A definition and spectral properties of self-adjoint

operators derived from the Schrodinger operator with

the white noise potential on the plane

Ueki, Stochastic Processes and their Applications 186 (2025), 104642
https://www.math.h.kyoto-u.ac.jp/users/ueki /2DWN-Locl.pdf
https://www.math.h.kyoto-u.ac.jp/users/ueki/presen20250901-5F JCPI

Naomasa Ueki

Graduate School of Human and Environmental Studies, Kyoto University

UEKI A definition and spectral properties of self-adjoint operators derived from the Sch



Study the spectral property of the Schrodinger operator
—A+¢ (1)

in the case that the potential is the whitenoise on R
€ = (&(x))xere: a system of the i.i.d. Gaussian random variables
Gaussian random field, E[¢(x)] =0, E[£(x)é(y)] = d(x — y)

Difficulty: " x + &(x)"€ C~79/2, not a regular function
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Dimensions

b
d=1= W"(a,b]) > f,g r—)/ (f'g' + ¢ fg)dx : well-defined
a 12—
—A + £ is realized as a self-adjoint operajcogr
M. Fukushima and S. Nakao (1977) Spectral asymptotics
(Asymptotics of the Integrated density of states)
N. Minami (1988) (1989) Exponential Localization at all energies
(Generarization: £ — O(Lévy process))

L. Dumaz and C. Labbé (2020) (2023) Eigenvalues Eigenvectors Statistics

Recently
d=2or3= —A+lim.,(&(x) + c.) are realized as self-adjoint operators

d > 4 = No results

UEKI A definition and spectral properties of self-adjoint operators derived from the Sch



Related works on singular SPDEs

M. Hairer (2014) The theory of regularity structures,

M. Gubinelli, P. Imkeller and N. Perkowski (2015) Paracontrolled calculus

A. Kupiainen (2016) Renormalization Group

= Stochastic quatization equation for ¢ Euclidean quantum field theory
Generalized continuous parabolic Anderson model
Kardar—Parisi-Zhang type equation
Navier-Stokes equation with very singular forcing
and so on

Eg. Continuous parabolic Anderson model

Oru(t, x) = Acu(t, x) (&-(x) + c.)u(t,x) for t > 0

— lim
e—0
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Schrodinger operators on compact spaces

R. Allez and K. Chouk (2015) Paracontrolled calculus based on Fourier Analysis
—A+ lim(&(x) + ) on R?/Z?: Self-adjoint, Norm resolvent limit of C>®-app.
e—

1Fourier partial sum
(Discrete Spectrum, Asymptotic Distribution)
M. Gubinelli, B. Ugurcan and |. Zachhuber (2020) Extension to R*/Z3

(8, x) = (& = lim(&:0) + &) = kJu(t x) = (ulu)(£x), (0, )
O2u(tix) = (A — lim(&.0) + &) = ku(. ) = (&)(£.2). (4(0, ). :u(0.)

Well-posedness,
The convergence of the solutions of regularized equations
C. Labbé (2019) similar results by the theory of regularity structure for
=4+ lim(&(x) + &) on (L, L)?°"* with periodic or Dirichlet conditions

Tconvolution with CP° function
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Extensions to noncompact spaces

M. Hairer and C. Labbé, (2015) (2018)
O = Au—lim(& +c)u, t >0,x € R?, d =23, u(0,")
€=U 4convolution with Cg® function given

Well-posedness,
The convergence of the solutions of regularized equations

Y. Hsu and C. Labbé, (2024)
Construct a self adjoint operator —A + lim (&, + ¢.) on RY, d = 2,3,

=0 Tconvolution with C5® functlon
as the generator of the parabolic Anderson model
For the operator, Spec= R
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Related operators on noncompact spaces

B. Ugurcan, (2022) —A + Iir%(ge(x) + ¢(x)) on R? with ¢(x) |X|i§° 0
e—

=—A+ Ii_r)rg)(fi(x) + ¢ (x)) +®' extension of GUZ(2020)
t

N
An extension of the method for the compact case By a commutator estimate,

where € = €'(x) +  €(x)

Smooth functions in x

= Xtz (XD {0 (—A)S + Xpean(—A)E}

n—=—1 high energy pert low energy pert

¢.(x) = E[A resonant product of £I(x) and (1 — A)71&l(x)]
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Heat semigroup approach in the paracontrolled calculus

Use the heat semigroup to multiply functions

(cf. the more traditional approach uses Fourier analysis.)

