Proof. (i) For any u ∈ Domϵ(›Hξ) and ϵ′ ∈ (0, ϵ), we will show that u ∈ H1−ϵ′(R2) and that

lim sup
|a|→∞

1

|a|
log ∥χau∥H1−ϵ′ (R2) < 0.

By Lemma 4.1, we have

∥χau∥H1−ϵ′ (R2)

≤∥χaΦs(ϵ′,ξ,δ)
ξ (u)∥H1−ϵ′ (R2)

+

∞∑
n=1

δn
∑

a1,a2,...,an∈Z2

exp
(
− c1

n∑
j=1

|aj−1 − aj |2
)
∥χanΦ

s(ϵ′,ξ,δ)
ξ (u)∥L2(R2),

where a0 = a. By Lemma 3.6 and Lemma 3.3, we have

∥χa(Φξ(u)− Φ
s(ϵ′,ξ,δ)
ξ (u))∥H1−ϵ′ (R2)

≤c2(log(2 + |a|))4
∑
a′∈Z2

∥χa′u∥L2(R2) exp(−c3|a− a′|2).

For small enough m > 0, there exists c4 ∈ (0,∞) such that

∥χau∥H1−ϵ(R2), ∥χaΦξ(u)∥H2(R2) ≤ c4e
−m|a|

for any a ∈ Z2 since u ∈ Domϵ(›Hξ). Thus we have

∥χaΦs(ϵ′,ξ,δ)
ξ (u)∥H1−ϵ′ (R2) ≤ c5e

−c6|a|,
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and

∥χau∥H1−ϵ′ (R2)

≤c7
∞∑
n=0

(c8δ)
n

∑
an∈Z2

exp
(
− c9
n
|a− an|2 − c10|an|

)

≤c11
∞∑
n=0

(c12δ)
n exp(−c13|a|)

≤c14 exp(−c13|a|)

by taking δ as sufficiently small numbers. Thus we can complete the proof.

(ii) We will show that Domϵ(›Hξ) is dense in L2(R2) for arbitrarily taken ϵ ∈ (0, 1). For any R ∈ (1,∞),

u ∈ C∞
0 (ΛR) and ε ∈ (0, 1), we set uε := (Φ

s(ϵ,ξ,δ)
ξ )−1(Φ

s(ϵ,ξ,δ)
ξε

(u)). For this, we have

∥χauε∥H1−ϵ(R2)

≤
∥∥∥χaΦs(ϵ,ξ,δ)

ξε
(u))

∥∥∥
H1−ϵ(R2)

+

∞∑
n=1

(c1δ)
n

∑
an∈Z2

exp
(
− c2
n
|a− an|2

)∥∥∥χanΦs(ϵ,ξ,δ)
ξε

(u))
∥∥∥
L2(R2)

.

By the estimate (4.2) in the case of ξ = ξε, we have

∥χaΦs(ϵ,ξ,δ)
ξε

(u)∥H1−ϵ(R2) ≤ ∥χau∥H1−ϵ(R2) + δ
∑
a′∈Z2

exp(−M |a− a′|2)∥χa′u∥L2(R2).

Thus we have uε ∈ H1−ϵ(R2) and

lim sup
|a|→∞

1

|a|
log ∥χauε∥H1−ϵ(R2) < 0.

In the decomposition

Φξ(uε) = Φ
s(ϵ,ξ,δ)
ξε

(u) + (Φξ − Φ
s(ϵ,ξ,δ)
ξ )(uε),
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the each term is estimated by Lemma 3.1, Lemma 3.5 and Lemma 3.6 as follows:

∥χa∆−locP s(a
′;ϵ,ξ,δ)

χa′u (χa′ξε)∥H2(R2)

≤ c3∥χa′u∥L2(R2)∥χa′ξε∥C1(R2) exp(−c4|a− a′|2),

∥χa∆−loc
χa′′uP

s1(a
′,a′′;ϵ,ξ,δ)

χa′ξε
(χa′X

a′′

ξε )∥H2(R2)

≤c5∥χa′′u∥L2((R2)∥χa′ξε∥C−1(R2)∥χa′′ξε∥C0(R2) exp(−c6(|a− a′|2 + |a− a′′|2)),

∥χa∆−locP s2(a
′;ϵ,ξ,δ)

χa′′u (χa′Yξε)∥H2(R2)

≤c7∥χa′′u∥L2(R2)∥χa′Yξε∥C1(R2) exp(−c8(|a− a′|2 + |a− a′′|2))

∥χa∆−loc(Pχa′uε(χa′ξ)− P s(a
′;ϵ,ξ,δ)

χa′uε
(χa′ξ))∥H2(R2)

≤ c9
s(a′; ϵ, ξ, δ)(1+ϵ)/2

∥χa′uε∥L2(R2)∥χa′ξ∥C−1−ϵ(R2) exp(−c10|a− a′|2),

∥χa∆−loc(χa′′uPχa′ξ(∆
−locχa′′ξ)− χa′′uP

s1(a
′,a′′;ϵ,ξ,δ)

χa′ξ (∆−locχa′′ξ))∥H2(R2)

≤ c11
s1(a′, a′′; ϵ, ξ, δ)1+ϵ

∥χa′′uε∥L2((R2)∥χa′ξ∥C−1−ϵ(R2)∥∆−locχa′′ξ∥C3−ϵ(R2)

× exp(−c12(|a− a′|2 + |a− a′′|2)),

and

∥χa∆−loc(Pχa′′u(χa′Yξ)− P s2(a
′;ϵ,ξ,δ)

χa′′u (χa′Yξ))∥H2(R2)

≤ c13
s2(a′; ϵ, ξ, δ)1+ϵ

∥χa′′uε∥L2(R2)∥χa′Yξ∥C−ϵ(R2) exp(−c14(|a− a′|2 + |a− a′′|2)).

Thus we have Φξ(uε) ∈ H2(R2),

lim sup
|a|→∞

1

|a|
log ∥χaΦξ(uε)∥H2(R2) < 0,

and uε ∈ Domϵ(›Hξ).

Since

uε − u = (Φ
s(ϵ,ξ,δ)
ξ )−1(Φ

s(ϵ,ξ,δ)
ξε

(u)− Φ
s(ϵ,ξ,δ)
ξ (u)),
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we have

∥uε − u∥2L2(R2) ≤ c15∥Φs(ϵ,ξ,δ)
ξε

(u)− Φ
s(ϵ,ξ,δ)
ξ (u)∥2L2(R2)

≤c16
∑
a∈Z2

∥χa(Φs(ϵ,ξ,δ)
ξε

(u)− Φ
s(ϵ,ξ,δ)
ξ (u))∥2L2(R2)

≤c17
∑
a∈Z2

{ ∑
a′∈Z2

(s(a′; ϵ, ξ, δ)(1−ϵ)/2∥χa′u∥L2(R2)

× ∥χa′(ξε − ξ)∥C−1−ϵ(R2) exp(−c18|a− a′|2)

+
∑

a′,a′′∈Z2

s1(a
′, a′′; ϵ, ξ, δ)1−ϵ∥χa′′u∥L2(R2)

× (∥χa′ξ∥C−1−ϵ(R2)∥χa′′(ξε − ξ)∥C−1−ϵ(R2)

+ ∥χa′(ξ − ξε)∥C−1−ϵ(R2)∥χa′′ξ∥C−1−ϵ(R2))

× exp(−c19(|a− a′′|2 + |a′ − a′′|2)
)

+
∑
a′∈Z2

s2(a
′; ϵ, ξ, δ)1−ϵ/2∥χa′u∥L2(R2)∥χa′(Yξε − Yξ)∥C−ϵ(R2)

× exp(−c20|a− a′|2)
}2

.

We take a sequence {ε(m)}m∈N such that ε(m) → 0 and ∥χa(ξε(m) − ξ)∥C−1−ϵ(R2) → 0 and ∥χa(Yξε(m)
−

Yξ)∥C−ϵ(R2) → 0 as m→ ∞ for any a ∈ Z2 and for almost all ξ. Then we have ∥uε(m) − u∥L2(R2) → 0 as

m→ ∞ for almost all ξ. Since C∞
0 (ΛR) is dense in L2(ΛR), we can complete the proof. 2

For any R ∈ N, we set

Dom(H̃ξ
R) :=

{
u ∈

⋂
ϵ>0

H1−ϵ(R2) : Φξ,R(u) ∈ H2(R2)
}
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and, for ϕ ∈ Dom(H̃ξ
R), we set

H̃ξ
Ru

=−∆Φξ,R(u) + PξR(Φξ,R(u)) + Π(Φξ,R(u), ξR) + P
(b)
1 ((P

(b)
1 u)(P

(b)
1 ξR))

+ e∆PuξR + e∆uPξR(∆
−locξR) + e∆PuYξ,R

+ C(u, ξR, ξR) + S(u, ξR, ξR)

+ PYξ,R
u+Π(u, Yξ,R) + P

(b)
1 ((P

(b)
1 u)(P

(b)
1 Yξ,R))

+ PξR(∆
−loc

uPξR(∆
−locξR)) + Π(∆−loc

uPξR(∆
−locξR), ξR)

