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Abstract. For the Schrodinger operators on L?(R?) and L?(R?) with the uniform magnetic field and
the scalar potentials located at all sites of a randomly perturbed lattice, the asymptotic behavior of the
integrated density of states at the infimum of the spectrum is investigated. The randomly perturbed
lattice is the model considered by Fukushima and this describes an intermediate situation between the
ordered lattice and the Poisson random field. In this paper the scalar potentials are assumed to decay
slowly and its effect to the leading term of the asymptotics are determined explicitly. As the perturbed

lattice tends to the Poisson model, the determined leading term tends to that for the Poisson model.
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1. Introduction

Let

H:A*A:(iaim—%fnt(iai@Jr%)Q—B (1.1)

be the smaller component of the Pauli Hamiltonian R? with the uniform magnetic field B > 0, where
1=+/—1and

A= (i%—?) +i(¢%+?). (1.2)

Let
Ve(w) = D ulw—q—&) (1.3)

qEZ?

be a random potential on R?, where £ = (&g)qez2 1s a collection of independently and identically dis-

tributed R2-valued random variables with the distribution
Py(&, € dx) = exp(—|z|”)dz/Z(9), (1.4)
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2| = /27 + 23, 0 € (0,00), Z(0) is the normalizing constant, and u is a nonnegative function belonging
to the Kato class Ko (cf. [2] p-53). Let He o, be the self-adjoint restriction of the random Schrédinger
operator
He =H+ Ve, (1.5)

to the L? space on the cube Ag := (—R/2, R/2)? with the Dirichlet boundary condition and N¢ g(\) be
its number of eigenvalues not exceeding A. It is well-known that there exists a deterministic increasing
function N such that

R72Ne r(A) — N(N) as R — oo (1.6)
for any point of continuity of N and almost all £ under the condition sup |z|*u(z) < co for some o > 2
(cf. [2], [7], [10]). This function (N(X))a>o is called as the integrated density of states for the random
Schrodinger operator (1.5). For this function, we show the following:

Theorem 1. (i) If

inf 1.
e‘;‘,lsg}% u(z) >0 (1.7)
holds for any R > 1 and
u(z) = Colz|~*(1 + o(1)) (1.8)

as |z| = oo for some Cy € (0,00) and o € (2,00), then we have

k+1
. _ KR . Co 0
R p ; 1.9
)}JI}(,)I og ( ) (H + 1);<;+1 { /]R2 qyléle (|q -+ y|a + |y‘ )} ’ ( )

where k= (2+0)/(a — 2).

(i) If (1.7) holds for any R > 1 and

— |z

u(x) = exp ( C:f;

(1+0(1))) (1.10)

as |xz| = oo for some Cy € (0,00) and « € (0,2), then we have

—27TC(()2+9)/a

CERCESE (1.11)

lim(log(1/2)) "/ log N(3) =

We also consider the 3-dimensional problem in the following formulation referring to [8] and [17]. Let

9 _%)2+(iﬂ+%>2_3 o (1.12)

%:(187:1 2 Ory | 2 T 02
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be the smaller component of the Pauli Hamiltonian on R? with the constant magnetic field B parallel to

the x3-axis. We write any element = of R3 as (z,,23) € R? x R and set

0 21?4, xs5]% |, = (loL |7+ + |as|%P) /P if p € [1,00),
||:1:||p = (1.13)

|z 1|+ V |23|% if p = oo,
for arbitrarily fixed @ = (61,63) € (0,00)? and p € [1,00]. Let & = (£4)qezs be a collection of indepen-

dently and identically distributed R3-valued random variables with the distribution
Py(&q € dx) = exp(—||:c|\g)dac/Z(0,p)7 (1.14)

where Z(0,p) is the normalizing constant. Let u be a nonnegative function belonging to the Kato class

