Asymptotic behavior of the integrated density of states
for random point fields associated with certain Fred-
holm determinants
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ABSTRACT. — Asymptotic behavior of the integrated density of states of a Schrédinger operator with
positive potentials located around all sample points of some random point field at the infimum of the
spectrum is investigated. The random point field is taken from a subclass of the class given by Shirai and
Takahashi in terms of the Fredholm determinant. In the subclass, the obtained leading orders are same
with the well known results for the Poisson point fields, and the character of the random field appears in
the leading constants. The random point field associated with the sine kernel and the Ginibre random
point field are well studied examples not included in the above subclass, though they are included in the
class by Shirai and Takahashi. By applying the results on asymptotics of the hole probability for these
random fields, the corresponding asymptotic behaviors of the densities of the states are also investigated
in the case where the single site potentials have compact supports. The same method also applies to

another well studied example, the zeros of a Gaussian random analytic function.

1. INTRODUCTION

In [24], Shirai and Takahashi introduced a class of random point fields by the character that the asso-
ciated Laplace transform is represented explicitly by Fredholm determinants of certain integral operators.
This representation may be regarded as analogies of that for the Poisson point process. For the Poisson
point process, the representation is the key to determine the asymptotic behavior of the integrated den-
sity of states. Indeed the famous proof of the Lifshits behavior by the Donsker-Varadhan’s theory is the

application of the theory to the representaion [5], [18]. In this paper we first intend to extend the results
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for the Poisson point process to random point fields in a suitable subclass of Shirai and Takahashi’s class.
The first attempt does not apply the most interesting examples in Shirai and Takahashi’s class. Those
are the random point field associated with the sine kernel and the Ginibre random point field. Then we
next intend to extend to these examples.

Let K be an integral operator with the kernel (K'(x,y)); yera such that
(i) (z,y) = K(x,y) is continuous;
(ii) K (x,y) is square integrable in x and y for each fixed y and «z,
respectively;
(i) K(z + zo,y + xo) = K(x,y) exp(ily, (z — y)) for any z,y,z¢ € R,
where i = v/—1 and s, is a real linear function depending on zy;

(iv) K is a nonnegative Hermitian operator.
We take o € {2/m : m € N}U{—1/m : m € N} so that I + «K is positive semi-definite if & < 0. For this
number « and the integrable operator K, let i, x be the Borel probability measure on the space P(RY)

of nonnegative integer valued Radon measures on R? with vague topology such that

/P(Rd),ua,K(df)eXp</f(x)g(dx)>

-1
=exp (; Trlog(I + av/1— e FK\/1— e—f)>

(1.1)

for any nonnegative continuous function f on R%. On the existence of H2,i, we do not have a general
theory for the complex setting (cf. [23]). However, if we restrict to a real valued K, then Theorem 1.8 of
Shirai and Takahashi [24] states that us, x is the Poisson point process with the intensity X (z)%dz, where
X is a centered Gaussian random field such that E[X ()X (y)] = K(z,y). p—1 k is the determinantal
point process with the kernel K. The existence of p_; x in a general complex setting is assured by
Theorem 3 of Soshinikov [26]. For any m € N, i /m,  is the m-fold convolution of fio, g /n, (See the proof
of Lemma 3.3 in [24]). As a — 0, the quantity in (1.1) for p, x converges to that for the Poisson point
process with the intensity K(0,0)dz (See (1.4) in [24]).

At each sample point of the random measure &, we put a single site potential u, for which we assume
the boundedness, the nonnegativity, the continuity and the integrability: we define the random scalar

potential
Ve(o) = [ (e~ y)étan)
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define the Schrodinger operator as the self-adjoint operator
(1.2) He = —hA + V¢

on the space L2(R?) of the square integrable functions, and consider its integrated density of states N(\)

(A € R) by the thermodynamic limit

(1.3) {[0,A] N Spec(HgAR)} — N(\) as R — oo.

1
M#
In (1.2) h is a positive constant to indicate the quantum effect. In (1.3) Ag is a box (—R/2, R/2)%,
spec(A) is the spectral set for any self-adjoint operator A, and Hgl,)AR is the self-adjoint operator defined
by restricting He to Ag with the Dirichlet boundary condition. The existence and uniqueness of N(\)
is proven by standard methods (cf. [3], [22]). This function increases only on the spectral set of He and
the gradient reflects the density of the spectrum. Thus this function represents the distribution of the
spectrum. We here remark that the both of the spectrum o(H) of H¢ and the integrated density of states
N (X) are proven to be independent of the sample value of ¢ by the ergodicity. The spectrum of random
operator including He is an important object in the research on the Anderson localization. However our
model He is one of the random displacement models, for which the research on the Anderson localization
is given only for the Poisson case by a highly technical method based on Bourgain’s idea (cf. Germinet,
Hislop and Klein [10], [11], [12], Bourgain and Kenig [2]). For the proof of the Anderson localization, the
results on the behavior of the integrated density of states as in our paper are applied to obtain the initial
estimate to prove in the induction steps. As a more fundamental result, o(H¢) = [0, 00) is proven for the
Poisson case (Theorem (5.34) in Pastur and Figotin [22], Ando, Iwatsuka, Kaminaga and Nakano [1]).
Extending this result to our case is another remained problem.

In this paper we investigate the asymptotic behavior of N(\) at the infimum of the spectrum of H.
For this subject, we have many results in many situations [3], [15], [22], [31]. We first assume the strict
positivity

(P) I+ aK is strictly positive definite if o < 0.
Then we can write the leading terms explicitly. The leading orders are same with those for the Poisson
point process and the differences appear in the leading constants. The leading constants also tend to
those for the Poisson point process as a tends to 0. The results are Theorems 1, 2, 3 below. If the strict

positivity (P) is not satisfied and o < 0, then we lost the explicit leading terms, from which we conjecture



that the leading orders are also different with those for the Poisson point process. This case includes the

following well-studied cases: a« = —1 and

(1.4) K(my)—K(ch)'—wformyeR
. b S ) - ’]T(x _ y) )

or

K(x,y) = Kq4(z,y)

1 lz2 |y)? . . 2
exp(——H —5+ (21 —ix2)(y1 +iy2) ) for z,y € R”.

