Classical and quantum behavior of the integrated
density of states for a randomly perturbed lat-
tice

Ryoki Fukushima and Naomasa Ueki

Abstract. The asymptotic behavior of the integrated density of states for a
randomly perturbed lattice at the infimum of the spectrum is investigated.
The leading term is determined when the decay of the single site potential is
slow. The leading term depends only on the classical effect from the scalar
potential. To the contrary, the quantum effect appears when the decay of the
single site potential is fast. The corresponding leading term is estimated and
the leading order is determined. In the multidimensional cases, the leading
order varies in different ways from the known results in the Poisson case. The
same problem is considered for the negative potential. These estimates are
applied to investigate the long time asymptotics of Wiener integrals associated
with the random potentials.

1. Introduction

In this paper, we are concerned with the self-adjoint operator in the form of

He=—hA+ Y u(-—q—&) (L.1)
q€Z

defined on the L2-space on R?\ quzd (¢ + &, + K) with the Dirichlet boundary

condition, where h is a positive constant and K is a compact set in R? allowed to be

empty. Our assumptions on the potential term are the following: (i) £ = (§;) ez is

a collection of independent and identically distributed R%valued random variables
with

Po(£, € dr) = exp(—|2|)dz/Z(d, 6) (1.2)
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for some 6 > 0 and the normalizing constant Z(d,#); (ii) v is a nonnegative
function belonging to the Kato class K4 (cf. [3] p-53) and satisfying

u() = Col| (1 + o(1) (13)

as |z| — oo for some o > d and Cy > 0.
Although we assume the equality in (1.2), it will be easily seen from the
proofs that only the asymptotic relation

P& € 2 +1(0,1)%) < exp(—|z|")

is essential for our theory, where f(z) < g(z) means 0 < lim, . f(z)/g(x) <
lim|y o0 f(2)/g(x) < 0. In particular, we may replace |z|? by (1+ [#])? in (1.2).
Then the point process {q+¢&,},ez4 converges weakly to the complete lattice 7% as
6 — oo. Moreover, it is shown in Appendix A of [6] that this point process converges
weakly to the Poisson point process with the intensity 1 as 6 | 0. Since the Poisson
point process is usually regarded as a completely disordered configuration, our
model gives an interpolation between complete lattice and completely disordered
media.

We will consider the integrated density of states N(A) (A € R) of He defined
by the thermodynamic limit
1

———Ne Ap(A) — N(A) as R — oo. (1.4)
[Ag| '

In (1.4) we denote by Agr a box (—R/2,R/2)? and by Ng¢ o, (\) the number of
eigenvalues not exceeding A of the self-adjoint operator H, gD, , defined by restricting
He to Ap \ U,eza(q + & + K) with the Dirichlet boundary condition. We here
note that the potential term in (1.1) belongs to the local Kato class Ky 0. (cf. [3]
p-53) as we will show in Section 7 below. It is then well known that the above limit
exists for almost every & and defines a deterministic increasing function N(A) (cf.

[3], [11)).

The following are first two main results in this paper.
Theorem 1.1. Ifd < a <d+2 and
ess inf|, < gu(x) is positive for any R > 1, (1.5)

then we have

log N(A\) < =A™, (1.6)
where k = (d + 0)/(a — d), and f(A) < g(A) means 0 < lim, 4 f(A)/g(A) <
limy ;o f(A)/g(A) < 00. Moreover if o < d+ 2, then we have

Kk+1
. —gE . Co 0
| "log N = L 1\rt1 { i
)}Jr'%/\ og N()\) (k + 1)H+1 { /]Rd dqyléle <|q—|—y|a + |y| )} ) (1.7)

where the right hand side is finite by the assumption a > d.
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Theorem 1.2. Ifd =1 and a > 3, then we have

1+07,(1+0)/2
lim A1)/ 2 1og N(A) = - =2 1.
lim og N (A) 1502 (1.8)
If d =2 and o > 4, then we have
1\ 072
log N(\) < —\~179/2 <log )\) : (1.9)
Ifd >3 and o > d + 2, then we have
log N(X) =< —A\~(@+r0)/2, (1.10)

where p = 2(a — 2)/(d(a — d)).

These results are generalizations of Corollary 3.1 in [6] to the case that
supp(u) is not compact (cf. Theorem 3.11 below). The results in Theorem 1.1
are independent of the constant h. In fact these asymptotics coincide with those
of the corresponding classical integrated density of states defined by

Ne(A) = Eo[[{(2,p) € Ap x R? : He (2, p) < A} (2nvVAR) ™

for any R € N, where | - | is the 2d-dimensional Lebesgue measure and

d
Hf,c(xvp) = Zpi =+ ‘/f(‘r)
j=1

is the classical Hamiltonian (cf. [16]). Therefore we may say that only the classical
effect from the scalar potential determines the leading term for o < d 42 and the
leading order for @ < d + 2. To the contrary, the right hand side of (1.8) depends
on h and the right hand sides of (1.9) and (1.10) are strictly less than that of (1.6).
Therefore we may say that the quantum effect appears in Theorem 1.2. We here
note that the right hand side of (1.6) gives an upper bound and the asymptotics
of the classical counterpart not only for @ < d + 2 but also for « > d + 2 (see
Proposition 2.1 below). For the critical case a = d+ 2, the quantum effect appears
at least in some cases. We shall elaborate on this in Section 4 below.

In our model, the single site potentials are randomly displaced from the
lattice. As is mentioned in [6], such a model describes the Frenkel disorder in solid
state physics and is called the random displacement model in the theory of random
Schrédinger operator. Despite of the appropriateness of this model in physics,
there are only a few mathematical studies and in particular the displacements
have been assumed to be bounded in almost all works. For that case, Kirsch and
Martinelli [12] discussed the existence of band gaps and Klopp [14] proved spectral
localization in a semi-classical limit. More recently, Baker, Loss and Stolz [1], [2]
studied which configuration minimizes the spectrum of (1.1) and also showed that
the corresponding integrated density of states increases rapidly at the minimum in
a one-dimensional example. On the other hand, our displacements are unbounded.
Then the infimum of the spectrum is easily shown to be 0 opposed to the bounded
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cases. This is an essential condition for our method, by which we investigate the
behavior of N(A) at A = 0. All our results show that N(\) increases slowly.

In a slightly broader class of models where the potentials are randomly lo-
cated, the most studied model is the Poisson model, where the random points
(q+&q)qeze are replaced by the sample points of the Poisson random measure (cf.
[3], [20]). In the limit of 6 | 0, the above results coincide with the corresponding
results for the Poisson model obtained by Pastur [21], Lifshitz [17], Donsker and
Varadhan [4], Nakao [18], and Okura [19]. As in the Poisson model, the critical
value is always a = d + 2 and, in the one-dimensional case, the leading order
increases continuously as « increases to d + 2 and does not depend on o > d + 2.
However in contrast to the Poisson case, the leading order jumps at o = d 4 2 for
d = 2, and it depends on a > d+2 for d > 3. These phenomena are due to the fact
that the effect from states which have many tiny holes including {g+&;}, in their
supports appears in the leading term of the asymptotics, as observed in [6]. This
is a characteristic difference with the Poisson case. On the other hand, the decay
rates of N(A) explode in the limit § — co. This reflects the fact that the infimum
of the spectrum is positive in the case of a finitely perturbed lattice including the
case of the unperturbed lattice.