+ PξR(∆
−locPuYξ,R) + Π(∆−locPuYξ,R, ξR),

where

Φξ,R(u) := u−∆−locPuξR −∆−loc
uPξR(∆

−locξR)−∆−locPuYξ,R,

ξR :=
∑

a∈Z2∩ΛR

χ2
aξ,

ξε,R :=
∑

a∈Z2∩ΛR

χ2
ae
ε2∆ξ,

Yξε,R := Π(∆−locξε,R, ξε,R)− E[Π(∆−locξε,R, ξε,R)],

and Yξ,R is a random field such that

lim
ε→0

E[∥χa(Yξε,R − Yξ,R)∥pC−ϵ(R2)] = 0

for any p ∈ [1,∞), ϵ > 0 and a ∈ Z2. For these, Lemma 3.3 (ii) and Lemma 4.1 are modified as follows:

Lemma 4.3. (i) For any ϵ ∈ (0, 1) and almost all ξ, there exist Cϵ,ξ, C
′
ϵ,ξ, C

′′
ϵ,ξ, Cϵ, C

′
ϵ, C

′′
ϵ ∈ (0,∞) such

that

∥χaYξ,R∥C−ϵ(R2) ≤Cϵ,ξ log(2 + |a|) exp(−Cϵd(a,ΛR)2)

≤C ′
ϵ,ξ log(2 +R) exp(−C ′

ϵd(a,ΛR)
2)

and

∥χa(Yξ − Yξ,R)∥C−ϵ(R2) ≤ C ′′
ϵ,ξ log(2 + |a|) exp(−C ′′

ϵ d(a,Λ
c
R)

2)

for any a ∈ Z2 and R ∈ N.
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(ii) For any R ∈ N, ϵ, δ ∈ (0, 1], u ∈ L2(R2) and almost all ξ, we set

s(R; ϵ, ξ, δ) = s(ϵ, ξ)
( δ

(log(2 +R))2

)M(ϵ)

,

s1(R; ϵ, ξ, δ) = s1(ϵ, ξ)
( δ

(log(2 +R))4

)M1(ϵ)

,

s2(R; ϵ, ξ, δ) = s2(ϵ, ξ)
( δ

log(2 +R)

)M2(ϵ)

,

and

Φ
s(R,ϵ,ξ,δ)
ξ,R (u) :=∆−locP s(R,ϵ,ξ,δ)u ξR +∆−loc

uP
s1(R,ϵ,ξ,δ)
ξR

(∆−locξR)

+ ∆−locP s2(R,ϵ,ξ,δ)u Yξ,R,

where s(ϵ, ξ), s1(ϵ, ξ), s2(ϵ, ξ) ∈ (0, 1) and M(ϵ),M1(ϵ),M2(ϵ) ∈ (0,∞) are given in Lemma 4.1. Then we

have

(4.4) ∥χaΦs(R,ϵ,ξ,δ)
ξ,R (u)∥H1−ϵ(R2) ≤ δ

∑
a′∈Z2

exp(−M(|a− a′|2 + d(a′,ΛR)
2))∥χa′u∥L2(R2).

Thus, as in (4.2), we have

(4.5) ∥(Φs(R,ϵ,ξ,δ)
ξ,R )−1(v)∥H1−ϵ ≤ ∥v∥H1−ϵ/(1− Cξ,ϵδ)

for any δ ∈ (0, 1/Cξ,ϵ) and v ∈ H1−ϵ(R2), where Φ
s(R,ϵ,ξ,δ)
ξ,R (u) = u − Φ

s(R,ϵ,ξ,δ)
ξ,R (u) for any u ∈ L2(R2).

Then, as in Lemma 4.2, we have the following:

Lemma 4.4. (i) For any ε ∈ (0, 1), we set

Domϵ(H̃
ξ
R) :=

{
u ∈ H1−ϵ(R2) : Φξ,R(u) ∈ H2(R2)

}
.

Then we have Domϵ(H̃
ξ
R) = Dom(H̃ξ

R).

(ii) Dom(H̃ξ
R) is dense in L2(R2).

Moreover, as in Proposition 2.8 in [18], we can show the following:

Lemma 4.5. (i) For any ϵ ∈ (0, 1), R ∈ N, almost all ξ and any u ∈ Dom(H̃ξ
R), we have

lim
ε→0

∥u− uε∥H1−ϵ(R2) = 0

and

lim
ε→0

∥H̃ξ
Ru−fiHξε

R uε∥L2(R2) = 0,

where uε := (Φ
s(R,ϵ,ξ,δ)
ξε,R

)−1(Φ
s(R,ϵ,ξ,δ)
ξ,R (u)) ∈ Dom(

fi
Hξε
R ) with arbitrarily fixed δ ∈ (0, 1).
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(ii) For almost all ξ, any u ∈ Dom0(›Hξ) and ϵ ∈ (0, 1), we have

lim sup
R→∞

1

R
log ∥uR − u∥H1−ϵ(R2) < 0

and

lim sup
R→∞

1

R
log ∥H̃ξ

RuR −›Hξu∥L2(R2) < 0,

where, for each R ∈ N, uR := (Φ
s(R,ϵ,ξ,δ)
ξ,R )−1(Φ

s(R,ϵ,ξ,δ)
ξ (u)) ∈ Dom(H̃ξ

R) with arbitrarily fixed δ ∈ (0, 1).

By this lemma, we have the following:

Lemma 4.6. (i) (H̃ξ
Ru, v)L2(R2) = (u, H̃ξ

Rv)L2(R2) for any u, v ∈ Dom(H̃ξ
R).

(ii) (›Hξu, v)L2(R2) = (u,›Hξv)L2(R2) for any u, v ∈ Dom0(›Hξ).

On the other hand, as in Proposition 2.6 in [18], we have the following:

Lemma 4.7. For any R ∈ N, δ > 0 and almost all ξ, there exists c(ξ, δ, R) ∈ (0,∞) such that

∥Φξ,R(u)∥L2(R2) ≤ c(ξ, δ, R)∥u∥L2(R2),

(1− δ)∥∆Φξ,R(u)∥L2(R2) ≤ ∥H̃ξ
Ru∥L2(R2) + c(ξ, δ, R)∥u∥L2(R2),

and

∥H̃ξ
Ru∥L2(R2) ≤ (1 + δ)∥∆Φξ,R(u)∥L2(R2) + c(ξ, δ, R)∥u∥L2(R2)

for any u ∈ Dom(H̃ξ
R).

Then, as in Proposition 2.7 in [18], we have the following:

Lemma 4.8. The operator H̃ξ
R with the domain Dom(H̃ξ

R) is a closed operator on L2(R2).

Moreover, as in Proposition 2.9 in [18], we have the following:

Lemma 4.9. For any R ∈ N, s ∈ (0, 1], and almost all ξ, there exists k(ξ, s, R) ∈ (0,∞) such that

(4.6) s∥∇Φξ,R(u)∥2L2(R2) ≤ (u, (H̃ξ
R + k(ξ, s, R))u)L2(R2)

for any u ∈ Dom(H̃ξ
R).

Now we can show the following:

Lemma 4.10. The operator H̃ξ
R with the domain Dom(H̃ξ

R) is self-adjoint on L2(R2).
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Proof. By Lemma 4.9, (φ,φ′)(1/2) := (φ, (H̃ξ
R + k(ξ, s, R) + 1)φ′)L2(R2) for any φ,φ′ ∈ Dom(H̃ξ

R) is an

inner product of Dom(H̃ξ
R). We take {φn}n ⊂ Dom(H̃ξ

R) so that this is a complete orthonormal basis

of the completion Dom(H̃ξ
R)

∥·∥(1/2)

of Dom(H̃ξ
R) with respect to this inner product. For any 0 ̸= ψ ∈

Dom(H̃ξ
R), since

ψ =
∑
n

(ψ,φn)(1/2)φn

converges in Dom(H̃ξ
R)

∥·∥(1/2)

, this converges also in L2(R2) and it holds that

0 ̸= ∥ψ∥2L2(R2) = lim
N→∞

(
ψ,

N∑
n=1

(ψ,φn)(1/2)φn

)
L2(R2)

= lim
N→∞

(
ψ,

N∑
n=1

(ψ,φn)L2(H̃ξ
R + k(ξ, s, R) + 1)φn

)
L2(R2)

.

Thus we have ψ ̸∈ (Ran(H̃ξ
R + k(ξ, s, R) + 1))⊥. By considering the contraposition, we have (Ran(H̃ξ

R +

k(ξ, s, R) + 1))⊥ ∩Dom(H̃ξ
R)

∥·∥(1/2)

= {0} and Dom(H̃ξ
R)

∥·∥(1/2)

⊂ Ran(H̃ξ
R + k(ξ, s, R) + 1). Since H̃ξ

R is

densely defined and closed by Lemma 4.2 and Lemma 4.8, we have Ran(H̃ξ
R+k(ξ, s, R)+1) = L2(R2). 2

We prepare the following Combes-Thomas type estimate (cf. [5]):

Lemma 4.11. For almost all ξ, there exist Cξ, C
′
ξ ∈ (0,∞) and m ∈ N such that

(4.7) ∥χΛ1(a)(H̃
ξ
R + i)−1χΛ1(b)∥L2(R2)→L2(R2) ≤ Cξ exp

(
−

C ′
ξ|a− b|

(log(2 +R))m

)
,

for any a, b ∈ R2 and R ∈ N, where ∥ · ∥L2(R2)→L2(R2) is the operator norm on L2(R2), and χΛ1(a) is the

operators of multiplying the characteristic function of the square Λ1(a).

