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Study the spectral property of the Schrodinger operator
—A+¢ (1)

in the case that the potential is the whitenoise on R
€ = (&(x))xere : Gaussian random field, E[{(x)] = 0, E[{(x)&(y)] = 0(x — y)

Difficulty: "x +— &(x)" € C~<9/2 not a regular function
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Dimensions

b
d=1= W"(a,b]) > f,g H/ (fg'+ ¢ fg)dx : well-defined
a 12—
—A + £ is realized as a self-adjoint operajcogr
M. Fukushima and S. Nakao (1977) Spectral asymptotics
(Asymptotics of the Integrated density of states)
N. Minami (1988) (1989) Self-adj. on R, Exp.Loc. at all energies
(& — O(Lévy process))

L. Dumaz and C. Labbé (2020) (2023) Eigenvalues Eigenvectors Statistics

Recently
d=2or3= —A+lim.,(&(x) + c.) are realized as self-adjoint operators

d > 4 = No results
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Related works on singular SPDEs

M. Hairer (2014) A theory of regularity structures,

M. Gubinelli, P. Imkeller and N. Perkowski (2015) Paracontrolled calculus

A. Kupiainen (2016) Renormalization Group

= Stochastic quatization equation for ¢ Euclidean quantum field theory
Generalized continuous parabolic Anderson model
Kardar—Parisi-Zhang type equation
Navier-Stokes equation with very singular forcing
and so on

Eg. Continuous parabolic Anderson model

Oru(t, x) = Acu(t, x) (&-(x) + c.)u(t,x) for t > 0

— lim
e—0
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Schrodinger operators on compact spaces

R. Allez and K. Chouk (2015) Paracontrolled calculus based on Fourier Analysis
—A+ Iin?)(fg(x) + ¢.) on R?/Z? < Self-adjointness, Discrete Spectrum,
e—
Asymptotic Distribution
M. Gubinelli, B. Ugurcan and I. Zachhuber (2020) Extension to R3/Z3
i0eu(t, x) = (A (6(x) + ) — ke)u(t, x) — (ulul*)(t, x)
>0
ORu(t,x) = (A& — lim(&.0) + ) — ke)u(t, x) — (&?)(£.%)
e—
C. Labbé (2019) similar results by regularity structure for
~A+ Iirrg)(fa(x) +¢.) on (=L, L)% with periodic or Dirichlet conditions
e—

— lim
e—0
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Extensions to noncompact spaces

M. Hairer and C. Labbé, (2015) (2018)

O = Au. — (& + c)u., t >0,x e RY, d =2,3, u(0,) = uo
dlim._ u. uniformly on compact sets in probability

depends continuously in ug

Y. Hsu and C. Labbé, (2024)
The generator of the above equation
limeo(—A + & + ¢.): self-adjoint  Spec= R
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Related operators on noncompact spaces

B. Ugurcan, (2022) —A + Iir%(ge(x) + ¢(x)) on R? with ¢(x) |X|i§° 0
e—

= — A+ lim(El(x) + &(x) + &%),
T

N
An extension of the method for the compact case By a commutator estimate,

where € = €'(x) +  €(x)

Smooth functions in x

= Xtz (XD {0 (—A)S + Xpean(—A)E}

n—=—1 high energy pert low energy pert

¢.(x) = E[A resonant product of £I(x) and (1 — A)71&l(x)]
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Heat semigroup approach

Paracontrolled calculus by Heat semigroups
(suitable for noncompact manifolds, graphs and so on)
Paraproducts defined by using Heat Semigroups
(cf. The preceding approach defines paraproducts using Fourier Analysis)
. Bailleul and F. Bernicot (2016) 3lim._,o u.
generalized PAM on 2D manifold (without compactness)
. Bailleul, F. Bernicot and D. Frey (2018) 3 lim._,o u.
PAM and multiplicative Burgers eq. on 3D manifold
(without compactness)
A. Mouzard (2022) Self-adjointness, Discrete Spectrum, Its asymptotics of
—A+ lim(&.(x) + c:(x)) on 2D compact manifold, where £.(x) = (e2¢)(x)

eg. Lap.Belte—0
c.(x) = c. on R?/7?
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N. Ueki (2025)