On the subjects of this paper, we have more results for the alloy type model

H,=—-hA+ Z wau(x — q)

qEZ?

and the same critical value o = d+2 is obtained, where w = (wq) ez« is a collection
of independent and identically distributed nonnegative real valued random vari-
ables. As for the results, further developments and the relation with other models,
refer to a recent survey by Kirsch and Metzger [13].

Our proof of Theorem 1.1 is an extension of that of the corresponding result
for the Poisson case (cf. [21], [20]). For the proof of the multidimensional results
in Theorem 1.2, we use a method based on a functional analytic approach (cf. [3],
[11]). This is different from the method in [6], where a coarse graining method
following Sznitman [24] is applied. The method employed here can also be used to
give a simpler proof of the results in the compact case in [6]. We will present it in
Section 3 below. For the 1-dimensional result, we use a simple effective estimate
of the first eigenvalue in [24].

As an application, we study the survival probability of the Brownian motion
in a random environment. This was the main motivation in [6]. We recall the
connection between this and the integrated density of states, and extend the theory
to the present settings. For the results, see Theorem 6.3 below. In the proof, we take
the hard obstacles K appropriately so that the local singularity of the potential
u does not bring difficulty. This is our only motivation to introduce the hard
obstacles, and the hard obstacles do not affect the results.
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We also consider the operator

He =-hA =Y u(-—q—§) (1.11)
q€EZ4
obtained by replacing the potential v in H¢ by —u. For this operator, we assume
K = () since we are interested only in the effect of the negative potential. The
spectrum of this operator extends to —oo. For the asymptotic distribution, we
show the following;:

Theorem 1.3. Suppose K = (), supu = u(0) < 0o and u(x) is lower semicontinuous
at © = 0. Then the integrated density of states N~ (\) of He satisfies

. logN—(\)  —Cy
Alﬁnoo (—M\)IHO/d — ()1 +6/d (1.12)
where Cy = d'T0/4/{(d + )|S?1|%/?} and |S?~1| is the volume of the (d — 1)-
dimensional surface S,

For the Poisson model, Pastur [21] showed that the corresponding integrated
density of states Np_;(\) satisfies

i log Npj;(A)  —1
Moo () Tog(—A) — w(0)

The power of A in (1.12) tends to that of the Poisson model as 6 | 0. However,
the logarithmic term is not recovered. Therefore, we cannot interchange the limits
A} —oco and 6 | O in this case. Both for the Poisson and our cases, only the
classical effect from the scalar potential determines the leading terms. The lower
semicontinuity of w at 0 is a sufficient condition for the classical behavior: by this
condition, the tunneling effect is suppressed. For this subject, refer to Klopp and
Pastur [15].

Let us briefly explain the organization of this paper. We prove Theorems 1.1,
1.2, and 1.3 in Sections 2, 3, and 5, respectively. In Section 3 we also give a simple
proof of the corresponding results for the case that supp(u) is compact. In Section
4, we discuss the critical case a = d + 2. In Section 6 we study the asymptotic
behaviors of certain Wiener integrals.

2. Proof of Theorem 1.1

2.1. Upper estimate

To derive the asymptotics of the integrated density of states, one of the standard
ways is to estimate its Laplace transform and use the Tauberian theorem (cf. [5,
18]). We here say the Tauberian theorem by the theorem deducing the asymptotics
from that of the Laplace-Stieltjes transform. Let N(t) be the Laplace-Stieltjes
transform of the integrated density of states N(\):

N(t) = /OOC e AN (N).
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Then, in view of the exponential Tauberian theorem due to Kasahara [10], the
proof of the upper bound is reduced to the following:

Proposition 2.1. If K =0 and (1.5) is satisfied, then we have

— logN(t) , Co ,
-~ < . )
I {0 ) = /Rd dq inf, (|q+ g Tl ) (2.1)

for any o > d.

Proof. We use the bound

N(t) < Ny(t)(4mth)=42, (2.2)
where

exp(—tzu(x—q—gq)>].

qEZ?

Nu(t) = / dzEy
Ay

This is a simple modification of the bound in Theorem (9.6) in [20] for Z4-
stationary random fields. By replacing the summation by integration, we have

log Ny (t) < /]Rd dqlogEg[eXp ( —tmienjf2 u(z —q—«fo))].

We pick an arbitrary L > 0 and restrict the integration to |q| < Lt"7. The as-
sumption (1.3) tells us that for any e > 0, there exists R; such that u(z) >
Co(1 —e1)|z|™™ whenever |z|w > Ri, where |z|s = maxi<;<q|z;|. Thus the right
hand side is dominated by

dy o Co(l—e1) 0
dqlog / exp| —t inf —— — |y
/IqSLt" { gty >Ri+1 Z(d,0) ( v€hz |z —q —y[* i )

+exp<—t inf u)}
A2Rq+a

Thanks to the assumption (1.5), the second term makes only negligible contri-
bution to the asymptotics. By changing the variables (¢,y) to (¢~ "q,t "y) with
n=1/(a+ 0), we see that this equals

td"/q|<qulog{N2(t7Q)+eXp(_t inf u)},

A2R4a
where
Na(t,q)
= td"/ dy exp ( — 9 inf 700(1 — 1) — t9"|y|9).
lgtyloo>(Ri+1)t—n Z(d, 0) @€y [T —q —y|*

We take L as an arbitrary constant independent of ¢. Then, taking 5, e3 > 0 suffi-
ciently small, we can dominate Ny(t,q) by exp(ftenNg(q))s;d/a for large enough



IDS for perturbed lattice 7

t, where
~ ) Co(l—¢
Ns(q) = inf {0(711 +(1—e)lyl’ e, ye Rd}.
[z —q -yl
Therefore we obtain
—log N(t) ~
< _
tl%ﬂno t(d+0)n — lal<L Ns(g)dq.
Since €1, ¢e9,e3 and L are arbitrary, this completes the proof. U

2.2. Lower estimate

To prove the lower estimate, we have only to show the following:

Proposition 2.2. If o < d+ 2, then we have

. log N (t) . Co 0
mwzéddqyﬁ&<|q+y|“+|yl)' (2.3)

tToo

Moreover, this bound remains valid for « = d + 2 with a smaller constant in the
right hand side.

The case o = d + 2 will be discussed in more detail in Section 4 below.
Proof of Proposition 2.2. We use the bound

N(t) = R~ exp(—th||Vr3) N (1) (2.4)

which holds for any R € N and ¢ € C§°(ARg) such that ||¢g||2 = 1, where || - |2
is the L?-norm, and

Ni(t) :Eg[exp(—t Z /deR(x)Qu(x—q—fq)) : U (q+&+K)NAR=0].

qEZ? qezd

This can be proven by the same method as for the corresponding bound in Theo-
rem (9.6) in [20] for R%stationary random fields. By replacing the summation by
integration, we have

o N1(t) > [ Nalt.a)dn
where
Na(t.q) =logBa [exp ( ~ ¢ [ don(e)? sup ule — g~ = - &)
z€A;
Hg+ &+ K)N AR =0].
For any €1 > 0, there exists Ry such that K C B(Ry) and u(z) < Co(1+e1)|x|™@

for any |x| > Ry by the assumption (1.3). To use this bound in the above right
hand side, we need inf{|z —q¢ — 2z — &| : € Ar,z € A1} > Ry. However we shall
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deal with a simpler sufficient condition |&| < |¢|/2 and |q| > 2(R; ++V/dR) instead.
Now fix 8 > 0 and take ¢ large enough so that t# > 2(R; + \/ER) Then we obtain

7 tC()(l + 81)2a
Fatda > [ da( = TP s ogBaal <[al/2). (25)