Proof. For any v ∈ R2, since

e−v·x(H̃ξ
R + i)−1ev·x

=(H̃ξ
R − |v|2 + i)−1/2(1− (H̃ξ

R − |v|2 + i)−1/22v · ∇(H̃ξ
R − |v|2 + i)−1/2)−1(H̃ξ

R − |v|2 + i)−1/2,

we have

∥e−v·x(H̃ξ
R + i)−1ev·x∥L2(R2)→L2(R2) ≤

∞∑
n=0

∥(H̃ξ
R − |v|2 + i)−1/22v · ∇(H̃ξ

R − |v|2 + i)−1/2∥nL2(R2)→L2(R2).

By Lemma 4.12 below, we have

∥e−v·x(H̃ξ
R + i)−1ev·x∥L2(R2)→L2(R2) ≤ 2
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if |v| ≤ 1 and

|v| ≤ 1/(8Cξ(log(2 +R))m).

With this v, we have

∥χΛ1(a)(H̃
ξ
R + i)−1χΛ1(b)∥L2(R2)→L2(R2) ≤ 2 sup

a′∈Λ1(a),b∈Λ1(b)

exp(v · (a′ − b′)).

By taking v appropriately, we obtain (4.7). 2

Lemma 4.12. For almost all ξ, there exist Cξ ∈ (0,∞) and m ∈ N such that

∥(H̃ξ
R − |v|2 + i)−1/2v · ∇(H̃ξ

R − |v|2 + i)−1/2∥L2(R2)→L2(R2) ≤ Cξ(log(2 +R))m|v|(1 + |v|)2

for any v ∈ R2 and R ∈ N.

Proof. We write as

∥(H̃ξ
R − |v|2 + i)−1/2v · ∇(H̃ξ

R − |v|2 + i)−1/2∥L2(R2)→L2(R2)

= sup
∥φ∥L2(R2)=∥ψ∥L2(R2)=1

|(φ̃, v · ∇ψ̃)L2(R2)|,

where φ̃ := (H̃ξ
R − |v|2 − i)−1/2φ and ψ̃ := (H̃ξ

R − |v|2 + i)−1/2ψ. By

n−1∑
ℓ=0

(−∆)ℓ

Γ(ℓ+ 1)
e∆ +

∫ 1

0

dt

t
(−t∆)net∆/Γ(n) = 1,

we have

|(φ̃, v · ∇ψ̃)L2(R2)| ≤ c1|v|∥φ̃∥L2(R2)∥ψ̃∥L2(R2) +
∣∣∣( ∫ 1

0

dt

t

(−t∆)n

Γ(n)
et∆φ̃, v · ∇

∫ 1

0

ds

s

(−s∆)n

Γ(n)
es∆ψ̃

)
L2(R2)

∣∣∣.
For the second term, we rewrite as(∫ 1

0

dt

t
(−t∆)net∆φ̃, v · ∇

∫ 1

0

ds

s
(−s∆)nes∆ψ̃

)
L2(R2)

=

∫ 1

0

dt

t3/2

∫ t

0

ds

s

(√
tv · ∇(−t∆)net∆φ̃, (−s∆)nes∆ψ̃

)
L2(R2)

+

∫ 1

0

ds

s3/2

∫ s

0

dt

t

(
(−t∆)net∆φ̃,

√
sv · ∇(−s∆)nes∆ψ̃

)
L2(R2)

.

Then we obtain

|(φ̃, v · ∇ψ̃)L2(R2)| ≤ c2|v|∥φ̃∥H(1+ϵ)/2(R2)∥ψ̃∥H(1+ϵ)/2(R2)

and

∥(H̃ξ
R − |v|2 + i)−1/2v · ∇(H̃ξ

R − |v|2 + i)−1/2∥L2(R2)→L2(R2) ≤ c3|v| sup
∥φ∥L2(R2)=1

∥φ̃∥2H(1+ϵ)/2(R2).
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By (4.5), we have

∥φ̃∥H(1+ϵ)/2(R2) ≤ c4∥Φs(R,ϵ,ξ,δ)
ξ,R (φ̃)∥H(1+ϵ)/2(R2)

≤ c5(∥Φs(R,ϵ,ξ,δ)
ξ,R (φ̃)∥L2(R2) + ∥∇Φ

s(R,ϵ,ξ,δ)
ξ,R (φ̃)∥L2(R2)).

By (4.4), we have

∥Φs(R,ϵ,ξ,δ)
ξ,R (φ̃)∥L2(R2) ≤ c6∥φ̃∥L2(R2).

By Lemma 3.3, Lemma 3.6 and Lemma 4.3, there exists m0 ∈ N and c7 ∈ (0,∞) such that

∥∇(Φξ,R(φ̃)− Φ
s(R,ϵ,ξ,δ)
ξ,R (φ̃))∥L2(R2) ≤ ∥Φξ,R(φ̃)− Φ

s(R,ϵ,ξ,δ)
ξ,R (φ̃)∥H1(R2) ≤ c7(log(2 +R))m0∥φ̃∥L2(R2).

By Lemma 4.9, we have

∥∇Φξ,R(φ̃)∥L2(R2) ≤ c8(1 + |v|)∥φ∥L2(R2).

Then we can complete the proof. 2

Then we can prove the theorem:

Proof of Theorem 1. For any f ∈ Ran(›Hξ + i)⊥, we consider

(4.8) ∥f∥2L2(R2) = lim
R→∞

(f,›χRf)L2(R2),

where›χR is a [0, 1]-valued smooth function on R2 such that›χR = 0 on R2 \ΛR and›χR = 1 on ΛR−1. For

any L ∈ N, we set φR,L := (
‡
Hξ
R+L + i)−1›χRf ∈ Dom(

‡
Hξ
R+L) and fiφR,L := (Φ

s(ϵ,ξ,δ)
ξ )−1(Φ

s(ϵ,ξ,δ)
ξ,R+L (φR,L))

with arbitrarily fixed ϵ ∈ (0, 1) and δ ∈ (0, 1/Cϵ), where Cϵ is the constant given in (4.2). We will show

that fiφR,L ∈ Dom0(›Hξ). By Lemma 4.11, we have

(4.9) ∥χaφR,L∥L2(R2) ≤ c1(log(2 +R+ L))c2 exp
( −c3d(a,ΛR)
(log(2 +R+ L))c4

)
∥›χRf∥L2(R2).

From this inequality, the methods as in the proof of Lemma 4.2 are enough to obtain only the exponential

decay in a of ∥χafiφR,L∥H1−ϵ(R2) and ∥χaΦξ(fiφR,L)∥H2(R2) for each fixed L. However our proof of the self-

adjointness uses the decay in L of {∥χafiφR,L∥H1−ϵ(R2) : a ∈ Z2 \ ΛR+L} and {∥χaΦξ(fiφR,L)∥H2(R2) : a ∈
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Z2 \ ΛR+L}. For this purpose, we here give sharper estimates. We start with

∥χaΦξ,R+L(φR,L))∥H1+ϵ(R2)

≤c5
( 1

t(1+ϵ)/2

∑
a1∈Z2∩Λ4(a)

∥χa1Φξ,R+L(φR,L))∥L2(R2)

+ t(1−ϵ)/2
∑

a1∈Z2∩Λ2(a)

∥χa1∆Φξ,R+L(φR,L))∥L2(R2)

)
for any t ∈ (0,∞). By Lemma 3.2, Lemma 3.3 and Lemma 3.4, we have

∥χa1(∆Φξ,R+L(φR,L) +
‡
Hξ
R+LφR,L)∥L2(R2)

≤c6
∑
a2∈Z2

{(log(2 + |a2|))2∥χa2Φξ,R+L(φR,L)∥H1+ϵ(R2)

+ (log(2 + |a2|))4∥χa2φR,L∥Hϵ(R2)

+ (log(2 + |a2|))6∥χa2φR,L∥L2(R2)} exp(−c7(|a1 − a2|2 + d(a2,ΛR+L)
2))

)
(4.10)

and

∥χa2Φξ,R+L(φR,L)∥Hϵ(R2)

≤c8
∑
a3∈Z2

(log(2 + |a3|))4∥χa3φR,L∥L2(R2) exp(−c9(|a2 − a3|2 + d(a3,ΛR+L)
2)).

By

φR,L = Φξ,R+L(φR,L)− Φξ,R+L(φR,L)

and ‡
Hξ
R+LφR,L =›χRf − iφR,L,

we have

∥χa2φR,L∥Hϵ(R2)

≤∥χa2Φξ,R+L(φR,L)∥H1+ϵ(R2)

+ c10
∑
a3∈Z2

(log(2 + |a3|))4∥χa3φR,L∥L2(R2) exp(−c11(|a2 − a3|2 + d(a3,ΛR+L)
2)).