A definition of self-adjoint operators derived from the Schrodinger operator with
the white noise potential on the plane, Stochastic Processes and their
Applications 186 (2025), 104642

—~

Hé = —A + Iirrz)(fe(x) + ¢.) on R?, where £.(x) = (e2¢)(x)
Self-adjointness
Spec(H¢) =R

Our topics: By extending the traditional methods, prove
the exponential localization for low energies
i.e. 36 > —oo s.t. (—o0, Ey] C Spec,,(H¢)
the corresponding eigenfunctions decay exponentially
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Products fg = Prg + NN(f, &) + Pef + P (P F)(P"g))

b—1 :
, ) _ o (CtAY A
0<<be2Zfixed P7=2)" e

Jj=0

1
PO (PSP ) (PP g)) — PO(PF) (PP g)) = — / dto{ PO (PP F) (PP g))}
:fg
= Prg + H(f,g) + ng

Prg = Z cl,/ — QI ((Pf)(Q?"g)): paraproduct(a well-defind distribution)

dt
N(f,g) := Zcu/ —P”(( ) (QF*g)) : resonating term (need regularity)

PV, Pt e Sth[O,b/Z), Ql’y, Q27V7 Ql’“, anu c StGC[b/2’2b]
For any I C (0,00), StGC! = {(VEV)*P{)econ) s @ € 22,01 + az € INZ,c € NN [L, b]}

standard families of Gaussian operators with cancellation of orders /
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The Besov Spaces

For p,q € [1,00], 0 € (—2b,2b), B5 (R?) = C§°(R2)H'”Bﬁqm2): the Besov Space

||f||ng(R2) = ||eAf||LP(R2:dx) + Z ||t_a/2||QtfHLP(]RZ:dx)||L‘7([0,1]:t*1dt)
QeSstGclal,2h]

BS, (R?) =: C*(R?): the Besov a-Hdlder space

{Xa}taczze C C®(R? — [0,1]) s.t. Z X2 =1, suppx, C Oa(a) := a+ (—1,1)?

o) = xol- — 2)
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The continuity and the exponential decay of paraproducts

(i) For any @ € R and € € (0,1),

X ay PXagg(Xa?, f)HHa*E(]Rz)

< { CovellXas 3o @2) 1X a8l oo (m2) eXP(— C(Ja1 — a2|? + a1 — a3]?))
T Gaellxasflle@) X8l 22y exp(—C(lar — a2f* + |a1 — a3]?))
(ii) For any a € (—00,0) and 3 € R,

X a1 Proy £ (Xas8) || 30+5 m2)

< { CopllXaf lleo @) 1 Xas& 20 2y exp(— C(lar — a2f* + |1 — a3]%))
T Gaslixafllne@) [ Xaglles @) exp(—= C(lar — a2f? + a1 — a3]?))
(iii) For any o, 5 € R such that a + § > 0,

X2, (X o Xasg)HHaW(W)

< CapllXar flle@) [ Xas8 llcs ey exp(— C(lar — a2f* + [a1 — a3]?)).
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A modification of the operator

Xalle-s-cqae) < Cogllog(2+al))*2
A~loc = —/ dt e™® satisfying A™°°A = AATPC = | — 2

0
X2 A7 Xy Fllcaqmey < CaellXanf llcare—2(r2) exp(—Clay — a|?)
||Xa1A_I°CXa2f||Ha(1R2) < Ca,e||Xa2f||Ha+f—2(R2) exp(—Clay — 32|2)
M(APcE, €) in the formal expression of HS = —A + £ is near to being
well-defined, and we can obtain a well-defined operator He by replacing this by a
MNi>0 Cios (R?)-valued random variable Y; s.t.

ocC

lm]E[”X'a(st — Y|yl =0 forany a € 72, p € [1,00) and € > 0, where
Ye = N(ATP%, &) — E[N(AT¢., &)]