/q>tﬂ gl 25 (lal = 2VdR)®
By a simple estimate using log(l — X) > —2X for 0 < X < 1/2, we can bound

the right hand side from below by —¢ 1= 8= — ¢, exp(—c3t??). The other part
is estimated as

/ Na(t, q)dq
lq|<t#

dy
> dql
= / 1708 / 7(d.0) (2.6)
lg|<t? la+y|>R1+VdR
e 1o+ e) - 1yl')
P inf{lz —q—2z—y|*:z € Ag,z € Ay} )
By changing the variables, we find that the right hand side equals
dytn ~
¢ dql —t?N.
/ qlog / 7(d.0) exp( 3(y,9)),
lg|<tB—m lg+y|>(R1+VdR)t—"
where n=1/(a + 0) and
~ Co(l1+¢
Ro(y.) = T Ful @)

inf{lx —q—z—y|*: 2 € Agg-n,2 € Ay-u}
Let us take v > 0 and restrict the integration with respect to y to the ball
B(yo,t7) with center yo and radius t~7. Then we can bound the integrand with
respect to g from below by

|B(0,1)[t4n=7)

1 — "1 Ny(q,t 2.
Og Z(d7 0) 4(q7 )7 ( 8)
where
Ny(q.t) = inf{ sup N3y, q)
yEB(yo,t~7) (2.9)

0 € RY,d(Blyo, t77), —q) = (Ry + VAR) "},

We now specify R as the integer part of e5t”, where £5 is an arbitrarily fixed
positive number. We take ¥ as the nonnegative and normalized ground state of
the Dirichlet Laplacian on the cube Ag and take B between n and n(1 + 6/d).
Then, for o < d + 2, we obtain

lim 02N S o dqNu(g, 1), (2.10)

T

since th||Vig|s < tR™2 and (2.5) is negligible compared with t(¢+97 When
lg| < 57", we can dominate 1/t by a power of ¢q. Thus, for large |g|, by taking
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1o as 0, we can dominate Z\~f4(q,t) by |g|=% + |q|~7%/(B=). This is integrable if we
take v large enough so that v8/(8 — n) > d. Thus, by the Lebesgue convergence
theorem, we have

lim dgNa(q,t)
ttoo Jjg|<eB—n

Co(1

:/ dqinf{ . 1) a+|y|9:y€Rd,d(y,q)Z€2\/<§}-
Rd inf |z —q—yl

xr £9

Since €1 and €9 are arbitrary, this completes the proof of the former part of Proposi-
tion 2.2. For the case a = d+2, we take e; = 1. Then we have th||Vig||o < t@+0n
and the latter part of Proposition 2.2 follows from the same argument as above. [

3. Proof of Theorem 1.2 and the compact case

In this section, we use some additional notations to simplify the presentation. For
any self-adjoint operator A, let A\;(A) be the infimum of its spectrum and, for any
locally integrable function V and R > 0, let (—hA+V)E and (—=hA + V)% be the
self-adjoint operators —hA +V on the L?-space on the cube Ag with the Dirichlet
and the Neumann boundary conditions, respectively.

3.1. Proof of Theorem 1.2 (I): One-dimensional case

To obtain the upper estimate, we have only to show the following:

Proposition 3.1. Ifd =1, K =0, supp(u) is compact,

T 0
limi%nf/ u(y)dy/x >0, and limiionf/ u(y)dy/x > 0, (3.1)
T 0 x —z
then we have _
— log N(t) 346 s hr?\ (14+0)/(3+6)
too t0F0)/G+0) = 14 ¢ (T) ~ (3.2)

Proof. We assume h = 1 for simplicity. In the well known expression
N(t) = / Eo[exp(—tH ) (x, x)]dz,
A1

we apply the Feynman-Kac formula and an estimate for the exit time of the Brow-
nian motion (cf. [9]) to obtain

]\~f(t) < / E@[exp(—tHgt)(w,x)]dx + et
A1

where exp(—tH¢)(z,y) and exp(ftHgt)(x,y), t > 0, x,y € R, are the integral
kernels of the heat semigroups generated by H¢ and H, gt, respectively. By the
eigenfunction expansion of the integral kernel, we have

N(t) < cstNy(t) + cqe™ 0,
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where N (t) = Eqg [exp(—t/\l(Hgt))]. Thus we have only to prove (3.2) with N(t)
replaced by N, (t). Now we use Theorem 3.1 in the page 123 in [24], which states
MN(HE,) > 7Tz/(szp [Ii| + ¢6)?
for large enough ¢t under the assumption (3.1), where {I;}; are the random open
intervals such that >, I, = Ay — {q¢+&; : ¢ € Z} and |I}| is the length of Ij.

If supy |Ix| > s for some 0 < s < ¢, then there exists p € Z N A; such that
{¢+& :9€Z}n[p,p+s—2] =0. The probability of this event is estimated as

Po(sup |Ix| 2 5) < > II Pola+&epp+s—2)

PEZNAs g€ZN[p,p+s—2]

<t I e -e)dlalp,p+s—2)")/"

q€ZN[p,p+s5—2]
s=3 0 s 1
<t — (1 — d 0,5 —3|9)%d — log —
<texp (— e>/0 (0,10, 31)dg +  log -

< texp(— 21-¢) (8_3)9“ + flogé)

0+1 2 0
if s > 3, where 0 < ¢ < 1 is arbitrary. Therefore we have
~ 2 (1—¢) R, 1
Ny (1) < ert? (—' f(t il R—3)0+1 Y —)) —cot
it) s ertmexp (= b \tepmss + 5oy (B 3) g oez))tese

for large t. Now it is easy to see that the infimum in the right hand side is attained
by R ~ 2(72t/4)"/ 349 and we obtain (3.2). O

Remark 3.2. We put the additional assumption (3.1) only to use Theorem 3.1 in
the page 123 in [24]. These assumptions are not restrictive at all since we can
always find a z € R such that u(- + 2) satisfies them by the fundamental theorem
of calculus and such a finite translation of v does not affect the above argument.

Proposition 3.3. Ifd =1 and o > 3, then we have

. log N(t) 340 (hr? (H0)/(3+0)
fae HFD/GBH0) = T4 ¢ ( ) :

4

Proof. This is proven by modifying our proof of Proposition 2.2. We take ¥r
as the nonnegative and normalized ground state of (—A)E. In (2.6), we restrict
the integral with respect to y to |¢ +y| > Ry + (R + 1)/2. In (2.8), we take
n=1/(34+6) and R as the integer part of Rt" for a positive number R > 0. Then
since t|Vr||3 ~ t(H97 (1 /R)? is not negligible, (2.10) is modified as

(3.3)

log N (t) T2 — ~
m7>—h(—> — Tm dqNy(q, 1),
too tAFON = R ttoc Jq<ts—n aNa(g,?)
where ]\~f4(q, t) is defined by replacing Ng(y, q) and Ry ++/d by

C()(l +€1)
te=3minf{lr —q—2z—y|*: 2 € Agp-—n,2 € Ay}

+ Jy|?
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and R; + (R + 1)/2, respectively, in (2.9). Since

tliTmM(q,t)S inf )Iy\‘g:d(%!\%)e,
S q

YEAR (=
we obtain
lim log N (t) 3 (1)2 B ROFL
oo t(1+0)n — R 20(9 + 1)’
by the Lebesgue convergence theorem. By taking the supremum over R > 0, we
obtain the result. O