The kernel (1.4) is called the sine kernel, and p_1 g, with the kernel (1.5) is called the Ginibre random

(1.5)

point field (cf.[13]). p—1 x, and p_1 i, describe the equilibrium states of the infinite number of Brownian
particles interacting via 1 and 2-dimensional Coulomb potentials, respectively. For these aspects and
other relating aspects, we refer Soshnikov [26]. In particular, the asymptotics of the hole probabilities
p—1,k, (E((—R,R)) = 0) and p_1,k,({(B(R)) = 0) as R — oo are known, where B(R) = {z € R? : [z| <
R}. From these we know the leading terms of corresponding N(A) as A | 0 if suppu is compact. The
results are Theorem 4 and (6.1) below. The asymptotics of the hole probability u_1 i, (§(B(R)) = 0) to
obtain the asymptotics of the integrated density of states is same for another famous example, the case

that p_q, K, is replaced by the probability distribution pugar of > 0, for the sets X of the zeros of a

acX

Gaussian analytic function

> . [ L™ .
(1.6) fora(z) = ,;O(Xn +1Y,,) ﬁz” for z = x1 +ixzq € C,

where L € (0,00) and {X,,, Y, }, are independently and identically distributed random valuables obeying
the normal distribution N(0,1/2) with the mean 0 and the valiance 1/2. Moreover the asymptotics of
N(X) for the compact support single site potential is determined until the leading constant in the 1-
dimensional case and is determined until the leading order in the 2-dimensional case. Thus we state
the results in the general form as Theorems 4 and 5 below. In the higher dimensional cases, the author
conjecture that more precise information of the random field may be necessary since complex states may
contribute to the leading term of the asymptotics of N(A). For this aspect, refer [8] for example. The
obtained leading orders for the sine kernel and the Ginibre field are different with those for the Poisson
point process, and the results mean that the low lying spectrum becomes thinner.

The difference of the behavior of these particle from those without interactions are studied recently (cf.
Osada [20]). If the interaction is absent, the Poisson point process can describe the equilibrium states.

For a milder interaction, Sznitman [28] determined the asymptotic behavior of the survival probability
4



of the Brownian motion among the traps around the sample points of the corresponding Gibbs measure.
This result is equivalent with that of the asymptotic behavior of N(A) as A | 0 is determined in the case
where 11, i is replaced by the Gibbs measure and supp u is compact. In this case, the leading order of the
corresponding asymptotics of the density of states are same with the Poisson case. The equivalence holds
for general random point fields and our results also determine the survival probability of the Brownian
motion among the traps around the sample points of our random point fields.

In the case that suppu is not compact, the sufficient upper estimate for the asymtotics of N(\) as
A} 0 has been obtained by applying the Donsker and Varadhan’s large deviation theory for the Poisson
case [18], [19]. For the application, the key step is the compactification of the configuration space. In
a similar setting, the corresponding compactification is introduced in Section 10.C in [22], where the
same asymptotic problem is considered for the case that the potential is given as a smoothed square of
a Gaussian random field. However the same method seems to need extra conditions in our case if a < 0.
In this paper, we apply another compactification by Géartner and Konig [9]. For this aspect, see Section
4 and Remark 4.1 below.

The organization of this paper is as follows. In the following three sections, we assume the positivity
(P) and give the leading term for the asymptotics of N(A) as A | 0: in Section 2, we treat the case that
the effect of the potential is strong and the leading term is determined mainly by the classical effect. In
Section 3, we treat the case that the effect of the potential is weak and the leading term is determined
mainly by the quantum effect. In Section 4, we treat the critical case between the above two cases, where
the leading term is determined by both the classical and the quantum effects. This situation is common
with the same problem for the Poisson point process. In the last two sections, we treat cases without
the condition (P): in Section 5, we treat the random field p_; g, with the sine kernel K. In Section 6,
we treat the Ginibre random point field p—1 x,. In Appendix A, we determine the asymptotics of the
survival probability of the Brownian motion among the traps around the sample points of our random

point fields.

2. SLOWLY DECREASING POTENTIALS WITH THE CONDITION (P)

Our first result is the following:



Theorem 1. In the above setting, we further assume the condition (P), the positivity of u, and that

u(z) = Colz|~#(1 + o(1)) as |z| — oo with some 3 € (d,d+2). Then we have
(2.1) lim X log N(X) = ~CupCg Cj b -
where v =d/(B —d), Cap = (8 —d)d" /B H,
o 1
(2.2) Cupronic = 5971 / drri=1 L {log( + a(1 — exp(—r))K)}(0,0),
0 (e

|S9=1] is the d — 1-dimensional volume of the d — 1-dimensional unit surface S%' = {x € R? : |z| = 1},
and ({log(I + a(1 — exp(—r=?))K)}(2,y)) s yerae is the integral kernel of the operator log(I 4+ a(1 —

exp(—r~))K)

Remark 2.1. When K is the convolution operator defined by K(z,y) = k(z — y), the constant in (2.2) is

written in terms of the Fourier transform

as
l{10 (I + atK)}(0,0) :/ Lo (1 + atk(¢))
o g ) e 0 g )
since
n—2 n
K"(0,0) = /k(—x1)< H k(xj — ij))k(acn,l) H da?j
j=1 j=1
n—2
= /exp ( —2mixy - (1 + Z 27Ti(.1‘j — .Z‘j+1) ¢
=1

v amiz, 1 6) (T RGdsdc)
j=1

R(G)dadG; )

1

_ /exp ( _ nil 2miz; - (¢ — Cj+1)) (
j=1

~ [Frac

for any n € N, where (K™(x,%)), yera is the integral kernel of the operator K.

n

J

The order vy is same the case that 1o k is replaced by the Poisson point process. The constant Cy 5 o,k

converges to that for the Poisson point process with the intensity K(0,0)dz. The result in the Poisson



case was proven by Pastur [21]. The results are independent of the constant h. In fact these asymptotics

coincide with those of the corresponding classical integrated density of states defined by
N = [ s @E){(e.0) € An x B He ol p) < NH](2r/R) ™

for any R € N, where | - | is the 2d-dimensional Lebesgue measure and

d
He o(2,p) =Y _p} + Ve(2)
j=1

is the classical Hamiltonian (cf. [16]). Therefore we may say that only the classical effect from the scalar
potential determines the leading term for g < d + 2.