& := e="A¢ is a smooth approximation of & N.diverge as ¢ — 0

IxaYellc—er2) < Ceglog(2 + [a])
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C(f.g, h) == (A~ Prg, h) — fTI(A~"<g, h)
S(f,g, h) = Ph(A_IOCPfg) _ fPh(A_IOCg)

— YAt 1o 2
Pig =36 [ GO (PINQB))

(i) For any €, € (0,1), 8 € R,y € (—00,0) such that 5+ v < 0 and
a+p+v>0,
HXal C(Xazfa Xa385 Xaa h)||H°‘+5+7*6(R2)7 ||Xa1S(Xaz f: Xas& Xa4h)||H‘l+ﬁ+7*€(R2)
< CeaprliXaflre@e) | Xasglles—2@2) 1 Xa hll e (r2)

X exp(—C(\al — 32|2 + ’31 — 33|2 + |31 — a4|2))
(i) For any o € (—00,0), S € R and € € (0, 1),
HXa1xazthXa3f(Xa4g)HHMB—G(R?)

< Ca,ﬂ,e||Xa3cha(R2)\|Xa4g |cB(R2)HXa2hHL2(R2)
x exp(—C(|a; — a2|? + |a2 — a3]® + |a2 — a4]?))
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Pe(u) :=u— ATPPE — AT P(AT) — AP, Y

~ 1
Dom  o(H¢) : {u € ﬂ?—ll “(R?) : limsup — log || Xaul[2a-<®2) < O for any € > 0,

>0 |a]—o0 | |

1
O¢(u) € HA(R), lim sup — log |[xs®e(u)ll3ee) < O},

|a|—o0 | ‘
Heu := — Adg(u) + Pede(u) + N(Se(u). €) + (PP u)(PP€))
+ eBPE + B P(DTP€) + 2P, Ye + C(u,£,€) + S(u,,€)
+ Pyou+N(u, ) + PO (PP u) (PP Ye))
+ Pe(AT1 P (A7) + N(ATE, Po(AT4€), €)
+ Pe(AT"°°P,Ye) + (AP, Y, €).
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An abstract representation of the operator H¢

Hfu ~ —ACDE )+ Z/ dt/Xm exp M))u(n)
X /dsz(% exp<_ [x _tle ))\2(()2)

<[ [ a0 (oo (- E2E) )
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Main Statements

Theorem (Self-adjointness, U(2025))
The operator HE with the domain Dom+o(H5) is essentially self-adjoint on
L?(R?).

Theorem (Spectrum, U(2025))

The spectral set of the unique self-adjoint extension H¢ is R.

Theorem (Exponential Localization, U(New))
JEy € (—00,0) s. t. fora. a. &, (—o0, Ey] C specpp(ﬁg) and any corresponding

eigenfunction ¢, satisfies

lim ||~ log || xa¢¢l 22y < 0.
|a]—o00

UEKI A proof of the Anderson localization induced by the 2-dimensional white noise



Restrict the white noise to the square (J; , := a + (—L/2, L/2)?

2 . .
§L-2a = D aez2riy s, X2 &lna= 22001 x2eSA¢ Omitaifa=0
€La = 2 acz2n(01\Dr ) X2, € =(&5)aez2 i.id. bdd, with C§° density indep. of ¢

YE,L—2,a = |ima—>0(n(e_locfs,L—2,aa 55,L—2,a) - E[P(A_Iocfs,L—Zay 55,L—2,a)])
Ge 1 na(u) = u—ATUPEL 20+ Pey_y (A6 20) + PuYer 24} € H(R?)

Hf,au = HE—ZaU + a“

Il
A .a(u)FPe, P t2.a(u)HN(Pe 1 2a(), E1-2.2)+ P (P u) (P61 2.0))
+eB Pyl 20+ €RuPey , (AT 22) +e®PuYe 20+ C(u,61-22,61-2,a)
+5(u€1-2.0:€1-2.8) + Pye,_p,u+ N(u, Yeu—2.a) + PP u) (P Ve —2.0))
+P§L72,a(A_IOCUP§L72,a(A_Ioch—Za)) + H(A_IOCU’DEsz,a(A_Ioch—Z,a)a§L—2,a)
+Pe, , (AP Ye 22) + (AP, Ye 1 2.2,61-2.0)
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Properties of the restriction

—_— —_—

nya is the norm resolvent limit of Hffa = HEE_Za +&,ase—0

The negative spectra of the operator Hf,a are discrete.

