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White noise: £ = (£§(x))xer2 ~ N(0, *) : The most basic but wild random field
¢ Gaussian random field, E[¢(x)] = 0, E[£(x)é(y)] = 6(x — y)
P("x — £(x)"'€ Cl9) =1

loc

Claim: Realize —A + £ as a self-adjoint operator to apply the spectral analysis

Fact: —A + V: self-adjoint on L*(IR?)
closure of the op. on C§°(R?)

—c(xP?+1) < V(x) € 2 (R?)

loc
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Gaussian random field potential

For a Gaussian random field V with Cov(V(x), V(y)) = C(x —y)

usual function

Fischer, Leschke, Miiller, J. Statist. Phys.101(2000)
Spectral localization by Gaussian random potentials in multi-dimensional
continuous space.

Their results is sufficient for our understanding of the nature.

However, | will extend their theory to the whitenoise in order to a development of
the stochastic analysis.

As another merits, some explicit calculations may be possible.
Indeed, in 1D, the density of states is explicitly calculated (cf. Halperin 1965)
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Other dimensions

¢ = (£(x))xere : White noise on RY = "x i £(x)" e C. 7%

loc

b
d=1= W"([a,b]) > f,g I—>/ (fg'+ ¢ fg)dx : well-defined
a 12—
—A + £ is realized as a self-adjoint operajcof)r
M. Fukushima and S. Nakao (1977) Spectral asymptotics
(Asymptotics of the Integrated density of states)

N. Minami (1988) (1989) Self-adj. on R, Exp.Loc (§ — O(Lévy process))
d > 4 = No results
d = 2, 3 are studied recently
d = 2 is easier than d =3

fecle e e

loc loc
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Related works on singular SPDEs

M. Hairer (2014) A theory of regularity structures,

M. Gubinelli, P. Imkeller and N. Perkowski (2015) Paracontrolled calcuclus

A. Kupiainen (2016) Renormalization Group

= Stochastic quatization equation for ¢3 Euclidean quantum field theory
Generalized continuous parabolic Anderson model
Kardar—Parisi-Zhang type equation
Navier-Stokes equation with very singular forcing
and so on

Eg. Continuous parabolic Anderson model

Owu(t, x) = 2u(t, x) (6.(x) + c.)u(t, x) for t > 0, x € R?/7?

— lim
e—0 compact
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Related works on Operators

For the Schrodinger operator
R. Allez and K. Chouk (2015) Paracontrolled calcuclus based on Fourier Analysis
—A+ Iirrg)(fs(x) + ¢.) on R?/Z? < Self-adjointness, Discrete Spectrum,
e—

Asymptotic Distribution
M. Gubinelli, B. Ugurcan and I. Zachhuber (2020) Extension to R3/Z3

Deu(t-x) = (& = lim(€.(x) + ) = ke)u(t, %) = (ulu) (£,
Ou(tx) = (& = im(€.() + &) — ke)u(z. ) = (&7)(¢.%)

C. Labbé (2019) similar results by regurarity structure for
—A+ Iing)(fg(x) + ¢.) on (—L, L)?*" with periodic or Dirichlet conditions
E—r
K. Chouk and W. van Zuijlen (2021)
Asymptotics of Eigenvalues of the Dirichlet operator on (—L, L)% as L — oo
T. Matsuda (2022) Asymptotics of Integrated density of states
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Topics on Random Schrodinger operators

Anderson transition:

Point spectrum with exponentially decaying eigenstates
for strongly random potentials and energies near the edge of the spectrum
(Anderson localization)

Absolutely continuous spectrum
for weakly random potentials and energies far from the edge of the spectrum

This topic is discussed for stationary potentials on noncompact spaces.
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Singular SPDEs on noncompact spaces

M. Hairer and C. Labbé, (2015)

M. Hairer and C. Labbé, (2018)

Owt. = Au, — (6. + c)u., t > 0,x € RY, 1. (0,) = wo

Paraboloc Anderson model: £ space white noise (depends only on x) d = 2,3
Stochastic Heat equation: & space-time white noise (depends on (t,x)) d =1
dlim._o u. uniformly on compact sets in probability

depends continuously in ug

W. Konig, N. Perkowski and W. van Zuijlen, (2022)
Feynman-Kac type representation of the solution of 2DPAM
Asymptotics as t — 00
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Related operators on noncompact spaces