(Applicable to many kind of configuration spaces as manifolds, graphs,....)
. Bailleul and F. Bernicot (2016) For generalized PAM on 2D manifold

without compactness

Well-posedness, The convergence of the solutions of regularized equations
I. Bailleul, F. Bernicot and D. Frey (2018)
For PAM and multiplicative Burgers eq. on 3D manifold

without compactness

Well-posedness, The convergence of the solutions of regularized equations
A. Mouzard (2022) Self-adjointness, Norm-resolvent limit of C*-app. for

—A+ lim( & (x) + ¢ (x)) on 2D compact manifold.
eg. Lap.Belte—0 I

c.(x) =c. on R?/72
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By the paracontrolled calcuclus by the heat semigroup referring Mouzard (2020)
and the partition of unity,

—~

Hé¢ = —A + lim( &(x) +c.) on R2
e—0 I
(e52€)(x)
Self—acjjvointness.

Spec(H¢) =R as in Hsu and Labbé (2024).

Anderson localization at sufficiently low energies by a traditional proof.

The locaization is a central topic relating to random operators.

The localization is a phenomenon caused by the randomness of the environment.
(The operator should be stationary. )
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Comparison between Hsu-Labbe's definition and our definition

Advantages of Hsu-Labbe's definition

> The 3-dimensional case is included.

> The expressions are simpler.

> &(x) = Ex p(-/e)/e? with a general C5° function p.

(cf. £.(x) = (e52€)(x) basically in the heat semigroup approach.)

Advantages of our definition
> More convenient for arguments that handle the operator directly.
Examples: o Our proof of “Spec(H¢) = R" approaches H¢ directly.
o The most used proof of the Anderson localization is a combination of
several results, each of which is valuable in its own right.
The proof may be better suited to our definition.
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Products fg = Prg + NN(f, &) + Pef + P (P F)(P"g))

b—1 :
, ) _ o (CtAY A
0<<be2Zfixed P7=2)" e

Jj=0

1
PO (PSP ) (PP g)) — PO(PF) (PP g)) = — / dto{ PO (PP F) (PP g))}
:fg
= Prg + H(f,g) + ng

Prg = Z cl,/ — QI ((Pf)(Q?"g)): paraproduct(a well-defind distribution)

dt
N(f,g) := Zcu/ —P”(( ) (QF*g)) : resonating term (need regularity)

PV, Pt e Sth[O,b/Z), Ql’y, Q27V7 Ql’“, anu c StGC[b/2’2b]
For any | C [0,00), StGC' = {(VEV)*P{?)eeon) s @ € 72,01 + ap € INZ,c € NN L, b}

standard families of Gaussian operators N the order of cancellation
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The Besov Spaces

For p,q € [1,00], 0 € (—2b,2b), B5 (R?) = CSO(R2)H'”BS"7(R2): the Besov Space

HfHBg,q(R% = HeAfHLP(RQ:dx) + Z Ht_a/zHQtfHLP(RZ:dX)HL‘?([O,I]:t—ldt)
QestGClal.2bl

B2, . (R?) =: C*(R?): the Besov a-Hdlder space
B3 ,(R?) =: H*(R?): the Sobolev space with the index a.

The heat semigroup approach is useful because the effect of each function in

products decays exponentially. To clarify this, we introduce the partition of unity

as follows:

{Xa}taczze C C®(R? — [0,1]) s.t. Z Xo=1,suppx, C [h(a) :i=a+ (—1,1)°
acZ?

Xa(*) = xo(- — a)

UEKI A definition and spectral properties of self-adjoint operators derived from the Sch



The continuity and the exponential decay of paraproducts

(i) For any @ € R and € € (0,1),

X ay PXagg(Xa?, f)HHa*E(]Rz)

< { CovellXas 3o @2) 1X a8l oo (m2) eXP(— C(Ja1 — a2|? + a1 — a3]?))
T Gaellxasflle@) X8l 22y exp(—C(lar — a2f* + |a1 — a3]?))
(ii) For any a € (—00,0) and 3 € R,

X a1 Proy £ (Xas8) || 30+5 m2)

< { CopllXaf lleo @) 1 Xas& 20 2y exp(— C(lar — a2f* + |1 — a3]%))
T Gaslixafllne@) [ Xaglles @) exp(—= C(lar — a2f? + a1 — a3]?))
(iii) For any o, 5 € R such that a + § > 0,

X2, (X o Xasg)HHaW(W)

< CapllXar flle@) [ Xas8 llcs ey exp(— C(lar — a2f* + [a1 — a3]?)).
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A modification of the operator

IXa€llc-1-c(r2) < Cee(log(2 + |a]))M/?
1
Aloe = —/ dt e™® satisfying A7°A = AA7"¢ = | — 2

0
HX31A7:OCXaszC"(R2) < CoellXa f [lca+e—2(mey exp(—Clar — 32‘22
HXQIA_ OCXaszHa(]RQ) S Ca,e”XaszHa*'f—z(Rz) exp(—C]al — 82| )
M(A~" <€, €)in a formal expression of H*u = —Au + £u cannot be defined, and

where an element u of the domain should be specified

we can obtain a well-defined operator Heu by replacing this by a

Neso Coc(IR?)-valued random variable Y; s.t.