Lemma (Moments of numbers of negative eigenvalues)
VA >0, Vp >1, E|C)\’p,1, E|C)\7p’2 € (0,00) S.t.
E[THL( oo (HE)PIYP < crpal®#? for VL € 2N.

BT oo, (HE)JPPP < lim BTr[L o, ()11
o e—0

Since HEE is a relatively compact perturbation of —A,

we apply the Birman-Schwinger principle.

—

To treat the limit as ¢ — 0, we replace —A by H;*5 in the next slide:
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Operators with the restriction whose lower bound is near to zero

In the definition of Hg, replace Prg and M(f, g) by
Sdt 1,0 y ° dt
Pie=2c [ SQUUPN@ D). M(Fe) =Y q [ TP N E)
v 7

OF, o(u) i=u— AP, — AP (A€ o) — ATOPEYE € HA(R?)
Hi%u =~ AP o(u) + P, (P2 1 _o(u)) + TP(Pg L _5(u), &-2)
+ e BP0+ e PP (AT ) + BPIYE
+ C(u,&1—2,&1-2) + S°(u, &1-2,&1-2)
P, ut (Ve ) + PP )PP YE, ,))
+ PEL,Z(Af,ocuPEL,z(Afloch—ﬂ) + I—IS(AflocngL72(AflOC§L_2), €1-2)
+ P L (ATPPIYE o) + (AT PIYE 5, 612)
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Properties of the operator with the restriction

—

(u, i) ey = —as®(1+ (|6l Zrerey + sup 1VE 1ol c—2) @l ull oo
se

(&AL =2) = (M (Ber(l + [I€2lZrc(ga) + 5UPse(on | YEL 2 llc-e(z2) 7))@
= HZeM2 > /4

Hi_pu = Hi%pu + PP(PP ) (PPEL2)) = Vi u
with Y7, :=E[(M — N*)(A°°¢, 5, &1 -5)]
By the Birman-Schwinger principle, we have

Tr{L (oo (HE 5 + €] < TH{1p,0) (T < Tr[(FE9)?] = [I1E9))2
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Our Birman-Schwinger kernel

r(gaa) = _r(ggvs) + rggvs) _ rgge),

where

€, fos(ENL—2 b b b
F( ) =(H;7, oy A~ 1/2(Ps((g),,\,sz)((Pg(g),A,sz)gevL%)(Ps((g),,\,sz)')))
(Hf£7;(€7>‘7L_2) + )\)—1/2

r(fE) (Hfa (&M, L— 2)+)\) 1/25 (H£E7S(£)‘L 2)+)\) 1/2
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1Tz, S PNz, + 75

ke -2 : a positive polynomial of ||,z c-1-¢r2) and || Ye 1—2|[c-<(r2) s.t.
||u||i2(R2) < (u, (H> , + ke L—2)u)2(r2) for Ve € 0,1)

—~——

By (Hy"y + ker2)™
T _ —_— —_~—
dt t t T T B
= A E exp (—5H5i2—§k§7L_2) +eXp <—EHE€_2—§I(§ L_2)(H£E_2+k§ L_2) 17
for any T € (0, 00), it is enough to estimate HF('5 E)||12 and Ff; ||lz,, where
o Ty [Tdt t—
rfi) = YL£§27)\7L 2 / 2 exp < — 5H§72> exp < — EkS’L_2>
0

S(ENL—2) T T
r%és) = YLS%A’L 2 exp ( - EHEE_2> exp < Y {,L72>
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By applying the Feynman-Kac formula and omitting k¢,

EIrE 2]

