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White noise: £ = (£(x))er? ~ N(0, *) : The most basic but wild random field
¢ Gaussian random field, E[¢(x)] = 0, E[¢(x)(y)] = (x — y)
P("x+— &(x)"€ Cl ) =1

loc

The Schrodinger operator: —A + V: self-adjoint on L?(R?) — Spectral Analysis

closure of the op. on C§°(R?)

—c(Ix]?+1) < V(x) € L3, (R?)

loc

Claim: Realize —A + £ as a self-adjoint operator
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Other dimensions

¢ = (£(x))xere : White noise on RY = "x i £(x)" e C. 7%

loc

b
d=1= W"([a,b]) > f,g I—>/ (fg'+ ¢ fg)dx : well-defined
a 12—
—A + £ is realized as a self-adjoint operajcof)r
M. Fukushima and S. Nakao (1977) Spectral asymptotics
(Asymptotics of the Integrated density of states)

N. Minami (1988) (1989) Self-adj. on R, Exp.Loc (§ — O(Lévy process))
d > 4 = No results
d = 2, 3 are studied recently
d = 2 is easier than d =3

fecle e e

loc loc
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Related works on singular SPDEs

M. Hairer (2014) A theory of regularity structures,

M. Gubinelli, P. Imkeller and N. Perkowski (2015) Paracontrolled calcuclus

A. Kupiainen (2016) Renormalization Group

= Stochastic quatization equation for ¢3 Euclidean quantum field theory
Generalized continuous parabolic Anderson model
Kardar—Parisi-Zhang type equation
Navier-Stokes equation with very singular forcing
and so on

Eg. Continuous parabolic Anderson model

Owu(t, x) = O2u(t,x) + 8Ii_rpo(fg(x) — c.)u(t,x) for t > 0,x € R?/7?

compact
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Related works on Operators

For the Schrodinger operator
R. Allez and K. Chouk (2015) Paracontrolled calcuclus based on Fourier Analysis
—A+ Iirrg)(fs(x) — ¢.) on R?/Z? < Self-adjointness, Discrete Spectrum,
e—
Asymptotic Distribution
M. Gubinelli, B. Ugurcan and I. Zachhuber (2020) Extension to R3/Z3
i0eu(t, x) = (=A + lim (&(x) — c2) + ke)u(t, x) — (ulul*)(t, )
>0
Q?u(t,x) = (—A + |irrg)(§€(x) —¢) + ke)u(t, x) — (¢®)(t, %)
E—
C. Labbé (2019) similar results by regurarity structure for
—A+ Iing)(fg(x) — ¢.) on (—L, L)?*"3 with periodic or Dirichlet conditions
e—
K. Chouk and W. van Zuijlen (2021)
Asymptotics of Eigenvalues of the Dirichlet operaotor on (—L, L)% as L — oo
T. Matsuda (2022) Asymptotics of Integrated density of states
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Topics on Random Schrodinger operators

Anderson transition:

Point spectrum with exponentially decaying eigenstates
for stronly random potentials and energies near the edge of the spectrum
(Anderson localization)

Absolutely continuous spectrum
for weakly random potentials and energies far from the edge of the spectrum

This topic is discussed for stationary potentials on noncompact spaces.
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Singular SPDEs on noncompact spaces

M. Hairer and C. Labbé, (2015)

M. Hairer and C. Labbé, (2018)

Oty = Au. + (&, — ¢ )ue, t > 0,x € R?, 1.(0,-) = up

Paraboloc Anderson model: & space white noise (depends only on x) d =
Stochastic Heat equation: & space-time white noise (depends on (t,x)) d =
Flim._,0 u. uniformly on compact sets in probability

depends continuously in ug

A. Dahlqvist, J. Diehl and B. Driver, (2019)
PAM on 2D closed manifolds by regularity structres,
c.(x) is not constant in x when the manifold is not R?/Z?