Proof. We first investigate the leading term as ¢ — oo of the Laplace transform of the integrated density
of states represented by the expectation of the diagonal part of the integral kernel of the heat semigroup

generated by the Schrodinger operator

(2.3) N(0)i= [ NN = [ i slde) exp(-H) 0.0)
((5.17) in [22]) and the Feynman-Kac formula

exp(—tHe)(z,y)

:ng;tay {exp ( - % /02ht Vg(w(s))ds)] exp ( _ ‘I4_hf|2> (477]1175)‘1/27

where ng;t’y is the expectation with respect to the d-dimensional Brownian motion w conditioned that

w(0) = x and w(2ht) = y.
For the upper estimate, we use the bound

(2.4) N(t) < Ny(t)(4mht)~%/?

in Theorem (9.6) in [22], where

sz/wx%MmF%mﬂ

By (1.1), this is rewritten as

(2.5) Ny (t) = exp (%1 Trlog(I + av/1 — e— (=K \/1 — e,m(,.)))



By Mercer’s theorem, we have

Tr[(V1 — e=tu(=) K/1 — e=tu(=))"]
:/Rdn ( H dxj(l — eftu(*wj))K(l’l,IQ)K(I‘Q,;L'S) - K(xn’ ‘Tl)
J=1

for any n € N. By changing the variable as 2; — t*/8z, the right hand side is rewritten as

td/ﬁ dxl(l _ e—tu(—tl/ﬁml))/ (
Rd Rd(n—1)

X K(t1/6$1,$2)K($2,$3) . --K(xn,tl/ﬂxl).

n
dz;(1— e‘t"(—%‘))
2

j=

By changing the variable as x; — tVPx — z; for 2 < j < n, this is rewritten as

d/B _—tu(—tPay) . 1 —tu(—xj—tl/ﬁxl)
t dxi(1—e ) drj(1—e
R4 Rd(n—1) e

x K(0,29)K(x2,23) - K(2n_1,2,) K (zy,0).

By the square integrability of K(z,y) in each variable, we have

Jlim ¢4/ Te[(V1 — e~ (=) K+/1 — e~tu(=))"]

—00

(2.6)

= [ dut = exp(=Cola] )" K" 0,0)
Rd

Since the function log(1 + at)/(at) of the variable ¢ is uniformly approximated by polynomials on the

interval [0, | K||op], we have

1
tlim t=48 — Trlog(I + aV1 — e~ (=) K\/1— e tu(=1))
—00 o

(2.7)
=CYPCy .0k

Indeed (2.7) is proven as follows: for any € > 0, there exists N € N such that

N

1 (—at)™
— log(1 t) —

at og(1 +at) 7;) n+1

sup
te[0,[1Klop]

Then we have

1
td%Trlog(I+oz\/l — e tu(=)K\/1 — e—tu(=)) — 5/ dz{log(I + a1 — exp(—Cy|z|~#)) K)}(0,0)
Rd

<ILi+1I+ I3,



where

I = d/ﬂ Trlog(l + av/1 — e~ (=) K\/1 — e—tu(=))
I S e PN Y e Y e e )
2 (o 1)l
N (o »
— — — p—tu(—- _ p—tu(—-)\"
= Z;)(n—l—ltd/,@Tr[(\/l eI K L = emtn)H]

N n
—/ dmz (n_j)l (1- exp(—Co|m|_ﬁ))”+1K”+1(0,O)‘

n=0

and

. —B n+1Kn+1
Iy = ‘j;ddf§5%7z+.1<1 exp(~Cole| ) K" (0,0)

—;/’Mﬂ%u+au—wm4mm*»K»mm]
Rd

By (2.6) with n = 1, we have

I < d/,@ \/1—e—tu(_ K\/l—e—t“(—)]<01£

with some ¢; € (0,00) independent of t. By (2.6) with general n, we have Iy — 0 as t — oo. We also

have
I3 < E/Rd dz{log(I + a(1 — exp(—Cy|z|?))K)}(0,0).

By these we obtain (2.7). From (2.7), we have

Tim ¢~ *%log N(t) < Tim ¢~ log Ny(t) < =C5"" Cu.p e,
—00

t—o0

where || - ||op is the operator norm.

For the lower estimate, we use the bound
(2.8) N(t) = R~ exp(—th]| Vezl|2) Na(t)

which holds for any R > 1 and v; € C§°(A;) such that |41 ||z = 1, where ¢ = ¥1(-/R)/RY?, || - |2 is

the L2-norm, and
Fa(t) = [ harcdeyexp (—t [ dovn(@Ve(a)

(Theorem (9.6) in [22]). As in (2.5), we have

1/2

ng(t) =exp (_041 Trlog (I + a{l — exp ( - t/dwa(:c)zu(x - ))}

X K{1 —exp ( - t/d:z:1/)R(z)2u(o: - -)) }1/2)>.
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We take R as t'/#. Then, as in the upper estimate, we have

b K{l —exp (~ t [ dwvno)uta - I
x K{l *exp(ft/dwR(xm(x, .))}WH
=5 [ an{1-exp (= [ dnvatenPtu e - )}
o (jﬁzdyj{l —exp (= [ dagpa(e Pt as ) - 1)}

X K(O7 yQ)K(y27 y3) o K(yn—17 yn)K(yn7 0)

and

tliglo £~y [({1 — eXp ( - t/dwa(x)Qu(x — )) }1/2
x K {1 —exp (- t/dﬂcwR(x)Qu(z ) }1/2>”}

:/Rddy(l—exp<—/W))nj{n(ovo)

for any n € N. Thus we have

. _q/p 1 1/2
tll)rgot d/ﬂa Trlog (I + a{l — exp ( - t/dxq/)R(x)2u(x — ))}

(2.9) X K{l —exp ( - t/dwa(x)Qu(x - )) }1/2>

2 [ afos (1+a(1-ew (- [ EEAEEN )1 oo

({ log (I + a(l — exp ( - / W))K}(ﬂ, y/))wﬂy’eRd

is the integral kernel of the operator

g (1+a(1—exp (- [ S ) ).