< / dx YOI ()2 / _ drdt
(R2)2 [0 T]2 87T(t + E)
t+t dt/
x E&Y [exp ( — / (G2 — B M(ATP6 1oa, & 2)]) (x + wy (Y »)]’
0

where wy ™t is a 2D Brownian bridge s.t.w; “(0) = w; *(t + 1) = 0.
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£-expectation

EITY)12,)

B dtdt
§/ dx YL£§2’/\’L 2)(X)2/ —
(R2)2 [0, T]? 87T(t + z)

1
x B [exp <§X5(t +t.x,L—2, Wgﬂ))} :

where
t t ) )
et 6 w) = / ds, / dsy (D265 2) (x + w(sy), x + w(s2)
0 0
t
* 4/ dSEEM(AT%E, 4. € )] (x + w(s)).
0

S 2
and Xe = Za€Z2ﬂDg Xa
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To a restriction of the renormalized intersection local time

Xe(t, x, 0, wi) = 2x°(t, x, €, wi) + 4x5%(t, x, £, wf), where
X(t, x, £, wi) ::// dsldsz/dye52A(y)ﬁ(x +wi(s1) +y)
0<51<sp<t
52 w 52
x {2y + wy(s1) — wg(2)) — E¥[e” 2 (y + wg(s1) — wg ()]}

t
2 o r 2
NP, 0, w) = / ds / dr / dye” B () (x + wi(s) + y)el IR (y)
0 [0,(t—s)/2]\[0,1]

+ / dsES[M(ATE 4, &) — (A7°6 0)Ee ] (x + w5 (5))
0

sup e (t, x, 6, w)| < oo

t€[0,1],xeR2,e€(0,1],LeN,w

ot w) — o VL0 (B0 (1) — wd(s2))
i e to) = [ dntn e ety
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Intersection local time for 2D Brownian motion

Wexooug) = [ dndslo(ug() (o) BV 5w - 2]}

X. Chen, Random walk intersections: large deviations and related topics,
Mathematical Surveys and Monographs, vol. 157, AMS (2010)
sup E"[exp(x%(t, x, 00, wp))] < oo for small enough t > 0,

where x(t, x, 00, wp) is the function obtained by replacing the Brownian bridge
w¢ by the Brownian motion wy starting at 0 in the definition of x9(¢, x, 0o, w{)
T. Matsuda, Integrated density of states of the Anderson Hamiltonian with
two-dimensional white noise, Stochastic Processes and their Applications 153
(2022), 91--127
sup E"[exp(X%(t, x, 00, wf))] < oo for small enough t > 0

€
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The end of our estimates of the numbers of negative eigenvalues

By the same method, we have
1
supEW[exp (Exe(t,x,ﬁ, Wg))} < oo for small enough t > 0

We also use
ysEA=2)) o —crd(x, A\, )? A L —2))log(1 A L—2
| L2 ‘ >G eXp( (&) (X7 L) /5(67 ) )) Og( /5(57 ; ))

and take T > 0 sufficiently small to obtain

ESIrE)12,] < oo

Similarly we obtain

ES[||r9)2°] < oo for j € {0,1,2} and p € N.

Thus we can complete the proof of the lemma on the moments of numbers on
negative eigenvalues.
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Qutline of a traditional proof of the localization

. Initial estimate : for some Lo € N

I (Hi, = E) iy Il S exp(—mlx — yl) T ]

by Combes-Thomas estimate |

[I[(Multi Scale Analysis).

Similar estimate for L > Lg L

Similar estimate for L, > L; - --

by Geometric resolvent inequality

and Wegner estimate

I1l. Apply the preceding estimates

to generalized eigenfunctions |
(from a generalized eigenfunction expansion) L,

by eigenfunction decay inequality

k+1
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A definition of regular squares

Opa: (m, E, K)-regular for €= (€,6)
£
E ¢ spec(vaa) and

||X31(Hlia - E)_1X32||0P < Kexp(—m(|a1 — a2]0 A doo(a2,001,a) + d(a1,01a)))

for any a; € Z* and a, € Z* N0y 34
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Combes-Thomas type estimate

Ixan (H N E) " Xallop
<

d(E,specH{)
—(lay — | — 2v/2)d(E, specH?)