W. Konig, N. Perkowski and W. van Zuijlen, (2022)
Feynman-Kac type representation of the solution
Asymptotics as t — 0o
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Related operators on noncompact spaces

B. Ugurcan, (2022) —A + Iir%(ge(X) — ¢(x)) on R? with c:(x) i
e

= A+ lim(€l(x) ~ E()) + £ (x).
T

N
An extension of the method for the compact case By a commutator estimate,

where € = €'(x) +  €(x)

Smooth functions in x

= Xtz (XD {0 (—A)S + Xpean(—A)E}

n—=—1 high energy pert low energy pert

¢.(x) = E[A resonant product of £I(x) and (1 — A)71&l(x)]
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Heat semigroup approach

Paracontrolled calcuclus by Heat semigroup

(suitable for noncompact manifolds, graphs and so on)

Paraproducts defined by using Heat Semigroup
(cf. More people define Paraproducts by using Fourier Analysis)

. Bailleul and F. Bernicot (2016) 3lim._,o u.

generalized PAM on 2D manifold (without compactness)
. Bailleul, F. Bernicot and D. Frey (2018) 3 lim._,o u.

generalized PAM and multiplicative Burgers eq. on 3D manifold

(without compactness)

A. Mouzard (2022) Self-adjointness, Discrete Spectrum, Its asymptotics of

—A+ lim(&.(x) — c(x)) on 2D Compact manifold, where £.(x) = (e=2¢)(x)

eg. Lap.Belte—0
c.(x) = c. on R?/7?
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—A + lim(&(x) — c) on R?, where &(x) = (e74¢)(x)

Self-adjointness
Spectral set = R
Singular SPDEs }—{ Random Schrodinger operators‘

Strengthen the relation

We should remark [|€]|c-1-<({x1<r}) < (log R)?

Tools: Paracontrolled calcuclus by Heat semigroup referring Mouzard (2020)
and the partition of unity
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The Besov Spaces

C*(R?) = BY, ,.(R?): the Besov a-Halder space

H(R?) = W*?(R?) = B5,(R?) : the Sobolev space with the index a.
Generalization by heat semigoup approach: 0 << b € 27 fixed

For p,q € [1,00], 0 € (—2b,2b), Bjo(R?) = Goo(R2) "4

||f||Bqu(R2) = ||eAf||LP(R2:dx) U StGCk
ke(|al,2b)NZ
Il
+ sup{ ||t /2| Qcf || Lo(r2:a) | Lo((o,11:- 1) © @ € SEGCU12A}
c—1

—tAY
StGCk = {((\/EV)O‘Z ( H ) e)tco] @ € Z2, a1+ ap = k,1 < c < b}

Jj=0

(o)
=:P!
Standard families of Gaussian operators with cancellation of order k.
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Paraproducts

e / dtd (PP((PF)(PP )} + PO (PF)(Pg) - P =
0
—Pfg+r|(fg)+ng

Prg —ZCV/ f)(Q7"g)): paraproduct term

dt
M(f,g) ::ZCN/O TP#((QS’“;‘)( >1g)) : resonating term
o

'Dz/7 Pr e Sth[O,b/2), Ql,u7 Q2,u, Ql,,u7 QtQ,M c StGC[b/2’2b]
{Xa}aezr C C¥(R? = [0,1]) st. » x2=1, suppxa C Ao(a) := a+ (—1,1)?

) = xol- — a) "~
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The continuity of paraproducts

(i) For any @ € R and € € (0,1),

X ay PXagg(Xa?, f)HHa*E(]Rz)

< { CovellXas 3o @2) 1X a8l oo (m2) eXP(— C(Ja1 — a2|? + a1 — a3]?))
T Gaellxasflle@) X8l 22y exp(—C(lar — a2f* + |a1 — a3]?))
(ii) For any a € (—00,0) and 3 € R,

X a1 Proy £ (Xas8) || 30+5 m2)

< { CopllXaf lleo @) 1 Xas& 20 2y exp(— C(lar — a2f* + |1 — a3]%))
T Gaslixafllne@) [ Xaglles @) exp(—= C(lar — a2f? + a1 — a3]?))
(iii) For any o, 5 € R such that a + § > 0,