where

Since 8 < d + 2, we have

lim t~“#log N(t) > lim t~*/" log Ny(t)

t—o0 t—o00

z—é/Rddy{log (I+a(1eXP(/W))K)}(OaO)~

Since 1, is arbitrary, we have

lim ¢~ %% log N(t) = —Cg/ﬁcd”@’a’](.

t—o00

Now we can complete the proof by the Tauberian theorem.
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3. RAPIDLY DECREASING POTENTIALS WITH THE CONDITION (P)

Our second result is the following:

Theorem 2. In the above setting, we further assume the condition (P), the nonnegativity of u, the

existence of €g,m9 > 0 such that u > €y on B(rg), and that u(z) = o(|x|~472) as |z| — co. Then we have
(3.1) lim X/ log N(A) = =h*/2 2 (=Ap (1)) *Co, | B,

where

Crsc = ~{log(T +0K)}(0,0),
({log(I + aK)}(x,y))s yera is the integral kernel of the operator log(1 4+ oK), |B(1)| is the volume of
the d-dimensional unit ball B(1) = {& € R? : |z| < 1}, —Ap) is the Dirichlet Laplacian on B(1) and

A1 (—Ap)) is the least eigenvalue of —Apg(y).

The result is also same with that for the case that o, x is replaced by the Poisson point process
with the intensity Cy k. That theorem is well known as one of the successful application of the Donsker
and Varadhan’s large deviation theorem: Nakao [18] showed that the behavior was essentially proved in
Donsker and Varadhan [6].

Contrarily to the results in the last subsection, the result in these theorems depend on h and the right
hand side of (3.1) are strictly less than that of (2.1). Therefore we may say that the quantum effect
appears in Theorem 2. The existence of such behavior was pointed out by the physicist, Lifschits [17]
and is called the Lifschitz behavior.

Proof.
As in the last subsection, we investigate the leading term as ¢ — oo of the Laplace transform N (t) and

use the Tauberian theorem.
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For the lower estimate, we still use the bound (2.8). In this case, we take R = ¢'/(4*2)_ Then we have

lim ¢~ 4/(d+2) Ty {({1 — exp ( — t/dﬂ/)zz(x)%(x B .)) }1/2

t—o0

x K{1—exp (- t/da:wR(x)Qu(x ) }1/2> n]

:| supp ¢1|Kn(070)a

1 1/2
lim ¢4/ (@42~ Trlog (I + a{l — exp ( - t/dl"(/JR(SC)Qu(,T - ))}

t—o00 e
X K{l — exp ( - t/dxi/}R(x)2u(x — )) }1/2>
=Ca,x|supp 1],

and

lim ¢~ @) log N(t) > —h|[ Ve || + lim ¢ (*2) log Ny(t)
t—o0

t—o0
> — 1| V1|13 = Co,xc| supp 1.
We here used also the condition u > g¢ on B(rg). Since v is arbitrary, we have

{h)\l(_Ag(l)>

lim ¢~% (@42 1og N(t) > — inf 2

t—00 R>0

+ OQ,KRd|B(1)|}

4/(d+2)
) =: —Cqy,K,d,h-

= (o BP0 L2 (213, (-n8))

The upper estimate was firstly obtained by the Donsker and Varadhan’s large deviation theory for the
Poisson case. By the same theory, we can treat the present case as in our proof of the next theorem,
Theorem 3. We here discuss a second proof following Sznitman’s coarse graining method for the Poisson
case [29]: we follow the second version of the upper bound in Section 4.5 in [29]. This method is useful
when the single site potential u has a compact support. Moreover the vantage point of this method is
applicable to the case that the single site potentials u around the sample points of & are replaced by the
Dirichlet boundary condition on the nonpolar sets around the sample points. For these aspects, refer

Appendix A below. As in [18] and [29], the problem is reduced to the upper estimate of

(3.2) ]\73(1?) = /ua,K(dg)E{exp ( — % /OW Vg(w(s))dsﬂ,

where FE is the expectation with respect to the d-dimensional Brownian motion w starting at 0. It is
enough to show

lim %2 Jog Ny(t) < —Co,K,d,h=1/2

t—o0

12



in the case that h =1/2 and u = Cylpg(,,) for some Cy, 7 € (0,00), where B(rg) = {z € R? : |z| < ro}.

As in [29], we take e = t~1/(?+2) and use the scaling property of the Brownian motion to rewrite as

(3.3) Fo(t) = [ st (a) B exo (~ [ s [ etan(uis) - 0)].

where 7 = t%/(4¥2) K_ is the integral operator with the kernel (K(z/c,y/e)/e?), yegra, and u® =
u(-/€)/e?. Now the only difference with the Poisson case is the law of the point process £. Thus we
have only to modify Proposition 4.2 and the probabilistic estimate in (5.81) in Chapter 4 of [29] if d > 2.
A sufficient modification can be obtained since the following property means our point process behaves
similarly as the original Poisson point process with the intensity Cy, i/ e for any Borel set A in R? with

|A| < 0o, we have

to, k. (§(A) = 0) = lim [ pa k. (dS) exp(—s§(A))

S$—00

-1
= lim exp (? Trlog(I 4+ av/1 — exp(—sla)K.\/1 — exp(—slA)))

S5— 00

-1
=exp (? Trlog(I + ozlAKalA))

and
(3.4) Jim < log 1o i, (€(A) = 0) = ~Co 1|4
as in (2.7). The proof for the case of d =1 is given by Theorem 3.1 in Chapter 3 of [29]. a

4. CRITICALLY DECREASING POTENTIALS WITH THE CONDITION (P)

For the critical case between the last two subsections, we prove the following:

Theorem 3. In the above setting, we further assume the condition (P), the positivity of u, and that
u(z) = Colz|~2(1 + 0(1)) as |z| — oo. Then we have

—2da/2
. d/2 o 1+d/2
L A/ 1og N = (75 € s Cos o, )10/

where C(h, Cy, a, K) is

inf {h/R Ve (2)|2da + B(2) - ¢ € cm(Rd),/¢(x)2dx - 1},

®(¢)

/Rddyé{log (I—i—a(l—exp(—Co/Rd m>)K>}(0,0)

13



for any nonnegative integrable function ¢, and

({ log (I—|— a(l — exp ( - Cy ./Rd M))K)}(x/’y/))z’,y'ekd

is the integral kernel of the operator

log (I—{—a(l—exp(—Co/Rd m))[()

The order d/2 is also same with that for the case that u, i is replaced by the Poisson point process
with the intensity C k. The quantity C(h, Co, a, K') also converges to that for the Poisson point process
with the intensity K(0,0)dz. The result for the Poisson case was obtained in Okura [19]. The results
show that both of the quantum effect and the potential appear in the leading term.