B. Ugurcan, (2022) —A + Iir%(ge(x) + ¢(x)) on R? with ¢(x) |X|i§° 0
e—

= — A+ lim(El(x) + &(x) + &%),
T

N
An extension of the method for the compact case By a commutator estimate,

where € = €'(x) +  €(x)

Smooth functions in x

= Xtz (XD {0 (—A)S + Xpean(—A)E}

n—=—1 high energy pert low energy pert

¢.(x) = E[A resonant product of £I(x) and (1 — A)71&l(x)]
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Heat semigroup approach

Paracontrolled calculus by Heat semigroups
(suitable for noncompact manifolds, graphs and so on)
Paraproducts defined by using Heat Semigroups
(cf. Preceding approach defines Paraproducts by using Fourier Analysis)
. Bailleul and F. Bernicot (2016) 3lim._,o u.
generalized PAM on 2D manifold (without compactness)
. Bailleul, F. Bernicot and D. Frey (2018) 3 lim._,o u.
PAM and multiplicative Burgers eq. on 3D manifold
(without compactness)
A. Mouzard (2022) Self-adjointness, Discrete Spectrum, Its asymptotics of
—A+ lim(&.(x) + c:(x)) on 2D Compact manifold, where &.(x) = (e2¢)(x)

eg. Lap.Belte—0
c.(x) = c. on R?/7?
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— A+ lim(&(x) + c.) on B2, where &(x) = (e2¢)(x)
e—
Self-adjointness
Spectral set = R
We should remark Hg“c—l—e({|X|<R}) S (lOg R)2

Tools: Paracontrolled calcuclus by Heat semigroup referring Mouzard (2020)
and the partition of unity
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Products fg = Prg + NN(f, &) + Pef + P (P F)(P"g))

_tAY

0 << b € 27 fixed Pt(”):z( tAY gea

- J!

Jj=0

1
PP F)(PSg)) — PO (PP F)(PPg)) = — / dto (PP (PP F)(PPg))}
:fg
= Prg +1(f, 8) + Pgf

Prg = ZCV/ f)(Q7"g)): paraproduct term

n(f, g) ZC;L/ —P” (QH*F)(Q?"g)) : resonating term

PV, Pt e Sth[O,b/Z), Ql’y, Q27V7 Ql’“, anu c StGC[b/2’2b]
For any I C (0,00), StGC' = {(VEV)*P{)econ) : @ € 22,00 + az € INZ,1 < ¢ < b}

standard families of Gaussian operators with cancellation of orders /
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The Besov Spaces

For p,q € [1,00], 0 € (—2b,2b), B3 (R?) = Cgo(Rz)H'”Bﬁq(R%: the Besov Space

||f||Bg’q(R2) = ||eAf||LP(R2:dX)
+ sup{||t || Qef || Lorz:a) | ooy e-1ar) © @ € SEGCU2PIY

BS, o (R?) =: C*(R?): the Besov a-Hdlder space

{Xa}taczze C C®(R? — [0,1]) s.t. Z X2 =1, supp xa C Ao(a) i= a+ (—1,1)?
acZ?
Xa(-) = xo(- — a)

UEKI A definition of self-adjoint operators derived from the Schrédinger operator with tl



The continuity of paraproducts

(i) For any @ € R and € € (0,1),

X ay PXagg(Xa?, f)HHa*E(]Rz)

< { CovellXas 3o @2) 1X a8l oo (m2) eXP(— C(Ja1 — a2|? + a1 — a3]?))
T Gaellxasflle@) X8l 22y exp(—C(lar — a2f* + |a1 — a3]?))
(ii) For any a € (—00,0) and 3 € R,

X a1 Proy £ (Xas8) || 30+5 m2)

< { CopllXaf lleo @) 1 Xas& 20 2y exp(— C(lar — a2f* + |1 — a3]%))
T Gaslixafllne@) [ Xaglles @) exp(—= C(lar — a2f? + a1 — a3]?))
(iii) For any o, 5 € R such that a + § > 0,

X2, (X o Xasg)HHaW(W)