K3 (cf. [2] p-53) and satisfying
C

_ G0 (14, |
u(x) = Hng (I1+0(1)) (1.15)

as || — oo for some Cy € (0,00), p € [1,00] and @ = (a1, 3) € (0,00)? such that

2 1
=<1 (1.16)
Q] Qs
Since
d
/ R (1.17)
qEeR3:|q|>1 Hqu
under the condition (1.16), we can show
Ve@)= > u(@—q-£&) (1.18)

q€eZ3

belong to the local Kato class K3 0. by the same method in Lemma 7.1 in [7]. As in the 2-dimensional

case we will consider the integrated density of states (IN(\))a>o of the random Schrédinger operators
He =+ Ve (1.19)
it is a deterministic increasing function satisfying
R73Ner(A) — N(N) as R — oo (1.20)

for any point of continuity of IN and almost all £, where Ng r(\) is the number of eigenvalues not
exceeding \ of the self-adjoint operator Hg o, on the L? space on the cube Ag := (—R/2, R/2)3 with

the Dirichlet boundary condition (cf. [2], [7], [10]). Our result is the following:



4 Naomasa Ueki

Theorem 2. We assume

inf >0 1.21
?S\S%rll% u(x) (1.21)

holds for any R > 1 and (1.15) as |x| — oo for some Cy € (0,00) and

—+ —>1 (1.22)
o Q3
We set
OL 6 2 1
r(a,0) = A8 0L O3 (1.23)
1o 2 =
o Q3
and
C(a,8,Cy)
1.24)
Co (
— [ da it (| o1 0
/]Rs qy:(yi{ly:s)eRi" <||q + yll,‘;‘ %Z%WH %S%‘y3| p)
(c¢f. (1.17) ). Then we have
_ 0 r(ax,0)
lim A9 Jog N (\) = (e, ) C(a,8,Cp) H(e0) (1.25)

L0 (1 + k(a, §))1+r(ex.0)

These results are extensions of the results in [6] and [7], where the same problem is considered in the
case without magnetic fields. As is discussed in [6] and [7], our model describes an intermediate situation
between a completely ordered situation and a completely disordered situation since the point process
{q + &4} qez2 converges weakly to the Poisson point process with the intensity 1 as # — 0 and converges

weakly to the complete lattice Z? as § — oo by slightly modifying the definition as
Py(&q € dz) = exp(—(1 + |z]))dz/Z(9), (1.26)

which brings no essential changes for our results. The results in [6] and [7] show that the leading term
of the integrated density of states for each case also tends to that for the corresponding Poisson case as
6 — 0 and decays as 0§ — oo which reflects that the infimum of the spectrum is strictly positive if the
perturbations &, of sites are all bounded. In the case with uniform magnetic fields the asymptotics of
the integrated density of states has been investigated mainly for the Poisson case. For this topic and
the relation with other topics, refer to a recent survey by Kirsch and Metzger [11]. The first result was
given by Broderix, Hundertmark, Kirsch and Leschke [1]: they determined the leading term for the case
corresponding to Theorem 1 (i) in this paper where the point process {q + &;}4ez2 is replaced by the

Poisson point process. As in (1.9), this leading term was determined mainly by the classical effect of the
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scalar potential as in Pastur’s case [14] without magnetic fields. In fact these asymptotics coincide with

those of the corresponding classical integrated density of states defined by

Ne(N) = Eg[|{(z,p) € Agr x R* : He o(x,p) < A}](2mR) 2 (1.27)
for any R € N, where | - | is the 4-dimensional Lebesgue measure and
He,e(x,p)
R | S
+Velw) |
(=55 (- 22) v

is the classical Hamiltonian (cf. [9]). Therefore we may say that only the classical effect from the scalar
potential determines the leading term. Then Erdos [4] treated the case where the single site potential u
is replaced by a function with a compact support and he determined the corresponding leading term of
the integrated density of states, which depends only on the magnetic field and the intensity of the point
process and is independent of the precise informations on the single site potential as in Nakao’s case [13]
without magnetic field referring to Donsker and Varadhan’s result [3]. This behavior is different from
that of the classical integrated density of states. Thus we may say that the quantum effect appears in
this behavior. The borderline between the classical and quantum behaviors was determined by Hupfer,
Leschke and Warzel [9]. The borderline corresponds to the case of & = 2 in Theorem 1 (ii) in this paper.
They also determined the leading term for the case of Theorem 1 (ii) in this paper for the Poisson case.
The leading term for the borderline case was determined by Erdos [5]. The leading term for the case that
only the classical effect appears was determined also in the 3-dimensional case by Hundertmark, Kirsch
and Warzel [8]. Results appearing the quantum effect in 3-dimensional cases were obtained by Warzel
[17], where general bounds and the leading order for special cases were obtained. Now our problem is
to consider the same problem in our setting. As is discussed in [16] we conjecture that the borderline
between the classical and quantum behaviors is the case of @« = 2 in Theorem 1 (ii) and the case of
2/a) +3/az =1 in Theorem 2 as in the Poisson case. In this paper we treat only the classical case and
we will treat the quantum case in [16]. Now Theorems 1 and 2 show that our leading terms coincide with
those of the corresponding classical integrated densities of states. They also tend to the corresponding