3.2. Proof of Theorem 1.2 (II) : Upper estimate for the multidimensional case

In the two-dimensional case, we can simply use Corollary 3.1 in [6] to get the upper
bound. Indeed, the integrated density of states increases if we truncate the tail of
u and hence the bound for the compactly supported potentials yields

N < exp(—czx\_l_g/Q(log(l/)\))_a/2), (3.4)

for 0 < X\ < ¢3, where ¢, ¢o and c3 are positive constants depending on h and Cj.
We give another proof for Corollary 3.1 in [6] in Subsection 3.4 below.
In the rest of this subsection we assume d > 3. Then our goal is the following:

Proposition 3.4. Let a > d + 2 and K = (. There exist finite positive function
k1(h) and ka(h) of h and a positive constant ¢ such that

N(X) < ki(h) exp(—c((h A b= D/ (@=2)y /x)(dHu6)/2) (3.5)
for 0 < X < ka(h).
We first see that Proposition 3.4 follows from the following:

Proposition 3.5. For sufficiently small €1,e5 > 0, there exist a positive constant
¢ independent of (h, R), and positive constants ¢’ and ¢ independent of (co, h, R)
such that #{q € Z9 N Ag : |&g] > 1R} < eoRY, RM > ¢'h/cy and Rpla=2-d) >
" co/h imply

colp(gre, Ro)e(2)\ N —d) /(o
M(( =hA § e > c(h A hlo—d/(a=2)y/p2 .
1(( * |z —q— & |~ )R)*C( )R, (3.6)

(IGZdﬁAR
where ¢y and Ry are arbitrarily fized positive constants and 1p s the characteristic
function of D C R?.

Proof of Proposition 3.4. 1t is well known that

C1 N
NO‘) < mPG(Al(HR) < )\)

(cf. (10.10) in [20]). We can take c¢o and Ry so that

u(r) > colp(ry)(x)|z|™“.



12 R. Fukushima and N. Ueki

Thus by Proposition 3.5, there exists a constant co such that

N(cz(h A hle=D/(@=2)) ) g2)

€1 d d
<— 1 Py(#{qgeZ'NAg: || > el R} > eoRY).
~ (RAVR) o(#4 Rl 2 e} 2 2R

We here should take ¢( sufficiently small so that the conditions of Proposition 3.5
are satisfied if &« = d 4+ 2. When the event in the right hand side occurs, we have

Z |£q|9 ZE?Eng—HLg.

gEZNAR
Thus it is easy to show
N(ca(h AR D/@=2y /2y « B ooy gi+no ,
(ca( )/ )_(RA\/E)d p(—c4 )
and (3.5) follows immediately. O

We next proceed to the proof of Proposition 3.5. We start with the following;:
Lemma 3.6. inf{\;((—A + 1p@p1))}) : b€ Ar} > cR™4.

This lemma follows immediately from the Proposition 2.3 of Taylor [25] us-
ing the scaling with the factor R~!. That proposition is stated in terms of the
scattering length. We here give an elementary proof following a lemma in the page
378 in Rauch [22] for the reader’s convenience.

Proof. We rewrite as A1 ((—A + 1pp,1))%) = A((—A + 1p1))R,,), Where, for any
locally integrable function V and R > 0, (—A + V)gy,5 is the self-adjoint operator
—A +V on the L? space on the cube Ar(b) = b+ Ar with the the Neumann

boundary condition, and B(1) = B(0,1). For any smooth function ¢ on the closure
of Ar(b), we have

/ ©*(z)dx
Ar(b)
— /1 " drrd=1 / dS(so(g(r),G)Jr /

0eSi—1:(r,0)eARr(b)

4 / () de,
B()NAR(b)

where (r, ) is the polar coordinate, R(b) = sup{|z| : x € Ar(b)}, dS is the volume
element of the (d — 1)-dimensional surface S4~! and g(r) = {(r — 1)/(R(b) — 1) +
1}/2. By the Schwarz inequality and a simple estimate, we can show

R(b) r 2
[a [ as([ awpts o) <eroy [ welwn
1 9('”) Ar(b)

0eSi—1:(r,0)eAR(D)

2
D50 (s, 9)ds>
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where ¢ is a constant depending only on d. By changing the variable, we can also
show

R(b)
[Vat [ aset.r < oy [ P (x)da,
; B(1)NAr(b)
0cSd=1:(r,0)EAR(D)

where ¢ is also a constant depending only on d. Since sup,¢, ,, R(b) < VdR, we
can complete the proof. O

Lemma 3.7. There exist positive constants c, ¢’, and " such that

inf { s ((— A+ zcolmgvgo'{l VY b b € A

> C(an)(d 2)/(a—=2) p,(a—d)/(a— 2)/Rd
forn > c'hjcy and R > ¢ (con/h)Y/(@=2),

Proof. Since A\ (A + B) > A (A) + A1 (B) for any self-adjoint operators A and B,
the left hand side is bounded from below by

inf{\; ((—hA + conlp, e (z)|z — b~ *)}) : b € Ag}.
A change of the variable shows that this equals
hE=2inf{A (= A + conk® *h™ 1, ro k) (@) 2 — b ") 5 k) 1 b € Agyi}
for any k£ > 0. We can bound this from below by
“2inf{A ((—A + conk® R ™13 g1y (@) 5) b € Agyr}

for k > Ry and R > 4v/dk, and we can use Lemma 3.6 to complete the proof
by taking k as (con3~%h~ )1/ =2 Indeed, for each b € Ag/;, we set b/ := b —
(1 + Ro/k)b/|b| if b is not the zero vector. If b is the zero vector, we set b’ as an
arbitrarily chosen vector with the norm 1+ Ry/k. Since Ry/k < |:c —b <24 Ro/k
on B(b,1), we have

1B, Re/k)e (T)|T — 0|7 > (24 Ro/k) " *1p@y 1) ().
We bound this from below by 37“1p,1)(z) by assuming k > Ry. Moreover we
claim b’ € Ag/y, for all b € Ap/y. A sufficient condition for this is R > 2Vd(Ro+k),

since v’ for b with |b] > 1+ Ry/k is a contraction of b and sup{|t'|- : |b] <
14+ Ro/k} = Vd(1 + Ro/k). O

Lemma 3.8. Let V be any locally integrable nonnegative function on R:. Then any
eigenfunction ¢ of (—hA + V)X satisfies

I19]lsc < e(1/R+ A/ ]2,

where ¢ is a finite constant depending only on d, X is the corresponding eigenvalue,
and || - ||oo and || - ||2 are L and L* norms, respectively.



14 R. Fukushima and N. Ueki

The proof of this lemma is same as that of (3.1.55) in [24]. Now we prove
Proposition 3.5:
Proof of Proposition 3.5. We use the following classification:
F={a€ ARNR'Z*: #(Aru(a) N {qg+ & : ¢ € Z' N Ag}) < R"/2}
and
N ={ac AgNR'Z* : #(Agu(a) N {qg+ &, : ¢ € Z' N AR}) > R*/2}.
By Lemma 3.7,
M(—hA Y7 colpgre, roe ()| — 4 = &™) Fu ) = chlo= D/ 72 /R?
q

for any a € N.@Q Let us write ¢ for the nonnegative and normalized ground state
of the operator (—hA + Z colBgte,.Ro)e (T)|[T —q—&4|~ @), Then, applying the
Rayleigh-Ritz variational formula we have

(- g s

aeN /Arn(a

If we assume A1 ((—hA+>° colp(gre, ro)e (T)|T—q—E&|™ ) na) < ]\4h/R2 then
Lemma 3.8 implies that the right hand side is bounded from below by

cR2p(om /=2 (1 — / M2 RV (3.7)
Since #(Agu(a) N{qg+& : g € Z°NAR}Y) > #{q € Aq_2eru(a) NZ7 1 |&,] <
e1R"}, we have #{q € A_2c,)ge(a) N 7% 1 ¢, < e1RM} < RMY/2 and #{q €
A—oeyre(@)NZE 2 |Eg| > e1RF}Y > {(1—2¢1)?—1/2}R"? for a € F. Thus, by the
assumption of this proposition, we have e R? > (#F){(1 — 2¢1)? — 1/2}R#? and

#F < RU—megy /{(1 — 2¢1)? — 1/2}. By substituting this to (3.7), we complete
the proof. O

3.3. Proof of Theorem 1.2 (III) : Lower estimate for the multidimensional case
We shall work with h = Cy = 1 for simplicity.