(4.11)
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and

∥χa1∆Φξ,R+L(φR,L)∥L2(R2)

≤∥χa1›χRf∥L2(R2)

+ c12
∑
a2∈Z2

((log(2 + |a2|))4∥χa2Φξ,R+L(φR,L)∥H1+ϵ(R2)

+ (log(2 + |a2|))8∥χa2φR,L∥L2(R2)) exp(−c13(|a1 − a2|2 + d(a2,ΛR+L)
2)).

(4.12)

Thus, from (4.9), we obtain

∥χaΦξ,R+L(φR,L))∥H1+ϵ(R2)

≤c14
(log(2 +R+ L))c15

t(1+ϵ)/2
exp

( −c16d(a,ΛR)
(log(2 +R+ L))c17

)
+ c18t

(1−ϵ)/2(log(2 +R+ L))c19

×
∑
a1∈Z2

∥χa1Φξ,R+L(φR,L))∥H1+ϵ(R2) exp(−c20(|a− a1|2 + d(a1,ΛR+L)
2)).

(4.13)

By iterating the estimates, we have

∥χaΦξ,R+L(φR,L))∥H1+ϵ(R2)

≤c14
(log(2 +R+ L))c15

t(1+ϵ)/2
exp

(
− c16d(aj ,ΛR)

(log(2 +R+ L))c17

)
+

n−1∑
j=1

c14
(log(2 +R+ L))c15

t(1+ϵ)/2
(c18t

(1−ϵ)/2(log(2 +R+ L))c19)j

×
∑

a1,...,aj∈Z2

exp
(
− c20

j∑
k=1

(|ak−1 − ak|2 + d(ak,ΛR+L)
2)− c16d(aj ,ΛR)

(log(2 +R+ L))c17

)
+ (c18t

(1−ϵ)/2(log(2 +R+ L))c19)n

×
∑

a1,...,an∈Z2

∥χanΦξ,R+L(φR,L))∥H1+ϵ(R2) exp
(
− c20

n−1∑
k=0

(|ak − ak+1|2 + d(ak+1,ΛR+L)
2)
)

≤ (log(2 +R+ L))c15

t(1+ϵ)/2
exp

(
− c16d(a,ΛR)

(log(2 +R+ L))c17

) n−1∑
j=0

c14(c21t
(1−ϵ)/2(log(2 +R+ L))c19)j

+ (c21t
(1−ϵ)/2(log(2 +R+ L))c19)nc22∥Φξ,R+L(φR,L))∥H1+ϵ(R2)

for any n ∈ N, where a0 = a. For any δ̂ ∈ (0, 1), we take t as

t = δ̂2/(1−ϵ)(c21(log(2 +R+ L))c19)−2/(1−ϵ).
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Then, by taking the limit n→ ∞, we obtain

(4.14) ∥χaΦξ,R+L(φR,L))∥H1+ϵ(R2) ≤ c23(log(2 +R+ L))c24 exp
( −c25d(a,ΛR)
(log(2 +R+ L))c26

)
,

where the constants cj depend on δ̂. Thus, from (4.10), (4.11) and (4.12), we have

∥χaφR,L∥Hϵ(R2) ≤ c27(log(2 +R+ L))c28 exp
( −c29d(a,ΛR)
(log(2 +R+ L))c26

)
,

∥χa∆Φξ,R+L(φR,L)∥L2(R2) ≤ c30(log(2 +R+ L))c31 exp
( −c32d(a,ΛR)
(log(2 +R+ L))c26

)
,

and

∥χa(∆Φξ,R+L(φR,L) +
‡
Hξ
R+LφR,L)∥L2(R2)

≤c31(log(2 +R+ L))c32 exp
( −c33d(a,ΛR)
(log(2 +R+ L))c34

)
.

By using also the estimates

∥χaΦξ,R+L(φR,L)∥L2(R2) ≤ c35(log(2 +R+ L))c36 exp
( −c37d(a,ΛR)
(log(2 +R+ L))c38

)
∥›χRf∥L2(R2).

and

∥χa
‡
Hξ
R+LφR,L∥L2(R2) ≤ c39(log(2 +R+ L))c40 exp

( −c41d(a,ΛR)
(log(2 +R+ L))c42

)
∥›χRf∥L2(R2).

obtained by Lemma 3.2 and (4.9), we obtain

(4.15) ∥χaΦξ,R+L(φR,L)∥H2(R2) ≤ c43(log(2 +R+ L))c44 exp
( −c45d(a,ΛR)
(log(2 +R+ L))c46

)
.

By Lemma 3.3 and Lemma 3.6, we have

∥χa(Φξ,R+L(φR,L)− Φ
s(ϵ,ξ,δ)
ξ,R+L (φR,L))∥H2(R2) ≤ c47(log(2 +R+ L))c48 exp

( −c49d(a,ΛR)
(log(2 +R+ L))c50

)
and

∥χaΦs(ϵ,ξ,δ)
ξ,R+L (φR,L)∥H2(R2) ≤ c51(log(2 +R+ L))c52 exp

( −c53d(a,ΛR)
(log(2 +R+ L))c54

)
.

As in the proof of Lemma 4.2 (i), we have

∥χafiφR,L∥H1−ϵ(R2)

≤∥χaΦs(ϵ,ξ,δ)
ξ,R+L (φR,L)∥H1−ϵ(R2)

+

∞∑
n=1

δn
∑

a1,a2,...,an∈Z2

exp
(
− c55

n∑
j=1

|aj−1 − aj |2
)
∥χanΦ

s(ϵ,ξ,δ)
ξ,R+L (φR,L)∥L2(R2)

≤c56(log(2 +R+ L))c57 exp
( −c58d(a,ΛR)
(log(2 +R+ L))c59

)
(4.16)
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for small enough δ > 0, where a0 = a. By Lemma 3.3 and Lemma 3.6, we have

∥χa(Φξ(fiφR,L)− Φ
s(ϵ,ξ,δ)
ξ (fiφR,L))∥H2(R2) ≤ c60(log(2 +R+ L))c61 exp

( −c62d(a,ΛR)
(log(2 +R+ L))c63

)
and

(4.17) ∥χaΦξ(fiφR,L)∥H2(R2) ≤ c64(log(2 +R+ L))c65 exp
( −c66d(a,ΛR)
(log(2 +R+ L))c67

)
.

Thus we obtain fiφR,L ∈ Dom0(›Hξ) and sufficiently sharp estimates of ∥χafiφR,L∥H1−ϵ(R2) and ∥χaΦξ(fiφR,L)∥H2(R2)

for our proof of the self-adjointness.

Since (›Hξ + i)fiφR,L ∈ Ran(›Hξ + i), we have

(4.18) ∥f∥2L2(R2) = lim
R→∞

(f, (
‡
Hξ
R+L + i)φR,L − (›Hξ + i)fiφR,L)L2(R2).

As in the proof of Lemma 4.2 we have

∥χa(Φs(ϵ,ξ,δ)
ξ (φR,L)− Φ

s(ϵ,ξ,δ)
ξ,R+L (φR,L)∥H1−ϵ(R2)

≤c68(log(2 +R+ L))c69 exp
(
− c70

(
d(a,ΛcR+L)

2 +
d(a,ΛR)

(log(2 +R+ L))c71

))
,

and

(4.19) ∥χa(φR,L − fiφR,L)∥H1−ϵ(R2) ≤ c72(log(2 +R+ L))c73 exp
(
− c74

L+ d(a,ΛR)

(log(2 +R+ L))c75

)
.

We next consider

∥‡Hξ
R+LφR,L −›HξfiφR,L∥L2(R2) ≤

16∑
j=1

Ij ,

32



where

I1 =∥∆Φξ,R+L(φR,L)−∆Φξ(fiφR,L)∥L2(R2),

I2 =∥PξR+L
Φξ,R+L(φR,L)− PξΦξ(fiφR,L)∥L2(R2),

I3 =∥Π(Φξ,R+L(φR,L), ξR,L)−Π(Φξ(fiφR,L), ξ)∥L2(R2),

I4 =∥P (b)
1 ((P

(b)
1 φR,L)(P

(b)
1 ξR+L))− P

(b)
1 ((P

(b)
1 fiφR,L)(P (b)

1 ξ))∥L2(R2),

I5 =∥e∆PφR,L
ξR+L − e∆P‡φR,L

ξ∥L2(R2),

I6 =∥e∆φR,L
PξR+L

(∆−locξR+L)− e∆‡φR,L
Pξ(∆

−locξ)∥L2(R2),

I7 =∥e∆PφR,L
Yξ,R+L − e∆P‡φR,L

Yξ∥L2(R2),

I8 =∥C(φR,L, ξR+L, ξR+L)− C(fiφR,L, ξ, ξ)∥L2(R2),

I9 =∥S(φR,L, ξR+L, ξR+L)− S(fiφR,L, ξ, ξ)∥L2(R2),

I10 =∥Pχe
a′Yξ,R+L

φR,L − PYξ
fiφR,L∥L2(R2),

I11 =∥Π(φR,L, Yξ,R+L)−Π(fiφR,L, Yξ)∥L2(R2),

I12 =∥P (b)
1 ((P

(b)
1 φR,L)(P

(b)
1 Yξ,R+L))− P

(b)
1 ((P

(b)
1 fiφR,L)(P (b)

1 Yξ))∥L2(R2),

I13 =∥PξR+L
(∆−loc

φR,L
PξR+L

(∆−locξR+L))− Pξ(∆
−loc‡φR,L

Pξ(∆
−locξ))∥L2(R2),

I14 =∥Π(∆−loc
φR,L

PξR+L
(∆−locξR+L), ξR+L)−Π(∆−loc‡φR,L

Pξ(∆
−locξ), ξ)∥L2(R2),

I15 =∥PξR+L
(∆−locPφR,L

Yξ,R+L)− Pξ(∆
−locP‡φR,L

Yξ)∥L2(R2),

and

I16 = ∥Π(∆−locPχa′′φR,L
Yξ,R+L, ξR+L)−Π(∆−locPχa′′‡φR,L

Yξ, ξ)∥L2(R2).