X exp ( —
2, |d(E,specH;) + c(1+ sup IXa&llc-1-cmey + sup [|XaYe,L—2llc-<®2))
acZ?n0;_» acz?
||e*"'X(H§— E)le "'X||op for veR?: |v| </ d(E,spech)

< (H; = [v[* ~ 1IIopz:H HE [V[? = E)Y22v - V(H] — [v[? = E)2lop
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Initial estimate

P([lxa€llc-1-e @2y < Z14/log(2 + |al) and
1Xa Ye,Lol| c-c(rey < Z2log(2 + |a|) exp(—c.d(a,0y,)) for any a € Z*) > 1 — 1/Lg/2

for some =1, =, € (0, 00).

Under this event, we have inf spech0 > —Z3(log Lo)=* for some =3,=, € (0, c0).
For sufficiently small mg > 0

O, (mo, E, Ko)-regular for any E € [Ey, Eo] if

Ey < —=5(log Lo)=* for some =5,= € (0, 00),

where Ky is a number depend on Eg, E1, L.

Since the bound of the energy tends to —oc as Ly — oo,

we need more techniques like Multi Scale Analysis.
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An idea of Geometric resolvent inequality

Dé,a cl, ac DE—S,a: a, ¢ Dé,a

Qb S COOO(D[_2,3 — [0, 1]) ¢ =1on Dg_@a

(—A —+ V]-DL — Z)_1¢ — ¢(—A —+ V]'Dg’a — Z)_1

=(—A+ Vig, — 2)7H(2Ve) - V + (Ag))(—A + Vig,, — z)7!

IXa. (=A + V1, — 2) " Xallop

= |Ixa ((—A + Vig, — Z)_1¢ — (A + VlDZ,a - Z)_I)Xa“cw

<cv Z [Xa (A + Vip, — 2)71X31H0p”X31(_A + VlDz,a - Z)ilxaHOP

a1€72Ny—2,2\0¢—6,a

<) Ixa(=A+ Vin, = 2) Nallopllxar( =2 + Vie,, = 2) " Xallop
a1 € Z*°NUr24\Ursa X || Xay (—A + Vl_Dz,a — ) Xallop
a €72 N0 20 \Or6a Iterate until a, = a.
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Toward our Geometric resolvent inequality

(H —2)'0 — ¢(H;, — 2)!
= (H{ = 2)™M(2V9) - V + (8¢)
. Need the paracontrolled calculus

+E[p(MN(AT"(E1—2 — &r-2.0),E1—2) + (AT 92, &2 — fz-z,;;))])(Hga—Z)_l
supp( /") ¢ supp V¢
supp( /) C supp ¢, S exp(—cd(-,R?\ 0;—3,))

Our inequality becomes complicated as you will see in the next slide but
new terms decay exponentially.
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Our Geometric resolvent inequality

2

HXa*(HE - Z)_IXaHop Z(a, £,¢) :2305;%2< j=1 (231632“54 Iy Ell -1 2) expl—cx |20 731‘2))J>

+ X, e lIx3 1 e el c—e (g2 xP(—¢ cxlag — a1]?)
< > 1Xa. (Hf — 2) " Xay [lopct exp(—ci|ar — al)
a1E€EZ2NH,_ 2a\D£ 6.2
+ Zuxax 2= 2 Xallopo exp(—cu(lar — 2| + a1 — @2 2))=(a, £ — 2,€)1/>

a1€22N0p—2,2\0e—6,a a\De 6,a,32E€7Z2
7 ~1 7 -1 C3eXp(—Cxlar — a2
+ Z ||Xa*(HE — 2) Xa1”0p”Xaz(H§,a —2)" Xallop x(|2] +(E(;’€ =2 5))64
a1€Z2N0r—2,a\Te—6,2,32 €72 ’ ’

3 - -1
+ ) e (HE = 2) ™ Xa llopliXas(H; 2 = 2) ™ Xallop

a1€Z2N0¢—2,5\U¢—6,,32,a3E€Z2

x s exp(—Ci(|ar — a| +|a1 — a3]?))(]z| + =(0, L — 2,€)),
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A Wegner type estimate

There exist finite positive constants ¢, ¢1, ¢, ¢3 such that

E[Tr[llEfn,EJrn](Hf)]] <anlL®

forany E < —c3, 0 <n <1A(—E/2) and L € 2N.