leading term for the Poisson case as 6 — 0.
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The leading term we obtained coincides with that for the classical case without magnetic fields obtained
in [7]. The classical case without magnetic fields is that of (1.8) with 2 < a < 4 if the dimension is 2.
Theorem 1 shows that this condition for only the classical effect to appear is weakened by the magnetic
field, since the effect of the Landau Hamiltonian to the asymptotics of the integrated density of states
is weaker than that of the usual Laplacian. The 3-dimensional classical case without magnetic fields is
that of (1.15) with 4/a; +1/ag > 1 and (1.16). This result was obtained for the Poisson case by Kirsch
and Warzel [12], where the results for the single site potential with an anisotropic decay are summarized.
Theorem 2 shows that this condition for only the classical effect to appear is weakened in the direction
perpendicular to the magnetic field and is strengthen in the direction parallel to the magnetic field.

The organization of this paper is as follows. We first prove Theorem 1 in Sections 2 and 3: we give the
upper estimate in Section 2 and the lower estimate in Section 3. We next prove Theorem 2 in Sections 4
and 5: we give the upper estimate in Section 4 and the lower estimate in Section 5. In Section 6 we give
the leading terms of the low energy asymptotics of the classical integrated densities of states defined in
a general setting.

2. 2-dimensional upper estimate

In this section we prove upper estimates necessary to prove Theorem 1. We denote the Laplace-Stieltjes

transform of the integrated density of states N(\) by N (t):

N(t) = /OOO e TN (N).

Then the results are the following: :

Proposition 2.1. (i) Under the conditions of Theorem 1 (i) we have

— logN(t) ) Ch 0
= S G _ .
e < /R dq inf, <7|q+y|a + 1yl ) (2.1)
(ii) Under the conditions of Theorem 1 (ii) we have

T log N (t) < —2wCé2+9)/0‘
ttoo (logt)(2+0)/e = (0 +1)(0 +2)°

(2.2)

(i) is proven by the following proposition and the same proof of Proposition 4 in [7]. The following
proposition is an extension of the basic inequality (3.6) in [1] for a R2-stationary random potential to a Z2-
stationary random potential, which is proven by applying the basic inequality in [1] to the R2-stationary

random potential

Vec(x) = Z u(r —q— & — Cq)s (2.3)

qE€Z?
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where ¢ = ({;)qez2 is an independent family of random vectors uniformly distributed on A; :

Proposition 2.2.

where

Ni(t) = / da Eglexp(—tVe(x))].
Ay
Proof of Proposition 2.1 (ii). By replacing the summation by the integration, we have

log Ny (t) < /]RZ clqlogEg{eXp(—Ifmiéllf2 u(x — q—§0))]

We restrict the integration to |¢| < L for some finite £. For any e; > 0, there exists Ry such that

u(x) > exp(—(1 4 e1)]x|*/Co) for any |z|o > R1, where |z|o = |21] V |22]. Thus the right hand side is

dominated by

d . T —q—yl®
/dqlog{ /Z(yﬁ) eXp(ftmlgI{lZeXp(*(1+€l)#)*‘y|a)

l[q|<L [q+yloo>R1+1

—l—eXp(—t inf u)}
A2py 44

By changing the variables, this equals

(Sl | soon it o (<1 1 1)

where L = £((1+ 1)/(Colog 1)/,
Co logt)Q/a/ dy
L [g4+y|oo>(R1+1)((14£1)/(Co log t)) 1/« Z(6)