Proof.

As in the last two subsections, we investigate the leading term as ¢ — oo of the Laplace transform
N (t) and use the Tauberian theorem.

For the lower estimate we modify the proof for the lower estimate of Theorem 1 as 9; € C§°(A,) for

any s > 1 and R = t'/(4+2) Then we obtain

lim ¢~ 1og N(t) > —C'(h, Cy, o, K),

t—o0
where C’(h, Cy, o, K) is the quantity obtained by replacing C>(R?) by the space C§°(R?) of all smooth
functions with compact supports in the definition of C(h,Co,a, K). Since ®(¢?) < oo for any ¢ €
Cs°(R?), we have C(h, Cy, o, K) < C'(h,Cy,a, K) < co. For any € > 0, we have 9. € C°°(R9) such that
lYell2 = 1 and h||Ve|3 + ®(12) < C(h,Cy, o, K) + €. By the integrability, we have R. € (0,00) such
that [|15(r.)ct:ll2 < e. We now take (. € C5°(R?) such that (. =1 on B(R.) and V(.| < e. Then we
have ¥, := Cotbe/||Cetbel]2 € Cs°(R?) such that [oc]l2 = 1. By a simple calculation, we have | Vib||s <
(IVYpell2+¢€)/(1 —€). We also have @(@:2) < B2/ || 13) = Y(¥2)(1+0(1)) as € | 0. Thus we obtain
h||V{va||§ + ¢(@2) < C(h,Co,a, K)(1+0(1)) as € | 0. Therefore C’'(h,Cy, o, K) = C(h,Cy,a, K) and
we obtained the necessary lower estimate.

To obtain the upper estimate, we apply the Donsker and Varadhan’s large deviation theory as in
Gértner and Konig [9] for the seccond term for the negative Poisson potential. The idea of Gértner
and Konig is to apply the estimate (4.3) below. Before this, we use the reduction in Okura [19]: for
arbitrarily fixed C; € (0,Cy), we take a nonnegative continuous function p and a nonnegative Borel
measurable function v such that [ p(z)dx = 1, suppp C B(1), v(z) = C1|z|~?2(1 + o(1)) as |z| — oo,
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and u > p*v, where (p*xv)(z) = [ p(x — y)v(y)dy is the convolution. Then the proof is reduced to show

lim ¢+ Jog Ny (t) < —C(h, C1, 0, K),

t—o0
where Jvl(t) is the Laplace transform of the integrated density of states for the operator H¢ where the
single site potential u is replaced by p*v. As in (3.3), we take € = t=1/(d+2) and 7 = t¥/(442) and use
the scaling property of the Brownian motion to rewrite as

Ny(t) = //Jfa,Kg (d¢) Egp [exp ( B i /02}” dsvﬁg(w(s))ﬂ (47rh1t)d/2’

where
x?@%z/fww/ﬁwAmfyf@f@x

pe(x) = p(z/e)/e? and v¢(x) = v(z/e) /2. For R(t) = tR with a positive constant R, we have

P sup Ju(s)| = R(hr))

0<s<2ht

1
(i < ool

which decays faster than N (t) if R is sufficiently large. Thus the problem is reduced to the asymptotics

of
N 1 2hT
Nolt) = [ o (GO [exp (= 55 [ asti (i)
1
S lw(s)| < R(hT)] e
By
2hT 2hT—6
/ dsVE (w(s)) > / dsVE (w(s))
0 )
and

22 (2, y) < 1/(278)"/2,
with small § > 0, the problem is reduced to the asymptotics of

Ns(t) = / Lo . (d€) / day / dzo
B(R(hT)) B(R(hT))

_ |ZE1 — $2|2> 1
4hT (4rhT)d/?

e (o [ asveis))

X exp(

sup  |w(s)| < R(hT)}.
0<s<2hTt

We now apply the estimate in Proposition 1 in Gértner and Konig [9]: by (3.2) in [9],

do [ coh?T
— ds® gy < 20
/AT |Ar| 0 i r(w(s) ) - or
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where

@,(x) = 3 hIVn(rk + o)
kezZd
and 7 is a real smooth function such that n =1 on A,_;, n =0 on A{ ; and

Z n(rk +z)? =1

kezd

on R?. By this estimate and and the Jensen inequality, we have

— cohTt do
Ni(t) <exp (—— / e Ha,Ka(df)/ dz / dx
’ ( 2r ) A, A By JB@RGT)

B |z — w2|2) 1
4ht (4mhT)d/2

xexp(

<o (- g [ dst@atus) - 0)+ VEwo))

sup |w(s)| < R(hr)}

0<s<2ht
cohT do
<exp (BT B0 [ [ o (a0

X exp ( A (—hA + D (-— ) + v;)B(R(hT))).

By (3.1) in [9], we have
AM(=hA + Q.(- = 0) + VE) B(r(hr))
(4.3)
> inf{A (~AA + VA, i (rhto) + b € Z% st Aryr (rk +60) 0 B(R(hr)) # 0}

By using also the stationarity of our random field, we have

N 2d
csR(h7) exp (czhr

Na(r) <20 27) [ o () exp=r(~hA + Vo).