(c; = 2 = An upper bound of the density of states

Wegner (1981) discrete Anderson model)

The present estimate is enough for MSA since Frohlich-Spencer (1983)
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|dea of the proof of Wegner type estimates |

(Variation of energies)—(Variation of random variables)

Xo € [E —n, E+n), Higo = oo, lloll 22y = 1

Xour € C¥(R?\ Op1), Xin € C(01-172) St Xoue + X =

IMS localization: H6 XoutHonut—l—X,,, Lx,,, IV Xout]? = |V Xinl?
(Ismagilov—Morgan—S|mon Ref. Sigal(1982))

XoutHEXout = Xout(_A + Z X?g - E[H(Ailoch*% fL*2)])Xout > _C2X§ut
a€Z2ﬂ|:IL\|:IL,2

Iinpolageay = (—o — @)/B(E).
(B(©) 1= (1 + -2l + IEeally iy + 1 Verzlog vz o)®)

We assume E < —¢; —2 and \g < E + 1. Then X intpol| 22 (82) = l/B( ).
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|dea of the proof of Wegner type estimates Il

If \o € [E—1n,E+n] and t > 2nB(&)/cs, then we have

(o, (HE~+ t Z X2)¢o)i2r2) > E+n, where E+t= ((E(x)+t)xere, (Eatt)acz2)

27200, shift

——

_ et
=H¢

(0o, (Hi* =t Z X2)eo) 2wy < E — 1.

acZ?n0,

E[Telle- e sn(HON = BT (HO] : B(E) € [n— 1.1

S sl - £)) - ) [aatet
n=1

n n
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|dea of the proof of Wegner type estimates |l

By the Cameron-Martin theorem,

e[ 11 /% £ ) Wi (HE — BV

anZm DL\DL 2

con (2 [ iR (5.2

G Jo,,

(T (e i - £/

aczZ?2n(0\OL_»)
X exp (QCL: L £(x)dx (%52)) )X[n/tfn1(5< —2?—:))}

where g is the probability density of the random variable &



Multiscale Analysis

For1 <Vp< oo, 1<Va<1l+p/4, 0<Vmy sufficiently small,

VE; < VE; < 0 sufficiently small,

L, € 6N, Jcp, ¢ € (0,00) s.t.

P(for £y < VE < Ey, [y, 2 or Oy, o is (mo, E, Ki)-regular for £) > 1 — L,°

for any k € N and any a, a’ € Z? satisfying |a — a'|. > Lx + 2, where {L; }xen is
a sequence defined by Lyi1 = [L{]en := max{(—o0, L}] N (6N)}, and

Ki = ¢ exp(clLi/a).

—Variable energy type von Dreifus and Klein (1989) Germinet and Klein (2001)

cf. simpler MSA (Fixed energy type) Frohlich and Spencer (1983)
Spectral averaging methods are used for the proof of the localization
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Generalized Eigenfunction Expansion

v > 1/4 fix, (x) := (1 + |x|?)"/? (Ref. Klein, Koines, Seifert, JFA(2002))

E[Tr[(x)""E(I : HE){x)""]P] < oo for any bounded interval / and p > 0 —(SGEE)

ps(1) == Tr[(x)"VE(I : H¢){x)™"] — Borel measure

By extending the Radon-Nikodym theorem,

R > A — JQ(\) € Zy(L?(R?, dx)): ub-locally integrable s.t. Q%(\) >0
N.Banach space of the trace class operators

(x)"VE(I : H5)( )7 / Q%(A\)u*(d)) in the sense of the Banach integral
PE(Y) = (4 QN )’
E(I : HE) :/P5()\)/ﬁ(d)\) in 7y (L2(R?, (x)?dx), L2(R?, (x)~2"dx))