Since

Φ
s(ϵ,ξ,δ)
ξ,R+L (φR,L) = Φ

s(ϵ,ξ,δ)
ξ (fiφR,L),

we have

I1 ≤ c76

6∑
j=1

I1,j ,
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where

I1,1 =
∥∥∥ ∑
a∈Z2∩ΛR+L

(PφR,L−‡φR,L
(χ2
aξ)− P

s(a;ϵ,ξ,δ)

φR,L−‡φR,L
(χ2
aξ))

∥∥∥
L2(R2)

,

I1,2 =
∥∥∥ ∑
a∈Z2\ΛR+L

(P‡φR,L
(χ2
aξ)− P

s(a;ϵ,ξ,δ)‡φR,L
(χ2
aξ))

∥∥∥
L2(R2)

,

I1,3 =
∥∥∥ ∑
a,a′∈Z2∩ΛR+L

(φR,L−‡φR,L
Pχaξ(∆

−locχ2
a′ξ)− φR,L−‡φR,L

P
s1(a,a

′;ϵ,ξ,δ)
χaξ

(∆−locχ2
a′ξ))

∥∥∥
L2(R2)

,

I1,4 =
∥∥∥ ∑

(a,a′)∈Z2×Z2\ΛR+L×ΛR+L

(‡φR,L
Pχ2

aξ
(∆−locχ2

a′ξ)−‡φR,L
P
s(a,a′;ϵ,ξ,δ)
χ2
aξ

(∆−locχ2
a′ξ))

∥∥∥
L2(R2)

,

I1,5 =
∥∥∥ ∑
a∈Z2

(PφR,L−‡φR,L
(χ2
aYξ,R+L)− P

s2(a;ϵ,ξ,δ)

φR,L−‡φR,L
(χ2
aYξ,R+L))

∥∥∥
L2(R2)

,

and

I1,6 =
∥∥∥ ∑
a∈Z2

(P‡φR,L
(χ2
a(Yξ,R+L − Yξ)− P

s2(a;ϵ,ξ,δ)‡φR,L
(χ2
a(Yξ,R+L − Yξ))

∥∥∥
L2(R2)

.

To estimate the each term, we apply Lemma 3.6, Lemma 3.3 and Lemma 4.1. For I1,1, I1,3 and I1,5, we

apply (4.19), and, for I1,2, I1,4 and I1,6, we apply (4.16). Then we have

I1 ≤ c76(R+ log(2 +R+ L))c77 exp
( −c78L
(log(2 +R+ L))c79

)
,

which converges to 0 as L→ ∞. Similar methods show that {Ij}2≤j≤16 also converges to 0 as L→ ∞ by

Lemma 3.2, Lemma 3.3, Lemma 3.4, Lemma 3.6, Lemma 4.1, (4.19), (4.16), and (4.17). Thus the right

hand side of (4.8) is zero, and we obtain Ran(›Hξ + i)⊥ = {0} (cf.[20]). 2

In [18], the obtained operator is shown to be the limit of the smooth approximation in the norm

resolvent sense, and many results on the spectrum are obtained from this fact (cf. Proposition 2.14 in

[18]). In our case we obtain only the following results on the convergence in the strong resolvent sense:

Proposition 4.1. (i) The closure fiHξε of the operator fiHξε with the domain C∞
0 (R2) converges to the

closure ›Hξ of the operator ›Hξ with the domain Dom0(›Hξ) in the strong resolvent sense as ε→ 0.

(ii) The self-adjoint oeprator H̃ξ
R in Lemma 4.10 converges to the closure ›Hξ of the operator ›Hξ with

the domain Dom0(›Hξ) in the strong resolvent sense as R→ ∞.

Proof. (i) For any v ∈ L2(R2), we set u := (›Hξ + i)−1v. Then, for any η, ϵ > 0, there exists u0 ∈

Domϵ(›Hξ) such that

∥u− u0∥L2(R2), ∥›Hξu−›Hξu0∥L2(R2) < η.
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As in Lemma 4.5, we set uε := (Φ
s(ϵ,ξ,δ)
ξε

)−1(Φ
s(ϵ,ξ,δ)
ξ (u0)). Then we have

lim
ε→0

∥u0 − uε∥H1−ϵ(R2) = 0

and

lim
ε→0

∥›Hξu0 −fiHξεuε∥L2(R2) = 0.

Thus we have

∥(fiHξε + i)−1v − (›Hξ + i)−1v∥L2(R2)

≤∥(fiHξε + i)−1(›Hξ + i)(u− u0)∥L2(R2) + ∥(fiHξε + i)−1(›Hξ + i)u0 − uε∥L2(R2)

+ ∥uε − u0∥L2(R2) + ∥u0 − u∥L2(R2).

This is less than 3η for sufficiently small ε.

(ii) In the proof of (i), we replace uε by uR := (Φ
s(ϵ,ξ,δ)
ξ,R )−1(Φ

s(ϵ,ξ,δ)
ξ (u0)). Then the rest of the proof

is same with that of (i).

2

5. Proof of Theorem 2

In this section we prove Theorem 2: we show that the spectral set of ›Hξ is R.

On the 2-dimensional flat torus T2
L := R2/(LZ)2 with any L ∈ N, we take an orthonormal basis

{φLn}n∈Z2 of L2(T2
L) defined by

φL(n1,n2)
(x1, x2) = ϕLn1

(x1)ϕ
L
n2
(x2)

and

ϕLn1
(x1) =



√
2/L cos(2πn1x1/L) for 0 < n1 ∈ Z,√
1/L for n1 = 0,√
2/L sin(2πn1x1/L) for 0 > n1 ∈ Z.

Then any white noise ξL on T2
L is represented as

ξL(x) =
∑
n∈Z2

Xn(ξ
L)φLn(x)

in the Besov Hölder space C−1−ϵ(T2
L) on T2

L for any ϵ > 0, where {Xn(ξ
L)}n∈Z2 is a system of indepen-

dently identically distributed random variables having the standard normal distribution. Let›χL and›χLc
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be [0, 1]-valued smooth function on R2 such that›χL = 0 on R2\ΛL,›χL = 1 on ΛL−1 and›χL2
+(›χLc)2 = 1

on R2.

We represent the white noise as

(5.1) ξ =›χLξL +›χLcξL,c,
where ξL and ξL,c are white noises on T2

L and R2, respectively, such that ξL and ξL,c are independent as

random fields. For any N ∈ N, we decompose ξL as

(5.2) ξL = ξLN≥ + ξLN<,

where

ξLN≥(x) =
∑

n∈Z2∩ΛN

Xn(ξ
L)φLn(x)

and

ξLN<(x) =
∑

n∈Z2\ΛN

Xn(ξ
L)φLn(x).