Eli_rQ)]E[HXa(YgS — Yo)lI¢ eyl = 0 for any a € Z2, p € [1,00) and ¢ > 0, where
YEE = H(A_Iocgaa fa) - E[H(A_Iocgaa ga)]

diverge as ¢ — 0

Ixa Yellc-e(r2) < Ceglog(2 + |al)
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Commutators and Products of 3 functions

C(f.g, h) == (A~ Prg, h) — fTI(A~"<g, h)
S(f,g, h) = Ph(A_IOCPfg) _ fPh(A_IOCg)

— YAt 1o 2
Pig =36 [ GO (PINQB))

(i) For any €, € (0,1), 8 € R,y € (—00,0) such that 5+ v < 0 and
a+p+v>0,
HXal C(Xazfa Xa385 Xaa h)||H°‘+5+7*6(R2)7 ||Xa1S(Xaz f: Xas& Xa4h)||H‘l+ﬁ+7*€(R2)
< CeaprliXaflre@e) | Xasglles—2@2) 1 Xa hll e (r2)

X exp(—C(\al — 32|2 + ’31 — 33|2 + |31 — a4|2))
(i) For any o € (—00,0), S € R and € € (0, 1),
HXa1xazthXa3f(Xa4g)HHMB—G(R?)

< Ca,ﬂ,e||Xa3cha(R2)\|Xa4g |cB(R2)HXa2hHL2(R2)
x exp(—C(|a; — a2|? + |a2 — a3]® + |a2 — a4]?))
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Our operator H¢

Pe(u) :=u— ATPPE — AT P(AT) — AP, Y

~ 1
Dom  o(H¢) : {u € ﬂ?—ll “(R?) : limsup — log || Xaul[2a-<®2) < O for any € > 0,

>0 |a]—o0 | |

1
O¢(u) € HA(R), lim sup — log |[xs®e(u)ll3ee) < O},

|a|—o0 | ‘
Heu := — Adg(u) + Pede(u) + N(Se(u). €) + (PP u)(PP€))
+ eBPE + B P(DTP€) + 2P, Ye + C(u,£,€) + S(u,,€)
+ Pyou+N(u, ) + PO (PP u) (PP Ye))
+ Pe(AT1 P (A7) + N(ATE, Po(AT4€), €)
+ Pe(AT"°°P,Ye) + (AP, Y, €).
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An abstract representation of the operator H¢

Hfu ~ —ACDE )+ Z/ dt/Xm exp M))u(n)
X /dsz(% exp<_ [x _tle ))\2(()2)

<[ [ a0 (oo (- E2E) )
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Main Statements

Theorem (Self-adjointness, U(Stochastic Processes and their Application, 2025))

The operator (HE, Dom..o(HS)) is essentially self-adjoint on L2(R?).
We denote the unique self-adjoint extension by the same symbol He.

Theorem (Spectrum, U(Stochastic Processes and their Application, 2025))
The spectral set of Hé is R.

Theorem (Exponential Localization, U(New))
JEy € (—00,0) s. t. fora. a. &, (—o0, Eo] C specpp(ﬁz) and any corresponding

eigenfunction ¢, satisfies

lim |a| " log [ xa¢¢ |l 22y < O
|a| =00
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A useful tool to treat the operator H¢

Smooth approximation Hé = —A + ¢, — E[MN(A™"%¢,, &)
is essentially self-adjoint on C5°(R?) since |£.(x)| < Ce.(log(2 + |x]))*/?

smooth
But C5°(R?) ¢ Dom o(H¢) since d¢(Cs°(R?)) ¢ H?(R?)
Dom_o(H¢) depends on ¢
Our useful tool is

(Dg(u) oy Z Aflocpj(a)(xig) _ Z AflocuP;%(Ea,a )(Aflocxig)

acZ? a,a' €72
-3 ARy,
acz?
s °dt 1v v 2v
'ng::ZCu T ((PEF)(Q:7g))
0

14

Sdt 1, 5
WPrg = o | QU ((PI)(QIg)h)
0
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For any € € (0,1) and almost all &,

s(€,&,0) = (s(a;€,£,9),s1(a, a5 €,&,0), s2(a; €,&,0)) 2¢z2 is taken so that

(= SF D) (W) lp-eqy < 8 Y exp(—Mla— &' P)l|xar ull 22y
a'ez?

Indeed, there exist s(¢, &), s1(€, ), s2(€,€) € (0,1) and

M, M(e), Mi(€), Ma(€) € (0, 0) s.t.