Proposition 3.9. Suppose d =2 and o > 4 ord > 3 and o« > d + 2. Then there
erist positive constants cy, ca, and c3 such that

a exp(—@xl*m (1og(1/A))*"/2) (d=2),
N 2 (33)
c1 exp(—cp A\~ (dF10)/2) (d>3),
for 0 < X <cs.
Proof. We consider the event
{For any p € R1Z*N Asp and ¢ € Z% N Ag, (p) N Aar,q+ &, € A1(p)} (3.9)

N {For any q € A \ Aar, €] < |ql/4}



IDS for perturbed lattice 15

where Ry = R* for d > 3 and R; = R/+/log R for d = 2. Then we have
N > R ([V0r]3+ (€r, 3 ulz — g — &)r) < A
qeze (3.10)
and the event (3.9) occurs),
where ®p is an element of the domain of the Dirichlet Laplacian on the cube
Ar\ U er,zinn,, (P + K) such that [[@g[lz = 1 (cf. Theorem (5.25) in [20]). We

take ®p as drYRr/||PrYR||2, where ¥g is the nonnegative and normalized ground
state of the Dirichlet Laplacian on Agr and

(2doo (x e ruzion, Are (p))Rﬂ’) Al (d>3),

RZ? 4
= logdoo(z, Ap N — —logR 11
ont) = ¢ (omd(ohnn o) - G lex ), TEP
R 4 -
log ——— — —1
8 2y/logR « og It

In (3.11), dso(-,-) is the distance function with respect to the maximal norm,
v =2/(a—d), and (-)+ is the positive part. Then it is not difficult to see | VP g3 <
c4R72. On the event (3.9), we have in addition that

C5Rf

— Ry 7Y (3.12)
q€Zd PERIZINAR A1(p))

in Ag. Hence we have
(‘I’R, Z u(ex —q— §q)<I>R) < e R72.
qezd
On the other hand, the probability of the event (3.9) can be estimated as
log Py( the event (3.9) occurs )

> —#(RZ'NAgr) Y logPy(é € Mi(g)

qEZNAR,
+ Y log(l—Py(lél = lal/4))
q€ZN\A2R
> — sRIRY

by using log(1 — X) > —2X for 0 < X < 1/2 in the last line. Therefore, we have
N(coR?)> R exp(—cloRdRﬁ)
and the proof is finished. O

Remark 3.10. For the manner of taking the function ¢g in (3.11) and the event
in (3.9), we refer the reader to the notion of the “constant capacity regime” (cf.
Section 3.2.B of [24]). The same technique is used in Appendix B of [6].
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3.4. Compact case
In this subsection, we adapt the methods in the preceding sections to give a simple
proof of the following results in [6]:

Theorem 3.11. Assume A,, C supp(u) UK C A, for some 0 < r; < ry < oo
instead of (1.3). Then we have

~ —(m2h/N) D21 4 9) 1270 (d=1),

log N(A) = —A~1=0/2(log(1/A) /2 (d=2),
— _\—(d/2+0/d) (d>3)

as A 1 0, where f(A) ~ g(A) means limyyo f(A)/g(A) =1 and f(A) < g(A) means
0 <lim, 4 f(A)/g(A) < limyjo f(A)/9(A) < oc.

Remark 3.12. The assumption on w in this theorem is only for giving a simple
proof in the multidimensional case. If d = 1, then the assumption in Proposition

3.1 is sufficient. If d > 3, then this theorem can be extended to the case that the
scattering length of u is positive.

The proof for d =1 is given in Subsection 3.1. The lower estimate for d = 2
is given in Subsection 3.3. To prove the lower estimate for d > 3, we replace R”
by 2r5 4+ 1 in the proof of Proposition 3.9. Then the rest of the proof is simpler
than that of the proposition since

(‘I)R, Z u(x —q — fq)‘I’J:z) =0
qeZd

under the event in (3.9) with R; = R?/?. To prove the upper estimate for d > 3,
we have only to apply the following instead of Proposition 3.5 in the proof of
Proposition 3.4:

Proposition 3.13. For sufficiently small 1,69 > 0, there exists a finite constant c
such that #{q € Z¢N Ay : |&q] > 51R2/d} < eoR?% implies

Al((*A+CO > 1B(q+5q,m>>Z) > ¢/ R?, (3.13)

q€ZINAR
where ¢y and o are arbitrarily fixed positive constants.
Proof. We use the classification
Fo={a € ArNR¥Z: Apara(a) N{q+& : g € Z' N AR} = 0}
and
No={ae AgNRYZ: Aposa(a) N {q+& :q€ZiN AR} # 0},

instead of F and A in the proof of Proposition 3.5. Then we complete the proof
by Lemmas 3.6 and 3.8 without using Lemma 3.7. O

To prove the upper estimate for d = 2, we have only to apply the following
instead of Proposition 3.5 in the proof of Proposition 3.4:
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Proposition 3.14. For sufficiently small 1,69 > 0, there exists a finite constant c
such that #{q € Z* N AR : |&,| > e1R/\/log R} < e2R? implies

M (( “Ata ) 1B(q+sq,ro))z> > ¢/ R?. (3.14)
q€Z2NAR

To prove this, we replace R?/¢ by R/+/log R in the proof of Proposition 3.13
and we further need to extend Lemma 3.6 to the 2-dimensional case. By a simple
modification of the proof of Lemma 3.6, we have the following, which is sufficient
for our purpose:

Lemma 3.15. If d = 2, then we have inf{\((—A + colppre))R) : b € Ag} >
c/(R*log R).

4. Critical case

In this section we discuss the case of a = d + 2. By modifying our proof of
Proposition 2.2, we can prove the following:

Proposition 4.1. If o = d + 2, then we have

. log N(t)
%m > —Ko(h, Co), (4-1)

where
KO(h7 CO)

:inf{h||v¢||§+/Rddq inf (/R Mﬂy\”) (4.2)

y&supp(Y)—q alr—q-— y‘d+2
L€ WIRY, e =1}
and W4 (R%) = {y € L2(RY) : Vo) € L2(R?)}.