X2, (X o Xasg)HHaW(W)

< CapllXar flle@) [ Xas8 llcs ey exp(— C(lar — a2f* + [a1 — a3]?)).
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1st ansatz for the definition of the operator

IXa€llc-1-c(r2) < Ceg(log(2 + |a]))?

u, Hu == —Au+¢&u € [*(R?) = Au € H14(R?) = u € HI¢(R?)
H(R?) 3w Eu

= P&+ P N8+ PO(Pu)(PYY))

cH Le e (1maFrl—e=—2 ill defned H

loc loc loc

To erase this singularity, —Au = —P,¢ + PP — Au)
Ansatz |: u = A°°P,¢ + )7 with u#) € H20-9(R?),
and || xau|x1-<(r2), HX‘;U(#)||H2(1—5)(R2) decays sufficiently fast as |a| — oo

1
where A~/ .= —/ dt e*® satisfying A™°A = AATPe = | — 2
0

1o A X Fllewy < Conll o F llcose-2(ey exp(—Clay — aa]?)
HXalA_/OCXangHO‘(]RQ) S Ca,E|’X32fHHa+€_2(R2) exp(—C]al — 82|2)
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Then H'u:= —Au+Eu
= AU 1+ P(ATPPE) + M(ATPLEE) + (L2)
S eH(—1—e)+(1—2¢)=—3¢ ill defned
Move the function u to outer places in the 2nd and 3rd terms
by the commutators
C(f, g, h) :=N(A"Prg, h) — fFII(A™°g, h)
S(f, g, h) = Py(A™"Prg) — (Pr(AT°g)

Ydt g, v
where iPig = 3. [ G QH(PLA@E8))
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The continuity of commutators and so on

(i) For any €, € (0,1), 8 € R,y € (—00,0) such that 5+~ < 0 and
a+pB+v>0,
HX81 C(Xazf? X33g>Xa4h)HH°‘+5+’Y_€(R2)}
‘|X815(X82 f? Xa385 Xaq h) H?—l“*ﬁ+7*€(R2)
< Ce,a,ﬁ,v”XaszHa(R?)||Xa3g||cf3—2(R2)||Xa4h||m(R2)
X exp(—C(\al — 32|2 + ’31 — 83|2 + |31 — a4|2))
(i) For any o € (—00,0), 5 € R and € € (0, 1),
X a1 X0, h Pxay F (X 20 8) 1306 (m2)

< CapellXasf llea(rr)lIXai8lles w2) X All 2(2)
x exp(—C(|ar — af? + |a2 — a3|* + a2 — 24[?))
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Then Héu=—Au +  ,P(AT%)  +ul(A7, ) + (1)
€M q(C1ma+(l—o—2e=—ac ill defned

Replace the ill defned term by a (.., Cos(IR?)-valued random variable Y s.t.
lim E[||xa(Ye. — Ye)||%—c/pey] = 0 for any a € Z2, p € [1,00) and € > 0, where
e—0 € C<(R?)

Ye = H(A_locfsafa) - E[H(A_locésafa)]
& = eEzAf is a smooth approximation of ¢ N.diverge as ¢ — 0
HXa YfHC*e(RZ) S C€7§ |Og(2 + \a\)

Here the operator H¢ is replaced by a new operator which we denote as H¢
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Heu = —Au®) 4 P (A°°¢) + P, Ye + (L?)
EH e €M 2
To erase these singularities,

Ansatz II: ut#) = A=le(,Pe(AT"€) + P, Y;) + u?

with u# € H?(R?) and || x.u™ ||32(r2) decays sufficiently fast as |a| — oo

Then, since —Au#) = — P:(AT€) — P, Y; + e} Pe(AT"P°€) + €2 P, Y, — Au?,
€L

FIEUGL2
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Heu == — Adg(u) + Pedg(u) + N(Pe(w), §) + P (P u)(P(7¢))