For the random field fiξLN< :=›χLξLN< +›χLcξL,c, we set (fiξLN<)ε = eε
2∆fiξLN<,

Yξ,ε,L,N< := Π(∆−loc(fiξLN<)ε, (fiξLN<)ε)− E[Π(∆−loc(fiξLN<)ε, χa(fiξLN<)ε)]),
and Yξ,L,N< is a random variable such that

lim
ε→0

E[∥χa(Yξ,ε,L,N< − Yξ,L,N<∥pC−ϵ(R2)] = 0

for any p ∈ [1,∞), ϵ > 0 and a ∈ Z2. We note the relation

Yξ,L,N< = Y›ξL −Π(∆−locfiξLN<,›χLξLN≥)−Π(∆−loc›χLξLN≥,
fiξLN<)

−Π(∆−loc›χLξLN≥,›χLξLN≥) +
∑

n∈Z2∩ΛN

Π(∆−loc›χLφLn,›χLφLn).
We modify the operator as follows:

Domϵ(‚�Hξ,L,N<) :=
{
u ∈ H1−ϵ(R2) : lim sup

|a|→∞

1

|a|
log ∥χau∥H1−ϵ(R2) < 0,

Φξ,L,N<(u) ∈ H2(R2), lim sup
|a|→∞

1

|a|
log ∥χaΦξ,L,N<(u)∥H2(R2) < 0

}
,

Φξ,L,N<(u) :=u−∆−locPu
fiξLN< −∆−loc

uPflξLN<

(∆−locfiξLN<)−∆−locPuYξ,L,N<
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and ‚�Hξ,L,N<u

=−∆Φξ,L,N<(u) + PflξLN<

Φξ,L,N<(u) + Π(Φξ,L,N<(u),
fiξLN<)

+ P
(b)
1 ((P

(b)
1 u)(P

(b)
1
fiξLN<))

+ e∆Pu
fiξLN< + e∆uPflξLN<

(∆−locfiξLN<) + e∆PuYξ,L,N<

+ C(u,fiξLN<,fiξLN<) + S(u,fiξLN<,fiξLN<)
+ PYξ,L,N<

u+Π(u, Yξ,L,N<) + P
(b)
1 ((P

(b)
1 u)(P

(b)
1 Yξ,L,N<))

+ PflξLN<

(∆−loc
uPflξLN<

(∆−locfiξLN<))
+ Π(∆−loc

uPflξLN<

(∆−locfiξLN<),fiξLN<)
+ PflξLN<

(∆−locPuYξ,L,N<) + Π(∆−locPuYξ,L,N<,
fiξLN<),

Then we have the following:

Lemma 5.1. For any L and N ∈ N, we have

Domϵ(›Hξ) = Domϵ(‚�Hξ,L,N<)

and ›Hξu = (‚�Hξ,L,N< +›χLξLN≥ − Y L,N≥)u

for any u ∈ Domϵ(›Hξ), where

Y L,N≥ :=
∑

n∈Z2∩ΛN

Π(∆−loc›χLφLn,›χLφLn).
The term Y L,N≥ may diverge as N → ∞. However we have the following bound:

Lemma 5.2. For any η ∈ (0, 1), there exists cη ∈ [0,∞) such that

sup
x∈R2

|Y L,N≥(x)| ≤ cη(N/L)
η

for any L and N ∈ N.
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Proof. By the L∞-version of Lemma 3.2 (iii), we have

sup
Λ2(a′)

|Π(χa∆−locχa′›χLφLn, χa›χLφLn)|
≤c1∥χa∆−locχa′›χLφLn∥C1+η(R2)∥χa›χLφLn∥C−1+η(R2) exp(−c2|a− a′|2)

≤c3∥χa′›χLφLn∥C−1+η(R2)∥χa›χLφLn∥C−1+η(R2) exp(−c2|a− a′|2)

and

∥χa›χLφLn∥C−1+η(R2) ≤ c4L
−2η|n|−1+2η,

from which we obtain the bound. 2

For any N,R,L ∈ N satisfying R+2 ≤ L, the lowest eigenvalue λ(L,N,R) of the operator −∆−Y L,N≥

on the domain ΛR with the Dirichlet boundary condition is estimated by this lemma as

(5.3) |λ(L,N,R)| ≤ c′η

(
1 ∨ N

L

)η
.

For any ε ∈ (0, 1), we take a function φε,R ∈ C∞(R2) such that suppφε,R ⊂ ΛR, ∥φε,R∥L2(R) = 1 and

(5.4) ∥((−∆− Y L,N≥)− λ(L,N,R))φε,R∥L2(R2) < ε.

Then this function also has the estimate

(5.5) ∥φε,R∥H2(R2) ≤ c′′η

(
1 ∨ N

L

)η
.

We use the euality

(5.6) (−∆− Y L,N≥)− λ(L,N,R) = (−∆+ r(λ,L,N,R)φL0 − Y L,N≥)− λ

for any λ ∈ R, where

r(λ,L,N,R) := L(λ− λ(L,N,R)).

We fix R arbitrarily.

For any ε, ϵ ∈ (0, 1), λ ∈ R and N,R,L ∈ N satisfying R+ 2 ≤ L, we define the event E(ε, ϵ, λ, L) by{
ξ : In the representation of (5.1) and (5.2) with N = L10, it holds that

|X0(ξ
L)− r(λ,L,N,R)|, |Xn(ξ

L)| ≤ ε/N2 for any n ∈ Z2 ∩ ΛN \ {0}, and

∥χafiξLN<∥C−1−ϵ(R2) ∨ ∥χaYξ,L,N<∥C−ϵ(R2) ≤ 1ΛL/2
(a)L−ϵ + 1Λc

L/2
(a)|a|ϵ

for any a ∈ Z2.
}
.

The positivity of this event is proven as in the proof of Lemma 3.3:
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Lemma 5.3. For any ε, ϵ ∈ (0, 1), λ ∈ R, and R ∈ N, there exists L0 ∈ N such that P(E(ε, ϵ, λ, L)) > 0

for any L0 ≤ L ∈ N.

Proof. We devide the probability as follows:

P(E(ε, ϵ, λ, L)) ≥ I0

(
1−

∑
a∈Z2

Ia −
∑
a∈Z2

Ja

)
,

where

I0 =P(|X0(ξ
L)− r(λ,L,N,R)| ≤ ε/N2)

∏
n∈Z2∩ΛN\{0}

P(|Xn(ξ
L)| ≤ ε/N2),

Ia =P(∥χafiξLN<∥C−1−ϵ(R2) ≥ 1ΛL/2
(a)L−ϵ + 1Λc

L/2
(a)|a|ϵ)

and

Ja =P(∥χaYξ,L,N<∥C−ϵ(R2) ≥ (1ΛL/2
(a)L−ϵ + 1Λc

L/2
(a)|a|ϵ)).

I0 is positive for any ε > 0 and N ∈ N. By taking p = 4/ϵ and ϵ0 = ϵ/2, we have

∑
a∈Z2

Ia ≤ c1

( ∑
a∈Z2∩ΛL/2

E[∥χaξLN<∥
p

B−1−ϵ0
p,p (R2)

]L4 +
∑

a∈Z2\ΛL/2

E[∥χafiξLN<∥pB−1−ϵ0
p,p (R2)

]|a|−4
)
.

As in Lemma 3.3, we have

sup
a∈Z2,L∈N

E[∥χafiξLN<∥pB−1−ϵ0
p,p (R2)

] <∞.
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Moreover, for any Q ∈ StGCr(R2) with r ∈ N, we have

E[∥t(1+ϵ0)/2Qt›χLχaξLN<∥pLp(R2×[0,1]:dxdt/t)]

≤c2
∫ 1

0

dt

t

∫
R2

dx
{
t1+ϵ0

∑
n∈Z2\ΛN ,ι∈{1,2}

((Qt›χLχa
× ∂ι(−∆T2

L
)−(1−ϵ0)/2φLn)(x))

2
( L

|n|

)ϵ0}p/2
≤c3

∫ 1

0

dt

t

∫
R2

dx
{
tϵ0

∑
n∈Z2\ΛN ,ι∈{1,2}

(∫ 1

0

dr

r(1+ϵ0)/2

× (
√
t∂ιQt›χLχa exp(r∆T2

L
)φLn)(x)

)2( L

|n|

)ϵ0}p/2
+ c3

∫ 1

0

dt

t

∫
R2

dx
{
t1+ϵ0

∑
n∈Z2\ΛN ,ι∈{1,2}

(∫ 1

0

dr

r(1+ϵ0)/2

× (QtflχL,a,ι exp(r∆T2
L
)φLn)(x)

)2( L

|n|

)ϵ0}p/2
+ c3

∫ 1

0

dt

t

∫
R2

dx
{
tϵ0

∑
n∈Z2\ΛN ,ι∈{1,2}

((Qt›χLχa∂ιφLn)(x))2
×
(∫ ∞

1

dr

r(1+ϵ0)/2
exp

(−c4rN2

L2

))2( L

|n|

)ϵ0}p/2
,

(5.7)

where, for each L, a, ι, flχL,a,ι is a smooth function with a support in Λ2(a) ∩ ΛL. The first term in the

right hand side is dominated by( L
N

)2
∫ 1

0

dt

t

∫
R2

dx
{
tϵ0

∑
ι∈{1,2}

∫ 1

0

dr1

r
(1+ϵ0)/2
1

∫ 1

0

dr2

r
(1+ϵ0)/2
2

× ((
√
t∂ιQt)›χLχa exp(−(r1 + r2)∆T2

L
)χa›χL(√t∂ιQt)∗)(x, x)}p/2

≤c5
( L
N

)2
∫ 1

0

dt

t

∫
R2

dx
{
tϵ0

∫
Λ2(a)∩ΛL

dx1
t

exp
(
− |x− x1|2

c6t

)∫ 1

0

dr1

r
(1+ϵ0)/2
1

×
∫ 1

0

dr2

r
(1+ϵ0)/2
2

∫
Λ2(a)∩ΛL

dx2
r1 + r2

∑
y∈Z2

exp
(
− |x1 − x2 + Ly|2

4(r1 + r2)

)1
t
exp

(
− |x2 − x|2

c6t

)}p/2
≤c7L2/N2.