Now, for the uniform ergodicity condition (U) in P-113 of [4] for the large deviation theory, we will replace

the Dirichlet condition by the periodic boundary condition:

Al(thﬂ"/;)A Z )\1(th+‘/§€)1)

r+1 Ary1?

where (—hA + VE)KTH is the self-adjoint operator associated to the closed extension of the quadratic

form

CP (Ar1) x CF (Arg1) 3 (¢, 0) H/A de{h(Ve(x)) - (Vi (x)) + Ve (2)p () (2)}
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on C¥Ary1) ={¢p: A1 2= R:C>®,¢ = gon A,y for some 5 € COO(’]T;?H)} and ']I‘ff+1 = R/((r+

1)Z))? is the torus. Thus we obtain

_ 2d
< csR(hT) exp (cth

Ny(n) <20 27) [ s (d€) Telexp(=r(-hA + V)R, )

As in (4.2), the problem is reduced to the asymptotics of

— c3R(hT)%d coht / / / !
Na(t) = o
2 (1) - exp( o ) fia, K. (d€) e dz . dr

x exp(—7(—hA + VE)y |, ) (z,2)

_ c3R(hT)*? caht
= > exp( o ) . d:EE(),z[eXp(—TVt(Rgfgh-,—))],

where

Vi) = 1ot [ e (@ exp (=7 [ [ oty + () (z)az)
:i Trlog {I + a(l — exp ( — 7/¢(~ + z)vs(z)dz))l/2
x K. (1 — exp ( - T/¢(~ + z)ve(z)dz))lﬂ}

is the functional on the space L'(T¢,; — [0,00)) of all nonnegative integrable functions ¢ on T¢ |, R, is
the integral operator from the space P(T<, ;) of all probability measures z on T%, | to L' (T4, — [0, 00))

defined by
(Rep)(z) = / pe(y — @)u(dy),

and Ey , is the expectation of the local time

2hT

ggm—(dl‘) = % . 5w(5) (da:)

of the Brownian motion {w(s) : 0 < s < 2h7} on T?,, starting from z. Now we will apply a Varadhan’s

lemma on large deviations as Proposition (10.7) in Pastur and Figotin [22]:

(44)  Tm %log Na(t) < %h —inf {1(¢) +V(9) 1 6 € LT, — [0,00)), / o(x)d = 1},

t—o00 r
where
1(9) = / WV /(@) 2de

and

V(o) :/Rd dzé{log <I+a(17exp(f/w m>>[(>}(0,0).

r1
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For (4.4), we should show the sufficient condition:

t—o0
for any {¢-}re(1,00) € LH(Te,; — [0,00)) such that ||¢;][pr = 1, ¢ — ¢oo in L' as 7 — oo, and

I(¢oo) < 00. The condition (4.5) is reduced to
(16) lim V7 (6,) = V(guc)
since V; > V/!, where n > 0,
VI(0) = o [ ok (@) exp (=7 [ olu -+ )€l G (2)dz)
0(9) =—log [ pax.(df)exp( —7 Y+ 2)&(dy) (Cv)° (2)dz
/
:i Trlog {I + a(l — exp ( - T/¢(- + z)((,,v)e(z)dz))l ’
/
x K. (1 — exp ( - T/¢(. + z)(Q,v)E(z)dz))l 2},

and ¢, is a [0, 1]-valued continuous function on R? such that ¢,(z) =1 on {z : |z| > 21} and (,(z) = 0

on {z : |z] <n}. For any 6 > 0, we take a polynomial Ps such that

up | ELE) —P(;(s)’ <4
s€[0,]1K|lop] as
and define
o = 1 [A((1 e (7 f o+ a6 ea)) ke
X (1 — exp ( — T/¢( + Z)(Cnv)g(z)dz))1/2)}7
and

V(9) :/Rd clyc{ﬁ&((l—exp(—/w+1 |goqb(;);g))K)}(O,O),

where Fg(s) = sPs(s). Then we have

sup VI (6) = V()] < cad.

¢€L1(Ti+1_>[0¢00)):”¢”[,1:LtZl

and

sup V(¢) — VO ()] < cad.

GELN (T}, 1 —[0,00)):ll¢ll 1 =1,621

r

Thus the condition (4.6) is reduced to

(4.7) Tim V{™(6r) = V" (60)
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for any n € N. where

vin(o) = [((1-ew (=7 [ o+ 26y ()az)) K.
X (1 — exp ( — / o(-+ z)(Cnv)E(z)dz>> 1/2>n},
and
o= [l (o (- [, B2 Yoo,
(4.7) is straightforward and we obtain (4.4). Since r is arbitrary, we can complete the proof. ad

Remark 4.1. In (4.4), the error term by the compactification appears in a simple form coh/(2r). This
is negligible without extra conditions. However if we follow the method in Section 10.c in [22], then
the error term may depend on ¢, and extra conditions on K may be necessary to show that the term is

negligible.

5. THE SINE KERNEL

We next treat examples not satisfying the condition (P). We first treat 1-dimensional cases. We assume

« = —1, the compactness of supp u,
vod 0 d
(5.1) lim [ w@)Z >0, lm [ uy)>o,
z10 Jo € zl0 J—z €

and that K is the sine kernel (1.4). Then we will prove

) —7th
&%AlogN()\)— 5
For the proof, the key fact is
T2 R?
(5.2) po 1. (€0, R]) = 0) = exp ( - 1+ 0(1))) as R — o0

(Dyson [7], Widom [34]). The same asymptotics where the constant 72/8 is replaced by other positive
constants are obtained for a generalization called as the point process Sineg. As for the definition and
properties of the point process Sineg, see Valké and Virag [32]. S = 2 corresponds to our process p_1 g,

Thus we summarize the result in a general form:

Theorem 4. Let p be any Borel probability measure on the space P(R) of nonnegative integer valued
Radon measures on R with vague topology such that p is stationary and ergodic under the shift of the
space valuable: (€ o1, € B) is independent of a € R and any Borel subset B of P(R) such that

uw({€ : o1y € BIAB) = 0 for any a € R are trivial as p(B) = 0 or 1, where 7, is the transform
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Tox = & +a for any x € R, and BAB' = (B\ B')U(B’\ B) for any Borel subsets B, B of P(R). Under
this probability u, we consider the Schrodinger operator He in (1.2) and its integrated density of states
N(A) (A € R) defined by (1.3). We further assume d = 1, the compactness of suppu, (5.1), and that p

satisfy
(5.3) w(€([0, R]) = 0) = exp(—R¥ (H' + 0(1))) as R — oo
with some H and H' € (0,00). Then we have

lim Mi/210g N(A) = —H' (nVR)?

This result coincides with that of Theorem 2 when p = i, k-
Proof.

By the Dirichlet and Neumann bracketing, we have
T [ MO0 N spec(r1§ )}
(5.4) < NN
< 7 [ M0 Nspec(T))
((5.41) in [22]). From the upper bound, we have
N(A) < (M (HGY) < N#{[0, A] Nspec(—hAY, )}

((10.10) in [22]). We easily obtain

#{[0,\] Nspec(—hA} )} < Trlexp(1 + hAY, /X)) = / exp(hAY /N)(z,z)dz < coL\/g.