+ e P&+ eB P(AT€) + 2P, Y,

+ C(u,§,8) + S(u, &, €)

+ Py,u+N(u, Ye) + PP )PP Y))

+ Pe(A7°, Pe(ATP€)) + M(AT¢, P(A19€), €)
+ Pe(AT"°P,Ye) + (AP, Y, ),

with ®¢(u) = u — AP PE — AT P (A7) — AP, Y,

—u#
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Main Statements

~ 1
Domo(H¢) 32{“ € mHl_E(R2) : limsup — log || xau||21-<®2) < 0 for any € > 0,

>0 ko 12|

®e(u) € H*(R?), lim sup 1

|a| =00 ‘ |

log [|xaPe (1) | ¢2(z2) < o}

Theorem (Self-adjointness)

The operator HE with the domain Domg(H) is essentially self-adjoint on L2(R?).

Theorem (Spectrum)

The spectral set of the closure HE is R.
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Characteristic points of our operators

He = A+ &~ EINAT6 ¢ )
. essentially self-adjoint on C5°(IR?) since |£.(x)| < Ce(log(2 + |x]))?

smooth
However C5°(R?) ¢ Domg(H¢) since ®¢(Cs°(R?)) ¢ H2(R?)
Our powerful tool is
¢Z(”) =y — Z AflocPZ(a)(ng) _ Z AflocuP)sé(ga,a)(Aflocxg/g)
acZ? a,a’ €72
_ S ARy,

acZ?

Sdt 1, y
Prei= Yo [ FOI(PINIQHE)

Sdt 1, 5
WPre =D | T Q(PIA(Qg)N)
0

v
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The continuity of restricted paraproducts

(i) For any 8 < 7,

||Xa1P>S(a2f(Xa3g)||HB(R2)
Scﬁﬁs(’y_ﬁ)p “Xazf‘|L2(R2) ||Xa3g” C7(R?)
x exp(—C(|ar — a* + |a1 — a3]?))
(ii) For any 3,71,72 € R satisfying v1 < 0 and 8 < 71 + 72,

” X a1 Xay hP;a3 f(Xa4g) ”Hﬁ(Rz)

SCﬁ,’Yly’ws(mJﬂyziﬁ)p||Xa3fH C1(R?) HX34gH C72(R?) ||X82h”L2(R2)
x exp(—C(|ar — af® + a2 — a3|* + |a2 — au[?))
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For any € € (0,1) and almost all &, there exist s(e, €), s1(¢, ), s2(€, &) € (0,1)
and M, I\/I(e) €), Mx(€) € (0,00) s.t.

1(6),
Ixa(l — N(W)[lrp-eqmey < 6 > exp(=Mla— &) | xaull 2
a'ez?

for any § > 0, where s(¢,&,0) = (s(a;€,£,0),s1(a,d’;€,&,0),5(a; €,£,0)) aez2 is
s ) M)
s(aie,§,0) = 5(6,5)(M) :

5 B ) My (e)
si(a,di6.8,0) = si(s §)<(|o§(2 “1a])leg2 ¢ 77
s2(a;€,€,0) = 52(€a§)<m>
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Inverse of d)g

(e,£,0)
10 = O w) sy < Celule

Thus for § € (0,1/C ), there exists the inverse (Cbz(e’g’é))_l = Z(/ - Cbz(e’g’é))”

n=0
€£,0
st 1O (V)< < Ivllraema /(1 - Ced)
(be((w ) '({v € H?*(R?) : supp v is compact}) C Domg(H¢)
since ®; — <1>£(6£ % is good.
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The continuity of the differnence of paraproducts

X1 (Px,, £ (xas8) — P>s<32f(Xa3g))H7-¢5(R2)

g )
ﬁnxaz Flli2(z2) X238l ¢ (m2)y exp(— C(la1 — a2 + |a1 — a3)?)) if B > 7,

1 .
=Y oo (108 2 ) e Fllizgeey Ixas &l ey exp(— C(lan = 22l + a1 — a3)) i B =,

Co . lIXar Flli2(m2) X238 || v (m2) exP(— C(lar — a2f* + |1 — a3]?)) if B <~

||X31(X32hPXa3f(X24g) T Xayh P)S(a3f(XaAg))HH5(R2)