< CapllXar flle@) [ Xas8 llcs ey exp(— C(lar — a2f* + [a1 — a3]?)).
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1st ansatz for the definition of the operator

IXa€llc-1-c(r2) < Ceg(log(2 + |a]))?
u, Hu == —Au+E&u € [*(R?) = Au € H1Y(R?) = u € HI¢(R?)

fu= P& + Peu +N(u,€)+ PO(PPu)(PPe))

E’H,;CF‘ E’H,;CZE ill defned Hix.
To erase this singularity, —Au=—P,&+ ePP,E — Age(u)

Ansatz |: u= AP,¢ + ¢e(u)” with ¢e(u) € H2E-I(R?),
and ||xaull-c@2), [|XaPe(U)]l320-0r2) decays sufficiently fast as [a] — oo

1
where A€ .= — / dt e™® satisfying A™°°A = AN = | — 2
0

HXalA_/OCXaszCa(RQ) § Ca,eHXanHCa*'f—Q(RQ) exp(—C|al — 32‘2)
[Xar A X 300 @2) < CarellXarf |30 +e—2(r2) exp(—Clay — a2|?)
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Hu = —Age(u) + Pe(ATPP,E) + N(ATPPE €) + (L?)
cH 2 EH 3¢ ill defned
In the 2nd and 3rd terms, move the function u to outer places

by the commutators
C(f, g, h) == N(A™"Prg, h) — (A g, h)
5(f,g,h) = 'Dh(A_IOCPfg) - f'Dh(A—/OCg)

where fPhg —ZCV/ ( g)f)
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The continuity of commutators and so on

(i) For any €, € (0,1), 8 € R,y € (—00,0) such that 5+~ < 0 and
a+pB+v>0,
HX81 C(Xazf? X33g>Xa4h)HH°‘+5+’Y_€(R2)}
‘|X815(X82 f? Xa385 Xaq h) H?—l“*ﬁ+7*€(R2)
< Ce,a,ﬁ,v”XaszHa(R?)||Xa3g||cf3—2(R2)||Xa4h||m(R2)
X exp(—C(\al — 32|2 + ’31 — 83|2 + |31 — a4|2))
(i) For any o € (—00,0), 5 € R and € € (0, 1),
X a1 X0, h Pxay F (X 20 8) 1306 (m2)

< CapellXasf llea(rr)lIXai8lles w2) X All 2(2)
x exp(—C(|ar — af? + |a2 — a3|* + a2 — 24[?))
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Then H'u = —Ag¢e(u) + ,Pe(ATP€) + ul(AT¢, €) + (L?)
EH 2 EH 4 ill defned

Replace the ill defned term by a (.., Coi(R?)-valued random variable Y s.t.
gli_rrg)]E[HXa(Yga — Yo)I¢ ey =0 for any a € Z2, p € [1,00) and € > 0, where

Ye = N(AE, &) — E[N(AT, &)
& = e52A§ is a smooth approximation of & N.diverge as ¢ — 0
IXaYellc-e(r) < Ceglog(2 + [a]) -
Here the operator H¢ is replaced by a new operator which we denote as H¢
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Heu = —Ade(u) + uPe(A°°€) + P, Ye + (L%)
67‘[745 €H726
To erase remaining singularities,

Ansatz II: ¢¢(u) = A" (,Pe(AT°€) + P, Ye) + e(u)
with ®¢(u) € H3(R?) and || xa®¢(u)||s2(re) decays sufficiently fast as |a| — oo

Then, since

—Ape(u) = —,Pe(AT€) — P, Ye + €5 P(AT°€) + 2P, Ye — Ad(u),
eL?

Héu e 12
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Heu = — A®(u) + Pede(u) + N(Pe(u), &) + PO (PP u)(PPe))
+ 2P, + €2 P(AT€) + 2P, Y,
+ C(u,§,€) + 5(u, &, 6)
+ Py,u+N(u, Ye) + PP )PP Y))
+ Pe(D776, P (AT1°€)) + M(AT¢, P(AT%), €)
+ P(AT°P,Ye) + (AP, Y, €),

with O¢(u) i= u— ATPEPE — AR, P(AT0E) — ATPP, Y,
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Main Statements

~ 1
Domo(H¢) 32{“ € mHl_E(R2) : limsup — log || xau||21-<®2) < 0 for any € > 0,

>0 ko 12|

®e(u) € H*(R?), lim sup 1

|a| =00 ‘ |

log [|xaPe (1) | ¢2(z2) < o}

Theorem (Self-adjointness)

The operator HE with the domain Domq(HE) is essentially self-adjoint on L2(R?).