Cologty 0/
X exp ( —timsthay) (104—7051) |y‘9)7

No(t,q) :(

and

s(t,q,y) = sup |t —q—y|*

TEAS (141)/(Co 108 1)1/

We take L as an arbitrary positive constant less than 1 and independent of ¢t. Taking €5 € (0, 1) arbitrarily,

we dominate Na(t,q) by exp(—Ns(t, q))€;2/9, where

Cologtyf9/a
Na(t,q) = inf {tl—sﬁvq’y) r(1- 62)( 1°+°§ ) l®:y e R?}.
1

We use the polar coordinate to express as

. Cylogty 0/
Ny(t,q) = inf {1 =100 4 (1 — o) 1O+O§1 ) w0}

(2.5)
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where

s(t,q) = sup |z — q|.

TEAS (1421)/(Co10a 1)1/

We take small e3 > 0 and estimate the infimum in (2.5) as

~ . Cologt\ 0/
Ng(t,q)21nf{(1—€2)(10+§1 ) r9:r>1—s(t7q)—53}

A inf {tl_(s(t"”“)a :0<r<1-s(tq) — 53}

:{(1 - 52)(?0i051t)0/a(1 —s(t,q) — 53)9} Al (1—e3)®

The right hand side is bounded from below by

Cylogt
(1—52)( 10+

0/
_ _ 0
2) (=l = 225)

for sufficiently large ¢. By taking L as 1 — 3e3 and using also the positivity assumption (1.7), we obtain

Era log j\vfl (t) CO (2+0)/a/ 0
lim = —— e = —(1 - 1—|q| — 2e35)%dg.
i Gognaraza = 52)(1 +51) \q\§1—353( la| — 2¢5)%dg

Since €1, &9, €3 are arbitrary, we have

— log Ny(t N
mos i) (2“’)// (1 — |q])%dg.
l[q|<1

ttoo (logt)(2+0)/a = 0
O
3. 2-dimensional lower estimates
In this section we prove the following lower estimates necessary to prove Theorem 1:
Proposition 3.1. (i) If (1.8) holds, then we have
%m > —/R2 aiqyienﬂg2 <|qf()y|a + |y|9). (3.1)
(ii) If (1.10) holds with some « € (0,2), then we have
lim log N (t) —27TC'82+9)/0‘ . (3.2)
t1oo (logt)2+0)/ e = (9 +1)(6 + 2)
Proof. We use the bound
N(t) > (2R) "2 exp(—tM (Hpr))) N1 (1), (3.3)

for any R € N, where

Ni(t) = Ey 7

exp (1 [ delun(z)PVe(o))
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and 9p is a normalized eigenfunction for the lowest eigenvalue A\i(H p(g)) of the operator H restricted
to the disk B(R) = {z € R? : |z| < R} by the Dirichlet boundary condition. This is proven by the same

method as for the corresponding bound in Theorem (9.6) in [15] for the R2-stationary random field.
B
M (Hp(m) < exp ( - S R(1- 61)) (3.4)

is proven by Erdos [4] for sufficiently large R for an arbitrarily taken eq > 0.
If (1.8) holds, then we can show (3.1) by the same proof of Proposition 5 in [7], where R is taken as
got'/(@+9) with an arbitrarily small eg > 0.

We now assume (1.10).

log N1 (t) = > Na(t,q),
q€Z?
where

Fa(t.) =log Ea[exp (~ ¢ [ dolun(o)Pute — ¢ - )]

If |q| is sufficiently large and & is less than |g|/2, then we have |x — ¢ — &| > |¢|/2 — R and

~ 1 «
Ratt.q) 2 —tew (— o (4 - B)"(1- ) +tog Palleol < al/2)
where €5 is an arbitrarily small positive constant. By a simple estimate using log(l — X) > —2X for

0 < X <1/2, we have

Z Na(t,q) > —crtexp(—ca RUTE9)%) — cgexp(—cy RUHE)Y) (3.5)
q€Z2\B(R1*3)
for large enough R, where e3 is an arbitrarily small positive constant, and ¢y, ...,cs are positive finite

constants. We dominate the other part as

Z NQ(t7q)

gqEZ2NB(Rt=3)
d
> Z log sup / il
zER? Z(e)
q€EZ?NB(R'*=3) lyl<ea

><exp(—t/dm\¢R(x)|2u(x—q—y—z)—|y+z\e) (36)

me?