) M(e)
s(a€,&,0) = s(e, §)<m) :

. B ) M (e)
s1(2,356.8,0) = s(e, 5)((|05g(2 +Ia])liog2 ¢ \afy))’z)
s2(aie,§,0) = 52(6,5)<m>
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Inverse of d)g

(e,£,0)
(1 = SEED) (W) [p-cqrey < Ceedullpa-eqey

Thus for § € (0,1/C¢), there exists the inverse (Cbz(e’g’é))_l = Z(/ - Cbz(e’g’&))”

(e,6,0
st [1(@F ) (Wlha—@) < IVIa—@n/( - Cd)
(¢£(f£6 ) '({v € H*(R?) : supp v is compact}) C Dom_o(H¢)
since &, — <D§( “$9) is smooth and has an exponenially decaying property.

By this we can take many elements of the domain.
This is the most important point | get from the work by Mousard.
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Restrict the white noise to the square (J; , := a + (—L/2, L/2)?

€ = (&,€) where € = (&,)aez2 i.i.d. bdd, with Cg° density indep. of &

§—&La = §l-2.a + €L.a Omitaifa=0
Il Il

2 2¢
Laez2n0y s 4 Xo 2062200 5\0y p,2) X35

a
v

[

L-1,a

L+1,a
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In Hé, € — €.,

For u € Dom(Hga) = {u € ﬂ’HH(Rz) : Pe0a(u) € H2(R2)},

e>0

Hiau = Hf_z’au + éTau
I
—AP 5 a(u) + Py, ,Per2a(u) + M Per2a(u),€1-2.0)
b b b
+PP (PP u) (P61 2.))
+e2Puli2a+ €uPe 5 (A€ 22) + €*PuYe 120+ C(U,6122,61-2,2)
+S(t, €120, €1-2) + Pye o0t + N0, Yer2a) + P (PP u) (P Ye 1 2.4))
+P§L72,a(A_IOCUPSsz,a(A_/och—Za)) + H(A_IOCUPSsz,a(A_/och—2,a)7 éL—2,a)
+P§L—2,3(A710C'Du Yﬁ,L—2,a) + I_I(AilOCP Y§ L—2.a, fL—Z a)
T —loc 2,820 2 P
Yer-2a= E"_%(H(A Z Xa€ ¢, Z ¢§) —EM()])
BEZQODL,L‘, an2ﬂDL,2,a

Pe0alu)=u— AfIOC{Pqufz,a +u PgL,Za(A*IOCfoz,a) + PyYe =24}
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Properties of the operator with the restricted whitenoise

ke -2 : a positive polynomial of ({|€,—2||c-1-<(r2), || Ye,L—2[/c-—<(r2)) depend on L:
HV(D&L*2(U)H%2(]R2) < (u, (HE + ke,L—2))U)12(r2)

We can show that Ran(H¢ + ke o) = L*(R?)

Lemma (Self-adjointness of the operator with the restricted whitenoise)

The operator Hf~ with the domain Dom(H:) is self-adjoint on L*(R?).
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Proof of Theorem on the self-adjointness

For Vf € Ran(Hé + i)*,
117282y = ’Jinw(f,)?ﬁf)Lz(Rz), where Yg is C*°, =1 on Og_1, = 0 on 0%,

—~— —~— —~—

Xrf = (Ho,, + i)pr. with Jpp, € Dom(Hs, ) and L > 0 by the S.A. of Hs,,
PR is near to gy = (07 °7) (05 (k1)) € Dom yo(HE)

Since (H¢ + i)pgr € Ran(HE + i) is orthogonal to f, we have

[ geey = Jim (F, (S0 + Vore — (HE + )pri)iee) = 0

} as L—o00 owing to good estimates of Cbg
0

- Ran(H¢ + i) = [2(R?)
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Resolvent convergence

For H¢ on T2 = R?/72,
sup ||(H& +z)"tv — (Hé + Z)_1V||L2(']1~2) %0 for sufficiently large z € R

HV||L2(11~2):1

(Allez-Chouk Th.1.6, Mouzard Prop.2.14)
An(HS) == An(HE) (Allez-Chouk Th.1.6, Mouzard Cor.2.15)

For H¢ on R?, (U(2025) Prop.4.1)
[(HE + 2) 7' — (HE + 2) v | 2qrey =80 for each v € [2(R?) and z € C\ R
However the estimate with  sup  may be difficult.

||VH[_2(]R2):1
For the identification of the spectrum, we use the method used for stationary
random operators.
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ForVr € Rand L >> 0, Jeventst. { =ronl )

Ez,r, L) :{g L [ Xo(€L) = rl, | Xa(€5)| < &/L% for n € Z2 N 0o \ {01,
HXaf ||C 1-¢(R2), 3 €Z°N DL)}
XY (E5) lle—<(re) (a€z?\0Oy)

in terms of a Fourier series representation

E=XL D Xal€)ph(x)+ €l
neZ? ﬁDLlo
Partial Fourier sum independent remaining terms
{Xa(€")} ~ N(0,1) Y(€) : Neso Coc(R?)-valued r.v.
{pL} is ONS of [2(0;)  obtained by &L — £ in Ye
b=1/L
%o
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d a function that constitutes a Weyl sequence under the event

VAER,e>0,L>>0,3r,c(A\, L) e RVE € E(e,r, L) Fp € C5°(0y)2)

st ||(HE = )) f |22y < ¢ (A, L)e, [le]] =1

LE,L )
(@521 (ee )

P(E(e,r,L)) > 0 for any r, L.