L

We now apply Theorem 3.1 in the page 123 in [29]:

hn?

A(HSNy > "%
R SN AETE

for any L > ¢o, where {I;} is the random open intervals such that ), I = Az \ supp{. Then we have

pM(HFY) <))

<u(sup|[k| > 7r\/> 1)
(5.5)
< > wu p,p+ﬂ\/§—cl—2 0)

PEZNAL
—C1 — 2:|) = 0)
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Here the choice of L is not restrictive. We choose L = 72h /X so that |Ay| is not so big and the probability

event in the above inequality is not empty. Then we obtain
T N1/ log N(A) < —H'(xV) .

From the lower bound, we have

N = ﬁwwﬁf’) < ).

If &(AL + suppu) = 0, then
_
M) = M((-haR) = (i)
Thus by taking L = m1/h/\, we have

N(QA) = L %M(f(/\ﬂ/m +suppu) = 0).

Thus we obtain

lim M7/21og N(\) > —H' (zvh) "
ALO

6. 2 DIMENSIONAL EXAMPLES: THE GINIBRE RANDOM POINT FIELD AND THE ZEROS OF A (GAUSSIAN

ANALYTIC FUNCTION

We next treat a 2-dimensional example: in the above setting, we further assume d = 2, a = —1, the
compactness of supp u, u > 91 (r,) With some 9,7 € (0,1), and that K is given by (1.5): p_1 f, is the
Ginibre random point field. Then we will prove

. log|log NO)

6.1 = —2.
(6.1) L0 log A

For the proof, the key fact is

6.2 lim — 1 B(r)) = 0) = —
(6.2 Tim — log p(€(B(r) = 0) =

when p = p_1 k, (cf. Proposition 7.2.1 in [14]). The same asymptotics is known for another famous
example, the case that p is replaced by the probability distribution pgar of )7,y da for the sets X' of

the zeros of a Gaussian analytic function

(6.3) fara(z) = (Xn + iYn)\/Tz",

n=0
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where L € (0,00) and {X,,, Y, },, are independently and identically distributed random valuables obeying
the normal distribution N(0,1/2) with the mean 0 and the valiance 1/2. This is a result obtained by

Sodin and Tsirelson [25] (cf. Theorem 7.2.3 in [14]). Thus we summarize the result in the general form.

Theorem 5. Let u be any Borel probability measure on the space P(R?) of nonnegative integer valued
Radon measures on R? with vague topology such that p is stationary and ergodic under the shift of the
space valuable: (€ o7, € B) is independent of a € R? and any Borel subset B of P(R?) such that
p({€ : Eot, € BYAB) = 0 for any a € R? are trivial as u(B) = 0 or 1, where 7, is the transform
To¥ = = +a for any * € RY, and BAB' = (B \ B') U (B’ \ B) for any Borel subsets B, B’ of P(R?).
Under this probability p, we consider the Schridinger operator He in (1.2) and its integrated density of
states N(A) (A € R) defined by (1.3). We further assume the compactness of suppu, u > €9l g(ry) with

some €g, 19 € (0,1), and that p satisfy the asymptotics

(6.4) lim LH log u(€(B(r)) = 0) = —H'.

r—oo T
with some H and H' € (0,00). Then we have

. log|log N(\)| H
. lim — 126 A 2
(6:5) /\lf(} log A 2

Remark 6.1. (i) This result coincides with that from Theorem 2 when p = g i

(i) More detailed upper and lower bounds are obtained as in (6.6) and (6.7).

(iii) For the probability ugar associated with the zeros of a Gaussian analytic function (6.3), the
stationarity and the ergodicity under the shift 7,, a € R? are proven, for example, in Propositions 2.3.4
and 2.3.7 in [14]. In the statement of Proposition 2.3.7, the invariance under the rotations are also

assumed, However the rotations invariance are not used in the proof.
For the upper bound in Theorem 5, we apply the following:

Lemma 6.1. For any co,m9 € (0,00), there exists R(co,r9) € (0,00) depending only on ¢y and ro such
that infyen , A1(—A + colpprg)) A, = 1/(4R?1og R) for any R > R(co,r0), where B(b,ro) = {x € R? :

|z — b < ro}.

This is a version of Lemma 3.15 in [8].

Proof of Theorem 5.
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We use also the Dirichlet and Neumann bracketing (5.4). For the upper bound, we apply

h N 2 N
#{ [O, m} N spec(—hAAR)} < Trlexp(1 4 (4R"log R)Ay )]

€o
< ¢y

2 N
= <
e/LeXp((4R 1ogR)A4R)(x,x)dx S log R =

and Lemma 6.1 to obtain

N L) gco,u(klo\ : Hf\,iv> < @)

<cop(§(B(R/2)) = 0)
if R > R(eo/h,79). Thus by (6.4), for any € > 0, there exists R(e,h) € (0,00) such that

1

h —H' +¢
log N <
N (1 logR) = od
for any R > R(e,h) V R(eg/h,ro). This is interpreted as

1 —H' +¢
R N =

if h/(4\) > R(R(e,h) V R(go/h,10)), where R(R) = R*log R and R~ is its inverse function. Since

(k- h
4\ 2X\(log h — log(4\) — loglog R=1(h/(4))))’
we have
— 1\ H/2 hH/2
. i - <-H ——.
(6.6) lim (Mog 1 ) log N(V) < —H' 3y

For the lower bound, we proceed as in the proof of Theorem 4: if £(Ar + suppu) = 0, then

2h?

M HYP) =M (-hAR ) = VIR

Thus by taking L = w1/2h/\, we have
1
NN 2 (A HE?) <)
ALl
> A A =
2 Wﬂ(f( N suppu) = 0).

Thus we obtain

THpH/2

(6.7) lim A#/2log N(\) > fH’W.

Al0
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APPENDIX A. THE SURVIVAL PROBABILITY OF THE BROWNIAN MOTION IN OUR RANDOM POINT

FIELDS

In this section, we interpret the results in this paper to those on the survival probability of the Brownian
motion among the traps around the sample points of our random point fields.