Theorem (Spectrum)

The spectral set of the closure HE is R.
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Characteristic points of our operators

Smooth approximation Hé = —A + & — E[N(ATE,, &)
is essentially self-adjoint on C5°(IR?) since |&.(x)| < Ce(log(2 + |x]))?

smooth
but Domg(H¢) does not include C5°(R?) since ®¢(C$°(R?)) ¢ H3(IR?)
Our powerful tool is
¢Z(U) =y — Z Aflocpz(a)(xig) _ Z Aflocupfé(ga,a )(Aflocxglg)
acz? a,a’ €72
-3 aepr(2y,)

acZ?

Sdt 1, y
Prei= 3o [ FOI(PINQHE)

Sdt 1, 5
WPre =D | T Q(PIA(Qg)N)
0

v
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The continuity of restricted paraproducts

(i) For any 8 < 7,

||Xa1P>S(a2f(Xa3g)||HB(R2)
Scﬁﬁs(’y_ﬁ)p “Xazf‘|L2(R2) ||Xa3g” C7(R?)
x exp(—C(|ar — a* + |a1 — a3]?))
(ii) For any 3,71,72 € R satisfying v1 < 0 and 8 < 71 + 72,

” X a1 Xay hP;a3 f(Xa4g) ”Hﬁ(Rz)

SCﬁ,’Yly’ws(mJﬂyziﬁ)p||Xa3fH C1(R?) HX34gH C72(R?) ||X82h”L2(R2)
x exp(—C(|ar — af® + a2 — a3|* + |a2 — au[?))
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For any € € (0,1) and almost all &, there exist s(e, €), s1(¢, ), s2(€, &) € (0,1)
and M, I\/I(e) 1(€), Ma(€) € (0, 00) s.t.
ol = XN W) gy < 6 exp(—M|a — &) o ull e

a'ez?

for any § > 0, where s(¢,&,0) = (s(a;€,£,0),s1(a,a’;€,&,6),5(a; €,£,0)) aczz is
0 M(e)
s(aie,§,0) = 5(6,5)(M) :

5 B ) My (e)
si(a,di6.8,0) = si(s §)<(|o§(2 “1a])leg2 ¢ 77
s2(a;€,€,0) = 52(€a§)<m>
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Inverse of d)g

(e,£,0)
10 = ) ) <y < Cecilwlos<e

[e.9]

Thus for § € (0,1/C ), there exists the inverse (Cbz(e’g’é))_l = Z(/ - ¢2(E’§’6))”

n=0
€£,0)\—
st. [1(@F ) (Wlha) < IVIa—@n /(L - Ceed)
(<D£(°§6 ) '({v € H*(R?) : supp v is compact}) C Domg(H¢)
since ®; — <D£(6£ %) is controlled by the following.
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The continuity of the difference of paraproducts

X (P (xas8) = P (X583 2,

Cs
W||X22 fll2ge)llxas g ll v (r2) exp(—C(la1 — a2f” + |1 — a3))) if B > 7,

S0 Cor (108 ) o Flliaaey oa8l oo ey €xp(— Cllar — a2l + fas — as) if 6=,

CB,'yHXazf||L2(R2)”X33gHC’Y(R2) exp(=C(la1 — a2f* + a1 — a3]?)) if B <

lIxa1 oy 1 Pxay F(X248) —xaph P, r(X28)) 1345 m2)

Cs
ﬁ”)@a fHC’Yl(]RZ 1 Xas&ll ca R2)||X32h||L2 R2)

x exp(—C(la1 — @2f* + |az — a3|* + a2 — a4[?)) if B> 71 +72,m <0,
G (108 2 ) 1o Fll o 2y [l 2 2 It 252
x exp(—C(la1 — a2[? + |az — a3|* + a2 — a4[?)) if B =1 + 72,71 <O,

Ca,71,721Xas fll em (R2)||X34g||C’Y2(]R2)”X32 h||L2(R2)
x exp(—C(lar — a2|? + |a2 — a3]® + |a2 — a4|2)) if B <1 + 2,71 < 0.