The other terms are also similarly estimated. Therefore we obtain

E[∥›χLχaξLN<∥pB−1−ϵ0
p,p (R2)

] ≤ c8L
2/N2.

Thus there exist L0 such that ∑
a∈Z2

Ia <
1

2
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for any L ≥ L0. Simirarly we have∑
a∈Z2

Ja ≤c9
∑
a∈Z2

E[∥χaYξ,L,N<∥pB−ϵ0
p,p (R2)

]

×
(
1ΛL/2

(a)L4 + 1Λc
L/2

(a)|a|−4
)
.

As in Lemma 3.3, we have

sup
a∈Z2

E[∥χaYξ,L,N<∥pB−ϵ0
p,p (R2)

] <∞.

To obtain sharper estimates, we consider the approximation Yξ,ε,L,N<. For any Q ∈ StGCr(R2) with

r ∈ N ∩ (0, 2b], by the hypercontractivity, we have

E[∥tϵ0/2QtχaYξ,ε,L,N<∥pLp(R2×[0,1]:dxdt/t)]

≤c10
∫ 1

0

dt

t
tϵ0p/2

∫
R2

dxE[|(QtχaYξ,ε,L,N<)(x)|2]p/2.

Moreover by the Gaussian property, we have

E[|(QtχaYξ,ε,L,N<)(x)|2]

=
∑
µ,µ

∫ 1

0

ds

s

∫
R2

dx1(QtχaP
µ
s )(x, x1)

∫ 1

0

ds

s

∫
R2

dx1(QtχaP
µ
s )(x, x1)

× (E[(Q1,µ
s ∆−loc(fiξLN<)ε)(x1)(Q1,µ

s ∆−loc(fiξLN<)ε)(x1)]
× E[(Q2,µ

s (fiξLN<)ε)(x1)(Q2,µ
s (fiξLN<)ε)(x1)]

+ E[(Q1,µ
s ∆−loc(fiξLN<)ε)(x1)(Q2,µ

s (fiξLN<)ε)(x1)]
× E[(Q1,µ

s ∆−loc(fiξLN<)ε(x1)(Q2,µ
s (fiξLN<)ε)(x1)])

≤2
∑
n,n′

(∑
µ

∫ 1

0

ds

s

∫
R2

dy(QtχaP
µ
s )(x, x1)

× (Q1,µ
s ∆−loceε

2∆ΦLn)(x1)(Q
2,µ
s eε

2∆ΦLn′)(x1)
)2

,

where {ΦLn}n = {›χLφLn,›χLcφm : n,n′ ∈ Z2 \ ΛN ,m ∈ N} and {φm : m ∈ N} is a complete orthonormal

basis of L2(R2). As in (5.7), we have

E[|(QtχaYξ,ε,L,N<)(x)|2] ≤ c11

4∑
i=1

Ii(t, x),
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where

I1(t, x) =
( L
N

)2ϵ1 ∑
n,n∈Z2\ΛN ,ι∈{1,2}

(∑
µ

∫ 1

0

ds

s3/2

∫
R2

dx1(QtχaP
µ
s )(x, x1)

× (Q1,µ
s ∆−loceε

2∆ΦLn)(x1)

× (
√
s∂ιQ

2,µ
s eε

2∆›χL ∫ 1

0

dr

r(1+ϵ1)/2
exp(r∆T2

L
)φLn)(x1)

)2

I2(t, x) =
( L
N

)2ϵ1 ∑
n,n∈Z2\ΛN ,ι∈{1,2}

(∑
µ

∫ 1

0

ds

s

∫
R2

dx1(QtχaP
µ
s )(x, x1)

× (Q1,µ
s ∆−loceε

2∆ΦLn)(x1)

× (Q2,µ
s eε

2∆fiχL,ι ∫ 1

0

dr

r(1+ϵ1)/2
exp(r∆T2

L
)φLn)(x1)

)2

I3(t, x) =
( L
N

)2ϵ1 ∑
n,n∈Z2\ΛN ,ι∈{1,2}

(∑
µ

∫ 1

0

ds

s

∫
R2

dx1(QtχaP
µ
s )(x, x1)

× (Q1,µ
s ∆−loceε

2∆ΦLn)(x1)

× (Q2,µ
s eε

2∆›χL∂ιφLn)(x1))2(∫ ∞

1

dr

r(1+ϵ1)/2
exp

(−c12rN2

L2

))2

I4(t, x) =
∑
n,m

(∑
µ

∫ 1

0

ds

s

∫
R2

dx1(QtχaP
µ
s )(x, x1)

× (Q1,µ
s ∆−loceε

2∆ΦLn)(x1)(Q
2,µ
s eε

2∆›χLcφm)(x1)
)2

,
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fiχL,ι is a smooth function with a support in ΛL, and ϵ1 ∈ (0, 1) are taken arbitrarily. I1(t, x) is dominated

by ( L
N

)2ϵ1
exp(−c13(|x− a|2 + d(a,ΛL)

2))

∫ 1

0

ds

s3/2

∫
Λ2(a)

dx0
t

exp
(−|x− x0|2

c14t

)
×
∫
R2

dx1
s

exp
(−|x0 − x1|2

c15s

)∫
R2

dx2
s

exp
(−|x1 − x2|2

c16s

)
×
(∫ s

0

dσ +

∫ 1

s

dσ
( s
σ

)b/4)∫
R2

dx3
σ

exp
(−|x2 − x3|2

c17σ

)
×
∫
R2

dx3

ε2
exp

(−|x3 − x3|2

4ε2

)∫ 1

0

ds

s3/2

∫
Λ2(a)

dx0

t
exp

(−|x− x0|2

c14t

)
×
∫
R2

dx1

s
exp

(−|x0 − x1|2

c15s

)∫
R2

dx2

s
exp

(−|x1 − x2|2

c16s

)
×
(∫ s

0

dσ +

∫ 1

s

dσ
( s
σ

)b/4) 1

σ
exp

(−|x2 − x3|2

c17σ

)
×
∫
R2

dx′2
s

exp
(−|x1 − x′2|2

c18s

)∫
ΛL

dx′3
ε2

exp
(−|x′2 − x′3|2

4ε2

)
×
∫
R2

dx′2

s
exp

(−|x1 − x′2|2

c18s

)∫
ΛL

dx′3

ε2
exp

(−|x′2 − x′3|2

4ε2

)
×
∫ 1

0

dr

rϵ1

∑
y∈Z2

1

r
exp

(−|x′3 − x′3 − Ly|2

c19r

)
≤c20

( L
N

)2ϵ1
exp(−c13(|x− a|2 + d(a,ΛL)

2))

×
∫ 1

0

ds

s3/2

(∫ s

0

dσ +

∫ 1

s

dσ
( s
σ

)b/4)∫ 1

0

ds

s3/2

×
(∫ s

0

dσ +

∫ 1

s

dσ
( s
σ

)b/4)∫ 1

0

dr

rϵ1
1

t+ s+ σ + σ + s

1

s+ r + s

≤c21
( L
N

)2ϵ1
exp(−c13(|x− a|2 + d(a,ΛL)

2))
1

tϵ1
.

The part of E[∥tϵ0/2QtχaYξ,ε,L,N<∥pLp(R2×[0,1]:dxdt/t)] dominated by using I1(t, x) is dominated by∫ 1

0

dt

t
tϵ0p/2

∫
R2

dxI1(t, x)p/2 ≤ c22

( L
N

)ϵ1p
exp(−c23d(a,ΛL)2).

The other parts are also similarly estimated, and we obtain

E[∥χaYξ,L,N<∥pB−ϵ0
p,p (R2)

] ≤ c24(L/N)2−ϵ2 exp(−c25d(a,ΛL)2) + c26 exp(−cd(a,ΛcL−1)
2),

where ϵ2 ∈ (0, 1) is taken arbitrarily small. Thus, we can take L0 so that

∑
a∈Z2

Ja <
1

2

for any L ≥ L0. 2
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For

Φs
ξ,L,N<(u) :=

∑
a∈Z2

∆−locP s(a)u (χ2
a
fiξLN<) + ∑

a,a′∈Z2

∆−loc
uP

s1(a,a
′)

χ2
a
flξLN<

(∆−locχ2
a′
fiξLN<)

+
∑
a∈Z2

∆−locP s2(a)u (χ2
aYξ,L,N<),

we modify Lemma 4.1:

Lemma 5.4. For any ϵ ∈ (0, 1/2) and ξ ∈ E(ε, ϵ, λ, L), there exist s(ϵ, ξ, L), s1(ϵ, ξ, L), s2(ϵ, ξ, L) ∈ (0, 1)

and M,M(ϵ),M1(ϵ),M2(ϵ) ∈ (0,∞) such that

∥χaΦs(ϵ,ξ,L,δ)
ξ,L,N< (u)∥H1−2ϵ(R2)

≤δ
2

∑
a′∈Z2

(exp(−Md(a′,ΛL/2)
2)L−ϵ + exp(−Md(a′,ΛcL/2)

2)) exp(−M |a− a′|2)∥χa′u∥L2(R2),
(5.8)

for any δ ≥ 0, where s(ϵ, ξ, L, δ) = (s(a; ϵ, ξ, L, δ), s1(a, a
′; ϵ, ξ, L, δ), s2(a; ϵ, ξ, L, δ))a,a′∈Z2 is

s(a; ϵ, ξ, L, δ) = s(ϵ, ξ, L)δM(ϵ)(1ΛL/2
(a) + 1Λc

L/2
(a)|a|ϵ)−2M(ϵ),

s1(a; a
′; ϵ, ξ, L, δ) = s1(ϵ, ξ, L)δ

M1(ϵ)(1ΛL/2
(a) + 1Λc

L/2
(a)|a|ϵ)−2M1(ϵ)

× (1ΛL/2
(a′) + 1Λc

L/2
(a′)|a′|ϵ)−2M1(ϵ)

and

s2(a; ϵ, ξ, L, δ) = s2(ϵ, ξ, L)δ
M2(ϵ)(1ΛL/2

(a) + 1Λc
L/2

(a)|a|ϵ)−M2(ϵ).