UEKI A definition and spectral properties of self-adjoint operators derived from the Sch



Proof of Theorem on the spectral identification by the ergodicity

Let E(xp,e,r, L) :={&:&(- — x0) € E(e,r, L)}
Then U E(xo,¢,r, L) is Z2-invariant.

X()EZ2
By the ergodicity of the white noise, we have

IP’( U E(xo, e, r, L)) =1.

xg€E7Z2
By the shift, we can take a Weyl sequence with probability 1.
Thus X € Spec(H¢),
and we obtain Spec(H¢) = R.
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The negative spectrum of the operator with the restricted noises

—_— —_—

nya is the norm resolvent limit of Hffa = HEE_Za +&,ase—0

The negative spectra of the operator Hf,a are discrete.

Lemma (Moments of numbers of negative eigenvalues)
VA >0, Vp >1, E|C)\’p,1, E|C)\7p’2 € (0,00) S.t.
E[THL( oo (HE)PIYP < crpal®#? for VL € 2N.

[T e (HOPPTY < lim E[Te{L g (HE )TV

e—0

—

Since HEE is a relatively compact perturbation of —A,
we apply the Birman-Schwinger principle.

—

To address the singularity of &, we replace —A by Hfi; in the next slide:
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An operator with the restricted noise which is near to > 0

For u € Dom(Hf ®,) = {u € ﬂ?—ll “(R?) : d, _,(u) € HZ(Rz)}.

€0
Hitu = = ABZ ) o(u) + PE (9% o(u)) + M°(9F,_5(u), &12)
+ e PP ,+ e PE (AT ) + e BPIYE,
+ C(u,§1-2,81-2) + S°(1,61-2,812)
+ PSgHU + M (u, Y, 5) + PO ((PPu)(PP) Yei2))
+PE (ATRC,PE (ARG L))+ (AR, PE (AR L) € y)
+ PgsL,2(A_IOCP5 Y o)+ Me(A~"epPs YL 2,61-2)
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An application of the Birman-Schwinger principle

For VA > 0,
s(E A L=2) = ar®/(1+ [[€-2llE-1cmey + SUPse(o) | YEL—2ll c-er2))®

L HEEA) 5 )y
HE yu = HeSu+ PO(PP u)(PPe o)) = Vi u
with Y7, := E[(M — N%)(A°¢, 5, & )]

By the Birman-Schwinger principle,

N

TH1 (oo, (HE 5 + €] < Tr{Ljpo0) (MED)] < TH(ME€)?] = FE2
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Our Birman-Schwinger kernel

r(gaa) = _r(ggvs) + rggvs) _ rgge),

where

€, fos(ENL—2 b b b
F( ) =(H;7, oy A~ 1/2(Ps((g),,\,sz)((Pg(g),A,sz)gevL%)(Ps((g),,\,sz)')))
(Hf£7;(€7>‘7L_2) + )\)—1/2

r(fE) (Hfa (&M, L— 2)+)\) 1/25 (H£E7S(£)‘L 2)+)\) 1/2
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1Tz, S PNz, + 75

ke -2 : a positive polynomial of ||,z c-1-¢r2) and || Ye 1—2|[c-<(r2) s.t.
||u||i2(R2) < (u, (H> , + ke L—2)u)2(r2) for Ve € 0,1)

—~——

By (Hy"y + ker2)™
T _ —_— —_~—
dt t t T T B
= A E exp (—5H5i2—§k§7L_2) +eXp <—EHE€_2—§I(§ L_2)(H£E_2+k§ L_2) 17
for any T € (0, 00), it is enough to estimate HF('5 E)||12 and Ff; ||lz,, where
o Ty [Tdt t—
rfi) = YL£§27)\7L 2 / 2 exp < — 5H§72> exp < — EkS’L_2>
0

S(ENL—2) T T
r%és) = YLS%A’L 2 exp ( - EHEE_2> exp < Y {,L72>
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By applying the Feynman-Kac formula and omitting k¢,

EETIrE 2]

s(ENL_D) dtdt
< / dx YLSS%A’L 2)(x)2 / —
(R2)2 [0,T]2 8r(t+t)

<B o (= [ Feeas — BINA e Eer o) ()]