IN
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The operator with the restricted white noise £g = Zan%AR X2

Hiu = — A®; p(u) + Pep e r(u) + N(De r(u), €r) + PP u)(PPer))

+ e PR + 8, Py (AT¢R) + 2P, Ye g + C(u, &R, €R)
+ S(u, 6, ER) + Py i+ N(u, Yer) + PP u) (P Ve r))
+ PER(A#OCUPER(A#OC&LR)) =+ H(AilocuPER(Ailoch)a fR)
+ Peo (AP, Ye g) + (AP, Y r, €R),

¢§,R(U) —uy— A_IOCPuéR . A—locupgR(A—loch) . A_IOCPU Y§,R

Yer = E'LTTE)(“(A_IOC@& &r) — E[M(AT6 R, ER)] ) (Eer = Yaczrong X365 26)

AE[N(A et £.)]=> HE~HER

Dom(Hg) = {u € [V HI“(R?) : Ocr(u) € HA(R?)}

e>0
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Properties of the operator with the restricted whitenoise

—~

IV®e r(u)|[ 22y < (u, (Hg + k(& R))u) 2z

We can show that Ran(H5 + k(¢, R)) = L*(R?)

Lemma (Self-adjointness of the operator with the restricted whitenoise)

The operator HS, with the domain Dom(HS%) is self-adjoint on L2(R?).
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Proof of the self-adjointness

For Vf € Ran(HE + /)L,

Hin?(R?) = Ainw(f7>??f)L2(R2),

where Yg € C°(Agr — [0,1]) s.t. xgr =1 on Ag_;1.

R = (Hiy + 1) XRF € Dom(Hg, ) N
We can show that pg; = (¢§(€’5’6))_1(d)z(;’ii)(goR,L)) € Domg(H¢)

—_~—

Since xrf = (H,E,H + i)pr and (ﬁg +erL € Ran(ltlg + 1), we have

IF13sqeey = Jim (F, (Mt + Dora — (HE + )ome)ioen = 0

l as L—oo
0

- Ran(HE + i) = [2(R?)
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Resolvent convergence

For Hé on T2 = R2/72,
sup  [[(H& +2) 7ty — (HE+ 2) 7|2y 8 0foralarge z € R

HV||L2(']1‘2):1

(Mouzard Prop.2.14)
An(HE) =23 X, (HE) (Mouzard Cor.2.15)

For H¢ on R?, N
[(H& +2) 7ty — (HE + 2) M| 2oy =80 for each v € [2(R?) and z € C\ R
However the estimate with  sup ~ may be difficult.

||VHL2(]R2):1
For the identification of the spectrum, we use the method used for stationary
random operators.
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Fourier series representation

E=NL Y Xa(€)ph(x) + ¢!
nezzﬂ/\Llo
Partial Fourier sum independent remaining terms
{Xa(€9} ~ N(O,1)
{pL} is ONS of L2(A})
wE=1/L

Y (L) be a MN.>0 Cioe (R?)-valued random variable

ocC

obtained by replacing & by £ in the definition of Y
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The event s.t. £ = const. and Y(gL) =0on Ay

E(e L) ={€: 1X(65) = rl,1Xa(€1)] < /L% for n € Z2 1 Ao \ {0},

||Xa€~L||~cflfe(R2), < J/L(ae v/ /\L)}
oY (EDle—czy [ ~ | lal (@€ Z2\AL) S

which satisfies P(E(e, r, L)) > 0.
VAeR 3r,c(A\ L) e RVE € E(e,r, L) Fp € C°(AL2)

st [[(HS = N)ollzme) < ce, [l¢]| =1
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Probability One

Let E(xp.e,r, L) :={&:&(- — x0) € E(e, r, L)}
Then U E(xo, ¢, r, L) is Z2-invariant.

X()EZ2
By the ergodicity of the white noise, we have

IP’(XOLEJZ2 E(xo, e, r, L)) =1.

By the shift, we can take a Weyl sequence with probability 1.
Thus X € Spec(H¢).
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