Let Py be the probability measure of the standard d-dimensional Brownian motion {w(t)};>¢ indepen-
dent with the random point field pq, k. Let 7o be its hitting time to

o0t:= |J (a+0),

a€supp &

where O is a nonpolar compact set. Our object in this subsection is the asymptotic behavior of

Sa,k(t) = (fta,x ® Py)(T0 > 1)

as t — oo.

The results are the following:

Proposition A.1.

(i) Under the condition (P), we have

tlim =¥ 100 S, k()
—00

(A1)

___d+2 A(=A )d/(d+2)c2/(d+2)|B(1)‘2/(d+2)

94/ (d+2) M B(1) oK ’

where Cy, i 1s the constant introduced in Theorem 2.

(ii) For any Borel probability measure v on the space P(R) such that p is stationary and ergodic under

the shift of the space valuable a € R and that the asymptotics (5.3) holds, we have

(A.2) Jim ¢ H/HH) 100 §(1) = 7¥WQH/(2+H) (H')2/(+H) pp=H/ 2+ H),
—00

where

(A.3) S(t) := (p® Po)(to > ).

(iii) For any Borel probability measure pu on the space P(R?) such that u is stationary and ergodic
under the shift of the space valuable a € R? and that the asymptotics (6.4) holds, we have

. log|logS(t)]  H
(A4) tli{go logt 2+ H’

where S(t) is defined as in (A.3).
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In (iii), the more precise bounds are obtained in (A.9) and (A.10) below. The results in (ii) and (iii)
coincides with those from (i) when p = pq, k-
Proof.

(i) Our Sq, Kk (t) corresponds to Ns(t) in (3.2) with h = 1/2 and u = colp. The upper estimate of
Sa, Kk (t) is also proven as in Section 3 and the second version of the upper bound in Section 4.5 in [29].

The lower estimate is easily obtained by
(A5) S (1) > 1o e (€(BUR + 10)) = 0)(exp(tAE o /2)1)(0)
for any R > 1, where ¢ is a number such that O C B(ro). Indeed Ai(—=AR ) = Ai(—AR,))/R? and
108 1 s (E(BIR)) = 0) = — Trlog( + a1 sy K L)) = —Co BRI (1 -+ 0(1)

as R — oco. Therefore, by taking R appropriately, we can give the lower bound.
(ii) We apply an estimate of probability of exit time of the Brownian motion to obtain

S(t) < S(t) + cre

where
5 = [ nlde)expltAB00/20).

By (1.9) in [29], for any &1 € (0, 1), there exists ¢, € (0,00) such that

(A.6) 5 <., / (d€) exp(—(1 — 1) (—AB ) 06)/2).

We easily see that
2

A (—AD > —
1( B(t)\O&) - Supk ‘Iklga
where {I} }, is the random open intervals such that ), I}, = B(t) \ supp¢. Then we have
~ 1
S(t) < e, u(m<sup\]k|§m+1)exp(
k

m=0

—t(1 — 51)7r2)
2m+1)2 )

As in (5.5), we have

u(m < sup| Iy ) < (€ ([0, (m —2)]) = 0).
k

Thus we have

(A7) S(t) < e t’ sup {u(é([(), (m —2)4]) = 0) exp (M)}
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By (5.3), for any €5 > 0, there exists me, € (0,00) such that
([0, (m = 2)+]) = 0) < exp(—H'm" (1 - &2))

and m + 1 < (14 e)m for any m > m,,. There exists t., € (0,00) such that the supremum in (A.7) is

attained in (me,,00). Then we have

50 <ou e (— o, (1 -0+ 10

2(1 +e2)%m?
t(1+ 51)772)H/(2+H) 2+ H

:Ceth exp ( — (H/(l - 82))2/(2+H)(H(1 + 52)2 2

for ¢t > t.,. Thus we obtain

Tim 5/ log §(¢) < _2+H 7 2H/ () (i) 2/ (2 H) pp—H/ (24 H)
="

t—o0

For the lower estimate, we apply (A.5) and (5.3) to obtain

lim ¢~ /G M) 106 S(t) > 7MW2H/<2+H>(H/)2/<2+H>H7H/<2+H).
=2

t—o0
(iii) We use the capacity Cap relative to the operator —A on R2. Then by an extension of Propositions
2.3 and 2.4 in [30], we have

. N,D
el A0 > Cnt)

where, for any R > 0 and any compact set K in B(1/8), —Ag&g) p+x 18 the minus Laplacian with the
Neumann and the Dirichlet boundary conditions on B(R) and b + 0K, respectively: —Ag&g),b 1K I8

the self-adjoint operator associated with the closure of the quadratic form (V¢, Vi) with the domain

¢, € {¢: B(R) = R: smooth,¢ =0 on b+ K}. By the scaling, we can modify Lemma 6.1 as

. N,D
el B 110)

1
=—— inf M(-A
(4R)? beg(l1/8) i

2 (433)20“]”(())'

N,D
B(R),b+O/(4R))

for any R > 0 such that O C B(R/2). The variational principle in Theorem 4.9 in Sznitman [29] gives

Cap(K)
=4 inf { / i(log #»u(dx)u(dy) i : a probability measure on K} 71.
2 |z — |
Thus we obtain

C1

A. inf —AND > 1
(A.8) inf A (—A )_R2logR

beB(R/2) B(R),b+0
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for any R > cs.

Since
D . N,D
A(=AB0) = €3 a€BOA(R/2)22 A (=Apa,m) 06):
we have
S(t) < e, > / (d€) exp(—t(1 = ex)esh (ALY ) 5e)/2)
a€B(t)N(R/2)Z?
and

log 5(0) < (log w&(B(~/2)) = 0) v S 0% g, (1Y
By (6.4), we have
log (¢ (B(R/2)) = 0) < —H'(R/2)"(1 - o)

for sufficiently large R. Thus by taking

)

R— (t(l —e1)ereg2 1 YU/ @)
(1—e9)logR

we have

—H'(cic3(2 + H))H/(2HH)
0gS(t) < 93H/(2+H)

(A.9) lim

t—o0

(logt>H/(2+H)1
t

For the lower estimate, we apply (A.5) and (6.4) to obtain

2 H
(A.10) thjm t~H/C+H ) 100 S (1) > i AL(—AB ) G (F! )2/ H+2) = H/ G+ D),
O
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