TS WE)) dtdt 1
< dx Y G2 2/ L EW[ ( (t+tx,L—2 w t+t )]
_/(sz)z X L—2 (X) [O,T]2 87T(t+£) eXp 2X ( + X, ) )

where wy ™t is a 2D Brownian bridge s.t.w; 5(0) = wy *(t + 1) = 0.
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Renormalized intersection local time restricted to a finite square

Xe(t, x, L —2,wl) = 2x%(t, x, L — 2, wg) + 4xP%(¢t, x, L — 2, w{), where

ot x, L — 2, wl) = // ds; ds, / dye” 2 () _o(x + wi(s1) + y)
0<51<5<t ||
Zan2mDL_2 X3
x{e= By + wi(s1) — wi(s2)) — E"[e= Ay + wi(s1) — we ()]}
sup |ded(t>X7L_27W)| < o0
t€[0,1],x€R2,£€(0,1],L—2eN,w
2 t t
: + wy(s1)){6(wp(s1) — wg(s2))
lim x2(t, x, L — 2, w{ :// dsy dsy L= 2 ol 0 0
g el = | frnenee B 5(wi(s) — wis2))])

formally
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Results on renormalized intersection local time

Bexooug) = [ dnds{o(ug() (o) B 5w - (2]}

X. Chen, Mathematical Surveys and Monographs, vol. 157, AMS (2010)
sup E*[exp(x°(t, x, 00, wp))] < oo for small enough t > 0,

€
where wy is the Brownian motion starting at 0.

T. Matsuda, Stochastic Processes and their Applications 153 (2022), 91--127
sup E*[exp(x2(t, x, 00, wf))] < oo for small enough t > 0
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Proof of Lemma on the numbers of negative eigenvalues

By the same method, we have
1
sup E" [exp (Exe(t,x, L—2, Wot)ﬂ < oo for small enough t > 0

We also use
ysEA=2)) o —cyd(x, ;)2 A L —2))log(1 AL—2
| L—2 ’ >Q exp( (&) (X’ L) /5(67 5 )) Og( /5(67 5 ))

and take T > 0 sufficiently small to obtain

ESIrE)12,] < oo

Similarly we obtain

ES[||r9)2°] < oo for j € {0,1,2} and p € N.

Thus we can complete the proof of the lemma on the moments of numbers on
negative eigenvalues.
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Qutline of a traditional proof of the localization

. Initial estimate : for some Lo € N

I (Hi, = E) iy Il S exp(—mlx — y]) T ]
by Combes-Thomas type estimate |
[I[(Multi Scale Analysis).
Similar estimate for L > Lg /
Similar estimate for L, > L; - --
by Geometric resolvent inequality
and Wegner type estimate
I1l. Apply the preceding estimates
to generalized eigenfunctions
(from a generalized eigenfunction expansion) Ly
by eigenfunction decay inequality

k+1
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Combes-Thomas type estimate

—~

IIXaI(HfO; E)™ Xanllop

<=

d(E,spechO)

( —(Ja1 — a| — 2v/2), d(E, spechO) )
X exp
2 | d(E, specHé )+ (14 supl[xaéllc-1-eme) + sup l1Xa Ye Lo—2ll c—<(m2))
BEZ2ﬂDLO

- |levX(HE — E)te v-X||op for v € B2 : |v| < \/ d(E, specH.)
< [I(H, — Iv[? — 1Hopz H(Hfo [v[? = E)722v - V(Hf, — [V = E) 2o,
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Initial estimate

P(|xx(Hs, — E) 'y || S exp(—mlx — y]) for E < Eg) > 1—1/L5"
for sufficiently low Eq < 0

< inf spec Hfo > —ke 1o
ke1,—2 © a positive polynomial of ||1,—a||c-1-¢(r2) and || Ye o2l c—<®2)
P(]|€L0—2llc-1-¢(r2) < c1/log(2 + Lo) and

| Yetoll ey < @ exp(—csd(a,0y,)) > 1 — 1/L8/°
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Geometric resolvent inequality for a smooth potential V

OaCUy ., ac€l, ga ac €0,

¢ € C(;)O(DLk_an — [0, 1]) Q5 =1 on |:|Lk_67a

(—A + Vig, , — z)7tp — p(—A + Vig, . — z)7t

=(-A+ Vi,  —2)71((2Ve) -V +(A¢)(-A+ Vg, ,—2)7"

IXa. (=2 + Vg, | = 2) Nallop = [IXa.( 77 )Xallop

< cv Z [Xa. (A + VlDLk - z)” Xa1H0p”Xa1(_A + VlDLk,a - Z)_lxaHOP
21€22n01, —2.\01, 6,0

< C2VZ IXa. (—A + VlDLkJrl - Z)_lXazHolJ [Xa (—A + VlDLk,al - Z)_1X31||0P
a1 € 72N, 22\ 0L, 64 x[[Xa (A + Vg, , = 2) " Xallop
2 € 72N 0L, 2.0 \ L6 Iterate until a, = a.
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Problems in extending Geometric resolvent inequality to our case

—_ —_

( Lk+1_z) Lo — ¢( Ly,a —z)7!