Under the event E(ε, ϵ, λ, L), we set fiφε,R := (Φ
s(ϵ,ξ,L,δ)
ξ,L,N< )−1(φε,R). As in the proof of Theorem 1, we

have the following:

Lemma 5.5. For any ϵ ∈ (0, 1/2), δ ∈ (0, 1), λ ∈ R and R ∈ N, there exists a positive finite constant

c(ϵ, δ, λ,R), and for these and any η ∈ (0, 1), there exists a positive finite constant c(η, ϵ, δ, λ,R) satisfying

the following: under the event E(ε, ϵ, λ, L), fiφε,R ∈ Dom2ϵ(›Hξ),

(5.9) ∥fiφε,R − φε,R∥L2(R2) ≤ c(ϵ, δ, λ,R)L−ϵ

and

(5.10) ∥(›Hξ − λ)fiφε,R∥L2(R2) ≤ c(η, ϵ, δ, λ,R)
(
ε+

(
1 ∨ N

L

)η 1

Lϵ

)
.
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Proof. By Lemma 5.4, we have

(5.11) ∥χa(fiφε,R − φε,R)∥H1−2ϵ(R2) ≤
c1
Lϵ

exp(−c2d(a,ΛR)).

(5.9) is a simple consequence of this. By (5.5), we have

(5.12) ∥χaφε,R∥H1−2ϵ(R2) ≤ c31ΛR+2
(a)

(
1 ∨ N

L

)η(1/2−ϵ)
and

(5.13) ∥χafiφε,R∥H1−2ϵ(R2) ≤
c1
Lϵ

exp(−c2d(a,ΛR)) + c31ΛR+2
(a)

(
1 ∨ N

L

)η(1/2−ϵ)
.

We here note that

(5.14) ∥χafiφε,R∥L2(R2) ≤
c1
Lϵ

exp(−c2d(a,ΛR)) + 1ΛR+2
(a),

since φε,R is normalized in L2(R2). By this, ξ ∈ E(ε, ϵ, λ, L), Lemma 3.6 and Lemma 5.4, we have

∥χa(Φξ,L,N<(fiφε,R)− Φ
s(ϵ,ξ,L,N,δ)
ξ,L,N< (fiφε,R))∥H2(R2)

≤c4L−ϵ exp(−c5d(a,ΛR)2).
(5.15)

By using also (5.5), we have

∥χaΦξ,L,N<(fiφε,R)∥H2(R2)

≤c4L−ϵ exp(−c5d(a,ΛR)2) + c61ΛR+2
(a)

(
1 ∨ N

L

)η
.

(5.16)

Thus we have fiφε,R ∈ Dom2ϵ(›Hξ).

For (5.10), we estimate as

∥(›Hξ − λ)fiφε,R∥L2(R2)

≤|λ|∥fiφε,R − φε,R∥L2(R2) + ∥(λ− (−∆+ r(λ,L,N,R)φL0 − Y L,N≥))φε,L∥L2(R2)

+ ∥(−∆+ r(λ,L,N,R)φL0 − Y L,N≥)φε,R −›Hξfiφε,R∥L2(R2).

The first term of the right hand side is estimated by (5.9). The second term is estimated by (5.4) and

(5.6). For the third term, we use Lemma 5.1 to estimate as

∥(−∆+ r(λ,L,N,R)φL0 − Y L,N≥)φε,R −›Hξfiφε,R∥L2(R2)

≤∥∆φε,R +‚�Hξ,L,N<fiφε,R∥L2(R2)

+ ∥r(λ,L,N,R)φL0φε,R −›χLξLN≥fiφε,R∥L2(R2)

+ ∥Y L,N≥(φε,R −fiφε,R)∥L2(R2).
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By Lemma 5.2 and (5.11), we have

∥Y L,N≥(φε,R −fiφε,R)∥L2(R2) ≤ c7(N/L)
ηL−ϵ.

By ξ ∈ E(ε, ϵ, λ, L) and (5.9), we have

∥r(λ,L,N,R)φL0φε,R −›χLξLN≥fiφε,R∥L2(R2) ≤ c8

( ε
L

+
(
1 ∨ N

L

)η 1

Lϵ

)
.

Moreover we estimate each term of the right hand side of

∥∆φε,R +‚�Hξ,L,N<fiφε,R∥L2(R2) ≤
16∑
j=1

Ij ,

where

I1 =∥∆φε,R −∆Φξ,L,N<(fiφε,R)∥L2(R2),

I2 =∥PflξLN<

Φξ,L,N<(fiφε,R)∥L2(R2),

I3 =∥Π(fiξLN<,Φξ,L,N<(fiφε,R))∥L2(R2),

I4 =∥P (b)
1 ((P

(b)
1
fiξLN<)(P (b)

1 Φξ,L,N<(fiφε,R))∥L2(R2),

I5 =∥e∆Pflφε,R

fiξLN<∥L2(R2),

I6 =∥e∆flφε,R
PflξLN<

(∆−locfiξLN<)∥L2(R2),

I7 =∥e∆Pflφε,R
Yξ,L,N<∥L2(R2),

I8 =∥C(fiφε,R,fiξLN<,fiξLN<)∥L2(R2),

I9 =∥S(fiφε,R,fiξLN<,fiξLN<)∥L2(R2),

I10 =∥PYξ,L,N<
fiφε,R∥L2(R2),

I11 =∥Π(Yξ,L,N<,fiφε,R)∥L2(R2),

I12 =∥P (b)
1 ((P

(b)
1 Yξ,L,N<)(P

(b)
1 fiφε,R))∥L2(R2),

I13 =∥PflξLN<

(∆−locflφε,R
PflξLN<

(∆−locfiξLN<))∥L2(R2),

I14 =∥Π(fiξLN<,∆−locflφε,R
PflξLN<

(∆−locfiξLN<))∥L2(R2),

I15 =∥PflξLN<

(∆−locPflφε,R
Yξ,L,N<)∥L2(R2),

and

I16 =∥Π(fiξLN<,∆−locPflφε,R
Yξ,L,N<)∥L2(R2).
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By (5.15), we have

I1 ≤ c9L
−ϵ.

By ξ ∈ E(ε, ϵ, λ, L), (5.16), (5.13), Lemma 3.2 and Lemma 3.4, we have

I2, I3, I8, I9, I10, I11, I12 ≤ c10

(
1 ∨ N

L

)η 1

Lϵ
.

By ξ ∈ E(ε, ϵ, λ, L), (5.14), Lemma 3.1 and Lemma 3.2, we have

I4, I5, I6, I7, I13, I14, I15, I16 ≤ c11L
−ϵ.

2

Proof of Theorem 2. For any x0 ∈ Z2, ε ∈ (0, 1), ϵ ∈ (0, 1/2), λ ∈ R and L ∈ N, we set

E(x0, ε, ϵ, λ, L) := {ξ : ξ(· − x0) ∈ E(ε, ϵ, λ, L)}.

Then
⋃
x0∈Z2 E(x0, ε, ϵ, λ, L) is Z2-invariant. Thus by Lemma 5.3 and the ergodicity of the white noise,

we have

P
( ⋃
x0∈Z2

E(x0, ε, ϵ, λ, L)
)
= 1.

For any x0 ∈ Z2 and ξ ∈ E(x0, ε, ϵ, λ, L), we define·�φε,R,x0
(x) := fiφε,R(x; ξ(· − x0))

for any x ∈ R2, where fiφε,R(·; ξ) is the function fiφε,R(·) used in Lemma 5.5 whose dependence on ξ is

denoted. Then we have·�φε,R,x0(·+ x0) ∈ Dom2ϵ(›Hξ) and

∥(›Hξ − λ)·�φε,R,x0
(·+ x0)∥L2(R2) ≤ c(η, ϵ, δ, λ,R)

(
ε+

(
1 ∨ N

L

)η 1

Lϵ

)
.

In this estimate, ε and η are taken arbitrarily small, and L is taken arbitrarily large. Thus by Weyl’s

criterion (cf. Hislop and Sigal [14], Theorem 5.10), λ belongs to the spectral set of ›Hξ. 2
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