= {{x)"A(x)" : A € T;(L*(R? dx))}
with the norm {|{x) ™" (+) {x) ™[l 7, (12(r2,a))
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Generalized Eigenfunction

Y € L2(R?, (x)z”d)i)/:> V= PS(N\)yY € L?(R?, (X>;21’dx)
For Vo € Dom, o(H¢) C L2(R?, (x)?dx), we have Hép € L2(R?, (x)?”dx) and
[ axveHE D) =) [ v

V £ 0 = WV : a generalized eigenfunction of H¢ with a generalized eigenvalue A
As in the geometric resolvent inequality, we have
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Eigenfunction Decay Inequality

IxaW¥lli2(re)

< ey IxaVllee)(1v=(a,L—2,6)) =(ar,a, L — 2,62
31EZ2
x(1V Zc(a1,a, L —2,8))?exp(—c1]ar — ao|)

+c3 Z XVl 2qey(1V =(a, L — 2,€))? exp(—ci|ar — a2| — crd(ar, Oy /3(a) \ Oy y3(a)))

aleZ2 o
tas Y IxaVlee) Y. Ixa(H;,— E) X3 lop(log L)=
a1,2 €72 a3€22n(a)

X(l \ ELav L— 275))2(1 \ EC(a2a a, L— 2,5))3/2Ec(327 a, L— 27 5)1/2(1 \ Ec(a2a g))1/2
x(max [€o| + |E| +=(a, L — 2,€)) exp(—ci|a1 — a2])

+e Y IaVleey Y. Ixa(Hr. — E) G llop(log L)®

31,32622 aaEZZODQ(a)

x(1v=(a,L- 2,{))5/2(1 V Zc(az,a, L —2,8))(max |&| + |E| + =(a, L — 2,¢))
x exp(—cilar — az| — cid(a1, 0oy 3(a) \ Oy y3(a)))
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Notations in the Eigenfunction Decay Inequality

Ze(aa, =28 = > NGl exp(—ala — a)

€72\, _»(a)

3
+ > [T 163 &l sy exp(—cala — aj])

(22,a3)€Z2x2Z2\0; _»(a)? j=2

+ 3 ING(Ye = Yeraa)ll e exp(—cilar — ),
ar€Z?
2

317 Z ( Z ||X32§||C 1— s ]R2) eXp( C]_|a]_ _ a2|)>

Jj=1 a =/

+ Z ||X32 Y§||C—€(R2)9XP(—C1|31 — a)

EN=Y/
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Exponential localization

From the eigenfunction inequality

and the estimates of {HXQI(HEa — E) '3, llopt o,
we obtain
[XaVll2m2) < c1exp(—c2]alw)
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——

. of (SGEE) E[Trl{x) " E(/ : HE)(x)]"] < oo

It is enough to show Jt > 0 s.t.

Ethopl]IEK/]R2 (14_7—;2)2” exp ( - %Fl\é) (x,x))m] < oo for Vm € N——(HM),,

For m=1,

E%W o

(-
~ Jee (T xR |x12)2v o (-
o

2HE ) 0]
/0 t Cés (x + wi(s exp (%E[I‘I(A"’%E, 58)]) 1

27t
w2 (14 |[xP)> |x]2)2v 1/0 dsl/o ds,e* 2 (wg (s1), Wot(Sz))>]
< exp (SEIN(A '“55,@)1)#
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Use the integrability of the intersection local time

By Matsuda (2022),
supIE exp / / dsy dsy (2 (W (1), wi(2)) — Ele™ 2 (wi(s1), wi(=2))) ) | < oo

0<s1,5<t
for sufficiently small t > 0 and
t t

t

/0 dsl/o ds,E[e” 2 (wi(s1), wi(s52))] = Iog ot o(1) ase — 0.

Moreover by

o 1

E[MN(AT¢,, £)] = — Iogﬁ +o(1)ase — 0,

we have (HM); in the Iast slide.

Similarly we have (HM),, for Vm € N.
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