= (H,., —2)71(2V9) - V + (8¢)
"\ Need the paracontrolled calculus
+E[¢(H(A7’OC(£LH1—2 - ka—Za)a ng+l—2) + n(Ailochk—Zaa ngH—Q - ng—Z,a))])(H[i a )71
supp( /") ¢ supp V¢
supp( /) C supp ¢, < exp(—cd(-, R*\ Oy, —2,a))

These complicate our geometric resolvent inequality (see the next slide) but
newly appeared parts have some properties of exponential decays.
Therefore we can do the multiscale analysis.
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Our Geometric resolvent inequality

—
j

HXa ( L - Z)_IXEHOP =(a, L, &) = sup T (ZaleﬁzﬁDL,a HXglguf’l’f(ig)eXp(ic*lao - 31‘2))

* k+1 72 + 2, ez X2, Ve Lall c—e 2y oxp(—cx a0 — a1]?)

< > IXa. (HE,, = 2) Xy lopr exp(—c.|an — al)
216220001, 2.0\t 0.0

+ D Ixa(HE, 2= 2)7" Xallopc2 exp(—cu(|ar — au] + a1 — 22[*))=(a, Lk — 2,6)"/
a1€22n0;, —2,a\01, —6,a,22€72
/?/ -1 /52/ -1 C3 eXP(—C*|31 - 32|)
+ Z HXa*(HLk+1 - 2) Xa1||op||Xaz(HLk,a —2)" Xallop <(|z| + =(a, Lk — 2,£))
a1€Z?nly, - 2a\DLk 6,a,32E€22

—

+ Z”Xa* Lisr _Z) Xap Hop”Xas(HLk, 2)71XaHop
a1€22n0;, —2.a\O1, —6,2,32,33€72

x csexp(—ci(|ar — az| + a1 — a[*))(|2] + =(0, L — 2,€))°,
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A Wegner type estimate

There exist finite positive constants ¢, ¢1, ¢, ¢3 such that

E[Tr[llEfn,EJrn](Hf)]] <anlL®

forany E < —c3, 0 <n <1A(—E/2) and L € 2N.

(c; = 2 = An upper bound of the density of states

Wegner (1981) discrete Anderson model)

The present estimate is enough for MSA since Frohlich-Spencer (1983)
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|dea of the proof of Wegner type estimates |

(Variation of energies)—(Variation of random variables)

Ao € [E —n, E +n], Higo = Xowo, [0l zgeey = 1
Xout S COO(R2 \ D/_E:l)aXin ECOO(DL—I/%)VS'L X(2>ut + Xlzn =1

IMS localization: HEN: XoutHEXout + XianXin — I VXout|? = |V Xin|?
(Ismagilov-Morgan-Simon, Ref. Sigal(1982))

XoutHEXout : Xout(_A + Z ng - E[H(A_/OCSL—% £L—2)])X0ut 2 _C2X¢2)ut
aez?n0\0;—»
Thus for low Xo, it should be 1 = [[xoutollZ2(g2) + | Xintol[72(r2) SO that
small large
IXinollf2(rz) = (=0 — c1)/B(E),
(B(§) = cal + lI€e-2llg1-er2aay + N6~ 2ll2 1 gy el ez 52)°)

2/5

We assume E < —¢; — 2 and Ao < E + 1. Then ||xin¢ol|7> (®2) = l/B( ).
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|dea of the proof of Wegner type estimates Il

If \o € [E—1n,E+n] and t > 2nB(&)/cs, then we have

(o, (HE~+ t Z X2)¢o)i2r2) > E+n, where E+t= ((E(x)+t)xere, (Eatt)acz2)

27200, shift

——

_ et
=H¢

(0o, (Hi* =t Z X2)eo) 2wy < E — 1.

acZ?n0,

E[Telle- e sn(HON = BT (HO] : B(E) € [n— 1.1

S sl - £)) - ) [aatet
n=1

n n
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|dea of the proof of Wegner type estimates |l

By the Cameron-Martin theorem,

-e[( 1] / 2.8 (€217 T ol (HE — E)/n)

a€Z2ﬂ(DL\DL 2

o (210 [ e —2( M2 G (s 1))

G Jo,_, Cs

-( 1 / o8 (€~ 217) ) THI a(H — E)/)

anZm DL\DL 2)

cop (220 [ e —2(M2) )i (5(-22) )]

<cgLn (by Lemma on moments of numbers of negative eigenvalues),

where g is the probability density of the random variable &



Variable Energy Multiscale Analysis (von Dreifus-Klein (1989))

For 1 < Vp < o0, 0 < Vm sufficiently small, VE; < VEy; < 0 sufficiently small,
3{Ly}« a strictly increasing sequence in 6N s.t.