Cs.m,
S(B,Vjii::;/z lIXas fHC’Yl(]R{Z) HX34g||C’YZ(R2)”X32h“L?(RZ)

x exp(—C(lar — a2® 4 |az — a3|* + [a2 — a4]?)) if B> 71 + 72,11 <0,
1
Gz (108 ) s Fll o 2y Ixtaa € o vy o l2ge2)
x exp(—C(lap — 2> + |az — a3|* + [a2 — a4]?)) if B =71+ 72,11 <0,

8,172 lIxas Fll e (R2)||Xa4g”C"/2(]R2)||Xaz h||L2(R2)
X exp(—C(Jla1 — a2 + a2 — 3|2 + |a2 — a4]?)) if B <11 + 72,71 < 0.

IN
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For the self-adjointness

HE: essentially self-adjoint < Ran(H¢ + 4) = [*(R?)
we can take as a real number for operators bounded below

Thus we first restrict the randomness to consider an operator H5 bounded below.
This is the limit as ¢ — 0 of

Hi = =D+ &p — E[N(AE g, & R)],

where g = > N3, Gr= > XleThL

acZ?NAg ac€Z2nN\g

The exact definition of H,g is in the next slide.
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Restricted randomness

Higu = — Adg p(u) + Pe, @e (1) + N(De r(u), &r) + PP u)(PP¢R))

+ e2PylR + €2 P (AT6R) + €2 P, Ye g + C(u, R, ER)
+ S(u, €, €R) + Py, pu+ N(u, Yer) + PP u) (PP Y, 1))
+ Pe (AT P (AT€R)) + M(AT L P (AT°6R), £R)
+ Peo (AP, Ye g) + (AP, Y v, R),

¢§,R(U) - uy— A_IOCPuéR . A—locupgR(A—loch) . A_IOCPU Y§,R

Yer = gm(ﬂ(A"%,m &r) — EIN(AT6 R, ER)])

AE[N(APet. &0)]= Hy#HER

Dom(Hg) = {u € [V HI“(R?) : O¢r(u) € HA(R?)}

e>0
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Properties of the operator with the restricted randomness

—~

IV®e r(u)|[ 22y < (u, (Hg + k(& R))u) 2z

We can show that Ran(H5 + k(¢, R)) = L*(R?)
Lemma (Self-adjointness of the restricted randomness)

The operator HS, with the domain Dom(HS%) is self-adjoint on L2(R?).
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Proof of the self-adjointness

For Vf € Ran(H¢ + i)*,

[geny = lim (£, iz

where ;?,;/engO(/\R — [0,1]) s.t. )féjj 1 on Ag_;.

¢ri = (Hy,, + 1) *Xrf € Dom(Hz,,)

We can show that pg, := (¢Z(E’5’5))_1(CDZE;"i’(Z)(QOR,L)) € Domo(/l-E)

—_~—

Since xrf = (H,E,H + i)pr and (ﬁg +erL € Ran(ltlg + 1), we have

IF13sqeey = Jim (F, (Mt + Dora — (HE + )ome )i = 0

l as L—oo
0

- Ran(HE + i) = [2(R?)
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Resolvent convergence

For H¢ on T2 = R2/72,
sup  |[(H& +2)'v — (HE+ Z)_1V||L2(']1‘2) 00 for a large z € R

HV||L2(11~2):1

(Mouzard Prop.2.14)
An(HE) 28 X, (HE) (Mouzard Cor.2.15)

FOLEE on R? N
[(H& + 2) " v — (HE + 2) | 2m2) =5 0 for each v € L%(R?) and z € C\ R

However the estimate with  sup  may be difficult.
||VHL2(]R2):1
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Fourier series representation

For the identification of the spectrum, we take a positive probability event that
¢ = const on A, with a large L.
For this, identify A, with R?/(LZ)? and represent the white noise L on A, as