Proof. In (2.4), we replace ¥r by an arbitrary function ¢ € H}(Ag) with [|p]l2 = 1,
where H{ (Ag) is the completion of C§°(Ag) in Wi (R?). Then (2.6) is modified as

lg|<t?

d
= / dglog / 705

lq<t? y€[supp(p):R1+Vd/2]°—q
drp(z)*tCo(1 + &1
Xexp(—/, ( ) (d+2. ) _|y|9)7
inf{lz —q— 2z —y|¥t2: 2z € A1}

where [A: 7] = {x € R : d(x, A) < r} for any A C R? and r > 0. We take 7 as
1/(d+ 2 + 0). Then, by changing the variables, we see that the right hand side
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equals
dytd" ~
tdn / dq log / Z(d 9) exp(itoani(yv q; 5071))7
lg|<tP—n y€E[supp(py):(Ri+Vd/2)/t"]°—q
where

dzo,(2)?Co(1 + 1)
inf{lz —qg—z—y|*?2:2€ Ay}

Ns(y, ¢ 0y) = / + [yl

and @, (r) = t™/2p(t"x). We take R as the integer part of Rt" for a positive
number R and take ¢ so that ¢, = 1 is a t-independent element of H}(Az). Since
V|13 =t V|3 is not negligible, (2.10) is modified as

_log N(t) — -

lim Hdro)n > —h| V4[5 - lim dqNa(g 1),

too #oo Jiq|<ta=n

where

tn ty

~ . - Ry ++Vd/2 17¢
Ny(q,t) = lnf{ B?upt )Ns(y,q;w) “Yo € [supp(w) : Ry £ vdj2 + } - q}-
yeB(yo,t=7

Since

—_— . dm¢(33)200(1 + 81) 9
lim Ny(q,t) < inf (/ + ),
ttoo 1@ t) y€E(supp(¥))°—q |z — g — y|it+? v

we obtain

log N (t)

lim —=—2 > _p|V 2—/d inf
oo tLAFTOM Vel R ye(supp(9)e—a

(/ dr(z)2Co(1 + &1) n |y\9>

|z —q — y|d+?

by the Lebesgue convergence theorem. By taking the supremum with respect to
€1, ¥ and R, we obtain the result. O
If we apply Donsker and Varadhan’s large deviation theory without caring
about the topological problems, then the formal upper estimate
—  log N(t
Hm wff/% < —K(h, Co) (4.3)
is expected, where K (h,Cy) is the quantity obtained by removing the restriction
y & supp(¥) — ¢ in the definition (4.2) of Ky(h, Cy). For the corresponding Poisson
case, this is rigorously established in Okura [19]. In that case, the space R? can
be replaced by a d-dimensional torus and the Feynman-Kac functional becomes a
lower semicontinuous functional, so that Donsker and Varadhan’s theory applies.
However, verifications of both the replacement of the space and the continuity of
the functional seem to be difficult in our case.
From the conjecture (4.3), we expect that the quantum effect appears in the
leading term. By Proposition 3.4 in Section 3, we can justify this if d > 3 and h is
large:
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Proposition 4.2. Ifd > 3 and o = d + 2, then we have
Iim Iim AF9/210g N()) = —c. (4.4)

h—o00 A—=0
In the one-dimensional case we can show the same statement with a more

explicit bound

- 1460 ,(146) /2
Tm A2 10e NN < — 0 T
Jim A g NV < ——7 gy

by Theorem 1.2, since the leading order does not depend on o > 3. In the two-
dimensional case we have no such results.

5. Proof of Theorem 1.3

5.1. Upper estimate

Let N ~(t) be the Laplace-Stieltjes transform of the integrated density of states
N=(N):

o0

N () = / =N~ (M),

— 00

To prove the upper estimate, we have only to show the following:

Proposition 5.1. Under the condition that u > 0,sup u = u(0) < co and sup |z|*u(x) <
oo for some o > d, we have

— log N~ (1) 14d/6 9
tlg.fcl) Titd/o < u(0) izt dq(1 —q|”). (5.1)

Proof. We use the bound
N~ (t) < Ny (t)(4mth)=4/?
as in (2.2), where
Nl_(t) = / dzEy lexp (t Z u(lz —q— §q))] .
Aq qezd

Here we have used the path integral expression of N~ (£) in Theorem VI.1.1 of [3].
The assumption required in that theorem will be checked in Lemma 7.2 in Section
7. By replacing the summation by integration, we have

log]\N/'f(t) S/ dqlogﬁi(ta Q)a
Rd

where

Ny (t,q) =Eq [eXp (t sup u(r —q— fo))]
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Now we fix an arbitrary small number ¢ > 0 and let C' = sup |z|*u(z). When
lg| > (1 +&)(u(0)t)'/9, we estimate as
Ny (t,q) < exp(tsup{u(z —y) : x € Aa,[y] > 8lq|})
+exp(tu(0))P(|€o| = (1 = d)lg]),

where § > 0 is chosen to satisfy (1 —6)?T2(1 +¢)? = 1. For the first term in the
right hand side, we use an obvious bound

sup{u(z —y) : ¢ € Ay, |y| > 8lql} < C(Slg| — Vd)™™.
For the second term, it is easy to see
Py ([¢q] > (1= 8)ql) < M(5,0) exp(—(1 = 6)***]g|”)
for some large M(9,6) > 0. Moreover, we have
(1=0)"ql” = (1= 0)"*|q|” + (1~ 6)* g’ = u(0)t + (1 — 6)*[q|”

thanks to |¢| > (1 + &)(u(0)t)/? and our choice of §. Combining above three
estimates, we get

Ny (t,q) < exp(tC(d]q| — V) ™) (1 + M(5,0) exp(—=3(1 — 5)"g?))  (5.3)
and thus
log Ny (t,q) < tC(8|q| — vVd) ™ + M(5,0) exp(—6(1 — 6)"T'|q|"), (5.4)

using log(1 + X) < X. Since the integral of the right hand side over {|g| > (1 +
£)(u(0)t)/?} is easily seen to be o(t'+%/?)  we can neglect this region.
For q with |q| < (1 +¢)(u(0)t)'/?, we estimate as

(5.2)

Ny (t,q) <exp(tsup{u(z —y) : & € Ag, |y > L})
+ exp(tu(0))Po(lg + ol < L),

where L = 2¢(u(0)t)'/?. We use obvious bounds

sup{u(z —y) 1z € Ay, |y| > L} < C(L — Vd) 1~
for the first term and

Po(lg + &l < L) < exp(~(lal — L) )|B(0, L)|/Z(d, 6)
for the second term. Note also that we have
te(L = Vd)7* < tu(0) — (gl = L)}

for large t, from |q| < (1 +¢)(u(0)t)"/? and our choice of L. Using these estimates,
we obtain

/ dglog Ny (t,q)
la|<(14&)(u(0)t)1/

B(0,L
< dgi log (o 4 1) + tu(0) — (|¢| — L)% ¢.
/|q|s<1+s>(u<o>t>1/9 { ( Z(d,0) ) +}

—~
~
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By changing the variable and taking the limit, we arrive at

— log N(t) 14d/6 o

ggl; irde < u(0) al<1ee dg{1 — (|lg| —2¢)% }-
This completes the proof of Proposition 5.1 since € > 0 is arbitrary. (|
5.2. Lower estimate

To prove the lower estimate, we have only to show the following:

Proposition 5.2. Suppose u > 0,supu = u(0) < oo, and u(zx) is lower semicontin-
uwous at x = 0. Then we have

. IOg [' (t) 1+d
lim —————= > u(0 /9/ dq(1 —q|?). 5.6
F t1+d/9 - ( ) |q‘<1 q( |q| ) ( )

Proof. For any € > 0, there exists R. > 0 such that
u(z) > u(0) — ¢ for |x| < R. (5.7)
by the lower semicontinuity of u. We use the bound
N7(8) > exp(—th|[Vee|2) N7 (2),
for any 1. € C§°(A.) such that the L?-norm of 1. is 1, where

exp (t Z inf u(x—q-— fq))] . (5.8)

zEA
g€z :