Z(0)

— Z inf sup (t/dx|wR(x)|2u(x —q—y—2)

2
qezzﬁB(R1+E3)ZER ly|<ea

>c5 R2(1Fe3) Jog

+|y+Z\9),
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where c5 is a positive finite constant and 4 is an arbitrarily small positive constant. We take z = 0 for
q € 77 satisfying |q| > (1 + s)R+¢e4 and z = (=1 + ((1 + s)R + £4)/|q|)q for other q € Z?, where s is a
finite positive number specified later. Then the second term of the right hand side of (3.6) is bounded

from below by

(lal - R—ea)*) +24}

_ Z {texp ( - 1 5052

gEZ2N(B(RV3)\ B((145)R+24))

1-¢
- > {teXP(— C 2(5R)°‘) +((1+ s)R+2e4 — |q|)9}
0
q€Z?NB((145)R+<4)
1—
> — cg(1+ s)*R*texp ( — 052 (sR)"‘) P
0

(e [ ((1-+ )R+ 224 — la))"dg
q€R?:[q|<(1+s)Rteq
for large enough R, where €5 is an arbitrarily small positive constant, and c¢g and c¢7 are positive finite
constants. By changing the variables, the last term is bounded from below by

2w

(Ut )+ )R+ 220 o

for large enough R. The above estimate is summarized as follows:
log N(t)

> —texp ( - §R2(1 - 51))

1—
—c6(1 + 5)*R*texp ( - 052 (sR)‘“) —2log(2R)
0

—cit exp(—CQR(1+53)°‘) —c3 eXp(—c4R(1+53)9)

mel

Z(0)

+ c5 R2(0+23) Jog — cref R2(1Fe3)

2w
0+1)(0+2)

for large enough R. The first term and the second term change the role according to the value of «.

— (L+e5)((1+ 8)R + 2e4)*"?

When « < 2, we take 1/s as an arbitrarily small positive constant and set R = sR. Then the right
hand side of (3.7) is bounded from below by

2r
@+1)(0+2)

1—2e9 ~ ~
—cgt exp ( — TQRO‘) —(1+ 2e5)R*HY
0

for large enough R. We now take

B (C’o logt)l/a.
1—252
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Then we obtain

Co logt) (2+0)/a 2m

1ogﬁ(t)Z—CG_(1+255)(1_252 O+1)(6+2)

for large enough ¢, from which we obtain (3.2). a

4. 3-dimensional upper estimate

In this section we prove an upper estimates necessary to prove Theorem 2. We denote the Laplace-

Stieltjes transform of the integrated density of states N (X) by N (t):

N(t) = /0 T AN ().

Then the result is the following:

Proposition 4.1. Under the conditions of Theorem 2, we have

— log N(t)
}g}ﬂo Ra0) < —C(e,6,Co), (4.1)
where
b 0, 2 1
~ o a o o
Rla,0) = =+ 9L3 93J— 3 (4.2)
— v =41
] Q3

To prove this proposition, we use the following simple extension of Proposition 2.2:

Proposition 4.2.

— B —
N(t) < 27T(l_e_wtmel(t),
where
Ni(t) = A da Egexp(—t Ve (x))]. (4.3)

Proof of Proposition 4.1. By replacing the summation by the integration, we have

log Ny (t) < /]Rs dqlogEo[eXp(—tmiQZ{ZU(w - q—&))]

We restrict the integration to |¢) oo < £ and |g3| < L3 for some finite £, and L3. For any 1 > 0,
there exists Ry such that u(x) > Co(1 —e1)/[|z||$ for any |z|o > R1, where |x|o = max; [v;|. Thus the
right hand side is dominated by