IP’(for E1 S VE S Eo,

—_~— —_~—

I (HE 0~ )l A I (HE g — E) ] S expl(m] <) > 1 L,
for any a, a’ € 72 satisfying |a — a'|o > Ly + 2.
cf. Fixed Energy Multiscale Analysis (Frohlich and Spencer (1983))

P(|x-(H;, o — E) "X Il S exp(=m| - [)) > 1 - L,
Spectral averaging methods are used for the proof of the localization
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For the existence of a Generalized Eigenfunction Expansion

v > 1/4 fix, {x) := (14 |x[?)}/? (Ref. Klein, Koines, Seifert, JFA(2002))
E[Tr[(x)""E(I : H)(x)""]P] < oo for any bounded interval / and p > 0

< 62?0‘?1]E[(/Rz i+ +C|1>X<‘|2>2v xp (= 5% ) (x.x)) ] < o0 for 57 S

For m=1,

E{/Rz(l—l—jf));QP”eXp(_ éﬁ)(x,x)]

oo (s [ on | on it sstan)
X exp <%IE[I'I(A_IOC§5, 56)]) ﬁ
sup e[ xp ([ [ dsraia(e” (i), i (52)) — Bl (i (5), w2 D)
0<s1,%<t

<oo .- Matsuda (2022)

UEKI A definition and spectral properties of self-adjoint operators derived from the Sch



Generalized Eigenfunction Expansion

By E[Tr[(x)"VE(/ : H)(x)"]?] < oo for any bounded interval / and p >0

pe(1) = Tr[(x)"VE(I : H¢){x)™"] — Borel measure

By extending the Radon-Nikodym theorem,

R > A — JQ(N\) € Zy(L?(R?, dx)): pb-locally integrable s.t. Q5(\) >0
N.Banach space of the trace class operators

(x)"VE(I : H5)( )Y / Q%(A\)uf(d)) in the sense of the Bochner integral
PE(A) = ()" Q5 (A\)(x)”
E(l : HE) = /P5()\)/ﬁ(d)\) in Z; (L2(IR?, (x)?dx), L?(R?, {x)~2"dx))

= {{x)"A(x)" : A€ T;(L*(R? dx))}
with the norm || ()™ (-){x) ™" ||z (12(m2.00))
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Generalized Eigenfunction

Y € L2(R?, (x)z”d)i)/:> V= PS(N\)yY € L?(R?, (X>;21’dx)
For Vo € Dom, o(H¢) C L2(R?, (x)?dx), we have Hép € L2(R?, (x)?”dx) and
[ axveHE D) =) [ v

V £ 0 = WV : a generalized eigenfunction of H¢ with a generalized eigenvalue A
As in the geometric resolvent inequality, we have
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Eigenfunction Decay Inequality

IxaW¥lli2(re)

< ey IxaVllee)(1v=(a,L—2,6)) =(ar,a, L — 2,62
31EZ2
x(1V Zc(a1,a, L —2,8))?exp(—c1]ar — ao|)

+c3 Z XVl 2qey(1V =(a, L — 2,€))? exp(—ci|ar — a2| — crd(ar, Oy /3(a) \ Oy y3(a)))

aleZ2 o
tas Y IxaVlee) Y. Ixa(H;,— E) X3 lop(log L)=
a1,2 €72 a3€22n(a)

X(l \ ELav L— 275))2(1 \ EC(a2a a, L— 2,5))3/2Ec(327 a, L— 27 5)1/2(1 \ Ec(a2a g))1/2
x(max [€o| + |E| +=(a, L — 2,€)) exp(—ci|a1 — a2])

+e Y IaVleey Y. Ixa(Hr. — E) G llop(log L)®

31,32622 aaEZZODQ(a)

x(1v=(a,L- 2,{))5/2(1 V Zc(az,a, L —2,8))(max |&| + |E| + =(a, L — 2,¢))
x exp(—cilar — az| — cid(a1, 0oy 3(a) \ Oy y3(a)))
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Notations in the Eigenfunction Decay Inequality

Ze(aa, =28 = > NGl exp(—ala — a)

€72\, _»(a)

3
+ > [T 163 &l sy exp(—cala — aj])

(22,a3)€Z2x2Z2\0; _»(a)? j=2

+ 3 ING(Ye = Yeraa)ll e exp(—cilar — ),
ar€Z?
2

317 Z ( Z ||X32§||C 1— s ]R2) eXp( C]_|a]_ _ a2|)>

Jj=1 a =/

+ Z ||X32 Y§||C—€(R2)9XP(—C1|31 — a)

EN=Y/
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Exponential localization

From the eigenfunction inequality

and the estimates of {HXQI(HEa — E) '3, llopt o,
we obtain
[XaVll2m2) < c1exp(—c2]alw)
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