£(x) = D Xal€")en(x),
nez?
where {Xo(¢5) }nez2 ~ N(0,1) and {5 }aeze is ONB of L2(R?/(LZ)?) o5 =1/L
z_nl,nQ)(X]-’Xz) = #1 (Xl) IL12 (X2)
V2/Lcos(2mnx; /L)  for 0 < n € Z,
and ¢} (x1) = 1/L for np =0,
/2/Lsin(2wnix; /L) for 0 > ny € Z.

defined by ¢
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Decomposition by the Fourier series

Write & = & + &, where

=)= D X)),

ncZ2NAy

&N is a Gaussian random field independent of {5 (x)
Let Y n< be a().oq Coc(R?)-valued random variable such that

lim E[l[xa(Yeene = Yern) |2 g =0 for any p € [1,00),a € Z*, where

—loc 82 <L 52 L —loc 82 L 52 L
YE,E,L,N< = H(A e Afkl@e Afk,<)—E[|_|(A e A§Il§1<7e Afkl<)5])'
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Operator depending only on &, _

L b b by
HEEN Sy = — A0 e (1) + P Getne () + (@ ne (), ) + PP )(PE] )
<
+ eAPL,E,LT< + eAuP5L~ (A*I"C{,’;,:) +eBPyYe <
N<
+ C(u, € ER ) + S(u, ék,<,£k,<)
+ Py et N, Yerne) + PO (PO n)(PE Ve 1<)
+ PN (A locuP (A loc£N )+ H(AflocquLu (Ailocgkl<)7£IL\l<)

+P~(A IOCPuyg L)) + AT P, Ve 1 ve, €50),
N<

¢§,L,N<(u) =y — A—IOCPué-ILV< _ A_IOCUPT’ (A—Iocg,LV<) _ A_IOCPUY§,L,N<

N

1
Domo(H5’L’N<) —{u € ﬂ HIT(R?) : limsup — uP log [|Ixaull31-eg2y <0,
e>0 |a]—

al—» oo

1
¢’§ L, N<(U) c 7—[2(R2) |‘|m sup — | | log HX8¢§ L, N<( )H’HZ(RQ) < 0}
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Relations with the original operator

Domo(H¢) = Domg( H&LN<)

Flz = H&LN< Efk/z _ YL,NE’

where
YENZ =y T (AT Nipn, Xien)-
neZ2NAy
YLNZ may diverge as N — oo. However we have

sup |YEN2(x)| < ¢,(N/L)" for V.

x€R?
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For 1 < R < L/2 and large N, we can take an event s.t. HSLN< = —A on Ag.
For Ve > 0,
take . r € C3°(AR) s.t. ||¢erll12m) = 1 and

1((=A — YEN2) —inf spec(—A — YL7N2)RiriChlet)()057R||LQ(]RQ) < €.

R

For V) € R, I
[(=A + r(X\, L, N, R)pl — YEN2) — N)oe gl i2rey with r(A, L, N, R) € R
i
I(HE — N @zrllizqe) for € € E(soe, A\, L) & @i = (027557) (poR)
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The event we consider

E(e,e,\ L)

:{5 . In the representation ¢ = X1y + E,Q,: with N = ['°, it holds that
I Xo(€1) — r(\ L, N, R)|, | Xa(€5)] < e/N? for any n € Z2 N Ay \ {0},
Xl <llo- «@), [IXa YeLnelle—@e) < 1n,,(a)L7° + 1nc (a)]a]"
for any a € Zz.},

which satisfies P(E(e, €, A\, L)) > 0.
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Probability One

Let E(xp,e,6,\, L) :={¢: &(- — x0) € E(e,¢,\, L)}
Then U E(x0,€,€, A, L) is Z?-invariant.

X()EZ2
By the ergodicity of the white noise, we have

P( U ECoce.e L)) —1.

xg€7Z2
By the shift, we can take a Weyl sequence with probability 1.
Thus A € Spec(H¢).
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