Co(1 —e1) 0

dy
/ { 70, A Tw-q oy ¥l
[q1 o <L1,[q3|<L3 ™ |g+y|oo>R1+2

+exp(—t inf u)}
AzRr,+6
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By changing the variables (q,,qs) to (t"+q,,t"qs) and (y.,ys) to (t"*+y,,t™ys) with n,,n3 € (0,00)

satisfying 1, a, = nzas, we see that this equals

£2n1+n3 / dqlog {]’\\fg(t7 q) + exp ( —¢ inf u) }, (4.4)
‘q‘oo<L A2R1+6
where
Ny(t,q)
:t2"7L+773 / dy exp ( _ tlfruou inf M
Z(va) |z oo < t™ML ||w_q_y||g
lar +yiloo > (R +2)t7 7L lzg| < ¢T3

laz +y3| > (R1 +2)t™ 73
05
6. |Yoex |

— %
T ¢nL01L—ns0s|

|y*

)

we take L as an arbitrary constant independent of ¢ by taking (£, , £3) appropriately, and we take * and
x* as elements of { 1,3} such that n.0, = (n.01)V (n303) and ** # x. Moreover we take 1, and ns as

N = 1/(0c4+ay) and 0y = ai /{0 +ay)} so that 1—n o) = n,.0,. Then, taking €5, e3 > 0 sufficiently

small and using the positivity assumption, we can dominate ng(t, q) by exp(—t"*e*]/\\fg(t7 q))sgz/mfl/(g3

for large enough ¢, where

N;(t,q)
61 (4.5)

L

00(1 — 61)

{ 0. |V
in —_—
zeA,yer® Ul —q —y|§

7 ¢nL01L—n30s]

+ (1= 2)|ly-

Therefore we obtain
— log N(t)
too 1211 +n3+n.0.

IN

—/‘ Ni(q)dq,
[gloo <L

where
00(1 — 61)
|z —q—yllg

Ni(q)= _ inf {

TEA:, ,YyER3

b

Since €1, €9,€3 and L are arbitrary, we can complete the proof. O

+ (1 B E2)H |y*|9*’ 19L7u:93773 |y**|9**

5. 3-dimensional lower estimate

In this section we prove the following lower estimates necessary to prove Theorem 2:
Proposition 5.1. If (1.15) holds with (1.16) and (1.22), then we have

log N
hmfg—gEZ—C@L&C@ (5.1)
tToo tm(og )

with (4.2) and (1.24).
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Proof. We use the bound

N(t)
>(2R,)"2(2Rs) " exp{ —th\i(Hpn,)) (5.2)

(- (), )10

where Ry, Ry € N, Hp, is the same symbol used in (3.3), (d*/(dz?))(_g,,r,) is the restriction to the

interval (—Rg3, R3) of the 1-dimensional Laplacian by the Dirichlet boundary condition,

Ni(t) = E | exp (t [ dwin, (2. 0m, <x3>2vg<m>)] ,

and Y, and ¢r, are the normalized ground states of Hp(r,) and f(dz/(dﬁ))(_RB’RS), respectively.
This can be proven by the same method as for the corresponding bound in (3.3) and Theorem (9.6) in

[15] for Ré-stationary random fields. We have Erdés’s bound
B
M(Hg,) < exp ( - SR 81)) (5.3)

as in (3.4) and

2 ™
/\1<7 (%)(71{3,33)) - (EY’ (5.4)

where €7 is an arbitrarily fixed positive constant. By replacing the summation by integration, we have

log N1 (t) 2/ Na(t,q)dg.
RS

where

Na(t.) = tog E[exp (¢ [ daton, (1) 20m, (@:)? sup (e —q - 2= &) |

For any e3 > 0, there exists Rz such that u(z) < Co(1 + e2)/||z[|¢ for any [z| > Ra by the assumption
(1.15). To use this bound in the above right hand side, we need inf{|x — ¢ —z — &o| : [z1| < R, |z3| <
Rs,z € Ay} > R,. A sufficient condition of this is |g.| > 2(Rs + Ry + 2) with &, 1| < |gu1|/2
or |gs| > 2(R2 + Rs + 1) with | 3] < |g3]/2. We fix 51,083 > 0 and take ¢ large enough so that

t8+ > 2(Ry+ R, +2) and t% > 2(Ry + Rz +1). Then, by using also log(1 — X) > —2X for 0 < X < 1/2
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we obtain

/dq Na(t,q)
lg|>tPL,[qs|*/P3<|q. /AL
—tCo(1 + €9)2%+
g1 —2(R1L +2))*+

> /dq ((

lqu|>tPL,|gs|*/Ps<|qu | /PL
+1log P(|¢o, 1| < IqL|/2))
> — eyt the—Bilan=2) _ exp(—c;;)t’BiGL)
if
ar >2+B3/B4,

and

[ da Noltq)

lgs|>t73,]qL |1/ PL <|qs|'/P3

> /dq (( —tCh(1 + £2)2%3

lgs| — 2(R3 + 1))+

lgs|>t73,]qL |1/ PL <|qs|'/P3
+log P(|&o,3] < |Q3|/2))
> — o ! T2 —Fslas—1) _ eXp(—CGtﬁf’ef’)
if
ag > 1428, /Bs.