Ny (t) = Eg

This is proven by the same estimate as used in (2.4). We take 1. as the nonnegative
and normalized ground state of the Dirichlet Laplacian on the cube A.. Since a
sufficient condition for sup,cp_|v — ¢ —&| < R. is [¢ + & < R. — eVd/2, we
restrict the expectation to this event and deduce from (5.7) that

~ ) 0
RN = 1 /+ exp(t(u(0) —¢) — [y[*).
1 qezd lg+y|<Re—eVd/2 Z(d, 9)

Since a sufficient condition for inf{u(0)—¢)—|y|? < R. : |¢+y| < Re—eVd/2} >0
is |q| < {t(u(0) —€)}/? — R. + eV/d/2, we restrict the range of ¢ and deduce

log Ny (t)

/ ‘B(O,RE—E\/&/QN o oy
> /|q|§h(t) {C log Z(d,0) + t(u(0) ) — (g + R- ) }

B(0,R. — eVd/2)|
= h(t) /og PO e t(u(0) — ) — (h(t R o
@ [ {eos PR T ) <)~ (ol + R )}
for large ¢t and small ¢, where h(t) = {t(u(0) — )}/ — R. — c and ¢ and ¢’ are
positive constants. Then we obtain

__log N~ (t)

tim <520 > (o) - 0 [ da(1 - Jal)

ttoo lg|<1
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Since ¢ is arbitrary, this completes the proof of Proposition 5.2. O

6. Asymptotics for associated Wiener integrals

In the previous work [6], the asymptotic behaviors of the integrated density of
states were derived from those of certain Wiener integrals. In this section, we
recall the connection and derive the asymptotic behaviors of the associated Wiener
integrals in our settings. Let h = 1/2 for simplicity and F, denote the expectation
with respect to the standard Brownian motion (Bs)o<s<co starting at z. Then the
Laplace-Stieltjes transform of the integrated density of states can be expressed as
follows (cf. Chapter VI of [3]):

N(t) = (2wt)~%/? /A drEy @ E, [exp{— /Ot > u(B,—q- §q)ds}

aes (6.1)

:BS€ U(q+£q+K)fOr0<S<t‘Bt:x:|
q€ezd

We can also express N~ (t) in the same form by changing the sign of u and setting
K = () in the right hand side. In view of (6.1), N(¢) seems, and indeed will be
proven below, to be asymptotically comparable to the Wiener integral

t
St,rc - EG ®Er [GXP{/O Z U(B9 —q éq)ds}

q€Z?

(6.2)
:Bs & LJ(q+§q+K)forO§5§t}7

q€zs
which was the main object in [6]. This quantity is of interest itself since not only it
gives the average of the solution of a heat equation with random sinks but also can
be interpreted as the annealed survival probability of the Brownian motion among
killing potentials. Similarly, N- (t) is asymptotically comparable to the average of

the solution
t
S . =Ey®E, [exp{/ Z u(Bs —q — fq)dsH ) (6.3)
0 qeZd
of a heat equation with random sources which can also be interpreted as the

average number of the branching Brownian motions in random media. We refer
the readers to [8, 7, 24] about the interpretations of S; , and S, . The connection
between the asymptotics of N(¢) and St » can be found in the literature for the
case that {g+¢&,}, is replaced by an R?-stationary random field (see e.g. [18], [23]).
However our case is only Z%stationary.

We first prepare a lemma which gives upper bounds on log S; , and log Sy,
in terms of log N (t) and log N~ (t), respectively. We shall state the results only for
x € Ay since they automatically extend to the whole space by the Z?-stationarity.
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Lemma 6.1. For any x € Ay and € > 0, we have
log Sy, » <log N(t —e)(1+o(1)) (6.4)
and
log S, < log N~ (t — t724/%)(1 + o(1)) (6.5)
ast — o0.

Proof. We give the proof of (6.5) first. Let V() denotes the potential 3 4 u(z—
q — &) for simplicity. We divide the expectation as

t
Sia B0 @ B fexp{ [ Ve(Bds} o sup (Bl < 104
0

0<s<t

t
+ Z Ey ® E, [exp{/ Vg(Bs)ds} :n—1< sup |Bsloo < n]
0

n>[t1+d/0] Ossst
(6.6)
The summands in the second term can be bounded from above by
Eq {exp{t sup Vg(y)H P, (n —1< sup |BS|OO>
yEA, 0<s<t
d 2 (6.7)
<c1n®Eg [exps t sup Ve(y) ¢ | exp{—can/t}
yeMA

<ern® exp{est' 0 — con?/t},

where we have used a standard Brownian estimate (cf. [9] Section 1.7) and the
Z“-stationarity in the second line, and Lemma 7.2 below in the third line. Then,
it is easy to see that the second term in (6.6) is bounded from above by a constant
and hence it is negligible compared with N ().

Now let us turn to the estimate of the first term in (6.6). Note first that we
can derive an upper large deviation bound

Pe( sup  Ve(y) > v) < [t1+d/9]dP9(sup Vely) > v) < exp(—cqv' /%)
YEA11a/0) yEM

(6.8)
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which is valid for all sufficiently large ¢ and v > ¢, from the exponential moment
estimate in Lemma 7.2 below. Using this estimate, we get

t
Ey ® E, {GXP{/ Vg(Bs)dS} sup |Bsloo < [,
0

0<s<t

sup  Ve(y) > 2V 9}
YEA,11d/0;

gEg[exp{t sup Vg(y)}: sup Vs(y)ztzd/e] (6.9)

YEA,14d/0) YEA [ 14d/0)

< Z exp{tn}Py <n 1< sup  Ve(y) < n)

n>2d/6 YEA, 14d/6
< g exp {tnfc4(nf l)He/d}.
n2t2d/9

Since the last expression converges to 0 as t — 0o, we can restrict ourselves on the
event {sup V¢(z) < t2¥/9}. Hereafter, we let T = [t!T9/] since its exact form will

be irrelevant in the sequel. Then, the Markov property at time & = ¢=2%? yields
t
Ey ® E, [exp{/ Vg(BS)ds} : sup |Bsleo < T, sup Ve(y) < tzd/a]
0 0<s<t yEAoT
dy |z —y|?
Se/ exp(— )
2me)d/2 2
sy (27€) € (6.10)

t—e

xEg @ E, [exp{ Vg(Bs)ds} i sup | Bsleo < T}

0 0<s<t—e

e —
<G | [ dEolesn(—(t = D) . 2)

where exp(—tHg’Q?)(m,y), t >0, z,y € Ao, is the integral kernel of the heat
semigroup generated by the self-adjoint operator H ¢ on the L2-space on the cube
Ao with the Dirichlet boundary condition.

Finally, we use the estimate

1/2
exp(—tHL 1) (y, 2) < {exp(—tHL 1) (y, y) exp(—tH o7 ) (2, 2)}

for the kernel of self-adjoint semigroup and the Schwarz inequality to dominate
the right hand side in (6.10) by T2 N~ (t — £) multiplied by some constant.

Combining all the estimates above, we finish the proof of (6.5). We can also
prove (6.4) in the same way as (6.10). However it is much simpler since we do not
have to care about sup V¢(-) and thus we omit the details. O

The next lemma gives the converse relation between logS; , and log N (1),
while the lower estimate of log S, , will be derived directly. (See the proof of
Theorem 6.3.)
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Lemma 6.2. For any x € Ay and € > 0, we have

log N (t) < log SU%' (1 +0(1)) (6.11)

t—e,x

as t — 0o, where SZ’f/ is the expectation defined by replacing K and u by K' =
{r € K :d(x,K°) > +d} and v(y) = inf{u(y — = + 2) : 2 € A1} respectively in
(6.2). Note that if u is a function satisfying the conditions in Theorem 1.1 or 1.2,
then so is v.