The other part is estimated as

/dq Nz(t, q)

lgo|<thL,|qs|<tFs

> / dq log / _dy

(5.9)

Z(0,p)
lgu |<tPL,|qs|<tPfs lgr+y1|>Ra+R1+2 or |gz+y3|>Ra+R3+1
—tCo(]. +€2) 0
< exp (o = — lvl?).
mn \IL|<R¢,|I3|<33,Z€A1{HHJ —-—q—z— y”ﬁ }

By the same change of variables as in (4.4) and (4.5), we find that the right hand side equals

dyt2nL+mns —~
g / dq log / yZ(Gip) exp(—t"% N3(t,y,q)),
lgo|<tPL=nL |gs|<tFs—n3 7
|QL+ZJL‘ > (R2—|—RL+2)/tnl

or |gs+ys| > (Re+ R3+ 1)/t
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where
Ns(t.q,y)

=Co(1+e2)/inf{|lz —q— 2 —y|F : |zo]| < R /", 23] < R3/t™,
(5.10)
21 |0 < 1/(26™), [23] < 1/(2t™)}

O i

.

0.
* H|y*| 7 ¢nL0—n30s]

.
Taking 1,73 € (0,00) and w € R®, we restrict the integration to B(w,t~7+) x (w3 —t =73 w3 +t773).
Then we can bound the integrand with respect to ¢ from below by

22 —yL)+(ms—vs)

_ a0 N

log

where

Niy(t,q)

=inf { sup Ns(t, q,y)

YEB(w1 ,t~7L) X (w3 —t~73 w3+t ~73)

w3z € R,wy ERQ,
d(B(wy,t™7"),—q1) = (Ro + R + 2)t"”} (5.12)

A inf{ sup Ns(t, q,y)

yEB(wy ,t~ VL)X (w3—t~73 ,w3+t773)

Z’U}J_ERQ,’U}?,ER,

dl(ws — 477wy +77%), ~q3) = (Ry + Ry + 1)t }.
We now specify R) and R3 as the integer parts of e3t"+ and e3t"3, respectively, where £3 is an arbitrarily
fixed positive number. We take 8, and 83 as 1 = 11 + (g4 and B3 = n3 + &4, respectively, where ¢4 is
also an arbitrarily fixed positive number and ¢ is a number satisfying

1 —1
<c< B2

OZJ__Q 2

By taking 4 small, we have 1 —2n3,1+ 3 — 1 (a1 —2),1+281 — fB3(az—1),281 + B3 < 2n1 +n3+ .04

and (5.6) and (5.8). Thus we obtain

log N (t _ .
lim 8N Ni(t, q)dq. (5.13)

oo t ML +13+74 04 tToo |ql\§tm—_”l,|q3\§tﬁ3_"3
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When || < t%+774 and |g3| < %7 we have t71 < |q |7V B+=11) and ¢~ < |gz| =1/ (Fs=m). Thus,

for large |q|, by taking w as 0, we can dominate Rf;(t, q) by
(lgL] — 1);Cu A (gs| — 1);043 + |qL|—’YJ_0J_/(ﬂJ_—7]J_) A |q3|—7393/(53—773).

This is integrable if we take v, and -5 large enough so that v, 0, /(8. —n1) > 3 and y363/(83 — n3) > 3.

Thus, by the Lebesgue convergence theorem, we have

fm Na(t,q)dq
ttoo lgL |<tPL—nL |qs|<tB3—73

Co(1
= dq inf{ o(1+e2)

inf T—a—ul®
° ool e —a -yl

O

+ H|y*|6*v 177393=77*9* y** P

Hlyr +aulViys +asl 2 63}.
Since €5 and e3 are arbitrary, this completes the proof. |
6. Classical integrated density of states
In this section we summarize the results on the leading terms of the low energy asymptotics of the
classical integrated densities of states in a general setting.
The 2-dimensional results are the following:
Theorem 3. (i) If (1.7) holds for any R > 1 and (1.8) as |z| — oo for some Cy € (0,00) and a € (2, 00),

then the classical integrated density of states defined by (1.27) has the same leading term with (1.9):

Kk+1
. Kk . C() (4
lim A* log N,(\) = — d f . 1
)}g)l og N.(N) (/ﬁ:"l_l)n—i_l{/R? leenR2 <|q+y|°‘ + [yl )} (6.1)

(i) If (1.7) holds for any R > 1 and (1.10) as |x| — oo for some Cy € (0,00) and o € (0,24 0), then

the classical integrated density of states defined by (1.27) has the same leading term with (1.11):

o0

O+1)(0+2) (6:2)

lim(log(1/A)~* "% log No(A) =

(iii) If (1.7) holds for any R > 1 and (1.10) as |z| — oo for some Cy € (0,00) and « € (2 + 6, 00),
then we have
lgﬁ}(log(l/)\))’l log N.(\) = —1. (6.3)

(iv) If (1.7) holds for any R > 1 and (1.10) as |z| — oo for some Cy € (0,00) and o = 2+ 6, then we

have

271'00

O+1)(0+2) (6:4)

tin(log(1/3)) ~ log No(A) = ~1 -
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(v) If suppu is compact, then the classical integrated density of states defined by (1.27) satisfies the

following:
Ne() = 521+ o(1) (6.5

as A1 0, where
Ke= [ do [] Po(w —q—& & suppu). (6.6)

Aq qez?

(i)-(iv) are proven by the same methods in Sections 2 and 3, and (v) is proven by the Lebesgue
convergence theorem.
Similarly by the methods in Sections 4 and 5, and the Lebesgue convergence theorem, we have the

following 3-dimensional results:

Theorem 4. Let N.()\) be the classical integrated density of states of our 3-dimensional setting defined
similarly as in (1.27).

(i) If (1.21) holds for any R > 1 and (1.15) as |x| — oo for some Cy € (0,00), p € [1,00] and
a = (ay,as) € (0,00)? satisfying (1.16), then IN.(\) has the same leading term with (1.25):

_ r(c,0)
: k(a,0) _ H(a7 0) 1+k(a,0)
X og N(Y) = 1 o O, 0, C) . (6.7)

(i) If (1.21) holds for any R > 1 and

—ll=[lF
0

u(@) = exp (T(l + 0(1))) (6.8)

as |x| — oo for some Cy € (0,00), p € [1,00] and o = (a1, 3) € (0,00)? satisfying

X(e, 0) > 1, (6.9)
then N.(X\) satisfies
lim(log(1 JA)X(@0 1og N, (A) = —CX*P D(a, 0, p, p), (6.10)
where
2 1 0, 0
0) = — +—+ (A2 11
xle )= =t (= ) (6.11)
and
D(aa07p7p)
(6.12)

Lo, _og|yrl® Lo o oy lys|™
SL<ts SL>%s

p

= / dq inf ‘
lalg<t — wllatylz=1
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(iii) If (1.21) holds for any R > 1 and (6.8) as |x| — oo for some Cy € (0,00), p € [1,00] and

a = (a;,a3) € (0,00)? satisfying

the

x(a,0) <1, (6.13)

n N(\) satisfies

o 3
; x(e,0) =
li?é(log(l//\)) log N.()) 5" (6.14)

(iv) If (1.21) holds for any R > 1 and (6.8) as |x| — oo for some Cy € (0,00), p € [1,00] and

a = (ay,as) € (0,00)?% satisfying

the

as

[1]

2]
3]

(4

5

[6]

7]

(8]

x(a,0) =1, (6.15)

n N.(X\) satisfies

lin(log(1/3)) M og No(X) = =3 — CoDl(ex,0,p,7). (6.16)

(v) If suppu is compact, then N.()\) satisfies the following:

K \/?
Ne(\) = ——=—(1+0(1)) (6.17)
6m
A1 0, where

K, = dx H Po(x —q— &g ¢ suppu). (6.18)

A A
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