Proof. Let € > 0 be an arbitrarily small number. By the Chapman-Kolmogorov
identity, we have

N(t) < (2me)~9/? /A dzEe ® E, [exp{— /OH > u(B,—q- fq)ds}

qeZd
B, ¢ |J(g+&+K) for0<s<t—5}

qezd

The right hand side is dominated by (QWE)*d/QS”’K' and the proof of (6.11) is

t—e,x
completed. O
We now state our results on the asymptotics of Sy , and S;

Theorem 6.3. (i) Assume d =1 and (1.5) if @ < 3. Then we have

~ _t(1+9)/(a+9)/ dg inf ( o + \y|‘9) (1<a<3),
R

veR \|q + y|*
log S, » = _4(14+0)/(3+0) (a = 3)7 (6.12)
340,72 (140)/(3+0)
o _140)/3+0) 3O T
+60s) (a>3)

as t — oo, where f(t) ~ g(t) means limy_, o f(t)/g(t) =1 and f(t) < g(t) means

0 < lim, . f(2)/9(t) < Ty oo F(£)/g(t) < co.
(ii) Assume d =2 and (1.5) if @« < 4. Then we have

C

1210/ (@+0) [ go ing ( 0 |y|9) 2<a<d),
Rz  yeR2 \|q + y|*

log Stz 4 = _4(2+6)/(4+6) (a = 4), (6.13)

= —(2+0)/(440) (1og 1) =0/ (4+0) (o > 4)

as t — oo.
(iii) Assume d > 3 and (1.5) if @ < d+ 2. Then we have

C
Ny _t(d+0)/(a+9)/ dg inf (=2t yl) (d<a<d+2),
R yeRI \|g +y|*

o _4(d+0p)/(d+2+0p) (a>d+2)

log S, » (6.14)

as t — oo, where p = 2(a — 2)/(d(a — d)) as in Theorem 1.2.
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(iv) Assume supu = u(0) < oo and the existence of R. > 0 for any e > 0
such that ess infgr_yu > u(0) —e. Then we have

log Si7, ~ (o) 4 [ a1~ gl (6.15)
lq|<1

as t — oo.

Proof. We first consider the corresponding results for N(t) and N~ (t): the esti-
mates (6.12)—(6.15) with S , and S, , replaced by N(t) and N (t), respectively.
These are already proven in earlier sections except for the case of @ > d + 2 and
d > 2. The results for the remaining case follow from Propositions 3.4 and 3.9 and
Abelian theorems in [10]. Then by Lemma 6.1, we obtain the upper estimates of
S,z and ;. For the lower estimates of Sy, ., we set u#(y) = sup{u(y + = + 2) :
2z € Mi}lp(r,)e(y) + 1pr,)(y) with Ry > 0. If u satisfies the conditions in The-
orems 1.1 and 1.2, and R; is sufficiently large, then u? also satisfies the same
conditions. Therefore we obtain the corresponding lower estimates of N (t) where
K is replaced by B(Ry) with any Ry > R; and u is replaced by u#. Then by

o#
Lemma 6.2, we obtain the corresponding lower estimates of SZ x’B(RQ'H/a), where

v#(y) = inf{u#(y —x + 2) : 2 € Ay}. Since K C B(Ry + V/d) and v# > u on
B(Ry)¢ for some Ry > R;, we obtain the corresponding lower estimates of Sy, ;.
For the lower estimate of Sy ,, we restrict the expectation to the event By € A,

for any s € [1,t] to obtain
Sr. > / dye 2 (2, y) / dzelt=VAZ 2y N7 (1 1) > et Ny (1 — 1),
Ac A

where Ny (t) is the function defined in (5.8), and exp(tA/2)(x,y), (t,z,y) €
(0,00) x R? x R? and exp(tAP /2)(z,y), (t,2,y) € (0,00) x Ac x A, are the inte-
gral kernels of the heat semigroups generated by the Laplacian and the Dirichlet
Laplacian on A, respectively, multiplied by —1/2. Therefore the lower estimate of
S, . is given by our proof of Proposition 5.2. O

t,x

7. Appendix

We here state and prove two lemmas which we used before. The first one is to
define the integrated density of states N(\) and to represent it by the Feynman-
Kac formula:

Lemma 7.1. Let u be a nonnegative function belonging to the class Kq and sat-
isfying (1.3). Let §& = (§)qeze be a collection of independently and identically
distributed R*-valued random variables satisfying (1.2). Then almost all sample
functions of the random field defined by Ve(x) = quzd u(x —g—¢&g) belong to the
class Kg joc-
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Proof. For any €,§ > 0, by the Chebyshev inequality, we have
Po(|€g] > lal) < Eol(1&q1/1al*)°] < e1/]al®.

For any ¢, there exists d such that

> Po(l&g] = 1al) < oo.

gezd

By the Borel-Cantelli lemma, for almost all £, we have N¢ € N such that |§,| <
lg|* < |q|/3 for any ¢ € Z — B(N¢). By the condition (1.3) we also have R. such
that u(z) < (Co + ¢€)/|x|* for any x € B(R.)°. We now take R > 0 arbitrarily. If
z € B(R) and q € Z% — B(3(RV R.) V N¢), then

|z —q— &l > gl — €| — =] > |q|/3 > R.
and

Ve(w) < > u( —q— &) + co.
q€ZINB(3(RVR:)VN¢)
Since the right hand side is a finite sum, we have 1pg)Ve € Ky. Since R is
arbitrary, we complete the proof. O
The second is to define the integrated density of states N~ (\) and represent
it by the Feynman-Kac formula. The following is enough to apply Theorem VI.1.1
in [3]. This lemma was also used in (6.8).

Lemma 7.2. Let u be a bounded nonnegative function satisfying (1.3). Then there
exist finite constants c; and co such that

Eq {exp (r sup Vg(m))] < ¢q exp(cor't4/9)
rEN,

for any r > 0, where £ and V¢ are same as in the last lemma.

Proof. We first dominate as

log Eg [exp (r sup Vs(x)ﬂ < /Rd log I(q)dg,

where

1) = B[ (sup e g )]
TC€A2
For sufficiently large R > 0, we have u(x) < 2Cy|z|~* for |z| > Ry. A sufficient
condition for inf,ecn, |# —q—&]| > Ris |¢+&| > R+ +/d. Then, for ¢ € B(2(R +
Vd))¢, we dominate as

2rCo lq| , lql
T(a) <Eo|exp (sup £ ) ook ol = T4 e o (fa+ ol < )
(q9) <Eg|exp Ry Pa—T la+&l = 5| +e olla+&l <5

ZTCb
(lal/2 = V)

§exp( )(1+c1 exp(rsupu—cz|q|9))
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Since log(1 + X) < X for any X > 0, we have

/ log I(g)dg
B(2(R+Vd))e°

2TCO 0
S/ 7dq—|—/ ¢y exp(rsupu — cz2lq|”))dg
Bemva)- (lgl/2 = Vd)* BE(RAV)e
Cc3Tr
—Roz—d
By a simple uniform estimate, we have

+ cqexp(rsupu — csR?).

/ log I(q)dq < cgrsup uR?.
B(2(R+Vd))
Setting R = (rsupu/cs)'/?, we have
/log I(q)dq < cqritd/?
for sufficiently large r > 0. (|
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